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1.

A k-tuple of operators S = (S1, · · · , Sk) on a Hilbert space H is said to
be subnormal if there is a commuting k-tuple N = (N1, · · · , Nk) of normal
operators on a Hilbert space H0 containing H as a subspace, such that

Sj = Nj |H.

In this case N is said to be a normal extension of S. A normal extension is said
to be minimal if there is no proper subspace of H0	H which reduces N. The
minimal normal extension (m.n.e.) of a subnormal tuple of operators exists
and is unique under unitary equivalence. There are several mathematicians
studying subnormal k-tuples of operators such as A. Athevale, J. B. Conway,
R. E. Curto, J. Eschmeier, J. Gleason, M. Putinar, J. D. Pincus, D. Xia and
D. Zheng.

Let M be the closure of
∨
i,j [S

∗
i , Sj ]H. Then M is said to be the defect

space of S. Xia proved that

S∗jM ⊂M.

It is evident that [S∗i , Sj ]M ⊂M . Xia introduced the operators

Cij
def
= [S∗i , Sj ]|M and Λj

def
= (S∗j |M )∗

in L(M) and proved that {Cij ,Λj} is a complete unitary invariant for S.

In the first part of this talk, the formulas for calculating the product of
resolvents, a kind of Lifschitz-Brodski kernel:

PM

m∏
i=1

(N∗pi − w̄i)
−1

n∏
j=1

(Nqj − zj)−1|M (1)
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will be given, where N is the m.n.e. of a subnormal k-tuple of S = (S1, · · · , Sk),
1 ≤ pi, qj ≤ k, M is the defect space, PM is the projection from H0 to M,
zi ∈ ρ(Nqi) and wj ∈ ρ(Npj ). If zi ∈ ρ(Sqi) and wj ∈ ρ(Spj ) then (1) equals
to

PM

m∏
i=1

(S∗pi − w̄i)
−1

n∏
j=1

(Sqj − zj)−1|M . (2)

Notice that if S is pure, i.e. if there is no proper subspace F ⊂ H reducing S
such that S|F is normal, then

H = closure of
∨
{
k∏
j=1

(Sj − zj)−1α : zj ∈ ρ(Sj), α ∈M}.

Thus the calculation of (2) provides a way of calculation of the inner product
of any two vectors in H.

In the second part of this talk, we generalize the formula for (2) to the
formula for

PK

m∏
i=1

(T ∗pi − w̄i)
−1

n∏
j=1

(T ∗qj − zj)
−1|K (3)

where T = (T1, · · · , Tk) is a commuting k-tuple of operators on a Hilbert
space H, K is the minimal subspace which contains the defect space of T and
invariant with respect to T ∗j and [T ∗i , Tj ], for i, j = 1, 2, · · · , k.

2.

Let us review the related theory in the case of single subnormal operator
S on H. Let N be the m.n.e. of S on H0, M be the defect space of S. Let

C = PM [S∗, S]|M , Λ = (S∗|M )∗.

Let E(·) be the spectral measure of N . Define a positive L(M)-valued measure
on σ(N):

e(F )
def
= PME(F )|M ,

where F is any Borel set in σ(N). In this single subnormal operator case the
Lifschitz-Brodski kernel (1) becomes

S(z, w)
def
= PM (N∗ − w̄)−1(N − z)−1|M

=

∫
σ(N)

e(du)

(ū− w̄)(u− z)
, z, w ∈ ρ(N).

Xia introduced a mosaic:

µ(z)
def
= PM (N − SPH)(N − z)−1|M ,

=

∫
σ(N)

u− Λ

u− z
e(du), z ∈ ρ(N).
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Then µ(z) is analytic on ρ(N) and is idempotent: µ(z)2 = µ(z). Besides,
µ(z) = 0 for z ∈ ρ(S).

Let Q(z, w)
def
= (w̄ − Λ∗)(z − Λ)− C and

R(z)
def
= C(z − Λ)−1 + Λ∗, z ∈ ρ(Λ).

Then Q(z, w) = (R(z)− w̄)(Λ− z) and

[R(z), µ(z)] = o, z ∈ ρ(Λ) ∩ ρ(N).

The Lifschitz-Brodski kernel can be expressed as

S(z, w) = (I − µ(w)∗)Q(z, w)−1 −Q(z, w)−1µ(z), (4)

if z, w ∈ ρ(N) and Q(z, w) is invertible. For z, w ∈ ρ(S), the kernel (2)
becomes

S(z, w) = Q(z, w)−1, z, w ∈ ρ(S).

Especially, if dimM < ∞, this pair {C,Λ} is a pair of matrices and is
a very useful tool for studying S. For example, in this case

σ(N) ⊂ {z : detQ(z, z) = 0},

and σ(S)\σ(N) covered by a union of quadrature domains in Riemann sur-
faces. If σ(S)\σ(N) is a quadrature domain D ⊂ C, then

R(z)µ(z) = µ(z)R(z) = S(z)µ(z),

where S(·) is the Schwartz function of D. Besides, the mosaic µ(z) is the
parallel projection to the eigen-space of the matrix R(z) corresponding to
the eigenvalue S(z).

3.

Let S = (S1, · · · , Sk) be a k-tuple of subnormal operators on a Hilbert
space H with m.n.e. N = (N1, · · · , Nk) on H0 ⊃ H. Let E(·) be the spectral
measure of N and e(·) = PME(·)|M .

We have generalized the mosaic µ(·) and R(·) into the k-tuple case.For
any l1, · · · , ln ∈ {1, 2, · · · , k} and 1 ≤ i < m ≤ n, define

µli,··· ,lm(zi, · · · , zm)
def
= PM (Nli − SliPH)

m∏
j=i

(Nlj − zj)−1|M

=

∫
sp(N)

(uli − Λli)e(du)
m∏
j=i

(ulj − zj)
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for zj ∈ ρ(Nlj ), where u = (u1, · · · , um). Let L = {l1, · · · , ln}. Define the
mosaic of S:

µL(z) =


µl1(z1) µl1,l2(z1, z2) µl1,l2,l3(z1, z2, z3) · · · µl1,··· ,ln(z1, · · · , zn)

0 µl2(z2) µl2,l3(z2, z3) · · · µl2,··· ,ln(z2, · · · , zn)
0 0 µl3(z3) · · · µl3,··· ,ln(z3, · · · , zn)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 · · · µln(zn)

 .

where z = (z1, · · · , zn), zj ∈ ρ(Nlj ). Then µL(z) is analytic on ρl1(Nl1) ×
· · · × ρln(Nln), and µL(z)2 = µL(z).

If zj ∈ ρ(Slj ), j = 1, 2, · · · , n, then µL(z) = 0. Define

µ†L(z) =


I − µln(zn)∗ −µln,ln−1

(zn, zn−1)∗ · · · −µln,··· ,l1(zn, · · · , z1)∗

0 I − µln−1
(zn−1) · · · −µln−1,··· ,l1(zn−1, · · · , z1)∗

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 · · · I − µl1(z1)∗

 .

Then µ†L(z)2 = µ†L(z), µ†L(z) is analytic on ρl1(Nl1) × · · · × ρln(Nln) and

µ†L(z) = I for z ∈ ρl1(Sl1)× · · · × ρln(Sln).

For m, l ∈ {1, 2, · · · , k}, define

Qml(z, w) = (Λ∗m − w̄)(Λl − z)− Cml,

Rml(z) = Cml(z − Λl)
−1 + Λ∗m, z ∈ ρ(Λl).

Then [Rml1(z), Rml2(z)] = 0.

For m, l1, · · · , ln ∈ {1, 2, · · · , k}, L = {l1, · · · , ln}, zj ∈ ρ(Λlj ), denote

Λ̂j
def
= (Λlj − zj)−1 and

RmL(z) =


Rml1(z1) −Cml1

2∏
j=1

Λ̂j −Cml1
3∏
j=1

Λ̂j · · · −Cml1
n∏
j=1

Λ̂j

0 −Cml2(z2) −Cml2
3∏
j=2

Λ̂j · · · −Cml2
n∏
j=2

Λ̂j

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 · · · Rmln(zn)

 ,

(5)

where z = (z1, · · · , zn) ∈ ρl1(Λl1)× · · · × ρln(Λln). We have proved that

[RmL(z), µL(z)] = 0,

for z ∈ (ρl1(Λl1)× · · · × ρln(Λln))
⋂

(ρl1(Nl1)× · · · × ρln(Nln)).
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4.

Let us denote (1) by SP,Q(z, w), where P = (p1, · · · , pm),Q = (q1, · · · , qn),
z = (z1, · · · , zn) and w = (w1, · · · , wm). This kernel is Hermitian, i.e.

SP,Q(z, w)∗ = SQ,P (w, z).

The kernel SP,Q(z, w) can be written as an integral∫
sp(N)

e(du)
m∏
i=1

(ūpi − w̄i)
n∏
j=1

(uqj − zj)
.

To study SP,Q(z, w), let Pj = (p1, · · · , pj) and Qj = (q1, · · · , qj). Denote
SPj ,Qj

(z1, · · · , zj , w1, · · · , wj) simply by SPj ,Qj
. We form a matrix with en-

tries in L(M):

SP,Q =


SPm,Q1 SPm,Q2 · · · SPm,Qn

SPm−1,Q1 SPm−1,Q2 · · · SPm−1,Qn

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
SP2,Q1

SP2,Q2
· · · SP2,Qn

SP1,Q1
SP1,Q2

· · · SP1,Qn

 . (6)

Thus SP,Q is the object for study. In the previous paper we have studied the
(m+ n)× (m+ n) matrix defined by the block matrices

IP,Q
def
=

(
µ†P SP,Q

0 µQ

)
where 0 in this block matrix is a n×m matrix with all entries zero. We have
proved that IP,Q is also idempotent, i.e.

I2P,Q = IP,Q,

which means

SP,Q = µ†PSP,Q + SP,QµQ. (7)

In the case k = 1, it is

S(z, w) = (I − µ(w)∗)S(z, w) + S(z, w)µ(z) (8)

Comparing (4) and (8), it suggests us in the right side of (7), we may replace
SP,Q by some rational function os z and w̄ with coefficients constructed by
Cij , Λj and Λ∗j .

For w ∈ ρ(Λm), if Rqjm(w)∗ − zj is invertible, j = 1, 2, · · · , n, define

Xm,Q
def
= Xm,Q(z, w) = (

n∏
j=1

(Rqjm(w)∗ − zj)−1)(Λ∗m − w̄)−1,
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where Q = {q1, · · · , qn}, z = {z1, · · · , zn}. For P = {p1, · · · , pm}, let Pi =
{p1, · · · , pi} and Qj = {q1, · · · , qj} where i ≤ m, j ≤ n, define XP1,Q = Xp1,Q

and(
XPj ,Q1

XPj ,Q2
· · · XPj ,Qn

)
def
=
(
XP1,Q1

XP1,Q2
· · · XP1,Qn

)
(Rp2,Qn

− w̄2)−1 · · · (Rpj ,Qn
− w̄n)−1.

for j ≥ 2, where XPj ,Qi
stands for

X{p1,··· ,pj},{q1,··· ,qi}(z1, · · · , zj ;w1, · · · , wi).

Let XP,Q = XP,Q(z1, · · · , zn;w1, · · · , wm) be the matrix
XPm,Q1

XPm,Q2
· · · XPm,Qn

XPm−1,Q1
XPm−1,Q2

· · · XPm−1,Qn

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
XP2,Q1 XP2,Q2 · · · XP2,Qn

XP1,Q1 XP1,Q2 · · · XP1,Qn

 . (9)

Theorem 1. Let S = (S1, · · · , Sk) be a pure subnormal k-tuple of operators on
a separable Hilbert space H with minimal normal extension N = (N1, · · · , Nk)
on H0 ⊃ H. For sets of integers P = {p1, · · · , pm}, Q = {q1, · · · , qn} satisfy-
ing P

⋃
Q ⊂ {1, 2, · · · , k}, if zi ∈ ρ(Λqi) ∩ ρ(Nqi) and wj ∈ ρ(Λpj ) ∩ ρ(Npj )

satisfying the condition that Qpj ,qi(zi, wj) are invertible, j = 1, 2, · · · ,m and
i = 1, 2, · · · , n, then

SP,Q = µ†PXP,Q − XP,QµQ,

where SP,Q stands for SP,Q(z, w), z = (z1, · · · , zn) and w = (w1, · · · , wm).

If also zi ∈ ρ(Sqi) and wj ∈ ρ(Spj ), then

SP,Q = XP,Q. (10)

5.

Let T = (T1, · · · , Tk) be a commuting k-tuple of operators, i.e. [Ti, Tj ] =
0, on a Hilbert space H. Let

M = MT
def
= closure of

∨
{[T ∗i , Tj ]H : i, j = 1, 2, · · · , k}

be the defect space of T. In general, T ∗M ⊂M may not be true. M. Putinar
in the case of T = (T1), where T1 is a hyponormal operator and later J. Es-
chmeier and M. Putinar for commuting k-tuple of operators T = (T1, · · · , Tk)
case introduced

K def
= closure of

∨
{T ∗m1

1 T ∗m2
2 · · ·T ∗mk

k MT : m1, · · · ,mk = 0, 1, 2, · · · }.

Then T ∗j K ⊂ K. Similar to the operators Cij and Λi in §2, define operators

Cij
def
= [T ∗i , Tj ]|K and Λj

def
= (T ∗j |K)∗.

Then we can define Rm,L(z) for T as in (5).
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Lemma 2. For zj ∈ ρ(Λj), j = 1, 2, · · · , n,
[Rm,L(z), Rm′,L(z)] = 0,

for m,m′ = 1, 2, · · · , k.

We define

SP,Q(z, w) = P |K
m∏
i=1

(T ∗pi − w̄i)
−1

n∏
j=1

(T ∗qj − zj)
−1|K

for P = (p1, · · · , pm), Q = (q1, · · · , qn), z = (z1, · · · , zn), w = (w1, · · · , wm),
zj ∈ ρ(Tqj ) and wi ∈ ρ(Tpi). We keep the notation SP,Q in (6) and XP,Q in
(9) for the commuting k-tuple of operators T.

Theorem 3. Let T = {T1, · · · , Tk} be a commuting k-tuple of operators on H.
Let P = {p1, · · · , pm}, Q = {q1, · · · , qn} satisfying P

⋃
Q ⊂ {1, 2, · · · , k}. If

z = (z1, · · · , zn) and w = (w1, · · · , wm) satisfy the condition that zi ∈ ρ(Tqi),
i = 1, 2, · · · , n and wj ∈ ρ(Tpj ), j = 1, 2, · · · ,m. Then

SP,Q(z, w) = XP,Q(z, w). (11)

Therefore (10) is a special case of (11).


