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H complex Hilbert space with inner product 〈·, ·〉

A bounded linear operator on H

Def. W (A) = {〈Ax , x〉 : x ∈ H, ‖x‖ = 1}

numerical range of A

w(A) = sup {|〈Ax , x〉| : x ∈ H, ‖x‖ = 1}

numerical radius of A
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Properties:

(1) U unitary ⇒ W (U∗AU) = W (A)

(2) W (A) bounded subset of C
(3) W (aA + bI) = aW (A) + b ∀ a , b ∈ C
(4) W (Re A) = Re W (A) , W (Im A) = Im W (A)

Re A = (A + A∗)/2 , Im A = (A− A∗)/(2i)

(5) W (A) convex (Toeplitz–Hausdorff, 1918–19)

(6) σ(A) ⊆ W (A)

(7) A normal ⇒ W (A) = σ(A)∧

(8) W (A⊕ B) = (W (A) ∪W (B))∧
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Question 1. Given A, what can we say about W (A) ?

Question 2. Known W (A), what can we say about A ?

Question 3. Which bdd convex 4 ⊆ C is W (A) for some A ?
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Ex.1.

A =

[
a b
0 c

]
⇒ W (A) = elliptic disc with foci a, c & minor axis of

length |b|
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Ex.2.

A =

 a1 0
. . .

0 an


⇒ W (A) = polygonal region with some of the aj ’s

as vertices
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Ex.3.

A = Jn ≡


0 1

0
. . .
. . . 1

0

 (n × n Jordan block)

⇒ W (A) = circular disc centered at 0 & radius

cos (π/(n + 1))
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Ex.4.

A =


0 1

0 1
. . . . . .

. . .

 on l2

⇒ W (A) = D ≡ {z ∈ C : |z| < 1}
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(1) J. Anderson (early 1970s):

Condition for W (A) = circular disc

(2) J. Holbrook (1969):

Inequality of w(AB) for AB = BA

(3) J. P. Williams & T. Crimmins (1967):

Condition for w(A) = ‖A‖/2
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J. Anderson (early 1970s):

Thm. A n× n, W (A) ⊆ D & # (∂W (A) ∩ ∂D) > n ⇒ W (A) = D
Pf: (Wu, 1999) W (A) ⊆ D ⇔ Re (e−iθA) ≤ In ∀ θ ∈ R
∴ p(eiθ) ≡ det (In − Re (e−iθA)) ≥ 0 ∀ θ

= āne−inθ + · · ·+ ā1e−iθ + a0 + a1eiθ + · · ·+ aneinθ

= |q(eiθ)|2 for some poly. q of deg.≤ n by Riesz-Fejér (1916)
# (∂W (A) ∩ ∂D) > n ⇒ p(eiθ) = 0 for more than n θ’s

⇒ q(eiθ) = 0 for more than n θ’s
∴ Fund. thm. of algebra
⇒ q ≡ 0 ⇒ p ≡ 0 ⇔ W (A) = D

Cor. {z ∈ D : Re z ≥ 0} 6= W (A) ∀ finite matrix A
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Elaborations:

(1) Gau & Wu (2004, 2007):

A =


0 1

. . . . . .
0 1

−an · · · −a2 −a1

 n × n companion matrix

W (A) ⊇ D (circular disc at 0), #(∂W (A)∩ ∂D) > n ⇒ A = Jn

(2) Gau & Wu (2006):

A compact, W (A) ⊆ D, #(∂W (A) ∩ ∂D) = ∞⇒ W (A) = D
Idea: “analytic” branch of dA(θ) = max W (Re (e−iθA)), θ ∈ R

∵ dA(θ) ≤ 1 ∀ θ
dA(θ) = 1 for infinitely many θ’s ⇒ dA ≡ 1

Cor. {z ∈ D : Re z ≥ 0} 6= W (A) for A compact
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(3) Gau & Wu (2008):

A n × n (n ≥ 3), W (A) ⊇ D, #(∂W (A) ∩ ∂D) > n

⇒ ∂W (A) contains at least one arc and at most n − 2 arcs

of ∂D

Ex. A =

[
0 2
0 0

]
⊕ diag (r , reiθ0 , . . . , rei(n−3)θ0)

1 < r < sec (π/(n − 2)), θ0 = 2π/(n − 2)

⇒ W (A) ⊇ D & ∂W (A) contains n − 2 arcs of ∂D
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(4) A n × n nilpotent, W (A) ⊆ D, #(∂W (A) ∩ ∂D) > n − 2
⇒ W (A) = D & “n − 2” is sharp:

Ex. An =



0 1 0 · · · 0 1
0 1 0

. . . . . .
...

. . . . . . 0
. . . 1

0


n × n (n ≥ 3)

⇒ W (An) $ D & #(∂W (An) ∩ ∂D) = n − 2

(5) A n × n nilpotent, W (A) ⊇ D, #(∂W (A) ∩ ∂D) > n − 2

⇒
{

W (A) = D if 2 ≤ n ≤ 4
∂W (A) contains an arc of ∂D if n ≥ 5
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(6) A n × n, W (A) = circular disc centered at a

⇒ a is eigenvalue of A with 1 ≤ geom. multi. < alg. multi.

Cor.1. A n × n similar to normal ⇒ W (A) 6= circular disc

Cor.2. A n × n nonnegative & irreducible

⇒ W (A) 6= circular disc

Cor.3. A n × n row stochastic ⇒ W (A) 6= circular disc

Note. A =


0 1

0
. . .
. . . 1

0

 n × n

⇒ W (A) = {z ∈ C : |z| ≤ cos (π/(n + 1))}
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J. Holbrook (1969):

AB = BA ?⇒ w(AB) ≤ w(A)‖B‖, ‖A‖w(B)

Known:

(1) w(AB) ≤ 4w(A)w(B) & “4” is sharp:

Ex. A =

[
0 0
1 0

]
, B =

[
0 1
0 0

]
⇒ AB =

[
0 0
0 1

]
∴ w(AB) = 1, w(A) = w(B) = 1/2

(2) AB = BA ⇒ w(AB) ≤ 2w(A)w(B) & “2” is sharp:

Ex. A =

[
0 0
1 0

]
⊕

[
0 0
1 0

]
, B =


0
0 0
1 0 0
0 1 0 0


w(AB) = w(A) = w(B) = 1/2
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(3) True if A normal (Holbrook, 1969)

if A isometry (Bouldin, 1971)

if AB = BA & AB∗ = B∗A (Holbrook, 1969)

if A, B 2× 2 (Holbrook, 1992)

(4) Crabb (1976):

AB = BA ⇒ w(AB) ≤ (
√

2 + 2
√

3/2)w(A)‖B‖
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(5) Müller (1988), Davidson & Holbrook (1988):

Ex. A = J9, B = J3
9 + J7

9

w(AB) = ‖A‖ = 1, ‖B‖ ≥
√

2

w(A) = w(B) = cos (π/10)

⇒ w(AB) > ‖A‖w(B), but w(AB) ≤ w(A)‖B‖

Schoch (2002): A, B 4× 4
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Wu, Gau & Tsai (2009) :

Thm 1. A = S(φ), AB = BA ⇒ w(AB) ≤ w(A)‖B‖
But A = S(φ), AB = BA ; w(AB) ≤ ‖A‖w(B)

φ inner func. (φ : D → D analy. & |φ| = 1 a.e. on ∂D)

Def. S(φ)f = PH2	φH2(zf (z)) for f ∈ H2 	 φH2

Ex. φ(z) = zn (n ≥ 1) Then S(φ) ∼= Jn

More generally,

Thm 2. A C0 contraction with minimal func. φ, w(A) = w(S(φ))

(Def. ‖A‖ ≤ 1 & φ(A) = 0)
AB = BA ⇒ w(AB) ≤ w(A)‖B‖
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Cor. A quadratic, AB = BA ⇒ w(AB) ≤ w(A)‖B‖
↑

A2 + aA + bI = 0 for some a, b ∈ C

Unknown:

A quadratic, AB = BA ?⇒ w(AB) ≤ ‖A‖w(B)

Known:

(1) Rao (1994):

A2 = aI, AB = BA ⇒ w(AB) ≤ ‖A‖w(B)

(2) Gau, Huang & Wu (2008):

A2 = 0 or A2 = A, AB = BA
⇒ w(AB) ≤ min{w(A)‖B‖, ‖A‖w(B)}
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‖A‖/2 ≤ w(A) ≤ ‖A‖

(1) Williams & Crimmins (1967):

‖A‖ = 2, w(A) = 1, ‖Ax‖ = ‖A‖ for some ‖x‖ = 1

⇒ A ∼=
[

0 2
0 0

]
⊕ A

′
& W (A) = D

Pf: Let y = (1/2)Ax (x =

[
0
1

]
⊕ 0 & y =

[
1
0

]
⊕ 0)

Then ‖y‖ = 1 & x⊥y
Let K = ∨{y , x}

Then A =

[
0 2
0 0

]
⊕ A

′
on H = K

⊕
K⊥
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August, 1978
Helsinki, Finland

James P. Williams
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(2) Crabb (1971):
w(A) ≤ 1, ‖Anx‖ = 2 for some n ≥ 1 & ‖x‖ = 1

⇒ A ∼=



[
0 2
0 0

]
⊕ A

′
if n = 1

0
√

2
0 1

. . . . . .
. . . 1

. . .
√

2
0


⊕ A

′
if n ≥ 2

& W (A) = D
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Gau & Wu (2009): confirming a conjecture of Drury (2008)

Thm. f inner func., f (0) = 0
w(A) ≤ 1, A has no singular unitary part
‖f (A)x‖ = 2 for some ‖x‖ = 1
⇒ A ∼= B ⊕ A

′
, where B similar to S(φ),

φ(z) = zf (z) & W (A) = D

Special cases:

f (z) = z ⇒ Williams & Crimmins
f (z) = zn (n ≥ 2) ⇒ Crabb
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莊康威 :

惠我算子, 退休快樂 !

John Conway:

Beneficial to Operator Theory,

Happy Retirement !
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