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Schroeder's
Equation
in Several

Variables GiVen ¢ . ]Bn — Bn Does there eXiSt

such that F : B" — C" such that
m ¢ analytic m F is analytic
The Problem = ¢(0) — 0 = F o ¢ — ¢,(O)F
m ¢'(0) full rank m F has full rank
m [¢(z)| < |z] for near 0.
0<lzl<1

C & M give necessary and sufficient conditions under the
additional hypothesis

m ¢/(0) diagonalizable.
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Notation

Selneibrs Represent functions as (infinite) column vectors with entries

Equation

in Several from their Taylor Series; for example
Variables
40,0
) aio
e f(zl, 22) = 4d0,0 + a1,021 + ap,122 + a2 02y + ... =

40,1

We want to represent C, as a large (infinite) matrix. Let

¢ = (¢17 ¢2) with

b1,0 d 1,0
1= |pyy| > and 92= |,
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1 1 0 0 0
z7 |0 bio cpo O
=2 |o bop 1 O
212 0 b270 .0 bio
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Notation

Notice that
m (g is block lower triangular

m After omitting the first row and column of C;, ¢/(0)" is
the upper left n x n.
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, if and only if ¢’(0)* has two

Outline

chains, namely
(¢'(0) = Aly) : &2+ e1 = 0, and
(¢/(0) - Odn) ces > eg > e3> 0.
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Coh
Schroeder’s equationis | @ | =¢/(0) |1 | = | M3+ 1a
Cofe K| (Mt
Afs
(C¢—AI):f1~—>1‘2|—>Oand
(Cp—al): 3= fa = f5— 0.
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Qusiic There exists a solution to Schroeder’s equation < given any
chain of ¢(0), there is a chain of Cy4 of greater length with the
same eigenvalue.
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»Im)

Variables >\J ]_
Jj= So we just need to find the
A1
Aj
Outline chains of Cy with eigenvalue ;.

Theorem (C&M)

3 H(B") a Hilbert space of analytic functions on which C,
compact.

Idea: Cy = [U 0] ,Uis N x N controls Cy.

vV W
U has a Aj-chain < C; does.
So we just find the chains of U, an N x N matrix.
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Example 1

¢(z1,22) = (21/2,22/4)

iy [1/2

f1 2

7 1/2 0

22 0 ]_/4

Co= 22 0 0
Z122 0 0

b102 ...

0
4
%

0 0

0 0
1/4 0

0 1/8
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¢(z1,22) = (21/2,22/4)

2122

¢'(0) =

¢

1/2
0
0
0

[162

$2
0

1/4
0
0

¥

¢2
0
0

1/4

P12 ...

0
0
0

0 1/8
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TR 97 1o ...
2z 12 0 0 o0 .
Examples Zo 0 1/4 0 0
=2 |0 0 1/4 0

2122 0 0 0 1/8

(21, 22) = (21/2,22/4)
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(25(21,22):(21/2,22/4) U= |: 0 1/4- 0 ]
0 0 1/4
Examples (¢/(0)f =1/2) : 21— 0 (U-1/2): 210
(¢'(0) =1/4) : zo— 0 (U-1/4):z—0

(U-1/4):22—0
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&z1,22) = (21/2, 22/4) U=

(¢'(0) =1/2):zy — 0
(¢'(0)F =1/4) : z— 0

Examples

So Schroeder’s Equation has two solutions,

121 121
Fi1= o= 2
Cr 22 (&4

F1 has full rank near 0.

0

1/4
(U-1/2):z1—~0
(U=-1/4):z—0
(U -1/4): zf — 0
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(z1,22) = (21/2, 22/4 + 27 /2)
¢'(0)" in red and U in purple

1 2 97 1o ...

2 [12 0 0 0 .
» |0 1/4 0 o0

G= 2 |o 1/2 1/4 0
7122 0 0 0 1/8

Examples
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(z1,22) = (21/2, 22/4 + 27 /2)

12 0 0
u=1|0 1/4 0
0 0 1/4
(¢'(0)F =1/2) : 21— 0 (U-=1/2):z1—0
= (¢'(0)f =1/4) : 22— 0 (U—=1/4): 2z 28— 0

So Schroeder’s Equation has one solution,

C1Z
F=|""
C2zy

which is not full rank.
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Reducing to
Jordan form
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e Replace ¢ with ¢ = DgD = (so 1/'(0) is in Jordan form).

CyF =4/ (0)F
_ & FDG(D™'w) = D/(0)D~* F(w)
Jordan o & D7IFD(¢(z)) = ¢/ (0)(D*FD)(z),z = D~'w

& Cy(DT'FD) = ¢/(0)(D~FD)

e So it suffices to solve Schroeder’s equation for ).
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e Replace ¢ with ¢ = DD~ (so 1'(0) is in Jordan form).
e So it suffices to solve Schroeder’s equation for .

The domain of ¢ is B", but the domain of v is the ellipsoid
Reducing to
Jordan form DB"
e Replace B” with DB" (an ellipsoid).
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Variables e Replace ¢ with ¢ = D¢D ™ (so 1'(0) is in Jordan form).
e So it suffices to solve Schroeder’s equation for .
e Replace B” with DB" (an ellipsoid).

We need a Hilbert space of analytic functions on DB"” on which
Cy is compact.

Reducing to
Jordan form

H(B") 2=, H(DB")

Cd)l lCquD—l

H(B") o1, H(DB")
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e Replace ¢ with ¢ = DgD = (so 1'(0) is in Jordan form).
e So it suffices to solve Schroeder’s equation for ).
e Replace B” with DB" (an ellipsoid).

H(B") <22, H(DB")

Reducing to C¢ l l CD¢D_1

Jordan form
CH_
H(B") —2= H(DB")
Define H(DB") := Cp-1H(B"), and
<f o D_l,g o D_1>H(DIB§") = <f7g>H(IBi")
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e Replace ¢ with ¢ = DgD = (so 1'(0) is in Jordan form).
e So it suffices to solve Schroeder’s equation for .
e Replace B” with DB" (an ellipsoid).

Cpe
H(B") —2= H(DB")
Reducing to
Jordan form Cd)l lCD¢D_1
Cpe
H(B") —2= H(DB")
e Replace H(B") with H(DB") (so Cy is compact).
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Reducing to = {(Dz)*} is an orthonormal basis for H(DB").
ordan form Very Inconvenient :/



Was this WLOG?
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Variables Yes, it is WITH loss of generality!

{z®} is an orthogonal basis for the original space H(B").

= {(Dz)*} is an orthonormal basis for H(DB").
In general, g € O(DB") is conveniently represented

Reducing to g(Z) = Z aaza

Jordan form

m {z%} is a basis for H(DB")
m 2% 1 ZPis |a| # 8|
m For example, z; [ z is possible.
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{z“} is an orthogonal basis for the original space H(B").
m {z%} is a basis for H(DB")
m 2% 1 ZPis |a| # 18|

m For example, z; [ z is possible.
. o0
e e=Y 2" =3 al2)
s=0
The sum on the right converges in H(DB") since

8:(Az) = Xgs(2)
< gsD(A\z) = N°gsD
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J= So we just need to find the
A1
Aj
chains of Cy with eigenvalue ;.

Reducing to
Jordan form

3 H a Hilbert space of analytic functions on which Cy4
compact.

u o

vV W} ’
U has a Aj-chain < (4 does.

So we just find the chains of U, an N x N matrix.

Idea: Cy = [ Uis N x N controls Cg.
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Lemma

Let/\E(C\{O}. H = Hi ® H> with ng(CN, C¢: [
and ) & o(W).

u o
7%

|WI = [|(I = Pn)Cy(! — Pn)|| < || for N large, and Py the
projection to the first N coordinates.
gg‘gimess = W — )X is bounded below, and hence 1-1.

o o = W*—Xis 1-1.
= W — X is invertible, since Hy = ker(W* — \) @ (W — \)(Ha).
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Using
Compactness
of Cy

Lemma

h

- h
Ifh= | : | €ker(U—A), then 3k = [ " € Hy such
hn '
h
that {71] € ker(Cy — ).
u o e
Recall, Cy = [V W]' so —Vh is fixed in Hs.

= 31he Hy so that Wh+ Vh=0
h

Corollary
0(Cy) \ {0} =diag(Cy).
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Let (U—=X): Ex— ... —= E; — 0, then 3! f; = [?} so that

J
(Cs—A):fe—=...—» fL—=0.

k = 1: Given by the previous lemma.

k >2: Notice (U —A)(U—A)E; =0, and (U — \)? is the
upper left corner of

Using (Co— AP =C5—2XCo+ X =K+

Compactness

of Cy

K is lower triangular, and compact, so 3! Ez such that

f = [?] € ker[(Cy — \)3]. Lastly,
2

(C=Nh = [51} € ker(Cy — \). So ? = E; by uniqueness.
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J= o So we just need to find the
A1
Aj
chains of Cy with eigenvalue ;.
3 H a Hilbert space of analytic functions on which Cy4
Using compact.

Compactness
of Cy

u o

vV w|’
U has a Aj-chain < C; does.

So we just find the chains of U, an N x N matrix.

Idea: Cy = [ Uis N x N controls Cy
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In general U = [d) (B) C} and ¢/(0)f = with

each J; a Jordan block.

Jordan form of
U
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Jordan form of
U

In general

A
1 A
A
U= J 2
J
ar az ak -dn | dn+1
I ? I I

Our task is to put this into Jordan form.
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Jordan form of
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In general

J

a1

a2

ak

.an

an+1
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Jordan form of
U

ai

ak—1

ak

Ak+1 |

Put into Jordan form.
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Put into Jordan form.

1 A 0
| 91 .-+ 8k-1 k| k+1 |
— ) 0 -
1 A
Jordan form of 1 )\ 0
v | 0 ... 00 ak+1 ]
if ak41 # A, or

ifakH:)\&ak:O
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Jordan form of
U

1 A
ai k-1 Ak | dk+1 |
_ \ 0
1 A
1 Al o
| 0 ... 00 ak+1 ]
if ak41 # A, or

ifakH:)\&ak:O

Put into Jordan form.

A 0
1

1 Ao
0 0 1 1|AX

if_akH:)\&ak;«éO_
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m 3 F such that C4F = ¢'(0)F with linearly independent
component functions.

m 3 F such that both C4F = ¢'(0)F and F'(0) full rank
& Pker(Cy — X) = ker(¢/(0)F — ) for each X € o(¢'(0)),
with P the projection to (z1,...z,).

Results
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Variables Theorem (Main Theorem)

m 3 F such that C4F = ¢'(0)F with linearly independent
component functions.

m 3 F such that both C4F = ¢'(0)F and F'(0) full rank
& Pker(Cy — X) = ker(¢/(0)F — ) for each X € o(¢'(0)),
with P the projection to (z1,...z,).

Corollary

A full rank solution exists
Results < dim[P ker(Cy — A)] = dim[ker(¢/(0)" — A)].
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Aj is a resonant eigenvalue of ¢/(0) iff it occurs on the diagonal
of C, below ¢/(0).

Corollary

If there are no resonant eigenvalues of ¢'(0), then a full rank
solution exists.

Results
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Equation

o
A;j is a resonant eigenvalue of ¢'(0) iff it occurs on the diagonal
of C, below ¢/(0).

Corollary

If there are no resonant eigenvalues of ¢'(0), then a full rank
solution exists.

Corollary

If X is a resonant eigenvalue and
Resulie dim[ker(Cy — X)] = dim[ker(¢/(0) — )] no full rank solution
can exist.
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Theorem

3 Fy such that CyFy = ¢'(0)<F, with linearly independent
component functions for k = 1,2, .... Furthermore, if k # 1,
then F) cannot have full rank near 0.

We can find Fj explicitly in therms of an F;.

Results
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A is a resonant eigenvalue of ¢ if (and only if) A = )\lf...)\fn'"
with \; eigenvalues of ¢/(0), and positive integers k; satisfying
Z kJ' > 2.



Algebraic Solutions are Analytic

Schroeder's
Equation
in Several

Variables Def|n|t|0n

A is a resonant eigenvalue of ¢ if (and only if) A = )\ll(l...)\f‘n'"
with \; eigenvalues of ¢/(0), and positive integers k; satisfying
Z kJ' > 2.

m R. D. Enoch’s 2007 paper gives criteria for formal power
series solutions to Schroeder’s equation.

m Every function from B” to C (for example ¢4, ...¢p, and
fi,..., fn) is treated as a column vector. Under some
hypotheses on ¢, the coefficients of each f; are found to
satisfy C4F = ¢'(0)F and det(F’(0)) # 0.

m Do these formal power series converge on B"?7
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Variables

Any formal power series solution to Schroeder’s equation is
indeed an analytic solution.

Corollary

If ¢'(0) has no resonant eigenvalues, then a full rank solution
to Schroeder’s equation exists.
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Variables

Any formal power series solution to Schroeder’s equation is
indeed an analytic solution.

Corollary

If ¢'(0) has no resonant eigenvalues, then a full rank solution
to Schroeder’s equation exists.

Theorem (Bobby & Cowen)

If X is a resonant eigenvalue, and
dim[ker(U — Aly)] = dim[ker(¢'(0)t — \,)] then no full rank
solution exists.
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