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Introduction

Why to study projections and isometries?

@ Projections are operators with a simple spectral structure (with
eigenvalues being 0 and 1 only) and easy to understand.

@ Projections are the building blocks of many other operators (for
example, Spectral theorem for compact self-adjoint operators).
Orthogonal projections have applications in linear regression,
Multivariate distributions, QR decomposition etc.

@ Isometries are distance preserving maps and are fun to study.
Isometries are kind of “isomorphisms” and “preserves’ many
interesting properties.

@ Isometries and projections are interconnected.
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Preliminaries

Definitions & Examples

Definition (Isometry)

Given two normed spaces X and Y, a (linear) map T: X — Y is an
isometry if

| Tx|| = ||x|| for every x in X
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@ The map T:C — C given by T(z) =Z. Isometries need not be linear!
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Projections & Reflections

Definition (Projection operator)

A (bounded) operator P from a normed linear space X to X is a
projection if P? = P.
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Projections & Reflections

Definition (Projection operator)

A (bounded) operator P from a normed linear space X to X is a
projection if P? = P.

Definition (Reflection operator)

An operator R from a normed space X to another normed space X is a
reflection if R? = /.
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Projections & Reflections

Definition (Projection operator)

A (bounded) operator P from a normed linear space X to X is a
projection if P? = P.

Definition (Reflection operator)

An operator R from a normed space X to another normed space X is a

reflection if R% = /.
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Projections as averages of isometries & reflections

Creating Projections from reflections (and isometries)

Consider R3 and consider the norm

[ (x1,x2,%3) |00 = max{|xi], |x2l, |x3]}

il = = = =
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Creating Projections from reflections (and isometries)

Consider R3 and consider the norm

[ (x1,x2,%3) |00 = max{|xi], |x2l, |x3]}

Define, an operator R:R3 - R3 by

R(X17X27X3) = (X27X17X3)'

o R?=1
@ R is an isometry.

Define P as P(x1,x2,x3) = 3(I + R)(x1, %2, X3)

il = = = =
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Creating Projections from reflections (and isometries)

Consider R3 and consider the norm

[ (x1,x2,%3) |00 = max{|xi], |x2l, |x3]}

Define, an operator R:R3 - R3 by

R(X17X27X3) = (X27X17X3)'

o R?=1
@ R is an isometry.

Define P as P(X]_,X2,X3) = %(/ + R)(Xl,Xz,X:),) = %(Xl + X2, X1 +X2,2X3).

il = = = =
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Creating Projections from reflections (and isometries)

Consider R3 and consider the norm

[ (x1,x2,%3) |00 = max{|xi], |x2l, |x3]}

Define, an operator R:R3 - R3 by

R(X17X27X3) = (X27X17X3)'

o R?=1
@ R is an isometry.

Define P as P(X]_,X2,X3) = %(/ + R)(Xl,Xz,X:),) = %(Xl + X2, X1 +X2,2X3).
Note: P is a projection!

il = = = =
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Projections as averages of isometries & reflections

An example in the infinite dimensional world!

Consider the space C[0,1], the space of all continuous functions on the interval

[0,1] with the norm |f|e = max f(t).
te[0,1]
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An example in the infinite dimensional world!

Consider the space C[0,1], the space of all continuous functions on the interval
[0,1] with the norm |f]e = nEax] f(t).Consider the operator
te[0,1

R:C[0,1] —» C[0,1] defined by

)

Rf(t) = f(1-1t).

It is easy to check that R? =/ and R is an isometry. Define an operator P by
P(f) = %(f+ R(f)) = %(f(t) +f(1-1)).
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An example in the infinite dimensional world!

Consider the space C[0,1], the space of all continuous functions on the interval
[0,1] with the norm |f]e = nEax f(t).Consider the operator
te[0

)

R:C[0,1] —» C[0,1] defined by

Rf(t) = f(1-1t).

It is easy to check that R? =/ and R is an isometry. Define an operator P by
P(f) = %(f+ R(f)) = %(f(t) +f(1-1t)). Note: Again, P is a projection!

In general, if R is an (isometry), and a reflection, then the operator P defined as
the average of / and R (i.e., P =1(/+R)) is a projection.
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Ongoing and Future Plans

Projections as a combination of two isometries

(DBE, 2023) For two isometries To and T; on a Banach space X,
consider an operator Q defined as Q = A\oTop + A1 71 (Q # /) with

1
Ao, A1 >0 and Ag+ A1 = 1. If Q is a projection, then \g=A1 = 5
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(DBE, 2023) For two isometries To and T; on a Banach space X,
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Projections in the “convex hull” of operators of finite order

(DBE, 2023) For an operator T of order n, (i.e., T" = /), and positive
scalars Mg, A1,+, A\p_1 with sum equal to 1, we consider an operator @

defined as
Q=Xol + M T +XT2 4+ 4+ X, T L

1
Then Q is a projection if and ony if A\g=Ay == X,_1 = —.
n
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defined as
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1
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Ongoing Work

@ For isometries Tg, T1,:+, Tp—1, and positive scalars Ag, A\1,+, Ap—1 with sum
equal to 1, we consider an operator Q defined as

Q = )\07—0 +>\1T1 +)\2T2 +~~~+)\n_1T,,_1.

For what values of the scalar Ag, A1,---,Ap—1 is Q a projection?

Definition

An operator T is said to be n-potent if T" =T.
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@ For isometries Tg, T1,:+, Tp—1, and positive scalars Ag, A\1,+, Ap—1 with sum
equal to 1, we consider an operator Q defined as

Q = )\OTO +>\1T1 +)\2T2 +~~~+)\n_1T,,_1.

For what values of the scalar Ag, A1,---,Ap—1 is Q a projection?

@ For an operator T with T" = T, and scalars ag, a1, az, -, ap,—1 we consider the
operator
Q=ayl+a1T +a T2 + o+ ap-1 Tn_]'.

For what values of the scalars ag, a1, a2+, an-1, is Q a projection?
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equal to 1, we consider an operator Q defined as
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operator
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For n=2 and beyond

For n=2, let T be such that T2 = T. Then
Q = aol + ax T
is a projection if and only if Q is of the form

Q=0,1,TorQ=1-T.
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For n=2 and beyond

For n=2, let T be such that T2 = T. Then
Q = aol + ax T
is a projection if and only if Q is of the form

Q=0,1,TorQ=1-T.

n=2 Comments

0,1/ “trivial projection”
T “eigen-projection”

I-T “eigen-projection”
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is a projection if and only if




Ongoing and Future Plans

For n=3, let T be such that T3 = T. Then
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Ongoing and Future Plans

For n=3, let T be such that T3 = T. Then
Q:30I+21T+Q2T2

is a projection if and only if

n=3 Comments
0,/ “trivial projection”
T+TT2, %*# “eigen-projection”
-T2 “eigen-projection
1+3(T+T%) *
T? *

Observation: (*) is the sum of the eigen-projections!
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Eigen-projections and Examples
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Eigen-projections and Examples

Definition (Eigen-projection)

Let T be a bounded operator on X and let A be an eigenvalue of T. Let U be an open set in
C such that o(T) c U. Let T'y :»> U\ o(T) be a loop that contains X in its interior.
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Eigen-projections and Examples

Definition (Eigen-projection)

Let T be a bounded operator on X and let A be an eigenvalue of T. Let U be an open set in
C such that o(T) c U. Let Ty :> U~ o(T) be a loop that contains X in its interior. The
projection given by:

1
Pyi=—— [ (T-z)tdz (1)
2mi Jry

is said to be the eigenprojection of T associated with the eigenvalue A.
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Eigen-projections and Examples

Definition (Eigen-projection)

Let T be a bounded operator on X and let A be an eigenvalue of T. Let U be an open set in
C such that o(T) c U. Let Ty :> U~ o(T) be a loop that contains X in its interior. The
projection given by:

1
Pyi=—— [ (T-z)tdz (1)
2mi Jry

is said to be the eigenprojection of T associated with the eigenvalue A.

m )

For n=3, let T be such that T3 =T.

Eigenvalue | Eigen-projection
0 -T2
1 1%(T + T2 2)
-1 ICT+7%
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List of projections for n=4 and the general case
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List of projections for n=4 and the general case

For n=4, let T be such that T*=T.
Number n=3 Comments

1 0,/ “trivial projection”
2 3(T+T2+T3) “eigen-projection”
3 %(w T+w’T2+ T°) “eigen-projection”
4 = “eigen-projection”
5 (W T+wT?+ 1) “eigen-projection”
6 (aT+BT?+:T) “(#2)+(#3)"

7 (BT +aT?+:T7) “(#2)+(#5)"

8 3(-T-T?+27) “(#3)+(#5)"

9 T “(#2)+(#3)+(#5)"

where, a = 1+g@, B= 1—5@, w= ‘1+2¢§’.
-~

Priyadarshi Dey Projections in combinations of finite order operators



Ongoing and Future Plans

The General Case

For an n-potent operator T (i.e., T" = T), is it possible to classify all the
projections in the combination of operators {/, T, T?,--, T" '} in terms of the
“eigen-projections?”
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The General Case

For an n-potent operator T (i.e., T" = T), is it possible to classify all the
projections in the combination of operators {/, T, T?,--, T" '} in terms of the
“eigen-projections?”

(DBE 2024) For a projection P in the combination of powers of T (i.e., P =
aol +arT+axT?+ -+ a1 TF ) we have

P= Z )‘jpja
Jiwiea(T)

where A; are scalars of modulus 1 and P; is an eigen-projection associated with
the eigenvalue /.
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