2.2 EXERCISES

In Problems 1-6, determine whether the given differen-
tial equation is separable.

1.%—sin(x+y)=0 2.%=4y2—3y+1

3. i; = tIn(s*) + 872 4. % = xyze:ryz

5. (xy* + 3yY)dy — 2xdx =0

6. 52 + % =3 —; I
In Problems 7-16, solve the equation.

7.%23)&2 8. xjizyg

9‘222\/):7 10.%= .

y + x xe
2

1. % - lse: zz 12, 2 - LA _3:“’2

13. % - X =x 14. % = 3x2(1 + y?)*?

15. y 'dy + ye® *sinxdx = 0
16. (x + xy?)dx + exzy dy =20

In Problems 17-26, solve the initial value problem.

17.y =x(1 -y, y0)=3
d
18. d—i = (1+yanx, y0)=V3
d
19.ll= Vy+ 1cosx, y(m) =0
2 dx
dy 42 — x — 2
24 e -
20. x & Grho+ D y1) =1
1 dy  ysinb _
Zl‘ede_y2+1’ ym) =1

22, x%dx + 2ydy =0, y(0) =2

d
23. tilfy = 20052y s

7 y(0) = m/4
y o3 —2y _
24. e 8x’e s y(1) =0
y _ , _
25.dx—x(l+y), y(0) =3

26. Vydx + (1 +x)dy =0, y(0)=1
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27. Solutions Not Expressible in Terms of Elemen-
tary Functions. As discussed in calculus, certain
indefinite integrals (antiderivatives) such as [ eVdx
cannot be expressed in finite terms using elementary
functions. When such an integral is encountered while
solving a differential equation, it is often helpful to use
definite integration (integrals with variable upper
limit). For example, consider the initial value problem

dy_xZZ _
a—ey, y(2)—1.

The differential equation separates if we divide by y?
and multiply by dx. We integrate the separated equa-
tion from x = 2 to x = x; and find

xX=x 5 X=x dy
J e’ dx = J -
x=2 x=2 y

1 X=X

y

x=2

1 1

+—.

y(x) - ¥(2)

If we let ¢ be the variable of integration and replace
x; by x and y(2) by 1, then we can express the solu-
tion to the initial value problem by

¥(x) = <1 - Ea%u)” .

Use definite integration to find an explicit solution to
the initial value problems in parts (a)—(c).
(a) dy/dx = e* , y(0) =0
2 _
(b) dy/dx = ¢y~ ? , y(0) =1

(¢) dy/dx=V1+sinx(1+y?), 0 =1
3 (d) Use a numerical integration algorithm (such as
Simpson’s rule, described in Appendix C) to
approximate the solution to part (b) at x = 0.5 to
three decimal places.

28. Sketch the solution to the initial value problem

dy
G-y y0)=3
and determine its maximum value.

29. Uniqueness Questions. In Chapter 1 we indicated
that in applications most initial value problems will
have a unique solution. In fact, the existence of unique
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30.

31.
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solutions was so important that we stated an exis-
tence and uniqueness theorem, Theorem 1, page 11.
The method for separable equations can give us a
solution, but it may not give us all the solutions (also
see Problem 30). To illustrate this, consider the
equation dy/dx = yI3,

(a) Use the method of separation of variables to

show that

. <23x . C>3/z

is a solution.

(b) Show that the initial value problem dy/dx =
'3 with y(0) = 0 is satisfied for C = 0 by
y = (2x/3)¥?* forx = 0.

(¢) Now show that the constant function y = 0 also
satisfies the initial value problem given in part
(b). Hence, this initial value problem does not
have a unique solution.

(d) Finally, show that the conditions of Theorem 1
on page 11 are not satisfied.

(The solution y = 0 was lost because of the division
by zero in the separation process.)

As stated in this section, the separation of equation
(2) on page 39 requires division by p(y), and this
may disguise the fact that the roots of the equation
p(y) =0 are actually constant solutions to the differ-
ential equation.

(a) To explore this further, separate the equation

d
2 = =3+ PR

to derive the solution,
y=—-1+(x*6—-x+C).

(b) Show that y = —1 satisfies the original equation
dyfdx = (x — 3)(y + 123,

(¢) Show that there is no choice of the constant C
that will make the solution in part (a) yield the

solution y = —1. Thus, we lost the solution
y = —1 when we divided by (y + 1)%2.

Interval of Definition. By looking at an initial

value problem dy/dx = f(x, y) with y(xy) = v, it is

not always possible to determine the domain of the

solution y(x) or the interval over which the function

y(x) satisfies the differential equation.

(a) Solve the equation dy/dx = xy*.

(b) Give explicitly the solutions to the initial
value problem with y(0) = 1; y(0) = 1/2;
y(0) = 2.

10 L/min
0.3 kg/LL

(c) Determine the domains of the solutions in part (b).

(d) As found in part (c), the domains of the solu-
tions depend on the initial conditions. For the ini-
tial value problem dy/dx = xy* with y(0) = a,
a > 0, show that as a approaches zero from the
right the domain approaches the whole real line
(=00, 00) and as a approaches +co the domain
shrinks to a single point.

(e) Sketch the solutions to the initial value problem
dy/dx = xy* with y(0) = afora = +1/2, *1,
and *£2.

32. Analyze the solution y = ¢(x) to the initial value

problem
dy
E=y2—3y+2, y(0) = 1.5

using approximation methods and then compare with
its exact form as follows.

(a) Sketch the direction field of the differential
equation and use it to guess the value of
lim, . ().

(b) Use Euler’s method with a step size of 0.1 to
find an approximation of ¢(1).

(¢) Find a formula for ¢(x) and graph ¢(x) on the
direction field from part (a).

(d) What is the exact value of ¢(1)? Compare with
your approximation in part (b).

(e) Using the exact solution obtained in part (c),
determine lim,_,., ¢(x) and compare with your
guess in part (a).

33. Mixing. Suppose a brine containing 0.3 kilogram

(kg) of salt per liter (L) runs into a tank initially
filled with 400 L of water containing 2 kg of salt. If
the brine enters at 10 L/min, the mixture is kept uni-
form by stirring, and the mixture flows out at the
same rate. Find the mass of salt in the tank after 10
min (see Figure 2.4). [Hint: Let A denote the number
of kilograms of salt in the tank at # min after the
process begins and use the fact that

rate of increase in A = rate of input — rate of exit.

A further discussion of mixing problems is given in
Section 3.2.]

—

AW
400 L

A(0)=2kg 10 L/min

Figure 2.4 Schematic representation of a mixing problem
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Newton’s Law of Cooling. According to New-

ton’s law of cooling, if an object at temperature 7 is

immersed in a medium having the constant tempera-
ture M, then the rate of change of 7 is proportional to
the difference of temperature M — T. This gives the
differential equation

dT/dt = k(M — T) .

(a) Solve the differential equation for T.

(b) A thermometer reading 100°F is placed in a
medium having a constant temperature of 70°F.
After 6 min, the thermometer reads 80°F. What
is the reading after 20 min?

(Further applications of Newton’s law of cooling
appear in Section 3.3.)

Blood plasma is stored at 40°F. Before the plasma
can be used, it must be at 90°F. When the plasma is
placed in an oven at 120°F, it takes 45 min for the
plasma to warm to 90°F. Assume Newton’s law of
cooling (Problem 34) applies. How long will it take
for the plasma to warm to 90°F if the oven tempera-
ture is set at (a) 100°F, (b) 140°F, and (c¢) 80°F?

A pot of boiling water at 100°C is removed from a
stove at time £ = 0 and left to cool in the kitchen. After
5 min, the water temperature has decreased to 80°C,
and another 5 min later it has dropped to 65°C. Assum-
ing Newton’s law of cooling (Problem 34) applies,
determine the (constant) temperature of the kitchen.

Compound Interest. If P(¢) is the amount of dol-
lars in a savings bank account that pays a yearly
interest rate of r% compounded continuously, then

P _ r_

i P s

= t1in years.
d 100

Assume the interest is 5% annually, P(0) = $1000,
and no monies are withdrawn.

(a) How much will be in the account after 2 yr?

(b) When will the account reach $4000?

(¢) If $1000 is added to the account every 12
months, how much will be in the account after
3% yr?

Free Fall. In Section 2.1, we discussed a model for

an object falling toward Earth. Assuming that only air

resistance and gravity are acting on the object, we

found that the velocity v must satisfy the equation
mdl =mg — bv ,

dt
where m is the mass, g is the acceleration due to
gravity, and b > 0 is a constant (see Figure 2.1).

39.

40.
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If m = 100 kg, g = 9.8 m/sec’, b = 5 kg/sec, and
v(0) = 10 m/sec, solve for v(¢). What is the limit-
ing (i.e., terminal) velocity of the object?

Grand Prix Race. Driver A had been leading
archrival B for a while by a steady 3 miles. Only 2
miles from the finish, driver A ran out of gas and
decelerated thereafter at a rate proportional to the
square of his remaining speed. One mile later, driver
A’s speed was exactly halved. If driver B’s speed
remained constant, who won the race?

The atmospheric pressure (force per unit area) on a
surface at an altitude z is due to the weight of the
column of air situated above the surface. Therefore,
the difference in air pressure p between the top and
bottom of a cylindrical volume element of height Az
and cross-section area A equals the weight of the air
enclosed (density p times volume V = AAz times
gravity g), per unit area:

plz + Az) — plz) = —p(z)(:ﬂ = —p(z)gAz.

Let Az—0 to derive the differential equation
dp/dz = —pg. To analyze this further we must pos-
tulate a formula that relates pressure and density. The
perfect gas law relates pressure, volume, mass m, and
absolute temperature 7 according to pV = mRT/M,
where R is the universal gas constant and M is the
molar mass of the air. Therefore, density and pressure
are related by p := m/V = Mp/RT.
. . dp Mg .
(a) Derive the equation e = ~Rr? and solve it
for the “isothermal” case where 7 is constant
to obtain the barometric pressure equation
p(z)= p(zo) expl—Mg(z—z20) /RT].
(b) If the temperature also varies with altitude
T = T(z), derive the solution

Pl = ol 2 [ )

(¢) Suppose an engineer measures the barometric
pressure at the top of a building to be 99,000 Pa
(pascals), and 101,000 Pa at the base (z = z,).
If the absolute temperature varies as
T(z) = 288 — 0.0065(z — z), determine the
height of the building. Take R = 8.31 N-m/mol-K,
M = 0.029 kg/mol, and g = 9.8 m/sec’. (An
amusing story concerning this problem can be
found at http://www.snopes.com/college/exam/
barometer.asp)
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In Example 3 we had no difficulty expressing the integral for the integrating factor
w(x) = el 14 = ¢~ Clearly, situations will arise where this integral, too, cannot be expressed
with elementary functions. In such cases we must again resort to a numerical procedure such as
Euler’s method (Section 1.4) or to a “nested loop” implementation of Simpson’s rule. You are
invited to explore such a possibility in Problem 27.

Because we have established explicit formulas for the solutions to linear first-order differ-
ential equations, we get as a dividend a direct proof of the following theorem.

Existence and Uniqueness of Solution

Theorem 1. Suppose P(x) and Q(x) are continuous on an interval (a, b) that contains
the point x,. Then for any choice of initial value y,, there exists a unique solution y(x)
on (a, b) to the initial value problem

d
15 TPy =00, )=y

In fact, the solution is given by (8) for a suitable value of C.

The essentials of the proof of Theorem 1 are contained in the deliberations leading to equa-
tion (8); Problem 34 provides the details. This theorem differs from Theorem 1 on page 11 in
that for the linear initial value problem (15), we have the existence and uniqueness of the
solution on the whole interval (a, b), rather than on some smaller unspecified interval about x;,.

The theory of linear differential equations is an important branch of mathematics not only
because these equations occur in applications but also because of the elegant structure associ-
ated with them. For example, first-order linear equations always have a general solution given
by equation (8). Some further properties of first-order linear equations are described in Prob-
lems 28 and 36. Higher-order linear equations are treated in Chapters 4, 6, and 8.

2.3 EXERCISES

In Problems 1-6, determine whether the given equation dy R dr B
is separable, linear, neither, or both. 9. X t2y=x 10. do +trtanf =sec
dx dy . d
I.E-i-xt:ex 2. xza+smx—y=0 11. (t+y+1)di—dy=0 12,671:)(267“_4)}
dy dy
L3t =e— + (24 1) = =y — dx — 53
3.3t=e +ylnt 4 ( l)dt yt—y 13. Y +2x =5y
_dr 3 ax | o _ d ~
5.3r—d0 0 6.xdt+tx—smt 14'xd%’c+3(y+x2):smx
In Problems 7-16, obtain the general solution to the
2 dy
equation. 15. (#* + l)a +xy—x=0
dy 'y dy 3x d
7.5—;+2x+1 S.E—y—e =0 16.(1—x2)l—x2y=(1+x) 1 — 2

dx
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In Problems 17-22, solve the initial value problem.

dy y | _
17. T x e y(1)=e—1
dy e _4
8. —+dy—e =0, y(0) =3
19. IZ% +3x=t*lnr+1, x(1)=0
dy 3y
20+ -+ 2=3x, y(1) =1
21. cosxﬂ+ysinx=2xcoszx
dx ’
o\ _ —15V2r?
T\ 4 32
2. sinx 2 4 — xsi T =2
.smxdx ycosx =xsinx , y 5] =

23. Radioactive Decay. In Example 2 assume that the
rate at which RA; decays into RA, is 40e ~>" kg/sec
and the decay constant for RA, is k = 5/sec. Find the
mass y(t) of RA, for t = 0 if initially y(0) = 10 kg.

24. In Example 2 the decay constant for isotope RA| was
10/sec, which expresses itself in the exponent of the
rate term 50e % kg/sec. When the decay constant
for RA, is k = 2/sec, we see that in formula (14) for
y the term (185/4)e % eventually dominates (has
greater magnitude for 7 large).

(a) Redo Example 2 taking & = 20/sec. Now which
term in the solution eventually dominates?
(b) Redo Example 2 taking k = 10/sec.

25. (a) Using definite integration, show that the solution

to the initial value problem

dy
a+2xy—1, y2)=1,

can be expressed as

y(x) = e_x2<e4 + j e dt> .
2

3 (b) Use numerical integration (such as Simpson’s
rule, Appendix C) to approximate the solution at
x=3.

[ 26. Use numerical integration (such as Simpson’s rule,
Appendix C) to approximate the solution, at x = 1,
to the initial value problem

dy sin 2x

=4y

dx  2(1 + sin’)
Ensure your approximation is accurate to three deci-
mal places.

=1, y0)=0.

27.

Consider the initial value problem

d
ay—i- V1 + sin’xy = x , y(0)=2.

(a) Using definite integration, show that the inte-
grating factor for the differential equation can be
written as

wix) = exp(J 1 + sin’t dt>
0

and that the solution to the initial value problem is

_ 1 [ ) s ds 2
W= | morsas s 2

[ (b) Obtain an approximation to the solution at x = 1

by using numerical integration (such as Simp-
son’s rule, Appendix C) in a nested loop to esti-
mate values of w(x) and, thereby, the value of

1
J w(s)sds .
0

[Hint: First, use Simpson’s rule to approximate
,u(x) at x = 0.1, 0.2, . . ., 1. Then use these
values and apply Simpson’s rule again to
approximate [ (1) w(s) s ds.]

[ (¢) Use Euler’s method (Section 1.4) to approxi-

28.

mate the solution at x = 1, with step sizes h =
0.1 and 0.05.
[A direct comparison of the merits of the two numer-
ical schemes in parts (b) and (c) is very complicated,
since it should take into account the number of func-
tional evaluations in each algorithm as well as the
inherent accuracies. ]

Constant Multiples of Solutions.

(a) Show that y = ¢™* is a solution of the linear

equation

16 & +y=0

16)  —-+y=0,

and y = x~! is a solution of the nonlinear equation
dy )

a7 . +y°=0.

X

(b) Show that for any constant C, the function Ce ™
is a solution of equation (16), while Cx lisa
solution of equation (17) only when C = 0 or 1.

(c) Show that for any linear equation of the form

dy

aJFP(X)y:O,

if y(x) is a solution, then for any constant C the
function Cy(x) is also a solution.



29.

30.

31.

32.

Use your ingenuity to solve the equation
dy 1
dx e+ 2x

[Hint: The roles of the independent and dependent
variables may be reversed.]

Bernoulli Equations. The equation

, dy L,
(18) e + 2y = xy

is an example of a Bernoulli equation. (Further dis-
cussion of Bernoulli equations is in Section 2.6.)

(a) Show that the substitution v = y* reduces equa-

tion (18) to the equation
dv

a+6v=3x.

(b) Solve equation (19) for v. Then make the substi-
tution v = y* to obtain the solution to equation
(18).

(19)

Discontinuous Coefficients. As we will see in
Chapter 3, occasions arise when the coefficient P(x)
in a linear equation fails to be continuous because of
jump discontinuities. Fortunately, we may still obtain
a “reasonable” solution. For example, consider the
initial value problem

dy
a-&-P(x)y—x, y(O)—l,
where
0=x=2,

ro={s:

(a) Find the general solution for 0 = x = 2.

(b) Choose the constant in the solution of part (a) so
that the initial condition is satisfied.

(¢) Find the general solution for x > 2.

(d) Now choose the constant in the general solution
from part (c) so that the solution from part (b)
and the solution from part (c) agree at x = 2. By
patching the two solutions together, we can
obtain a continuous function that satisfies the
differential equation except at x = 2, where its
derivative is undefined.

(e) Sketch the graph of the solution from x = 0 to
x=35.

x> 2.

Discontinuous Forcing Terms. There are occa-
sions when the forcing term Q(x) in a linear equation
fails to be continuous because of jump discontinuities.
Fortunately, we may still obtain a reasonable solution

33.

34.
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imitating the procedure discussed in Problem 31. Use
this procedure to find the continuous solution to the
initial value problem.

dy
Tiy=0W. =0,
where
2, 0=x=3,
Q(x)::{—Z x>3.

Sketch the graph of the solution from x = 0 tox = 7.

Singular Points. Those values of x for which P(x)

in equation (4) is not defined are called singular

points of the equation. For example, x = 0 is a singu-
lar point of the equation xy’ + 2y = 3x, since when
the equation is written in the standard form,

y' + (2/x)y =3, we see that P(x) = 2/x is not

defined at x = 0. On an interval containing a singular

point, the questions of the existence and uniqueness of

a solution are left unanswered, since Theorem 1 does

not apply. To show the possible behavior of solutions

near a singular point, consider the following equations.

(a) Show that xy" + 2y = 3x has only one solution
defined at x = 0. Then show that the initial value
problem for this equation with initial condition
v(0) = y, has a unique solution when y, = 0
and no solution when y, # 0.

(b) Show that xy’ — 2y = 3x has an infinite num-
ber of solutions defined at x = 0. Then show that
the initial value problem for this equation with
initial condition y(0) = 0 has an infinite number
of solutions.

Existence and Uniqueness. Under the assump-
tions of Theorem 1, we will prove that equation (8)
gives a solution to equation (4) on (a, b). We can
then choose the constant C in equation (8) so that the
initial value problem (15) is solved.

(a) Show that since P(x) is continuous on (a, b),
then w(x) defined in (7) is a positive, continuous
function satisfying du/dx = P(x)u(x) on (a, b).

(b) Since

% J,u,(x)Q(x) dx = n(x)Q(x) .

verify that y given in equation (8) satisfies equation
(4) by differentiating both sides of equation (8).

(¢) Show that when we let [ u(x)Q(x)dx be the
antiderivative whose value at x, is 0 (i.e.,

Ii, w(1)Q(t) df) and choose C to be you(xg), the
initial condition y(x,) = y, is satisfied.
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35.

5L/min
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(d) Start with the assumption that y(x) is a solution
to the initial value problem (15) and argue that
the discussion leading to equation (8) implies
that y(x) must obey equation (8). Then argue
that the initial condition in (15) determines the
constant C uniquely.

Mixing. Suppose a brine containing 0.2 kg of salt

per liter runs into a tank initially filled with 500 L of

water containing 5 kg of salt. The brine enters the
tank at a rate of 5 L/min. The mixture, kept uniform
by stirring, is flowing out at the rate of 5 L/min (see

Figure 2.6).

0

0.2 kg/L

500 L

A(0)=5kg 5 L/min

Figure 2.6 Mixing problem with equal flow rates

(a) Find the concentration, in kilograms per liter, of salt
in the tank after 10 min. [Hint: Let A denote the
number of kilograms of salt in the tank at # minutes
after the process begins and use the fact that

rate of increase in A = rate of input — rate of exit.

A further discussion of mixing problems is
given in Section 3.2.]

(b) After 10 min, a leak develops in the tank and
an additional liter per minute of mixture flows
out of the tank (see Figure 2.7). What will be
the concentration, in kilograms per liter, of salt
in the tank 20 min after the leak develops?
[Hint: Use the method discussed in Problems
31 and 32.]

-

S5L/min

0.2 ke/L

36.

A(1)

7L

A(10) =7 kg 5 L/min

|

1 L/min
Figure 2.7 Mixing problem with unequal flow rates

Variation of Parameters. Here is another proce-
dure for solving linear equations that is particularly
useful for higher-order linear equations. This method
is called variation of parameters. It is based on the

37.

idea that just by knowing the form of the solution,
we can substitute into the given equation and solve
for any unknowns. Here we illustrate the method for
first-order equations (see Sections 4.6 and 6.4 for the
generalization to higher-order equations).

(a) Show that the general solution to

L Plxly = 0

has the form

y(x) = Cyplx) + y,x)

where y, (# 0) is a solution to equation (20)
when Q(x) =0, C is a constant, and y,(x) =
v(x)y,(x) for a suitable function wv(x). [Hint:
Show that we can take y, = u~'(x) and then use
equation (8).]

We can in fact determine the unknown func-
tion y, by solving a separable equation. Then
direct substitution of vy, in the original equation
will give a simple equation that can be solved

(20)

for v.
Use this procedure to find the general solution to
dy 3 )
(21) a-ﬁ-;yfx, x>0,

by completing the following steps:
(b) Find a nontrivial solution y, to the separable
equation
dy 3
nF=0.
(c) Assuming (21) has a solution of the form
yp(x) = v(x)y,(x), substitute this into equation
(21), and simplify to obtain v’ (x) = x*/y,(x).
(d) Now integrate to get v(x).
(e) Verify that y(x) = Cy,(x) + v(x)y,(x) is a gen-
eral solution to (21).

(22) x>0.

Secretion of Hormones. The secretion of hor-
mones into the blood is often a periodic activity. If a
hormone is secreted on a 24-h cycle, then the rate of
change of the level of the hormone in the blood may
be represented by the initial value problem

dx Tt

f=a—Bcosﬁ

dt ~ ks

x(0) = xo
where x(¢) is the amount of the hormone in the blood
at time 7, « is the average secretion rate, (3 is the
amount of daily variation in the secretion, and k is a
positive constant reflecting the rate at which the
body removes the hormone from the blood. If
a=B=1,k=2,andx, = 10, solve for x(z).
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38. Use the separation of variables technique to derive Suppose T = 0 at 9:00 A.M., the heating unit is ON
the solution (7) to the differential equation (6). from 9-10 A.M., OFF from 10-11 A.m., ON again
39. The temperature 7 (in units of 100°F) of a university from 11 A.M.—noon, and so on for the rest of the day.
classroom on a cold winter day varies with time ¢ (in How warm will the classroom be at noon? At
hours) as 5:00 p.Mm.?
dr {1 — T,  if heating unit is ON.
a | -T, if heating unit is OFF.

2.4 EXACT EQUATIONS

Suppose the mathematical function F(x,y) represents some physical quantity, such as tempera-
ture, in a region of the xy-plane. Then the level curves of F, where F(x,y) = constant, could be
interpreted as isotherms on a weather map, as depicted in Figure 2.8.

50°
60°

70°
80°
90°

Figure 2.8 Level curves of F(x, y)

How does one calculate the slope of the tangent to a level curve? It is accomplished by
implicit differentiation: One takes the derivative, with respect to x, of both sides of the equation
F(x,y) = C, taking into account that y depends on x along the curve:

dyov_d
G = (o) or
OF | 9F dy _
m 8x+aydx_0’

and solves for the slope:

dy _ __OF/ox

The expression obtained by formally multiplying the left-hand member of (1) by dx is known
as the rotal differential of F, written dF:

and our procedure for obtaining the equation for the slope f(x,y) of the level curve F(x,y) = C
can be expressed as setting the total differential dF = 0 and solving.

Because equation (2) has the form of a differential equation, we should be able to reverse this
logic and come up with a very easy technique for solving some differential equations. After all,
any first-order differential equation dy/dx = f(x, y) can be rewritten in the (differential) form

A3 M(x, y)dx + N(x,y)dy = 0
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Remark. Since we can use either procedure for finding F(x, y), it may be worthwhile to con-
sider each of the integrals [M(x, y)dx and [N(x, y)dy. If one is easier to evaluate than the
other, this would be sufficient reason for us to use one method over the other. [The skeptical
reader should try solving equation (15) by first integrating M(x, y).]

Show that
(16)  (x + 3x*iny)dx + (x*cos y)dy = 0

is not exact but that multiplying this equation by the factor x ! yields an exact equation. Use
this fact to solve (16).

In equation (16), M = x + 3x%siny and N = x*cos y. Because

oM 3 3 N
- = E ] = —
3y 3x’cosy # 4x’cosy o

equation (16) is not exact. When we multiply (16) by the factor x ~!, we obtain
7) (1 + 3x%sin y)dx + (x°cos y)dy =0 .

For this new equation, M = 1 + 3x%sin yand N = xcos y. If we test for exactness, we now
find that

M _ 3x%cosy = oN

ady ox ’

and hence (17) is exact. Upon solving (17), we find that the solution is given implicitly by
x + x%iny = C. Since equations (16) and (17) differ only by a factor of x, then any solution
to one will be a solution for the other whenever x # 0. Hence the solution to equation (16) is
given implicitly by x + x’siny = C. #

In Section 2.5 we discuss methods for finding factors that, like x ! in Example 4, change
inexact equations into exact equations.

2.4 EXERCISES

In Problems 1-8, classify the equation as separable, lin- 6. y2dx + (2xy + cosy)dy = 0
ear, exact, or none of these. Notice that some equations 7 [2x +y Cos(xy)]dx n [x cos(xy) — 2y]dy -0

may have more than one classification.

8.0dr+ (3r—6—1)d9 =0

1. (x10/3 —2y)dx + xdy =0

2. (¥’ + x*cos x)dx — x> dy = 0 In Problems 9-20, determine whether the equation is
3.V =2y —ydx+ 3+ 2x — xNdy = 0 exact. If it is, then solve it.

4. (ye™ + 2x)dx + (xe® — 2y)dy = 0 9. 2x + y)dx + (x — 2y)dy = 0

5. xydx +dy =0 10. (2xy + 3)dx + (x> — 1)dy =0



Because (12) is not exact, we compute

aM/dy — aN/ox

_1-Q@y-1
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2(1 —xy) -2

N

Xty —x —x(1 — xy) X

We obtain a function of only x, so an integrating factor for (12) is given by formula (8). That is,

) = exp< j _xzdx> _

When we multiply (12) by u = x 2

(2 + yxfz)dx + (y — xil)dy

, we get the exact equation

=0.

Solving this equation, we ultimately derive the implicit solution

2

+2-c.

13) 2x — y)f1 )

Notice that the solution x = 0 was lost in multiplying by u = x

solutions to equation (12). &

=2, Hence, (13) and x = 0 are

There are many differential equations that are not covered by Theorem 3 but for which an
integrating factor nevertheless exists. The major difficulty, however, is in finding an explicit
formula for these integrating factors, which in general will depend on both x and y.

2.5 EXERCISES

In Problems 1-6, identify the equation as separable, lin-
ear, exact, or having an integrating factor that is a func-
tion of either x alone or y alone.

C2x+ yx Ndx+ (xy = 1)dy =0

. (2y% + 2y?)dx + 3y’ + 2xy)dy = 0
. (2x + y)dx + (x — 2y)dy = 0

. (¥ + 2xy)dx — x2dy =0

. (x*sinx + 4y)dx + xdy = 0
(2y%x — y)dx + xdy =0

N kb W=

a

In Problems 7—12, solve the equation.
7. (2xy)dx + (y> — 3x%)dy = 0

8. 3x2+ y)dx + (x*y —x)dy =0

9. x* = x+ y)dx —xdy =0

0. (2y + 2y + 4x )dx + (2xy + x)dy = 0
11. (y? + 2xy)dx — x*>dy = 0
12. (2xy® + 1)dx + 3x%? — y Ndy =0
In Problems 13 and 14, find an integrating factor of the
Sform x"y™ and solve the equation.
13. (2y* — 6xy)dx + (3xy — 4x*)dy = 0
14. (12 + 5xy)dx + (6xy™"' + 3x2)dy = 0

15. (a) Show that if (dN/ox — aM/ay)/(xM — yN)
depends only on the product xy, that is,

ON/ox — oM /dy
TN ()
then the equation M(x, y)dx + N(x, y)dy = 0
has an integrating factor of the form u(xy). Give
the general formula for u(xy).

(b) Use your answer to part (a) to find an implicit
solution to

By + 2xyHdx + (x + 2x%)dy = 0 ,
satisfying the initial condition y(1) = 1.

16. (a) Prove that Mdx + Ndy = 0 has an integrating
factor that depends only on the sum x + y if and
only if the expression

ON/ox — oM [ay
M — N
depends only on x + y.

(b) Use part (a) to solve the
B+y+txydc+B3+x+xy)dy=0

equation
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The last equation is homogeneous, so we let z = v/u. Then dv/du = z + u(dz/du), and, sub-
stituting for v/u, we obtain

Separating variables gives

z+1 1
S S S S
jzz+2z—3z Ju”

%ln|z2+2z—3| =—In|ul + C, ,

from which it follows that
?+27-3=Cu?.
‘When we substitute back in for z, u, and v, we find
(v/u)? + 2(v/u) — 3 = Cu™?,
v:+2uv —3ut=C,
(y+3P+2-1)(y+3)-3x—-12=cC.

This last equation gives an implicit solution to (16). ®

2.6 EXERCISES

In Problems 1-8, identify (do not solve) the equation as dy x> —y? dy y(ny—Inx+1)
homogeneous, Bernoulli, linear coefficients, or of the 15. dc 3xy 16. dc X
formy' = Glax + by).

1. 2txdx + (1> — x¥)dt = 0

Use the method discussed under “Equations of the Form

_ —1)? — =
2. (y =4 — 1) dx3 5 dy =0 dy/dx = G(ax + by) ” to solve Problems 17-20.
3. dy/dx + =
vfdx +y/x = X%y 1. dyfdx = Vx+y—1 18. dy/dx=(x+y+2)
4. (t+x+2)dx + (3t —x — 6)dr =0 ) )
19. dy/dx = (x —y + 5)*> 20. dy/dx = sin(x — y)
5.0dy —ydo = Voydo
6. (ye X +y)dx — e Pdy =0 Use the method discussed under “Bernoulli Equations”
to solve Problems 21-28.
7. cos(x + y)dy = sin(x + y)dx dy y
fC AT S BN
8. (y° — 6y2)d6 + 20>y dy = 0 ATy
Use the method discussed under “Homogeneous Equa- 2 dy I M
tions” to solve Problems 9-16. “dx Y Y
9. (xy + y)dx — x*dy =0 O
10. (3x* — y)dx + (xy — x*y Ndy =0 “dx - ox Y
11. (y* — xy)dx + x>dy = 0 d
(y2 xg) e 24. l+ Y- S(x— 2)y1/2
12. (x* + yH)dx + 2xydy = 0 dx x—12
dx _ x*+ 1V + X2 dx 3, X _ dy a2
13'dt_ . 25°dt+tx +t_0 26.dx+y—ey
dy  Osec(y/0) + y dr  r*+ 2r6 dy =, _
14.%—f 27.d67 pp 28.dx+yx+y—0



REVIEW PROBLEMS

In Problems 1-30, solve the equation.

1.

9

NN s

dy e dy 5

a—y_l Z.E 4y—32x
. (x2 =2y ¥dy + (2xy — 3x%)dx =0

d 3

i + 2 X2 —4x + 3

dx X

. [sin(xy) + xy cos(xy)] dx + [1 + xzcos(xy)] dy=0
. 2xy3dx — (1 — x¥)dy =0
LY dr+ 1ty 0dy =0

dy 2y ) 5
— 4 = =
dx X 2x%y

9. (x> + y}dx + 3xydy =0

10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.
23.

[1 + (1 + x>+ 2xy + yz)fl]dx
+ [y71/2 + (1 + x* + 2xy + yz)fl]dy =0

dx _ 1 + cos?(r — x)

dt

(y2 + de¥y)dx + (2¢* + 3y*)dy = 0
d

fy*X=xzsin2x

dx x

dx __x _ o

dt  t—1 vt

d
d%;ZZ—\/Zx—y-F?a
dy .
a+ytanx+31nx=0
dy

%+2y=y2

d

[Ti:(bc-i-y—l)2

(x? = 3y?)dx + 2xydy = 0
dy 'y _ 2
%4'5—_40)1

(y—2x—1)dx+ (x+y—4)dy=0
(2x =2y —8)dx+ (x —3y—6)dy=0
(y = x)dx + (x + y)dy =0

24

25.

26.
27.

28.
29.

30.
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( y/x + cos x)dx + (\/x/y + sin y)dy =0
y(x—y—2)dx+x(y—x+4)dy=0

dy

a+xy—0
Bx—y—5)dr+(x—y+1)dy=0
ﬂ_x—y—l

dx  x+y+5

(4xy3 - 9y? + 4xy2)dx

+ (3x%y% — 6xy + 2x%y)dy = 0
dy

Ez(x+y+l)2—(x+y—l)2

In Problems 3140, solve the initial value problem.

31.

32.

33.

34.

35.
36.

37.
38.

39.

40.
41.

O« =ydx+xdy=0, y)=3

dy (x 'y B
Do(F+). =

(t+x+3)dt+dx=0,
dy 2y

a—7=xzcosx, y(m) =2

(2> + 4x¥)dx — xydy =0,  y(1) = -2
[2 cos(2x + y) — x*]dx

+[cos(2x + y) + €’ ]dy =0, y(1)=0
(2x —y)dx + (x +y —3)dy =0, y(0) =2
Vyde + (2 +4)dy=0, y0)=4

dy 2y  _,_

e oy y()=3

dy _ 2 _

dx—4y—2xy s y(0) = —4

Express the solution to the following initial value

problem using a definite integral:

&
a1+ ¢

-y, y2)=3.

Then use your expression and numerical integration
to estimate y(3) to four decimal places.



Use the method discussed under “Equations with Linear
Coefficients” to solve Problems 29-32.

29. (-3x+y—1)dx+ (x+y+3)dy=0

3. (x+y—1)dx+ (y—x—5)dy=0
31. 2x — y)dx + (4x +y — 3)dy = 0
. 2x+y+4)dc+ (x—2y—2)dy=0

In Problems 33—40, solve the equation given in:

33. Problem 1. 34. Problem 2.
35. Problem 3. 36. Problem 4.
37. Problem 5. 38. Problem 6.
39. Problem 7. 40. Problem 8.

41. Use the substitution v = x — y + 2 to solve equa-

tion (8).

42. Use the substitution y = vx? to solve
d 2
cTi = ?y + cos(y/x?) .

43. (a) Show that the equation dy/dx = f(x,y) is
homogeneous if and only if f(tx, ty) = f(x, y).
[Hint: Lett = 1/x.]

(b) A function H(x,y) is called homogeneous of
order n if H(tx, ty) = t"H(x, y). Show that the
equation
M(x, y)dx + N(x, y)dy = 0
is homogeneous if M(x, y) and N(x, y) are both
homogeneous of the same order.

44. Show that equation (13) reduces to an equation of
the form
dy

P Glax + by) ,

when ab, = a)b;. [Hint: If a,by = ayb;, then
ay/a; = by/b, = k, so that a, = ka, and b, = kb, .]

45. Coupled Equations. In analyzing coupled equa-
tions of the form

dy
E—ax-i—by,
dx
dt—ax+ﬁy,

46.

47.
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where a, b, a, and 8 are constants, we may wish to
determine the relationship between x and y rather
than the individual solutions x(z), y(¢). For this
purpose, divide the first equation by the second to
obtain

an B_oetbh

dx ax + By

This new equation is homogeneous, so we can solve
it via the substitution v = y/x. We refer to the solu-
tions of (17) as integral curves. Determine the inte-
gral curves for the system

dy
P7AE
dx _
dt—2x y .

Magnetic Field Lines. As described in Problem
20 of Exercises 1.3, the magnetic field lines of a
dipole satisfy

dy  3xy

dx 22—y
Solve this equation and sketch several of these lines.
Riccati Equation. An equation of the form

d
a8) 22 =P)y* + Q)y + R(x)

is called a generalized Riccati equation.”

(a) If one solution—say, u(x)—of (18) is known,
show that the substitution y = u + 1/v reduces
(18) to a linear equation in v.

(b) Given that u(x) = x is a solution to
d
Dy,
use the result of part (a) to find all the other solu-
tions to this equation. (The particular solution
u(x) = x can be found by inspection or by using
a Taylor series method; see Section 8.1.)

"Historical Footnote: Count Jacopo Riccati studied a particular case of this equation in 1724 during his investigation of
curves whose radii of curvature depend only on the variable y and not the variable x.
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17.

18.

19.

Chapter 2 First-Order Differential Equations

(a) Find a condition on M and N that is necessary
and sufficient for Mdx + Ndy = 0 to have an
integrating factor that depends only on the
product x%y.

(b) Use part (a) to solve the equation
x + 2y + 2x%y + 4x%y?)dx

+ @x+xt+ 23)dy =0 .

If xM(x, y) + yN(x, y) = 0, find the solution to the

equation M(x, y)dx + N(x, y)dy = 0.

Fluid Flow. The streamlines associated with a cer-

tain fluid flow are represented by the family of curves

y=x—1+ ke *. The velocity potentials of the
flow are just the orthogonal trajectories of this family.

(a) Use the method described in Problem 32 of
Exercises 2.4 to show that the velocity potentials
satisfy dx + (x — y)dy = 0.

[Hint: First express the familyy = x — 1 + ke " in

the form F(x, y) = k.]

(b) Find the velocity potentials by solving the equa-
tion obtained in part (a).

20. Verify that when the linear differential equation

[P(x)y — Q(x)]dx + dy = 0 is multiplied by pu(x) =

) P(x)

e 4 the result is exact.

2.6 SUBSTITUTIONS AND TRANSFORMATIONS

When the equation

M(x, y)dx + N(x,y)dy =0

is not a separable, exact, or linear equation, it may still be possible to transform it into one that
we know how to solve. This was in fact our approach in Section 2.5, where we used an
integrating factor to transform our original equation into an exact equation.

In this section we study four types of equations that can be transformed into either a sepa-
rable or linear equation by means of a suitable substitution or transformation.

Substitution Procedure

transformation.

(a) Identify the type of equation and determine the appropriate substitution or

(b) Rewrite the original equation in terms of new variables.
(¢) Solve the transformed equation.
(d) Express the solution in terms of the original variables.

Homogeneous Equations

Homogeneous Equation

Definition 4. If the right-hand side of the equation

d
M =1y

can be expressed as a function of the ratio y/x alone, then we say the equation

is homogeneous.
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11.
12.
13.
14.
15.
16.
17.
18.

19.

20.

Chapter 2 First-Order Differential Equations

(cosxcosy + 2x)dx — (sinxsiny + 2y)dy = 0
(e*siny — 3x2)dx + (e*cosy + y %%3)dy = 0
(t/y)dy + (1 + Iny)dt = 0
ey —t)dt+ (1 +e)dy=0
cos@dr — (rsinf — ¢%)do = 0
(ye¥ — 1/y)dx + (xe¥ + x/y*)dy = 0
(1/y)dx — (3y = x/y*)dy = 0
[2x + y* — cos(x + y)]dx
+[2xy — cos(x +y) — e’ ]dy =0

y X
ot —2Jax+ [——— —2y|lay =0
<x 1+x2y2>x <1+xzy2 y>y

{\/% T COS(Xy)}dx

+ [x cos(xy) — y7]/3]dy =0

In Problems 21-26, solve the initial value problem.

21.

22,

23.

24,

25.
26.

27.

28.

29.

(1/x + 2y*x)dx + (2yx* — cos y)dy = 0 ,
y(1)=m

(ye? — 1/y)dx + (xe® + x/y*)dy = 0 ,
y(1) =1

(ey + te'y)dt + (te' + 2)dy = 0, y(0) = -1
(e'x + 1)dt + (¢! — 1)dx =0 , x(1) =1
(y?sinx)dx + (1/x — y/x)dy =0 , y(m) =1
(

tany — 2)dx + (xsec’y + 1/y)dy =0 ,
y(0) =1

For each of the following equations, find the most
general function M(x, y) so that the equation is exact.
(@) M(x,y)dx + (sec’y — x/y)dy = 0

(b) M(x,y)dx + (sinxcosy — xy —e Y)dy =0
For each of the following equations, find the most
general function N(x, y) so that the equation is exact.
(a) [ycos(xy) + e*]dx + N(x,y)dy = 0

(b) (ye¥ — 4x’y + 2)dx + N(x,y)dy = 0
Consider the equation

(y2 + 2xy)dx — x*dy = 0 .

30.

31.

32.

(a) Show that this equation is not exact.

(b) Show that multiplying both sides of the equation
by y 2 yields a new equation that is exact.

(¢) Use the solution of the resulting exact equation
to solve the original equation.

(d) Were any solutions lost in the process?

Consider the equation

(5x2y + 6)c3y2 + 4xy2)dx
+ (2% + 3xty + 3x2y)dy =0.

(a) Show that the equation is not exact.

(b) Multiply the equation by x"y™ and determine
values for n and m that make the resulting equa-
tion exact.

(c) Use the solution of the resulting exact equation

to solve the original equation.

Argue that in the proof of Theorem 2 the function g
can be taken as
y y F) x
g(y) = j N(x, t)dt — J - j M(s, t)ds |dt |
ot
Yo Yo X0

which can be expressed as

f " N, 1)de — J M(s, y)ds

Yo Xo

+ J M(s, yo)ds .

X0

gly) =

This leads ultimately to the representation

X

M(s, yo)ds .

" NG e + J

X0

(18)  Flxy) = J

Yo
Evaluate this formula directly with xy = 0,y, = 0
to rework

(a) Example 1.
(b) Example 2.
(c) Example 3.

Orthogonal Trajectories. A geometric problem
occurring often in engineering is that of finding a
family of curves (orthogonal trajectories) that inter-
sects a given family of curves orthogonally at each
point. For example, we may be given the lines of
force of an electric field and want to find the equation



for the equipotential curves. Consider the family of
curves described by F(x, y) = k, where k is a param-
eter. Recall from the discussion of equation (2) that
for each curve in the family, the slope is given by

dy  9F JOF
dx = ox/ 9y’

(a) Recall that the slope of a curve that is orthogo-
nal (perpendicular) to a given curve is just the
negative reciprocal of the slope of the given
curve. Using this fact, show that the curves
orthogonal to the family F(x, y) = k satisfy the
differential equation

Gy r2)dx = Gyl = 0.

(b) Using the preceding differential equation, show
that the orthogonal trajectories to the family of
circles x> + y?> =k are just straight lines
through the origin (see Figure 2.10).

Figure 2.10 Orthogonal trajectories for
concentric circles are lines through the center

(¢) Show that the orthogonal trajectories to the
family of hyperbolas xy = k are the hyper-
bolas x* — y2 = k (see Figure 2.11).

33.

34.

35.

36.
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Xy
A

AR

Figure 2.11 Families of orthogonal hyperbolas

Use the method in Problem 32 to find the orthogo-
nal trajectories for each of the given families of
curves, where k is a parameter.

(@ 2x*+y* =k

() y = kx*
(€) y=e"
(d) y* = kx

[Hint: First express the family in the form F(x, y) = k.]

Use the method described in Problem 32 to show
that the orthogonal trajectories to the family of
curves x> + y2 = kx, k a parameter, satisfy

(2yx Vdx + (yz)c_2 —ldy=0.

Find the orthogonal trajectories by solving the above
equation. Sketch the family of curves, along with
their orthogonal trajectories. [Hint: Try multiplying
the equation by x"”y" as in Problem 30.]

Using condition (5), show that the right-hand side of
(10) is independent of x by showing that its partial
derivative with respect to x is zero. [Hint: Since the
partial derivatives of M are continuous, Leibniz’s
theorem allows you to interchange the operations of
integration and differentiation.]

Verify that F(x, y) as defined by (9) and (10) satisfies
conditions (4).



