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Model spaces

Θ inner function

KΘ = H2 	ΘH2 model space

PΘ : L2 → KΘ

kλ =
1−Θ(λ)Θ(z)

1− λz
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Pseudocontinuations

Theorem (Douglas-Shapiro-Shields-1970)

For f ∈ H2 the following are equivalent:

1 f ∈ KΘ.

2 f/Θ has a pseudocontinuation to an F ∈ H2(De) with
F (∞) = 0.

3 f ∈ H2 ∩ΘH2
0 .
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Analytic continuation

σ(Θ) = {λ ∈ D− : lim infz→λ |Θ(z)| = 0}
σ(Θ) = Z(bΘ)− ∪ supt(µΘ)

Theorem (Livsic, Moeller)

1 Every f ∈ KΘ has an analytic continuation across
∂D \ σ(Θ)

2 If Azf = PΘ(zf), then σ(Az) = σ(Θ).
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What happens on σ(Θ)?

Theorem (Ahern-Clark - 1970)

For Θ inner and ζ ∈ ∂D, TFAE:

1 Every f ∈ KΘ is a finite nt-limit at ζ.

2 Θ has a finite angular derivative at ζ.

3

kζ(z) =
1−Θ(ζ)Θ(z)

1− ζz
∈ H2

4 ∑
λ∈Z(bΘ)

1− |λ|2

|ζ − λ|2
+

∫
dµΘ(ξ)

|ξ − ζ|2
<∞.
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What’s behind Ahern-Clark

Azf = PΘ(zf), compressed shift

f(λ) = 〈f, (I − λAz)−1PΘ1〉 for f ∈ KΘ.

kλ = (I − λAz)−1PΘ1→ kζ weakly as λ→ ζ n.t.

A. Hartmann and W. Ross Boundary values



Our starting point

Look at
f(λ) = 〈f, (I − λAz)−1PΘ1〉.

What happens when we change this to

〈f, (I − λAz)−1PΘh〉, h ∈ H∞?
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Proposition

〈f, (I − λAz)−1PΘh〉 = [Ahf ](λ),

Ahf = PΘ(hf).

khλ = (I − λAz)−1PΘh
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Towards the main result

Suppose Θ is a Blaschke product with zeros {λn}n≥1.

γn(z) =

√
1− |λn|2

1− λnz

n−1∏
k=1

bλk(z).

bλ(z) =
z − λ
1− λz

Theorem (Takanaka-Walsh)

{γn : n ≥ 1} is an o.n. basis for KΘ.
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Towards the main result

Ahf = PΘ(hf)

〈f, (I − λAz)−1PΘh〉 = [Ahf ](λ)

khλ = (I − λAz)−1PΘh

When does khλ → khζ weakly as λ→ ζ n.t.?
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The main result

Theorem (Hartmann-R)

Suppose Θ is a Blaschke product with zeros {λn}n≥1 and
h ∈ H∞. Then every function in RngAh has a finite
non-tangential limit at ζ ∈ ∂D if and only if

∞∑
n=1

|(Ahγn)(ζ)|2 <∞.

Note then when h = 1, we get

∞∑
n=1

∣∣∣∣∣
√

1− |λn|2

1− λnζ

n−1∏
k=1

bλk(ζ)

∣∣∣∣∣
2

=

∞∑
n=1

1− |λn|2

|ζ − λn|2
.
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A check

Proposition

let Λ be a Blaschke sequence and h ∈ H∞. Then, writing

n∏
l=1

(z − λl) =

r∏
l=1

(z − µl)kl ,

we have, for any ζ ∈ ∂D,

(A
h
γn)(ζ) =

√
1− |λn|2

r∑
l=1

1

(kl − 1)!

dkl−1

dµ
kl−1

l

 h(µl)
∏n−1

m=1(1− λmµl)

(1− ζµl)
∏r

j=1,j 6=l
(µl − µj)

kj

.
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A check

Note that
AhKΘ ⊂ KΘ

It is difficult to see that∑
n≥1

|(Ahγn)(ζ)|2 <∞

is better than Ahern-Clark

∞∑
n=1

1− |λn|2

|ζ − λn|2
<∞.
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Theorem (Hartmann-R)

Suppose Θ is an interpolatinga Blaschke product with zeros
{λn}n≥1 and h ∈ H∞. Then every function in RngAh has a
finite non-tangential limit at ζ ∈ ∂D if and only if

∞∑
n=1

(1− |λn|2)

∣∣∣∣ h(λn)

ζ − λn

∣∣∣∣2 <∞.
aCan fail if Θ is not interpolating
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General questions

1 What happens when Θ is not a Blaschke product?

2 When happens when Ah, h ∈ H∞, is replaced by Ah,
h ∈ L∞?
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A final comment

Recall Ahern-Clark: Every f ∈ KΘ, Θ a BP, has a finite
non-tangential limit at 1 IFF

∞∑
n=1

1− |λn|2

|1− λn|2
<∞.
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Let

λn = rne
iθn , θn =

1

2n
, 1− rn = xnθ

2
n, xn → 0.

∞∑
n=1

1− |λn|2

|1− λn|2
'
∞∑
n=1

xn.
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λn = rne
iθn , θn =

1

2n
, 1− rn = xnθ

2
n, xn → 0.

∞∑
n=1

1− |λn|2

|1− λn|2
'
∞∑
n=1

xn.

Example

1 If xn = 1
n , then every f ∈ KΘ satisfies

|f(r)| . ‖f‖ log log
1

1− r
.

2 If xn = 1
n logn , then every f ∈ KΘ satisfies

|f(r)| . ‖f‖ log log log
1

1− r
.
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