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COMPETITION IN THE UNSTIRRED CHEMOSTAT WITH
PERIODIC INPUT AND WASHOUT*

SERGEI S. PILYUGINT AND PAUL WALTMANT

Abstract. The model of an unstirred chemostat is generalized to that of a chemostat with
time-dependent input/washout rates. The novelty of the new model is that time periodicity appears
in the boundary conditions. The asymptotic dynamics of the competition between two microbial
populations is determined in terms of the corresponding period map, which is shown to preserve the
standard competitive ordering. It is shown that the dynamics of competition is similar to that of
a chemostat with constant boundary conditions. Simple criteria for coexistence versus competitive
exclusion are presented.

Key words. microbial competition, chemostat, time-periodic boundary conditions, monotone
dynamical system

AMS subject classifications. 92D25, 34C35, 35K57

PII. S0036139997323954

1. Introduction. The chemostat represents a basic model of an open system in
microbial ecology. In its simplest form, it consists of three vessels. The first, called
the feed bottle, contains medium with all of the nutrients needed for growth in sur-
plus except one, which hereafter is simply called the nutrient. The contents of the
feed bottle are pumped at a constant rate into the second vessel, called the culture
vessel or bioreactor. The culture vessel is charged with one or more populations of
microorganisms. The contents of the culture vessel are pumped into the remaining
vessel, called the overflow vessel, at a constant rate, keeping the volume of the reactor
constant. The organisms compete for the nutrient in a purely exploitative manner.
Basic assumptions include that the vessel is well mixed and that all other parame-
ters (pH, temperature, etc.) are strictly controlled. The flow rate is assumed to be
sufficient to preclude wall growth or the accumulation of metabolic products.

Let S(t) denote the concentration of the nutrient in the culture vessel and x;(t),
i = 1,2, denote the concentration of the competitors. Let S° denote the concentration
of the input nutrient and let D denote the dilution rate (flow rate/volume). If growth
is assumed to be proportional to consumption then the basic equations take the form

§'=(8° = 8)D = ZLf1(8) - 2 fa(8),

71 Y2
zy = z1(f1(S) — D),
zhy = x3(f2(S) — D).

The parameters 7;, ¢ = 1,2, are yield constants. A typical choice for the f;’s is
fi(S) = 2u%.

This model is the starting point for many models of open systems. The litera-
ture spans biology, mathematics, chemical engineering, and physiology. Several such
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models and a large number of references can be found in [21]. A general survey of
microbial competition can be found in [4].

The use of the unstirred chemostat removes the well-mixed hypothesis from the
model. This model lets the contents diffuse through the culture vessel. This model has
been developed in a sequence of papers [10, 12, 22, 24]. One space variable is sufficient
to capture the basic consequences of spatial dependence (although multidimensional
models were considered in [22]). The model corresponding to the basic chemostat on
[0,1] takes the form

St:dsszfl(s)gffé(s)ﬁa 0<£L‘<1,
At Y2
uy = dugy + f1(S)u, 0<zxz<1,
vy = duge + f2(S)v, 0<z<1.

It is convenient to rescale u to 2~ and v to % in order to reduce the number of

parameters. This makes these variables nondimensional. One could also scale S to be
nondimensional (say, by dividing by the maximum of the input concentration), but
this doesn’t alter the number of parameters so we will not do it. The scaled system
takes the form

St = dSzz — f1(S)u — f2(S)v, 0<x<1,
up = dugy + f1(S)u, 0O<z<1,
vy = dugy + f2(S5)v, 0O<z<l1.

The boundary conditions at the left endpoint £ = 0 can be written as

S;c(tvo) = 7‘90,
uz(¢,0) =0, v, (¢,0) = 0.

The boundary conditions at x = 1 take the form

Se(t,1) +7rS(t,1) =0,
ug(t, 1) +ru(t,1) =0,
vy (8, 1) +1o(t, 1) = 0.

The initial conditions for this system of partial differential equations are formu-
lated as

S(0,z) = Sp(x) , u(0,2) = ugp(x) , v(0, ) = vo(x)

with 0 < 2 < 1, where all three functions Sy, up, and vy are nonnegative. See [21,
Chapter 10] or any of the papers cited above for details.

One of the modifications of the basic well-mixed chemostat was to introduce
periodic time dependence in the nutrient concentration and/or the flow rate to account
for seasonal or daily changes. The theory was developed in a sequence of papers [2, 6, 9,
19, 25]. This paper makes the corresponding modification for the spatially dependent
chemostat described above by replacing the constant nutrient input concentration and
the flow rate by time-dependent functions.



THE PERIODIC UNSTIRRED CHEMOSTAT 1159

2. The model. The equations remain the same as those above, but changes
occur in the boundary conditions where the nutrient may be brought into the vessel
at a periodic rate and the pump may operate so as to provide a periodic removal rate.
The model takes the form

St:dszszl(s)uffé(s)vv 0<l’<1,
(2.1) U = dugy + f1(S)u, 0<z<l,

v = dvgy + f2(S)v, 0<z<l,
Su(t,0) = —S°(0),
ug(t,0) =0, v.(t,0) =0,
(2.2) Se(t, 1) +r(t)S(t,1) =0,
ug (¢, 1) + r(t)u(t, 1) =0,
v (8, 1) +r(t)v(t, 1) =0,
with, of course, corresponding nonnegative initial conditions
(2.3) S(0,z) = Sp(x), u(0,x) = ug(x), v(0,2) = vo(x).

There is no need to restrict the analysis to the Monod model for the functions
fi(S). fi(S), i = 1,2, are assumed to be C! with f/(S) > 0, f;(0) = 0, and with a
finite limit as S — oo. The functions S°(¢) and r(¢) are assumed to be C*, w-periodic,
and positive on [0,w]. Although the restriction that S°(¢) and r(¢) have a common
period is strong, it does allow either one to be constant. If 7(t) is constant and S°(t)
is periodic, the problem can be handled in a much simpler fashion than the analysis
presented here. Thus the main emphasis is on r(¢) being periodic.

The assumption of strict positivity for S°(t) and r(t) is rather technical, and we
will use it to construct a certain pair of strict sub- and supersolutions in Lemma 3.2
needed for further analysis.

The approach to the problem will be through the period map and the theory of
monotone dynamical systems. The novelty of the equations is that the periodicity
appears in the boundary conditions. The equations will be manipulated to achieve
a “limiting” system of two equations. The period mapping for the resulting system
will generate a semidynamical system on the product of two Banach spaces with a
competitive order. This is exactly the problem that has been considered in abstract
form in [8] and [11]. Once it has been established that the period mapping is well
defined (a problem is that the domain changes with time), then the machinery of the
general case applies.

3. Reduction to a simpler system. In this section, it will be shown that
the analysis requires the study of the dynamics of a related system with only two
equations. To begin the study, we investigate the dynamics of the following problem:

(31) Qst = dd)mxv

(3.2) $o(t,0) = =S°(t)  and  @.(t, 1) +r(t)p(t, 1) = 0.
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It will be shown that there exists an w-periodic positive solution of (3.1)-(3.2) which
attracts every other positive solution at an exponential rate. To show the existence
of such a solution, a theorem of Hess [7] is used which requires the existence of sub-
and supersolutions.

Remark 3.1. For all A,d > 0 there exists a function f : [0, +00) — RT such that
for all t € [0, +00):

0< f(t)<A and  0< f/(t) <2df(t) .

Proof. Consider y(t) = t’i—tl; then 0 < y(t) < A and 0 < y/(¢t) for all t € [0, +00).
Moreover, if t > 1, y(t) > %. In addition, when t > 1/vd — 1, /(t) < dA. So, if
to = max(1,1/v/d — 1), then for t > to : 3/(t) < 2dy(t). Define f(t) = y(t + to) for
t € [0,+00). O

LEMMA 3.2. There exists a positive stable w-periodic solution of (3.1)-(3.2), and
all positive solutions converge to it.

Proof. The existence of a positive stable periodic solution will follow from [7,
Theorem 22.3] if there exists a properly ordered pair of positive strict sub- and super-
solutions for (3.1)~(3.2). Let S = infig ) S°(t), S = supy ) S°(t), r = infpg (1),
and T = supyg | r(t). Also define S, = %ﬁ, S* = 28, and similarly r, = %z, r* = 2.
By construction, all four constants are strictly positive, so that 0 < 45, < S*, and
0 < 4r, <r*. Finally,let 0 < A = Aj_ﬁ.

By Remark 3.1 there exists a strictly increasing positive function f(¢), such that
O0<ft)<Aand 0< f'(t) <2d f(t) for t > 0.

We begin by constructing a strict subsolution. Define ¢ as

2 *
o(t,x) = f(t) <;—x> + S, <1—7:r —x), x € [0,1], t>0.

By construction, ¢ satisfies the following inequalities:

(i) ¢, = f'()(5 —)* < 1 f(t) <2df(t) = d¢, . = €(0,1), t >0;

(ii) ¢_(t,0) = —f(t) = Su > =35, > =S > =5°(t), t > 0;

(iil) ¢_(t, 1) +r(t)p(t,1) < f() = Su+F(LE + ) < f)(1+2) — % < -2 <
0, t>0.
It is also clear that since f(t) is a strictly increasing function of ¢, so is ¢. Therefore,
¢ is a strict subsolution of (3.1)—(3.2).

Similarly, we construct a strict supersolution. Define ¢ as

o(t,x) = —f(t) (1—x)2+5* (Hr* —x)7 zel0,1], t>0.

2 T

Then by construction, ¢ satisfies the following inequalities:
(ia) ¢, = —f'(t)(5 —x)> > =3 f'(t) > =2df (t) = d¢__, = € (0,1), t > 0;

(iia) ¢, (¢,0) = f(t) = S* < 1S — §* < =5 < =5°(t), ¢ >0;

(iiia) 6, (t, 1) +r(t)p(t, 1) > —f(t) = S* +r(- L2 + £) > —fO) (1 + 1)+ 5* >
36% > (.
4 -

Since ¢ is a strictly decreasing function of ¢, it is a strict supersolution of (3.1)~(3.2).
The pair of functions ¢ and ¢ is ordered because

2 *
¢¢2f(t)<;z> +S*<mgp>5*(1—:*r x), z €[0,1], t >0,

T
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_ 1 §
¢—é=—§f(t)+z—7*+(5 -8, —=)
1 S* S Sk
Z—if(t)+E—FZF>O

for x € [0,1],¢ > 0, and since ¢ > S,/r* > 0, the functions ¢ and ¢ form an ordered
pair of positive strict sub- and supersolutions of (3.1)-(3.2).

Thus, there exists a positive stable w-periodic solution ¢(¢, x) of (3.1)-(3.2). The
convergence result will follow from Lemma 3.3 below. ]

Let w(t,z) = ¢(t,x) — (S(t,x) + u(t,x) + v(t,z)), so that S(t,x) = ¢(t,x) —
w(t,z) — u(t,z) — v(t,x). Adding the equations, initial conditions, and boundary
conditions in (2.1)—(2.3), we can rewrite the system in terms of w, u, and v:

wy = dwgg,
(3.3) U = dtgy +ufi(p —w—u—v),
Vg = dugg +vfa(p —w —u—v),

with the boundary conditions

wy(t,0) =0, wy(t, 1) +r(t)w(t, 1) =0,
(3.4) uy(t,0) =0, ug(t, 1) + r(t)u(t,1) =0,

v, (t,0) =0, v (8, 1) + r(t)v(t, 1) = 0,

and the initial conditions

w(0,z) = ¢(0,z) — (So(x) + uo(x) + vo()),
(3.5) u(z,0) = uo(x),

The advantage of writing the system in this form is that the first equation is un-
coupled from the other two, and its asymptotic behavior can be studied independently.
The uncoupled problem is

(36) Wi = dWgy,
wy(t,0) = 0, wy(t, 1) +r(t)w(t, 1) =0.

Moreover, the difference between the periodic solution whose existence was shown
in Lemma 3.2 and any other solution of (3.1)-(3.2) also satisfies (3.6).

The system (3.3)—(3.5) is equivalent to the original system (2.1)—(2.3) by means
of the inverse transformation S(¢,z) = ¢(t,z) — w(t, z) — u(t,x) — v(t, x). Therefore,
any conclusion about the asymptotic dynamics of (3.3)—(3.5) can be immediately
translated to the system written in the original coordinates, that is, the system (2.1)—
(2.3).

The following lemma represents an important step in reducing the original system
(2.1)—(2.3) to a monotone system and concludes the proof of Lemma 3.2.

LEMMA 3.3. For any nonnegative solution w(t,z) of (3.6) there exists a > 0,
such that |w(t,z)| = O(e™) as t — .
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Proof. The proof will be by the standard comparison technique for parabolic
equations; see, for example, [23, Theorem 10.1]. The theorem applies to two non-
negative functions wy and we, such that w1 (0, z) = w2 (0, x),

(wi)e = d(Wi)oa, =12,
and
(w1)z(t,0) < (w2)(t,0),
wi(t, 1) + () (wi)e(t, 1) = wa(t, 1) +r(t)(w2)x(t, 1)

for t > 0. It concludes that wy (¢, ) > wa(t,z) for ¢ > 0 and z € [0, 1].
In this setting, let w; = w and wy = w, where w solves

W = dWyy,
Wy (t,0) = W (¢, 1) + rw(t, 1) =0,
and where r = inf|y ) r(¢). Then, since
Wy (t, 1) +r(E)w(t, 1) > Wy(¢, 1) + 10(t,1) = 0 = wy(t, 1) + r(t)w(t, 1),

it follows that w(t,z) > w(¢,z) for ¢ > 0 and = € [0, 1].
It has been shown in [12] that there exists @ > 0, such that

| (t,z)| = O(e™*") as t — +oo,
and this holds for any solution of (3.6) with a nonnegative initial condition. Therefore,
lw(t,z)| < |[w(t,z)] = O(e™*") as t — +oo.

Thus any solution w(t, z) tends to the zero function at an exponential rate. d

This has a biologically important interpretation. The distribution of the total
biomass S + u + v approaches some periodic distribution ¢ independently of the
initial conditions. In terms of the system (3.3)—(3.5) this means that the set w = 0 is
an invariant set which attracts the solutions at an exponential rate. Therefore, it is
necessary to first study the behavior of solutions of (3.3)—(3.5) on this exponentially
attracting set.

Setting w(t, x) = 0, or equivalently, S(t, ) +u(t, ) + v(t, ) = ¢(t, z) reduces the
full system to the following periodic-parabolic system:

Ut = dUgy +uf1(¢*ufv)v
vt = dUgy + 0 fo(d — u —v),

together with corresponding boundary conditions, and initial conditions inherited
from (3.3)—(3.5). This system is called the limiting system, and since S must be a
nonnegative quantity, the biologically relevant region for the limiting system is the
set {u>0,v>0, S=¢—u—v2>0}.
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4. The limiting system. In this section we set up the period map for the
limiting system obtained at the end of the last section:

(4.1) u = dugy +ufi(¢ —u—v),
Vg = dvgy +0fa(d —u —v),
with the boundary conditions
Uz (t,0) = v,(¢,0) =0,
(4.2) e (t, 1) + r(u(t, 1) = vy (t, 1) + r()o(t, 1) = 0,

where ¢(t, ) is a smooth, positive, and w-periodic function.

In this and the following sections we need some standard notions of order. Let X;
be ordered Banach spaces with positive cones X f fori = 1,2. Assume that Int X f £ .
If z;,y; € X;, we say that x; < y; (x; is less than or equal to y;) if y; — z; € X;r,
x; < y; (x; is strictly less than y;) if z; <y; and z; # y;, and x; << y; (z; is strongly
less than y;) if y; — x; € IntXi"'.

Let X be an ordered Banach space with order <. Given two points a,b € X, the
closed order interval [a,b] and the open order interval (a,b) are defined as follows:

[a,b] = {c € X]a < ¢ <D}, (a,b) = {c € X|a << ¢ << b}.

On the space X = X; x Xo, define the competitive ordering as the ordering
generated by the cone K = X" x (—X). In particular, if v, 2o € X; and yy, 92 € Xo,
we say that

(x1,91) <k (z2,92) if 21 <22, Y1 > W0,
(z1,91) <k (v2,92) if (v1,91) <k (22,92), (T1,91) # (T2, y2),
and
(x1,91) <<k (z2,92) if 21 << T2, Y1 >> v

An example of such an ordering is the Banach space X = C°(I) x C°(I) of pairs
of continuous functions defined over the common interval I. The order cone C* in
C°(I) is the cone of nonnegative functions on I, defining the natural order on the
space of continuous functions. The corresponding competitive order cone K in the
product space is defined as K = C* x (—=C*") = CT x C~. It is evident that K has
a nonempty interior in X, so all three order relationships are well defined.

A mapping T : X — X is called K-monotone (K-order preserving) if

x1 < x2 implies T'(z1) <g T(x2) for all x1,z2 € X.
T is called strictly K-monotone (strictly K-order preserving) if
x1 <k T2 implies T'(z1) <x T(z2)
and strongly K-monotone (strongly K-order preserving) if

21 < T2 implies T'(z1) <<g T(z2).
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It will always be clear from the context which ordering is used in each particular
situation, or for each particular space. We will omit the K-subscript when speaking
of either an ordering of real numbers or the natural ordering in C°.

THEOREM 4.1. Consider the system (4.1)—(4.2). Let

Q= {(u,0) € Cy x Cs t ula) 20, (&) >0, ulx) + vle) < B(z.0)
for all x €[0,1]}.

For every pair (ug,vo) € Q, there exists a unique nonnegative solution (u,v) of (4.1)—
(4.2) which exists at least for 0 <t < w. (u(t),v(t)) becomes a classical solution for
t > 0. Moreover, u(t,z) + v(t,xz) < ¢(t,z) for any 0 <t < w and x € [0,1]. In
particular, the period map

P(ug, vo) = (u(w), v(w))

maps  into Q) and is Fréchet differentiable, compact, strictly K-order preserving in
Q, and strongly K-order preserving in Int 2.

The first lemma is necessary in the proof of existence and to set up the dynamics.
It is a special case of results in [17] and [26], formulated for our purposes. (See also
[14] and [16].) We provide some of the details to guide the reader.

LEMMA 4.2. Consider the time-dependent differential operator A(t):

(4.3) A(t)u = dugy + a(t, z)uy + b(t, x)u, t>0, z € (0,1),

where the functions a(t,z) and b(t,z) are continuously differentiable in both t and x
and w-periodic in t. If the domain of A(t) is time independent,

D = D(A(®t)) = {u € C*([0,1],R) : uy(t,0) = uy(t,1) = 0},

then for each t > 0, A(t) is closed in C' and generates an analytic semigroup Ui(s) on
C. Moreover, there exists a unique evolution operator U(t,s) associated with (4.3),
such that
(1) U, s)]| <K for0<s<t<w.
(2) For0 <s<t<w,Uts):C— D, Ul(ts) is Fréchet differentiable in C,
and

%U(t,s) =AU (t,s), 0<s<t<w.

(3) For every u € C, u(x) > 0, and u(z) £ 0 on [0,1], U(t,s)u(z) > 0 for

z€[0,1] and 0 < s <t <w.

Proof. The operator A(t) is uniformly strongly elliptic for ¢ € [0,w], since its
principal part is a time-independent one-dimensional Laplace operator. In addition,
the domain [0,1] has a two-point boundary which can be thought of as infinitely
regular of class C*°. Also, since the domain [0, 1] is compact (and thus bounded), the
completion of D in the C-norm is the space C[0,1].

Theorem 2 of [26] states that for every ¢ € [0,w], the operator A(t) generates an
analytic semigroup in the space C[0, 1] with the corresponding supremum norm. We
denote this semigroup by Ui(s), s >0, 0 <t < w.

Let

r= sup |b(t, )|,
(t,z)€[0,w]x[0,1]
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and let
Bi(t)u = dugzy + alt, 2)uy + (k+ b(t, z))u, t>0, x € (0,1),

or, Bi(t) = A(t) + kI. If k > r, then the coefficient (k + b(¢,x)) is strictly positive on
[0,w] x [0,1].

If By (t) generates an evolution system U (¢, s) with properties (1)—(3), then A(t)
generates the corresponding evolution system U (t,s) = e *(t=9)T (¢, s) with the same
properties, and vice versa. Indeed, for 0 < s <t < w,

Ut )]l < lle 2Tt )] < ™ ([TE, 5)],

and if U(t, s) is Fréchet differentiable in C, then so is U(t, s), and

%U(t, s) — A(t)U(t,s) = e k(=9 %U(t, 5) — ke FE=9T (1, 5)

— (Br(t) — kI)e =97 (t, 5) = e Ft=9) (;U(t, s) — Br(t)U/(t, s)> =0

because By (t) generates U(t,s). The third property is satisfied automatically because
U equals U multiplied by a strictly positive function. Therefore, it suffices to show
that By (t) generates U (t,s) with the required properties (1)—(3).

Observe that the domain of A(t) is time independent. Since A(t) is uniformly
strongly elliptic for ¢ € [0,w], one can repeat the steps in the proof of Lemma 6.1 of
Pazy [17, p. 227] to show that there exists a sufficiently large constant k > r, such
that the family of operators {By(¢t) = A(t) + kI, t € [0,w]} satisfies the following two
conditions. First, the resolvent R()\ : Bg(t)) exists for all ® A < 0, and there exists a
constant M > 0, such that

M
Al +1

IR+ Bi(t)]| <

for all R A <0 and ¢ € [0,w]. Second, there exists a constant L > 0, such that
(B (t) — Bi(s))Bi(1) || < L[t — 5]

for s,t,7 € [0,w]. Consequently, Theorem 6.1 of Pazy [17, p. 150] states that there
exists a unique evolution system U(t, s) with the required properties (1)—(2) for the
family of operators {By(t)}.

The third property of U(t,s) follows from the standard maximum principle for
parabolic equations [7, Lemma 13.4]. Indeed, if u(x) > 0 and u(z) # 0, then for

0 < t < w the function u(t,z) = U(t, 0)ug(x) is the classical solution of
us = Bp(t)u = dugy + a(t, x)u, + (kK + b(t, x))u, t >0, xz € (0,1),

with the nonnegative initial condition ug which is not identically zero. Consequently,
u(t,x) is strictly positive because k + b(t,x) > 0 by our choice of k. Thus, U(t, s)
satisfies the property (3), and so does U(t, s). 0

The next lemma establishes the existence results necessary to define the period
map on C[0,1] x C[0,1].

LEMMA 4.3. For each set of initial conditions (ug, vg) there exists a unique solution
(u,v) of (4.1)—(4.2). If the initial condition consists of smooth functions satisfying the
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boundary conditions, then (u,v) is a classical solution of (4.1)—(4.2) for t > 0. If
the initial condition consists of only continuous functions, (u,v) becomes classical for
t > 0. All solutions exist at least for t € [0,w].

Proof. Consider the following change of variables:

u(t, ) = eI a(t, ),

o(t,z) = 9B (t, x),
where g(t,x) = —g:r(t). Tt will be used to move between the problem with periodic
boundary conditions and the form with Neumann conditions at the expense of a

time-dependent operator.
After some computation the system takes the form

(4.4) Uy = A(t)t + e?afr1(p — et — e90),
Oy = A(t)0 + 90 fo(p — eh — e90),

where
2
At w = dwy — 2dzr(t)w, + <m2r2(t) —dr(t) — ”;r'(t)) w,

and the boundary conditions are zero Neumann conditions.
The operator A(t) is of the type considered in Lemma 4.2 and generates a smooth
evolution system U4 (¢, s) on C[0,1]. Let U(t,s) = (Ua(¢,s),Ua(t,s)), w = (4,0), and

F(t,d) = <egaf1(¢ — 90— e9%), 90 fo (¢ — e%ii — e%)).

It is clear that F(t,) is a smooth map F : R x (C[0,1])?> — (C[0,1])2, which
is w-periodic in time. Given an initial condition 1wy € (C[0,1])?, the mild solution of
(4.4) is defined to be a continuous vector function w(¢), such that

(4.5) w(t) = U(t,0)wo +/0 U(t,s)F(s,w(s)) ds, s € [0,w+ o),

for some o > 0. It is known (see, for instance, [17, Theorem 1.2, p. 184]) that this
integral equation has a unique solution. Moreover, for ¢ > 0, w(t) is a smooth vector
function, and thus a classical solution of (4.4). In addition, if @y is smooth, then
w(t) is a classical solution for ¢ > 0. The existence of solutions is guaranteed for
all t up to t = w. Finally, by making the inverse change of variables, the vector
function w = (u,v) = (e94, e90) becomes the solution of (4.1)—(4.2) with the required
properties. ]

Proof of Theorem 4.1. For any pair of nonnegative functions wg = (ug,vp), let
o = (1o (), 9o(z)) = (79O ug(x), e~ 9O yy(x)), and let w(t, z) be the solution of
(4.4) satisfying the initial condition w(0, z) = (to(x), Do(x)), € [0,1]. Then w(t, z) =
(e91,e90) solves (4.1)—(4.2) with the corresponding initial condition wq(x).

It follows from Lemma 4.2, property (3), that if ug(x),vo(x) > 0, then both
coordinates of U(t, s)wg are nonnegative for 0 < s < t < w. If, in addition, ug Z 0
and vg # 0, then the coordinates of U(t, s)wg are strictly positive for 0 < s < ¢t < w.
If, moreover, u(t,x) + v(t,x) < ¢(t,x) for all 0 < ¢ < w, then both nonlinearities f;
and fo are nonnegative, and so are the solutions of the nonlinear system.
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To complete the proof, it remains only to show that an arbitrary nonnegative
solution of (4.1)—(4.2) such that u(0,z) +v(0,z) < ¢(0, x) satisfies u(t,z) + v(t,x) <
o(t,z) for all 0 <t <w and z € [0,1].

Let f(p) = max(fi(p), f2(p)) for 0 < p < oo be the upper envelope of f; and fo.
It is clear that f is strictly monotone because both f; and fo are strictly monotone.
Given a solution (u(t,z),v(t,x)) of (4.1)—(4.2) with u(0,z) + v(0,2) < ¢(0,z), let
z(t,x) = u(t,z) + v(t,z). In the region 0 < z < ¢, z satisfies the following inequality:

2 = dzge + ufi(¢ — 2) +0f2(d — 2) < dews + 2f (6 — 2),
and the corresponding boundary conditions z,(t,0) = z,(¢,1) + r(t)z(¢,1) = 0.

Let F(p) = M f(¢ — p) for 0 < p < ¢, where M = max, ; ¢(t,x),z € [0,1], t €
[0,w]. Then obviously pf;(¢ — p) < F(p) for p < ¢ and i = 1,2. Therefore,

2 < dzgy + F(2) = dzge + M f(¢ — 2).
Let Z be the solution of
(4.6) Zr = dZg. + F(2),
with the boundary conditions
(4.7) Z,(t,0) = —S°(t), Z.(t,1) +r(t)2(t,1) =0

and the initial condition Z(0,z) = 2(0,z), = € [0,1]. Equation (4.6) is monotone in
Z because I'(Z) is a strictly decreasing function of Z. In addition, the function ¢(t, )
is itself a solution of (4.6). Since Z and ¢ are ordered at t = 0, that is, z2(0,z) =
u(0,2) +v(0,z) < ¢(0,x), then 2(t,z) < ¢(t,z) for 0 < ¢ < w.

Finally, since for 0 <t < w,

2 — dzge — 2f(¢ — 2) <0 =3 — dZpe — 2f (¢ — 2),
2:(t,0) = 0> —S°(t) = 2,(t,0),
22 (1) + (1) 2(t, 1) = Zp (£, 1) + r(8) 2, (5, 1) = 0,
and
2(0, ) = u(0,z) + v(0,z) = (0, z),

we can use the comparison principle to conclude that z(t,z) < Z(t,z) for 0 <t < w
and, consequently, that u(t,z) +v(t,x) = z(t,z) < ¢(t,z) for 0 <t <w.

In particular, we apply this inequality at t = w to show that §2 is positively in-
variant with respect to the period map P associated with (4.1)—(4.2). P is Fréchet
differentiable and compact on {2 because the nonlinearity F' is smooth, and the evo-
lution system U is compact and smooth.

It is easy to see that if u(t,z) + v(t,z) < ¢(t,z), then the partial derivatives
(ufi1(¢p —u—v), and (vfa(p —u—v)), are nonpositive. Since the evolution system U
is strictly positive (the property (3) in Lemma 4.2), the period map P is strictly K-
order preserving in 2. Moreover, since in Int € the corresponding partial derivatives
are strictly negative, P is strongly K-order preserving in Int Q. 0

We intend to describe the dynamics of the limiting system (4.1)—(4.2) in terms of
its period map. Theorem 4.1 guarantees that the period map

P:Q—Q, Q={(u,v) € CL[0,1] x C+[0,1], u(x) +v(z) < ¢(0,z), = € [0,1]},

is well defined and enjoys the following properties:
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(P1) P is Fréchet differentiable and compact in C° topology.

(P2) P is strictly K-order preserving on ), and strongly K-order preserving in
the interior Int Q of Q. K is the cone C; x C_ in the product Banach space
CxC.

(P3) The following sets are positively invariant under P: (0 x C4[0,1]) and
QN (C4]0,1] x 0). Indeed, since the solutions are unique, then ug(z) = 0
implies u(t,z) = 0 for all £ > 0. The case vo(z) = 0 is similar.

(P4) Let P, be the restriction of P on Q[(C4+[0, 1]x0), and let P, be the restriction
of P on Q(0x C[0,1]). Both P, and P, are strictly monotone in the usual
sense of continuous functions; that is, if 0 < w3 < wug then 0 < Py(uy) <
P, (u2), and similarly if 0 < v1 < vg, then 0 < P,(v1) < P,(v2).

5. Periodic solutions of the limiting system. The next step is to put the
limiting system of the previous section into the form of the general competition theory
[11, 8] in order to make use of the general machinery. The sets u = 0 or v = 0 are
clearly invariant sets for the system (4.1)—(4.2) and correspond to single population
growth. We need some elementary facts about the solution in these sets. If we set
u = 0, then the system (4.1)—(4.2) reduces to

(5.1) vy = dvge + f2(¢ — v)v,
vz (£,0) = v (¢, 1) + r(t)v(t, 1) = 0,
v(0,z) = vo(z) > 0.
The linearized equation about the zero solution of (5.1) becomes
(5.2) wy = dwgy + fo(P(t, x))w , w(0,z) = wo(x).

Let T, = Wy(w,0), where W, (¢,7) is the evolution operator associated with (5.2).
Since the boundary of C'y x C is positively invariant under P, we can, without loss
of generality, consider the restriction P, of P to study the evolution of the population
v alone. It is evident that P, is differentiable at v = 0, and P, (0) = T,.
Note that setting v = 0 and considering the corresponding single population
equation for w yields a similar linearized equation where fi is replaced with f3, so
that P/ (0) = T,.
LEMMA 5.1.
(a) If the principal eigenvalue \ of T, satisfies X > 1, then the zero solution of
(5.1) is linearly unstable, and there exists a unique positive periodic solution
V =V (t,x) of (5.1) which attracts all positive solutions of (5.1).

(b) If A < 1, then the solution v(t) = 0 is linearly stable (moreover, order stable)
and attracts all positive solutions of (5.1).

Proof. Obviously, if A > 1, v(t) = 0 is linearly unstable. Since the period map
P, is strictly monotone, the principal eigenfunction must be positive by the Krein—
Rutman theorem [13]. Let ¢ be this principal eigenfunction; then

P,(a)) = darp + o(ar) >> ap
for sufficiently small «, that is, & € (0, ¢€). Define {v;} as vy = P¥(at)), k =0,1,2,...,

for some « € (0,¢). In view of the preceding inequality this is a monotone increasing
sequence {vg, k € 0,1,2,...} such that vg >> 0 and P,(vg_1) = vy >> vp_1. This
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sequence converges to a positive function v, since the sequence vy is bounded from
above by the positive function

¢(z) = sup ¢(t,z).

te(0,w]

The continuity of P, implies that v, is a fixed point of P,: P,(vs) = voo. Therefore,
the corresponding solution V'(¢,2) with the initial condition V(0,2) = v(x) is a
periodic solution of (5.1), and the vector function (0, V' (¢,)) is a periodic solution of
(4.1)-(4.2).

The uniqueness of V(¢,x) > 0 is equivalent to the uniqueness of a positive fixed
point of P,. Therefore, it suffices to show that v, > 0 is the only fixed point of P,.

We know that P,(0) = 0, and P, is strictly monotone away from zero. Moreover,
P, is strongly sublinear in the following sense: if v > 0 and 7 € (0, 1), then P, (nv) >>
NP, (v) (see Smith [18] or Hess [7] for further references).

To see this, let v > 0 and 5 € (0,1). We use the equivalent integral equation

P,(v) = U(w,0)v(0) + /Ow U(w, s)v(s)fa(¢ — v(s)) ds,

where U(t, s) is the evolution system associated with the linear part of (5.1). The
existence of U(t,s) is guaranteed by Lemma 4.2. Now, since fa(¢ — v) is strictly
decreasing in v for any strictly increasing function f,, then, since nv < v for 0 < v < ¢,

fa(@=nv) > fa(¢p —v) forall ne(01)

Using the linearity of U, one has

Pu() = U0 + | " Uw, s)mu(s) fal — mols) ds
> U0+ [ " U, syu(s) falé — v(s)) ds
0

= n(U(w, 0)v+ /ow U(w, s)v(s)fa(p —v(s)) ds) =nP,(v).

Thus, P, is strongly sublinear: P,(nv) >> nP,(v).

It is well known from Amann [1, Theorem 22.4] that P, can have at most one
positive fixed point v,,. We apply Theorem 5.1, part (b) of Hess [7, p. 17|, which
states that if there exists a unique positive fixed point of a strongly sublinear map
P,, v > 0, in our case, then it attracts all positive points of C..

It remains to show that V (¢, ) attracts all positive solutions of (5.1). Let W (¢, z)
be a positive solution of (5.1) with the initial condition wg(z) > 0, and let wy(z) =
W (kw,x) for k = 0,1,2,.... Then by the definition of P,, wy = PF(w) for k =
0,1,2,.... Now, since v, attracts all positive points, wi — v as k — oc.

We use the integral equation once again. Since both W and V are solutions of
(5.1), then

W(t,x) = U(t, ko)W (kw, z) + /k U(t,s)W(s,x)fo(¢p — W(s,x))ds,

V(t,z) =U(t, kw)V (kw, z) + /k U(t,s)V(s,x)fa(¢p— V(s,xz))ds
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for t € [kw, (k + 1)w], and = € [0, 1].
Let G(y) = yf2(¢ —y) for y € [0, ¢]. Since fo is at least C! smooth, there exists
L > 0 such that

|G(y1) — G(y2)| < Llyr — yal, y1,y2 € [0, ¢].

Let K =sup||U(t, s, 0 < s <t <w. Since U(t,s) is w-periodic, ||U(t, s)|| < K for
t € [kw, (k4 1)w]. We subtract one equation from the other and pass to the norms to
obtain

(W(t,z) = V()

< U)W (kw, z) =V (kw, z)] +/k 1U(E s)I[|GW (s, 2)) = G(V(s,x))| ds

< U@, )W (kw, x) =V (kw, z)| +/k [U @, )| LIV (s,2) = V (s, x)| ds

¢
< K||lwk — voolle +/ KL|W(s,z) — V(s,x)| ds
kw

for t € [kw, (k + 1)w], and = € [0, 1]. Using the Gronwall inequality we finally obtain
W (t,2) = V(t,2)] < KeKH R g — o < KeK5 g — vl

for t € [kw,(k + 1)w], and x € [0,1]. As k — o0, |Jwr — vol|lc — 0, and thus
[W(t,-) — V(t,)|lc — 0. This shows that V attracts all positive solutions of (5.1)
and completes the proof of part (a).

In what follows F7 denotes v, the positive stable fixed point of P,, but we will
also refer to it as the periodic solution V' (¢,x) itself. Ey denotes the zero solution
u = v = 0 of both the limiting system (4.1)—(4.2) and single population equation
(5.1), and the zero function as a trivial fixed point of the period map P (P, or P,
accordingly). The usage will be clear from the context.

Part (b). Since the period map P, is monotone, the principal eigenfunction 1
must be positive by the Krein-Rutman theorem [13], so then

Py(ay) = p(Aa +o(a)) << ayp

for sufficiently small a € (0,€). Consequently, there is a strictly decreasing sequence
{wg,k €0,1,2,...} such that wg >> 0 and P,(wk—1) = wr << wg_1. The fact that
A < 1 implies that the zero solution of (5.1) is locally order stable (further, linearly
stable) and attracts all positive solutions locally (see part (a)). In fact, it attracts any
positive solution of (5.1). Indeed, given z >> 0, x € domP, there exists an « € (0,1)
such that ax < wg; then strong monotonicity and sublinearity of P imply that

aP,(z) << Py(ax) << P,(w) << w,
so by induction we show that for all k,
zy := PF(z) << awy, = aP*(w).
Any C-space with C%-norm and the order cone Cy is a lattice, namely,

for all z,y € C : Im = inf(z,y), M = sup(z,y),
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f ®

FiG. 5.1. Location of Eg, E1, and Eg in Cy x C4.

so one can speak of the lim inf and lim sup of such sequences.

We then have 0 < limsup P¥(z) < X limsupwy, = 0; thus P¥(z) — 0 as k — oo.
Hence, 0 attracts all positive points under P,. Finally, we employ the same continuity
argument as in part (a) to conclude that the solution v = 0 of (5.1) attracts all positive
solutions. This completes the proof of part (b). O

Remark 5.2. We proceed similarly with the case when v is set equal to zero. We
investigate the stability of Ey under P,, and find a possible unique positive periodic
solution U(t,x) which attracts all positive solutions. If U(t,x) does not exist, Ey is
the only fixed point of P, in Cy, and Ej attracts all points of C. under P,. If U(t,x)
does exist, we denote this solution and the corresponding fixed point of P, by Fs.

There are biological interpretations of the existence of these rest points. If Fj
exists, then the v-population is capable of surviving in the chemostat without the
competitive pressure. If £ does not exist, the v-population will go extinct indepen-
dently of the presence of its competitor. A similar relationship holds for Fs and the
u-population.

In the next section we assume that both E; and FEs exist to investigate whether
it is possible for u and v to coexist. Figure 5.1 illustrates all three periodic solutions
Ey, Fy, and Es and their locations in the product space Cy x C..

The period map developed in section 4 gives rise to a semidynamical system
defined on C x C [5], and Lemma 5.1 (and Remark 5.2) give precise information
on the limit sets when one component of an initial condition is identically zero. The
properties established exactly fit the theory developed in [11] (directly) or [8] (with
some additional effort), and the theorems there describe the asymptotic behavior of
the limiting system (4.1)—(4.2).

Let J denote the order interval [Ey, Fs]k. By property (P2) of the period map
and Lemma 5.1 (and its counterpart for P,), the omega limit set of any orbit lies in
this order interval. To see this, one just compares a solution with an initial condition
in the cone with the corresponding solution with initial conditions with a coordinate
identically zero. Theorem A of [11] yields directly (see also [3]) the following theorem.

THEOREM 5.3. One of the following holds:

(1) P has a positive fized point in J,

(2) P*(x) — E1 as n — oo for every x = (u,v) € J with u # 0, v # 0,

(3) P*(x) — E2 as n — oo for every x € J with u # 0, v # 0.
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F1G. 5.2. Dynamics of P with Ex and E«« present.

If (2) or (3) holds, and x € C* x CT\J satisfies u # 0, v # 0, then either P™(x) — E;
asn — oo or P*(x) — E3 as n — oo.

The situations (1), (2), and (3) in Theorem 5.3 can be distinguished by individual
stability properties of Fy and Es. For instance, if E; is unstable, the outcome (2)
obviously never occurs. Similarly, if F5 is unstable, the outcome (3) also never occurs.
Now, if both E; and E, are unstable or both F; and Es are stable, neither (2) nor
(3) occurs, so there exists an additional fixed point of P in the interior of J (and the
interior of ). Stability can be determined from the Krein-Rutman theorem. We
state a version that is convenient in this application.

THEOREM 5.4 (Krein—Rutman). Assume that P'(E;), i=1, 2, have positive spec-
tral radii, 1 > 0 and ro > 0, respectively; then

(1) r1 = Ay is the principal eigenvalue of P'(Ey) with some K -positive eigenfunc-

tion (uy,v1), and if Ay, > 1, then uy > 0.
(2) ro = Ay is the principal eigenvalue of P'(Es) with some (—K)-positive eigen-
function (ug,vs), and if A, > 1, then vy > 0.

If there is no further fixed point of P in Int(J), an immediate consequence is that
competitive exclusion results—one or both of the populations become extinct. If only
one survives, the winner of the competition (the survivor) can be determined by local
stability considerations.

THEOREM 5.5 (extinction). If A, > 1 and there are no further fized points of P
in Int J, then Eo attracts all points of the interior of J. If Ay, > 1 and there are no
further fized points of P in Int J, then E; attracts all points of the interior of J.

THEOREM 5.6. If there exists a fized point in the interior of J and if A\, > 1,
then there exists a fized point E. which attracts the order interval (Ey, Ey). If there
exists a fived point in the interior of J and if A\, > 1, then there exists a fixed point
E.. which attracts the order interval (Ey., Es).

Proof. Using the eigenfunction (u1,v1) from Theorem 5.4 it is easy to argue that
there exists a point w = Ej + h(uy,v1), for h arbitrarily small, such that F; > w >
T(w) (see, for example, the proof of Theorem 5.1 of [11], or [8]). The rest follows
from monotonicity. ]

Of course, both stability conditions can occur. In this case all orbits have their
omega limit sets in the order interval [E,, E,,|. This is illustrated in Figure 5.2. All
of our numerical simulations produced E, = FE... The question of uniqueness of the
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interior fixed point remains open. The general theory would also allow both boundary
rest points to be stable and thus guarantee an unstable interior rest point. We did
not observe this in our simulations.

Since the system is monotone, it is a general theorem that almost all orbits con-
verge to a fixed point. We remind the reader that a fixed point of the mapping P is
a periodic solution of the limiting system of partial differential equations, (4.1)—(4.2).

6. Asymptotic behavior of the full system. It is now appropriate to in-
terpret the results for the limiting system in terms of the original problem, (2.1)-
(2.3). For instance, the trivial periodic solution of (4.1)—(4.2) with initial condi-
tion at Fy corresponds to the limiting periodic distribution of (2.1)—(2.3), namely,
(S,u,v) = (¢,0,0). The nontrivial “boundary” periodic solutions (0, V(¢,x)) and
(U(t,x),0) of (4.1)—(4.2) give rise to the corresponding periodic solutions of (2.1)—
(2.3), namely, (S,u,v) = (¢ —V,0,V) and (S,u,v) = (¢ — U,U,0). More generally,
all positive periodic solutions of the limiting system can be interpreted as solutions
of (2.1)—(2.3) in the same fashion, (¢ —U — V,U, V).

The convergence question is more interesting. In the case of competitive exclusion,
all solutions of the limiting equations converge to a periodic solution. When there is an
interior fixed point for the period map, then there are always two order intervals such
that solutions for all initial conditions in these intervals converge. Outside of these
order intervals, one knows only that all solutions come into an order interval (defined
by the largest and smallest fixed point of the period map) and, from the general theory
of monotone dynamical systems, that almost all initial conditions converge to a fixed
point inside this order interval [20]. As noted above, our numerical experience was
that the interior fixed point was stable and unique, so all solutions converged.

Let (So, ug, vo) be initial conditions and let S(¢, ), u(t, z), v(t, z) denote the corre-
sponding solution of (2.1)—(2.3). Suppose that the period map starting at (ug, vg) con-
verges to a fixed point. Denote the corresponding periodic solution by (U (t, z), V (¢, x)).
Then it follows that

1S(t, ) = (6 = U(t,2) = V(t,2))| + |u(t,z) = U(t, 2)| + [o(t, x) = V(t,2)| — 0.

Thus when the period map converges to a fixed point, the corresponding solution
of (2.1)—(2.3) is asymptotic to a periodic solution.

7. Discussion. We have taken the basic unstirred chemostat model and let the
input and “washout” rates be periodic functions. As a practical matter this would
usually amount to varying the flow rate, but the results are general enough to al-
low for both. Conceptually, this might correspond to seasonal variations or diurnal
variations in nature or to some periodic disturbance in the pump in a bioreactor.
The papers cited in section 1 have developed the asymptotic behavior model for a
well-mixed chemostat with periodic inputs or dilution rates. We have developed the
corresponding theory here for the reaction diffusion model. In the case of the model
for the well-mixed chemostat both the input nutrient concentration and the dilution
rate appeared in the equation so the difficulties were those of moving from a dynamical
system to a periodically forced system. In the reaction diffusion model the nutrient
input and the removal appear in the boundary conditions causing technical difficul-
ties. With the help of a transformation suggested by Professor Norman Dancer (see
Acknowledgment) we are able to remove the periodicity from the boundary condi-
tions to the operator with considerable increase in complexity. (This transformation
probably has potential beyond our use in this problem.) Eventually, however, we were
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Fic. 7.1. Competitive exclusion.

able to reduce the problem to one of a fixed point of the period map although now
in an infinite-dimensional setting. The monotonicity of the map allowed one to make
use of the theory of monotone dynamical systems, just as in the ordinary differential

equations model. The choices between possible outcomes are dictated by the stability

of the boundary rest points.

To illustrate the results we show two numerical examples. The simulations run

from tg

0 to tmax = 40.0 relative time units. Since we are providing illustrations,
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the solutions and the graphs were obtained using Mathematica 3.0. More accuracy

could likely be achieved with more sophisticated tools, but our goal is only to illustrate

(t)

and choose S°

a;+5S"

Cy + Ay sin(Bt).
Several parameters are common for all the simulations: the diffusion rate d

the solutions. We assume the Monod model with f;(.5)

Cy + A sin(Bt) and r(t)

= 1.0,
0.3, and

0.1, C; = 1.0, Ay =

== 30, A1
2.0. The remaining parameters are varied in order to illustrate different outcomes

= 10, mq

1.0, a2

and parameters aq
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of the competition.

The simulations presented below illustrate the following two major outcomes of
the competition in the unstirred chemostat:

(1) competitive exclusion, the outcome when one competitor asymptotically reaches
a positive periodic density distribution and the other competitor goes extinct, the nu-
trient density also reaching a positive periodic distribution (Figure 7.1);

(2) coexistence of the competing species, the outcome when both competitors
reach positive periodic distributions (Figure 7.2).

In the situation presented in Figure 7.1, each competitor (U or V) is able to survive
on its own without the other competitor present. Nevertheless, when both competitors
are introduced to the chemostat simultaneously, the U species outcompetes the V'
species and drives it to extinction. If the environmental conditions become milder for
the V species, that is, if mo is increased and the average washout rate C is decreased,
then V becomes able to survive the competition as shown in Figure 7.2.

Acknowledgment. The authors wish to acknowledge, with thanks, that Pro-
fessor Norman Dancer suggested the change of variables used at the beginning of the
proof of Lemma 4.3.

Note added in proof. The transformation used in the proof of Lemma 4.3
appears in greater generality in [27].
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