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• A⊂L (H), A′′ = A = A∗, A∩A′ = C1

τ : A→ C, τ(x∗x) = τ(xx∗) > 0, τ(1) = 1 if desired

• x = x∗,y = y∗ ∈ A
{x ,y}′′⇐⇒{τ(p(x ,y)) : p ∈ C〈X ,Y 〉}
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Microstates

• τn : Mn(C)→ C, τn(X ) = n−1TrX

• Microstate for x ,y

(Xn,Yn), τn(p(Xn,Yn))→ τ(p(x ,y)) ∀p
• Q: Do microstates exist?

Also known as the CEP
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• M = ∏∞Mn(C)

τ((Xn)n) = limn→ω τn(Xn)

Mω obtained via GNS

• Equivalent formulation:

∃? x ′ = x ′∗,y ′ = y ′∗ ∈Mω with (x ′,y ′) =D (x ,y)
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• Q(n): ∀α = α∗,β = β ∗ ∈Mn(C) ∃x ′,y ′ ∈Mω with

x =D x ′,y =d y
′ and α⊗ x +β ⊗ y =D α⊗ x ′+β ⊗ y ′

• (CD): CEP⇐∀n ≥ 1, Q(n)

Theorem
Q(1)

may assume α = β = 1
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Flags

• (et)t∈[0,1] ⊂ A increasing projections, τ(et) = t

• x = x∗ ∈ A
x =

∫
1

0

λx(t)det

�ag also depends on x , λx ↓
y =

∫
1

0
λy (t)dft ,x + y =

∫
1

0
λx+y (t)dg(t)

discretize α1 =
∫ 1/n
0

λx dt,β1 =
∫ 1/n
0

λy dt,γ1 =
∫
1

0
λx+y dt etc.

Theorem
∃Xn,Yn ∈Mn(C) s.a. so eigenvalues of Xn (Yn,Xn +Yn) are αj

(βj ,γj).
(Hence Q(1).)
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• (Klyachko) Must check inequalities

α3 +β4 ≥ γ6,α2 +α5 +β3 +β7 ≥ γ4 + γ11

etc.

p ∈ A projection, τ(pxp)+ τ(pyp) = τ(p(x + y)p)

for some p,τ(p) = 1/n,

τ(pxp)≤ α3, τ(pyp)≤ β4, τ(p(x + y)p)≥ γ6

needed p ≤ 1− e2/n, p ≤ 1− f3/n, p ≤ g6/n

1− 2

n
+1− 3

n
+
6

n
=

1

n
,

just right. (Try the second inequality.)
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• Which inequalities?

Intersection product in H∗(G (n, r))

Homology classes = Schubert varieties. Ex:

W1 ⊂W2 ⊂ C6

{V ∈ C6 : dimV = 3,dim(V ∩W1)≥ 1,dim(V ∩W2)≥ 2}

Intersection numbers

classical and �quantum�
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• classical = #of intersection points

• Quantum: rational maps h : S2→ G (n, r), given degree, so

h(Pj) ∈Sj
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Mutiplication

• u ∈ A unitary

u =
∫

1

0

e2π iλu(t) de(t)

• λu ↓, λu(1)≤ λu(0)+1

• ∫
1

0

λu(t)dt = 0

• uv = w , discretize λu,λv ,λw as αj ,βj ,γj

• Q×(1): Un,Vn,Wn ∈Mn(C), Wn = UnVn, with e-values

α,β ,γ?

• (Belkale, Woodward-Agnihotri) Yes if we can prove even more

inequalities. Not all homogeneous.
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• Multiplicative ⇒ additive

ea+b = lim
n

(ea/nbb/n)n

• Other multiplicative version

|a|=
∫

1

0

esa(t) de(t)

with sa ↓ and ≥ 0

sab vs sasb

(Klyachko) Homogeneous inequalities su�ce

• (α⊗a)(β ⊗b); Perhaps CEP ⇔ Q×(1).
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Thanks!


