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Classical weak type inequalities

For 1 < p < co we say an operator T satisfies the weak (p, p)
inequality if
C

w({x e R": |Tf(x)| > \}) < . [f(x)[Pw(x) dx.
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Classical weak type inequalities

For 1 < p < co we say an operator T satisfies the weak (p, p)
inequality if

w({x e R": |Tf(x)| > \}) < )\—Cp y [f(x)[Pw(x) dx.

These follow from strong (p, p) inequality by Chebyshev’s
inequality:

ITF(X)|Pw(x)dx < C | |f(x)[Pw(x) dx.
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Muckenhoupt A, weights

For1 <p <o, weAif

p—1
(W]a, = supJ[ w dx <][ w'=P dx) < .
a Jo Q

Whenp =1, we A if

[W]a, = supesssup W(X)_1J[ wdx < .
Q xeQ Q
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Classical weighted norm inequalities |

Theorem (The A, conjecture)
For1 <p<wandwe A, if T isan SIO,

1

1 1
P max P
TfIPw dx < Clw =) flPwdx | .
Ap
Rn Rn
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Classical weighted norm inequalities |

Theorem (The A, conjecture)
For1 <p<wandwe Ay, if T is an SIO,

1

1 1
P max P
TfIPw dx < Clw =) flPwdx | .
Ap
R7 Rn

The exponent on [w],, is sharp.
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Classical weighted norm inequalities Il

Theorem
For1 <p<wandwe Ay, if T isan SIO,

ol=

p

w({x € R": [TF(x)| > A})? < Clw]aA~"! ( JioPwix) dx) |
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Classical weighted norm inequalities Il

Theorem
For1 <p<wandwe Ay, if T isan SIO,

ol=

p

w({x € R": [TF(x)| > A})? < Clw]aA~"! ( JioPwix) dx) |

True when p = 1 with constant C[w|a, log(e + [W]a,).
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True when p = 1 with constant C[w|a, log(e + [W]a,).

The exponent on [w],, is sharp.

Cruz-Uribe (UA) Multiplier weak-type inequalities March 16, 2024 7/33



Weights as multipliers

Restate strong (p, p) inequalities: pull weight inside the power
and replace f by wrf to get multiplier strong (p, p):

wrT(w sf)[Pdx < C | |fPdx.
RI‘I

Rn
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Weights as multipliers

Restate strong (p, p) inequalities: pull weight inside the power
and replace f by wrf to get multiplier strong (p, p):

wrT(w sf)[Pdx < C | |fPdx.
RI‘I

Rn

Unweighted inequality for weighted operator T,,f = wo T(W*%f).
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Multiplier weak-type inequalities

By Chebyshev’s inequality, multiplier strong (p, p) implies

X eR™: |wr(x)T(w s F)(x)| > \}| < % JR,, |£(x)|P dx.
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Multiplier weak-type inequalities

By Chebyshev’s inequality, multiplier strong (p, p) implies

X eR™: |wr(x)T(w s F)(x)| > \}| < % JR,, |£(x)|P dx.

We refer to this as a multiplier weak (p, p) inequality.
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Endpoint multiplier inequality

Theorem (Muckenhoupt-Wheeden 1977, DCU-JMM-CP 2005)
For1 <p<wandweA,, if Tisan SIO,

1

X eR™: wr(X)T(w pF)(x)| > A}|F < CA~" ( B I£(x)|P dx) g
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Endpoint multiplier inequality

Theorem (Muckenhoupt-Wheeden 1977, DCU-JMM-CP 2005)
For1 <p<wandweA,, if Tisan SIO,

X eR™: wr(X)T(w pF)(x)| > A}|F < CA~" ( B I£(x)|P dx) g

Same inequality is true if T is replaced by the maximal operator.
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Original motivation
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Original motivation

@ A, condition sufficient but not necessary: ifn=1,p =1,
this theorem holds if w(x) = 1/|x].

Cruz-Uribe (UA) Multiplier weak-type inequalities March 16, 2024 11/33



Original motivation

@ A, condition sufficient but not necessary: ifn=1,p =1,
this theorem holds if w(x) = 1/|x].

@ Different conditions required for maximal operators and
SIOs when p > 1.
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Original motivation

@ A, condition sufficient but not necessary: ifn=1,p =1,
this theorem holds if w(x) = 1/|x].

@ Different conditions required for maximal operators and
SIOs when p > 1.

@ These inequalities arise in interpolation with change of
measure (S-W 1958)
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Quantitative estimates

Question: what is the sharp dependence on [w]4,?
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New motivation

Multiplier weak type inequalities allow us to define weak type
inequalities for matrix weights.
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Matrix weights

Let Sy be d x d, self-adjoint, positive semi-definite matrices.
A matrix weight is a measurable function

WZR”HSO'.

IWOXlon = st (WX

1

o = ( [ 1WscotoPax)” <
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Matrix weights

Matrix Ap

For1 <p<ow, WeA,if

P
W *supJ[ G|W X)W |g;,dy> dx < .

[W]a, —esssupsupJ[ |W(y X)|op dy < 0.

xeRd  Qax
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Matrix weights and SIOs

Theorem (NTV, CG, NPTV, DCU-JI-KM)
If1 <p<ow, WeAp and T an SIO, then

1
p

( i W (x) T(W—Lf)(x)wdx)
<C

1
—1

(Wi, ?

K ( N f(x)|P dx> lp.

Cruz-Uribe (UA) Multiplier weak-type inequalities

March 16, 2024

16/33



Matrix weights and SIOs

Theorem (NTV, CG, NPTV, DCU-JI-KM)
If1 <p<ow, WeAp and T an SIO, then

1

([ wieorwinoareax)’

+55-5 P g
< C[W],, . f)Pdx ) .

This exponent is sharp when p = 2 (DPTV 2024).
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Matrix weights and Maximal operator

Christ-Goldberg maximal operator

Muf(x) = sup]f W)W (y)f(y)| dy - xa(x).
Q JQ

Theorem (MC-MG 2003, KM-JI 2019)
If1<p<ow, WeA,,

1

( o MO dx),, < C[W]i;‘( N |f<x>|pdx) g
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This exponent is sharp.
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Matrix endpoint inequality

Theorem (DCU-JI-KM-SP-IRR 2021)
For1 < p<wandwe Ay, if Tisan SIO,

CIWIi
{x e R™: W) T(W ()| > \}| < %J}R I£(x)] dx.
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Matrix weights

Matrix endpoint inequality

Theorem (DCU-JI-KM-SP-IRR 2021)
For1 < p<wandwe Ay, if Tisan SIO,

CIWIi
{x e R™: W) T(W ()| > \}| < %J}R I£(x)] dx.

The same inequality holds for My, .
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Matrix endpoint inequality

Theorem (DCU-JI-KM-SP-IRR 2021)
For1 < p<wandwe Ay, if Tisan SIO,

CIWIi
{x e R™: W) T(W ()| > \}| < %J}R I£(x)] dx.

The same inequality holds for My, .

This exponent is sharp! (AL-KL-SO-IRR 2023)
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Quantitative estimates |

Theorem (DCU-BS 2023)
For1 <p<wandweA,, if Tisan SIO,

X e R : [W(x)p T(W sf)(x)| > \}|P

1+1

- %( ) |f<x>|pdx)2’.
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Quantitative estimates |

Theorem (DCU-BS 2023)
For1 <p<wandweA,, if Tisan SIO,

X e R™: |W(x)» T(W #H)(x)| > \}|7

1+1

- %( ) |f<x>|pdx)2’.

The same inequality holds for My, .
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Short outline of proof
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Cruz-Uribe (UA) Multiplier weak-type inequalities March 16, 2024 20/33



Short outline of proof

@ Use convex-body sparse domination (NPTV 2017)

@ Use alternative formulation of LP® norm

[floee ~ sup  inf [E|"7%

L f(x) dx|.

G 1
0<|E|<w |F|=3|E|
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Short outline of proof

@ Use convex-body sparse domination (NPTV 2017)

@ Use alternative formulation of LP® norm

[floee ~ sup  inf [E|"7%

JF f(x) dx|.

G 1
0<|E|<w |F|=3|E|

© Apply Hélder’s inequality and matrix A, condition.
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Short outline of proof

@ Use convex-body sparse domination (NPTV 2017)

@ Use alternative formulation of LP® norm

[floee ~ sup  inf [E|"7%

JF f(x) dx

0<|E|<w |FI=3IE|
© Apply Hélder’s inequality and matrix A, condition.

© Reduce to scalar case. Apply reverse Holder inequality.
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Quantitative estimates I, 1 < p < 2

Theorem (AL-KL-SO-IRR 2024)
Fort<p<2andWeA,

|Mwf|ipe < [WIG,[Iflr

and the exponent is sharp.

Cruz-Uribe (UA) Multiplier weak-type inequalities March 16, 2024 21/33



Quantitative estimates I, 1 < p < 2

Theorem (AL-KL-SO-IRR 2024)
Fort<p<2andWeA,

Moo < [WIG Il
and the exponent is sharp.

In the scalar case, if T is an SIO

1 1 1+5 1
[we T(wW P f)|pe < W]y, * log(e + [W]a,) P | fe
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Quantitative estimates Il, p > 2

In addition, they proved when p > 2:
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Quantitative estimates Il, p > 2

In addition, they proved when p > 2:

@ Best exponent in scalar case for Hilbert transform is 1, as
gotten from strong (p, p) inequality and Chebyshev’s
inequality.
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Quantitative estimates Il, p > 2

In addition, they proved when p > 2:

@ Best exponent in scalar case for Hilbert transform is 1, as
gotten from strong (p, p) inequality and Chebyshev’s
inequality.

©@ Best constant for maximal operator is bounded below by

-

1
1

[w]Z, " log(e + [W]a,) 7.

So exponent from strong (p, p) inequality and Chebyshev’s
inequality is best possible.
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Two operators

Fractional integral operator: 0 < o < n

)= [ ey
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Two operators

Fractional integral operator: 0 < o < n

Lt(x) = f X j(ﬁ"a v

Fractional Christ-Goldberg maximal operator:

M = sup| QI J[Q WO WH(y)| dy - xa(x).
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Matrix Ap 4 Weights

WeA,g, 1 <p< = & if

1_1
P g

W= sup | (f Woow iz ay )" o<
Q JaQ Q
Whenp =1, We Aq,4if

Qla

[W]a,, = supesssupJ[ |W(y X)|do dy < 0.
xeQ
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Fractional operators

Strong (p, q) inequalities

Theorem (JI-KM 2019)
lfWeApqg 1<p<w

1
Jp q n’

(<3 &
My oo < CIW]y "9 [0,

Ap.q
and this exponent is sharp.
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Fractional operators

Strong (p, q) inequalities

Theorem (JI-KM 2019)
lfWeApqg 1<p<w

1
Jp q n’

(<3 &
My oo < CIW]y "9 [0,

Ap.q
and this exponent is sharp.

1-2)2) 41
Wi (W) < CIWT 7 7 8]0,

Ap,q
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Sharp strong (p, ) constants

Open question: find the sharp exponent for /, in matrix case.
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Sharp strong (p, ) constants

Open question: find the sharp exponent for /, in matrix case.

Known in scalar case:

(15)m(+5)

(ML-KM-CP-RT 2010)
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Multiplier weak (p, @) inequalities

Theorem (DCU-BS 2024)
fWeAgl<sp<f li-l-2
[{x e R : [W(X) (W) (x)| > A}|@

1+1‘|
qu)\

(o)
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Multiplier weak (p, g) inequalities

Theorem (DCU-BS 2024)

fWeAgl<p<t i-1-2

X e RY : |W(X) L (W H)(x)| > A}|e
1+1‘|

qu)\

The same inequality holds for My .

(o)
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Sharp strong (p, ) constants

Open question: find the sharp exponent for /, and My, in
matrix case.
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A better definition of matrix weights
For1<p<w, WeA,if

g ([, (f wow )

Qo

dx> < 0.
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An interpolation inequality

A better definition of matrix weights

For1<p<w, WeA,if

win = (J, (fweow -

Whenp =1, W e A if

[W]a, —supesssup:f \w-
xeQ
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An interpolation inequality

A better definition of matrix weights
For1<p<w, WeA,if

g ([, (f wow )

Whenp =1, W e A if

Qo

dx> < 0.

[W]a, —supesssup:f \w-

Y)|op dy < 0.
xeQ

W e A, if and only if WP € A,, and

(W15, = [WPI4,-

p

)>~m_.
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Left/right openness of A,

Theorem (DCU-MP 2023)
If1<p<wandW e 2\,), there exists 6 = 6([W]a,) > 0 such

~

that |q — p| < 9, then W € A,.
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Left/right openness of A,

Theorem (DCU-MP 2023)
If1<p<wandW e 2\,,, there exists 6 = 6([W]a,) > 0 such

~

that |q — p| < 9, then W € A,.

Contrast this with

Theorem (MB 2001)

Given 1 < p < oo, there exists W € A, such that W is not in Ay,
any q <p.
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Bounds for SIOs

Theorem (DCU-MP-BS 2024)
If1<p<ow, We 2\,,, and T an SIO, then

1

(X)|P dx> g

( IWTW P dx)p < c<

|f
RN
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Bounds for SIOs

Theorem (DCU-MP-BS 2024)
If1<p<ow, We 2\,,, and T an SIO, then

1

(X)|P dx> g

( Ln W) T(W-)(x)[P dx)p < c<

|f
RN

Same result holds for My, .
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@ Tuf = WT(W-'f)is a linear operator independent of p

Cruz-Uribe (UA) Multiplier weak-type inequalities March 16, 2024 32/33



Sketch of proof

@ Tuf = WT(W-'f)is a linear operator independent of p

Q@ We A, implies W e A, for some ¢ > 0.
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Sketch of proof

@ Tuf = WT(W-'f)is a linear operator independent of p
Q@ We A, implies W e A, for some ¢ > 0.

© Use Marcinkiewicz interpolation from multiplier weak
(p £ ¢, p £ €) inequalities for Tyy.
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An interpolation inequality

Roll Tide!
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