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1 Background

1 1 Data and Shape

1 2 Topological Data Analysis Pipeline

Data Geometry
Homo

Algebra Summary Analysis
Math Statistis

Preprocessing
Mache

Encoding Imputation Learning

Art Science












































































































2 Mathematical Objets

2 1 Discrete Mathematical Objects

pd
finite finite fatXi Xn

metrinspace
weighted weighted

Simple Simple

dlx X graph directed graph
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general d i dix x

Symneti
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Simplicial Cubical

Complex Complex

X E

Ec 2
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Geometric Abstrant

Weighted Simplinal Complex Weighted Cubital Complex

Grayscale Digital Image



2 1 Continuous Mathematical Objects Topological Spares

2.2 Constructions

Union of Balls
Ex

find Y Br xi r 0

Cech complex X E

text
n Brix 0
Xito

VietorisRips complex X E

E
Fox
I txi.xjeodlxi.ly E2r

Delaunay complex Use Brix A Vix

xxx d ix x E dix Yj

Filtered spaces and filtered complexes let r intrease above



3 Categories of Mathematical Objects
3.1 Categories

Met objects metricspaces hid

morphisms nonexpansive maps 1 Lipshitz

Gph objects simplegraphs I E

morphisms graph homomorphism f X Y s.t.H.ge E

fx.ly eEorfxtyDiGphobjets simple directed graphs

morphisms graph homomorphisms

Top objects topological spaces

morphisms continuous maps

Vect objects vector spaces over some fixed field

morphisms linear maps

IR objets IR Similar subsets of IR

morphisms Xe y g IN 2 2,0 1 0,4 7

P poset objects P

morphisms XE y
Cmon objets objects in a category C Topmono top spare a

morphisms monomorphisms ti sontmaps

RTop object IX f X eTop f X R

morphism x
h
s Y

gh iff pg



3 2 Functors

n s vest v IV IV f's Un persistene

R s Vert as b Va su
modules

1 Cmon A IA IA f
An Fnc

R Cmon FIC

Examples I Simp Frtop filtered coffins spaties

Sub Rtop Fatop
X R Xa xxx I fix eat a b X CXs

C Met FrSimp Can replace Met with

VR Met Fasimp wDioph



4 Homology and Persistent Homology

4.1 Homology

b
Boundary matrix of a finite simplicial complex as

byabc

a
ac

Cycles Co vector space with basis given by O cells vertices

C vector space with basis given by 1 cells edges

C vector space with basis given by 2 cells triangles

Use 2 22 Coeffilients i.e O or I

b Co vectorsparewith basis a b c
ab be

C vector space with basis ab ac be
a C

as Cz vectorspare with basis abc

Boundary maps Oj aoa a É a ai aj

d label be t act ab

d lab b a etc
O Cal 0

In matrix notation abc

a

ab ac be

ab

03 0

O

do pOz as i d b l o

be l c O t t
a

Cranial Fact d do O 0201 0 0302 0

h I o
03 02 0 do



Chain complex O I C t c Co to

Homology vector spaces

For j o 1,2 Hj ke di in dj

Betti numbers Bj dim Hj

Rowe

d J dim in g

d
I l o Row

g n

Row

o RowztRow3O

O Row It Row O O O Row3 RowltRow 2

dim in Oz I dim in d 2 din in do Odin i dz O

din ke d I din ke do 3dim herds O din ker dz o

Bz 0 0 0 B I I O Po 3 2

Ho has basis with representative cycle a or b or c or

atb or at or Its
or a t b t c

Remark we don't need a simplicial complex

Any cell complex giving a chain complex dj dj O Kj will work

eg cubital complex



4 2 Persistent Homology

Filtered simplicial complex

b b

g
g

ab
d
be s

ab be
abc

a a 0
a

c a o
as

c

ko k K K

Apply Hj Get persistence modules

Hok s Hok I Hok Hok

2 2 2 2 212 212

H Ko s H K S H K H K

O O 212 0

Persistent homology vector spaces Phil im Hjk Hjk
PH 2 2 PH 2 2

Phil im Hjk Hjk
im Ker djilingit s k di in djeti
Ker Oji in oft n imdj

Persistent Betti Numbers Bill dim Pity


