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Motivation: Slant-Hole Single Photon Emission Computed
Tomography (SPECT)

• Detect metabolic processes or body structure

• Backprojection is used

• Understand the added singularities

• Decrease their strength
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Standard SPECT versus Slant Hole SPECT

• (a) detector moves around the body

• lines ⊥ to axis of rotation

• (b) detector moves about its center

• lines at angle φ ∈ (0, π2 )

• local algorithm by Quinto, Bakhos and Chung
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Geometry of SPECT

• S a simple curve θ : I → S2

• θ⊥ = {x ∈ R3| x · θ = 0}

• YS = {(y, θ)| θ ∈ S, y ∈ θ⊥}

• L(y, θ) = {y + tθ| t ∈ R}

• Pmf(y, θ) =
∫
x∈L(y,θ) f(x)m(y, θ, x)dx

• P ∗mg(x) =
∫
a∈I g(x− (x · θ)θ, θ)mda

• Study P ∗mPm
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Assumptions

• (1) θ′′ · θ 6= 0

• (2) β′ = θ × θ′′ 6= 0, β = θ × θ′

• (3) β is a simple regular curve

• (1)⇒ Pm = FIO

• (2) + (3)⇒ Pm = FIO with singularities

• φ = π
2 ⇒ β = e3 ⇒ (2) + (3) fail
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Fourier Integral Operators

• Ff(x) =
∫
eiφ(x,y,θ)a(x, y, θ)f(y)dθdy

• F : E ′(Y )→ D′(X)

• φ is a nondegenerate phase function

• a is a symbol SM : |∂αx,y∂
β
θ a| < c(1 + |θ|)M−|β|

• C is a canonical relation in T ∗X \ 0× T ∗Y \ 0

• C = {(x, dxφ; y,−dyφ); dθφ = 0}

• Im(X,Y,C), m = M − N
2 + nX+nY

4

• Adjoint F ∗: Ff(y) =
∫
e−iφ(x,y,θ)ā(x, y, θ)f(x)dθdx

• If F ∈ Im(X,Y,C) then F ∗ ∈ Im(Y,X,Ct).
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Composition of FIOs

• If F1 ∈ Im1(X,Y,C1) and F2 ∈ Im2(Y, Z,C2) then
F1 ◦ F2 −→ C1 ◦ C2?

• Duistermaat- Guillemin: clean intersection condition

• C1 × C2 intersects T ∗X ×∆T ∗Y × T ∗Z cleanly with excess e, then
F1 ◦ F2 ∈ Im1+m2+ e

2 (X,Z;C1 ◦ C2)

• e = 0⇒ Hormander: transverse intersection condition
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Nondegenerate versus degenerate geometry

• Geometry of C ∈ T ∗X \ 0× T ∗Y \ 0

πL πR
↙ ↘

T ∗X \ 0 T ∗Y \ 0

• πL, πR are local diffeomeorphisms:

• F1 ◦ F2 −→ transverse intersection condition

• degenerate : have singularities; Examples: folds; blowdowns

• Bolker condition (πL is an injective immersion and πR is an
submersion) then F ∗F is covered by the clean intersection condition
and F ∗F = ΨDO

8 / 13



Singularities

• Whitney Folds

f : N →M has a fold singularity along Σ = {x : det df = 0} if Σ is
smooth and if Ker df * TΣ .

• Ex: f(x1, x2) = (x1, x
2
2)

• Σ = {x2 = 0}; Ker df = ∂
∂x2

• Blowdown

f : N →M has a blowdown singularity along Σ = {x : det df = 0} if
Σ is smooth, if Ker df ⊂ TΣ.

• Ex: f(x1, x2) = (x1, x1x2)

• Σ = {x1 = 0}; Ker df = ∂
∂x2
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Canonical relation of Pm

• C = {(r, s, a, ηr, ηs, x · (ηrα′(a) + ηsβ
′(a)) ;

x, ηrα(a) + ηsβ(a)r)| (ηr, ηs) 6= 0, x · α(a) = r, x · β(a) = s}

• πR and πL drop rank by 1 at Σ = {ηr = 0}

• Ker dπR = ∂a − cηs∂ηr ⇒ πR is a fold

• Ker dπL = θ · (∂x1 , ∂x2 , ∂x3)⇒ πL is a blowdown

• C = fibered folding canonical relation

• A. Greenleaf & G. Uhlmann

• F ∈ Im(C)⇒ F ∗F ∈ I2m,0(∆,ΛπR(Σ))

• ΛΓ = {(x, ξ; y, η)|(x, ξ) ∈ Γ = {p = 0}, (y, η) =
exp (tHp)(x, ξ), t ∈ R}
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Ip,l(C0, C1)

• C0, C1 intersect cleanly.

• u has an oscillatory representation of certain type with a product type
symbol

• WF (u) ⊂ C0 ∪ C1

• u ∈ Ip,l(C0, C1) then u ∈ Ip+l(C0 \ C1) and u ∈ Ip(C1 \ C0)

• Ex: C̃0 = ∆, C̃1 = N∗{x′ − y′ = 0}

• u(x, y) =
∫
ei(x

′−y′)·ξ′+(x′′−y′′)·ξ′′)a(x, ξ)dξ′dξ′′ where

• |∂αx ∂
β
ξ′∂

γ
ξ′′a| < c(1 + |ξ|)m−|β|(1 + |ξ′′|)m′−|γ|

|ξ′′| ≤ |ξ′|
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Backprojection

• Pm ∈ I−
1
2 (C)

• P ∗mPm ∈ I−1,0(∆,ΛπR(Σ))

• P ∗mPm ∈ I−1(∆ \ ΛπR(Σ))

• P ∗mPm ∈ I−1(ΛπR(Σ) \∆)
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De-emphasis of added singularities

•  L = P ∗1
m

DPm ∈ I1,0(∆,ΛπR(Σ))

• Theorem (RF, T. Quinto) If D has σ(D) vanishing on πL(Σ) then
 L ∈ I0,1(∆,ΛπR(Σ))

• D = ∂2
y1 − (∂y2 − c(y3)y1∂y3)2

•  L ∈ I1(∆ \ ΛπR(Σ))

•  L ∈ I0(ΛπR(Σ) \∆)

• φ = π
2 ; πL and πR have blowdown singularities

• Marhuenda  L ∈ I1,0(∆,ΛπR(Σ))
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