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1 The Persistence Algorithm

I I Weighted Complexes and Filtrations

Input weighted simplinial complex Assume vertices are ordered

6.2 8 0 3.8 1 3

91 8.8 A8.0 13.6
2 4

0.3 4.4 3.1

Order simplices using lexicographic order Order simplines using A Breaktieswith
B

I 13
3 4 6 2

12
124
14 34

B
5

a
8 7

2 4
24 0 3 1

The Persistene Algorithm below only depends on the ordering
of the simplines

need w ledge W its vertices
Let D simplines t
The possible weights are parametrized by a subset of Rd

We can partition this subset by the orderings of the simples



1 2 The Persistenne Algorithm

0 I 2 3 45 6 7 89
4 6 2 0 I

I l5
g
8 7 2

3

i0 3 1 D 4 I 1

5 1

Boundary matrix a

7

8 I

9

Idea Reduce D by iterating along columns left to right
Zero column j from bottom to top as much as possible

by adding to column j from columns to its left

For column j pivot j max row index for whish column j
has a nonzero entry
O if column j is zero

Algorithm R D

for j o to n do

while 7 Kaj with pivot k pivot j do

add column K to column
j

end while

end for in Oln

Proposition the algorithm terminates and the resulting matrix R

is reduned every row contains at most one pivot
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0 I 2 3 45 6 7 89 0 I 2 3 45 6 7 89

i i
t

it d
l

2 2

7 3 I 3 I
R4 1 I 1

IT I

6 6

7 7

8 I 8

9 9

Reading the Persistent Diagram from R PD for Hp

If pivot j i to then if f PDp dim simplex i

It pivot i o and Hj St pivoty i then ip e PDP

2 0 1 2
13 4,5 9

7 89
Ppo 1,3 14,5 2,6 o.oi

2 PD 8,9 17 a j
3

4 4 6 2

y I
5

g
7

6

8

7
3 I

8

9



1 3 Plotting the Persistence Diagram and Barcode

PD 11,3 14,5 2,6 o.o Bo 1,3 4,57 2,6 10,0

PD 8,9 17,0 B 8,9 7,00

o o O

g o

8

7

G
H

5 s
y

Ho
3

2
O H

Ho
I T

o i i iii si is

To return to the starting real values replace 0,1 n

with the corresponding real numbers

4 6 2 6.2 80 3.8

5
q
8 7 80 13.69 8.8

0 3 I 0.3 4.4 3.1

PD 11,3 4,5 2,6 o.o PDO 31,44 6.2.8.01 13.8.8.0 10.3 0

PD 8,9 17,0 PD 9.1 13.6 18.8.0



2 Distances and Stability

2 1 Wasserstein Distance

We want to compare two persistence diagrams

0
Idea match points

0 di de
da where points may be

matched with the diagonalodo

o Is

a pp

distancesd

Take p norm of this vectordojo PDA

Taketheminimum ofall matchings

Wp PDAPDB 11 di da llp

Spatial case p o called the Bottleneck distance

Is peg E to W S Wp Wg Wo

p
most

distriminating



2 2 Interleaving Distance

Persistent modules R Vert ar IR Vac Vert
as b V'at Vb

V f pi p
Va Vc

More generally R C C some category

at R Mae C
deb Ma Mb E C

M if Pid Pid All maps comate Mbs 0Mats Mate
Ma Mas Me

Isomorphic M
idit Abid

fu gaffy
all maps commute

Yaga idmN id f idf
964s idn

Theorem The persistence modules given by the Cech complex

and the Delaunay complex are isomorphic



LetE 30 Mbta

Yb Yateg interleaving Mn ÉpÉ
I Nbtze

All maps iommute triangles and parallelograms tommute

d MN inf Eso 7 E interleaving of M N

N OW

Proposition damn o damn di INM

di MP e dimN t d N P extended

pseudometric

Example Xetop f X R ath Fa xxx fix at
Sublx.f F IR top asb Fa 4 Fb

Xt Similarly g X IR gives G IR top
ERTop

F Fa Fs

a da lb
Let do fig I p fix gall

Lemma dI F G do f g



3 Stability
3.1 Categorical Stability

Let Ie 112 20,1 e y
at s late it
a 1 e late o

tats 9,0 b o

a 1 I 15,1

M N e interleaved ift
p ont y

I In

Theorem B desilvaStolt M N R C E interleaved and H C D

HM HN are E interleaved

Proof pit t

I
SHAN

Corollary d HM AN Edt MN

Corollary di HF Ha s dolt g

sub f sublx.gl



3.2 The Isometry Theorem

IsometryTheorem

Let M N IR t Vest be persistent modules

arising from a finite weighted complex

Let DM DN denote their persistence diagrams

Then Wo DM DN di M N

Corollary Sublevel set Stability Theorem

Wo ID F Da e do f g
Subtxt Sub ixgl



4 Generalized Persistence

4 0 Ordinary persistence

Example X E F Top KaeIR Xastop at b Xa G Xs

X IR Top

H Hj IR Top Veit

Example K e Fa Simp

K n Simp ko n k k t kn

Hk n Vet Ako Hk H ki Hk

4 1 Zigzag persistenie

Problem What if we have Ko k kn e Simp

but don't have any maps ki Kj

Solution Ko 4 kook K C K u k e ke u k

or ko e ko n k U K kink all 4 kn

Let Zan be the poset
O E 1 3 22 3 4 E 3 2net

We have K Zant Simp

Apply homology to get Hk Zz Vect



4 2 Multiparameter Persistence

2 parameter persistence

a b e IR Xa.beTop ate bed Xas4Xed
Xe FazTop X R2 Top Hx R Vert

IR is the poset CRYE

a b ad asc and bed

t

d parameter persistence X Rd Top HX Md Vet

Id is the poset Rd E

Xi xd e ly ya Xie yi fi

4.3 Poset indexed Persistence

Let P be a poset X P Top for X P Simp

P Top I beat



4.4 Generalized Persistence

a functor a funitor

p
H

C
H A

P T t
a small category a category an abelian category

p

P C additive exalt Grothendieck

is a diagram

in C indexed by P


