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I Mobius Inversion and Persistence

I I Intervals and Mobius Inversion

Let P be a poset 1
interval in P

For i je P with is j let Lij kept is kaj
Let Int P denote the set of intervals in P

We are interested in functions f Int P Z

The zeta funition S Int P Z is given by the constant

function 1

If P has a largest element w then any
function

h P 2 may be extended to h Int P Z

by defining hlx.gl hix if y w

o otherwise

The set of functions Int P Z has a binary operator

called convolution given by

fig x.gl E fix c gla y
thy






































































































































Proposition The zeta funition has an inverse with respectto

µ called the Mobius function which may be defined computed

recursively






































































































































1.2 The Rank function

Consider a persistence module M n Vet

Mo M Me Mn

We extend this to M Inti Vest by Mnt O

Mo Mi Mi t Ma O

Consider half open intervals in all
S E

i j ke Cnt I is Kaj

Let Inti denote the set of half open intervals in Inti

with partial order given by inclusion

Define Rank nti 2

i j t rank M lie j l
0 0

Example n 11 0 Rank 6,10
rankM 6 9

Rank 1272 2
2

I
























1 3 PersistenieDiagrams via Mobius Inversion

Given a persistence module M n Vect

Define PD Cnt1 L Z by
PD M Rank M

It turns out that

PD Ci j Rank i j Rank Ci 1 j
Rank Ci jti Rank Ci l ja

Rank
Mobi

pp
Inversion

I
O E O

PD 6,10 Rank 6,10 Rank 5,10 Rank 6.11 Rank 5,11

2 I I I

I

Proposition Given K n Simp Let M Hjk
Then PD is the persistence diagram of M

Definition Given M n Vet

Call PD the persistence diagram of M



Lemma Rank 3 M Rank

3 PD

That is Rank i j E PD Ck d

Ck l

Ksiajel

Rank PD Rank

I o

u

Ma
Y

g



1 4 Graded Rank and Graded Persistence Diagram

Let KEN Let Rank Intl 7 2

be given by Rank Li j I if Rank Lij K

O otherwise

Lemma Rank Rank

Recall PD Mt Rank

Define PDK M Rank

Call this the graded persistence diagram

Rank PD Rank PD Rank PD Rank PD

O I

m

a I

PD PDK

That is the graded persistent diagram has more information



2 Hausdorff and Gromov Hausdorff Stability

2 I Hausdorff stability of the Cech Complex

Consider X x x c Ird

Y y ya Crd

Hausdorff distanie mi dlxi.gg

d IX Y max
my dta may dly

X

Theorem Wo Dgm H Ix Dgm HEY E d IX Y

2 2 Gromov Hausdorff stability of V R complex

Consider X.dx where X x xn

Y dy where Y y sym

Consider 2 dz where 2 X Y del dx daly'd

Gromov Hausdorff distance

day I IX dx 14dy if da x

Theorem Wa Dgm H VR X Dgm H VRY s do XY



3 Nerve and Persistent Nerve Theorems

Consider a topological spare Y with cover Ai ist

That is Ki Ai Y and Y YA
The nerve of this cover is the simplicial complex

K consisting of nonempty subsets of I o in in

sit Aion i n Ai 0

Example X Xi xn Rd r O

Y U Br xi has cover Br xi Ér
E

The nerve of this cover is the Cech complex Cy

NerveTheorem In this example H Ert H Y

P T
Simplinial homology singular homology

Persistent NerveTheorem In the above example

the persistence modules H E X and H Y

are isomorphic


