Technical Appendix to Accompany
“Access Pricing in Network Industries with Mixed Oligopoly”
by Shana Cui and David Sappington

Part I of this Technical Appendix presents additional numerical solutions to illustrate how
industry outcomes change as elements of the benchmark setting change. Part II provides a
detailed proof of Lemma 1 in the text.

I. Additional Numerical Solutions: Variations on the Benchmark Setting.

Tables A1 — A12 below illustrate how industry outcomes change when selected elements
of the benchmark setting change. The selected elements in question are specified below each
table. All parameter values not explicitly identified below each table assume their values
in the benchmark setting (where, recall, uy = uy = 20, ¢, = 5, ¢; = ¢o = 2, F = 50,
b= 0.5 and 7 = 1).

Optimal access prices are specified below each of Tables A1 — A6. The corresponding
optimal outcomes (both when firm 1 is a public enterprise and when it is a private firm) are
recorded in the first column of data in each table.! The last column in each table reports
the outcomes that arise in the hypothetical setting where: (i) firm 1 is a public enterprise;
(ii) the regulator implements the access prices that are optimal when firm 1 is a private firm
(wd*,w§*); and (iii) industry suppliers operate even when industry profit is negative.? In each
setting considered in Tables A1 — A6, industry profit is negative in this hypothetical setting.
Consequently, industry profit, consumer surplus, and welfare will all be zero if suppliers

decline to operate when industry profit is negative.

Tables A7 — A12 present outcomes under the optimal policy in the presence of mixed
duopoly when the regulator is required to set the same input price for both downstream
firms. Thus, the data in Tables A7 — A12 correspond to the data in Table 3 in the text.

IThus, the data in the middle column in each of Tables A1 — A6 correspond to the data in the last column
of Table 1 in the text.

2Thus, the data in the last column in each of Tables A1l — A6 correspond to the data in the last column of
Table 2 in the text.



Optimal Outcomes and Outcomes under (

Table Al
Optimal | Hypothetical
Outcomes Outcomes
D1 10.209 6.313
D2 10.209 9.235
X 7.791 14.609
X5 7.791 5.844
II 0 —46.976
CSs 60.704 110.975
w 60.704 63.999

Outcomes when u; = u2 = 18.
wi = 8.209, wi = wy* = wl* =4.313

Table A3
Optimal | Hypothetical
Outcomes Outcomes

D1 12.209 8.313

D2 12.209 11.235

X 7.791 14.609

X5 7.791 5.844

II 0 —46.976

CS 60.704 110.975

w 60.704 63.999

wi = 10.209, w}

Outcomes when ¢, = 7.

= wd = w* = 6.313

0%
Wy, w2

*) in Mixed Duopoly

Table A2

Optimal | Hypothetical
Outcomes Outcomes

J 11.321 6.981

Do 11.321 10.236

X 8.679 16.274

X, 8.679 6.510

II 0 —54.250

s 75.333 137.718

W 75.333 83.468

Outcomes when F' = 75.
wi = 9.321, wi = wy* = wd* = 4.981

Table A4
Optimal | Hypothetical
Outcomes Outcomes
D1 10.683 6.025
D2 10.683 9.519
X 9.317 17.469
X5 9.317 6.988
II 0 — 73.887
CS 86.800 158.680
w 86.800 84.793

Outcomes when ¢; = ¢; = 3.

wh = 7.683, w;

= wd* = wd = 3.025



Table A5
Optimal | Hypothetical
Outcomes Outcomes
P1 11.390 7.868
Do 9.825 8.944
X 7.045 13.208
X5 11.741 9.980
II 0 —45.554
CSs 90.060 135.291
w 90.060 89.738

Outcomes when c¢; =4, ¢; = 2.
wy = 7.390, w; =1.954

0
wi

Optimal Outcomes under Mixed Duopoly with No Input Price Discrimination

* = 3.868, wy* = 1.954

Table A7
w* 8.000
D1 10.000
D2 12.000
X; | 10.000
X 4.000
IT 0
CS | 52.000
W | 52.000

Outcomes when u; = us = 18.

Table A6

Optimal | Hypothetical
Outcomes Outcomes

P 11.304 10.315

Do 9.723 9.352

X 3.953 6.794

X5 15.021 13.539

II 0 —9.222

cs 94.378 104.980

w 94.378 95.758

Outcomes when ¢; =4, co =2, b= 0.75.

wt = 7.304, wi = 3.967

0
wy

* =6.315, wy* = 3.967

Table A8
w* 9.313
J3 11.313
D2 13.485
X; | 10.859
X 4.344
IT 0
CS | 61.315
W | 61.315

Outcomes when F' = 75.




Table A9 Table A10

w* 10.000 w* 7.225

D1 12.000 D1 10.225

D2 14.000 Do 12.668

X: | 10.000 X; | 12.219

X5 4.000 X, 4.888

II 0 II 0

CS | 52.000 CS | 77.643

W | 52.000 W | 77.643

Outcomes when ¢, = 7. Outcomes when c¢; = ¢y, = 3.

Table All Table A12

w* 6.568 w* 6.696

D1 10.568 D1 10.696

D2 11.926 D2 10.859

X1 | 10.790 X 9.793

X5 6.716 X5 8.652

II 0 II 0

CS | 78.001 CS | 85.097

W | 78.001 W | 85.097

Outcomes when c¢; =4, ¢y = 2. Outcomes when c¢; =4, co =2, b =0.75.

Tables A1 and A7 modify the benchmark setting by reducing u; = us, a measure of
how highly consumers value the firms’ products, from 20 to 18. When the regulator can set
discriminatory access prices in this setting (Table A1), she increases both access prices in
order to induce the higher retail prices required to ensure non-negative industry profit in the
presence of reduced demand for the firms’ products. When the regulator is required to set
non-discriminatory access prices in this setting (Table A7), the public enterprise produces
substantially more output than the private firm and consumer surplus declines (from 60.704
to 52.00).

Tables A2 — A4 and A8 — A10 modify the benchmark setting by raising industry costs.
In Tables A2 and A8, industry fixed cost, F', is increased from 50 to 75. In Tables A3 and
A9, the upstream supplier’s marginal cost, c,, is increased from 5 to 7. In Tables A4 and
A10, the downstream marginal cost, ¢; = ¢3, is increased from 2 to 3. In each of these cases,
when the regulator can set discriminatory access prices, she increases both access prices in
order to induce the higher retail prices required to ensure non-negative industry profit in
the presence of higher industry costs. A prohibition on access price discrimination causes
a substantial reduction in consumer surplus (e.g., from 75.333 to 61.315 when F' = 75 in
Tables A2 and AS8).
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Tables A5 and A1l introduce an asymmetry in the downstream suppliers’ costs, holding
the sum of their costs constant. Specifically, relative to Tables A4 and A10, Tables A5 and
A11 consider an increase in firm 1’s marginal cost and an identical reduction in firm 2’s
marginal cost (i.e., ¢y = 4 > 2 = ¢3). When the regulator can set discriminatory prices in
this setting (Table Ab), she sets a relatively low access price for the low-cost supplier (firm
2). Doing so ensures firm 2 sets a relatively low price and produces a relatively large amount
of output in equilibrium, which increases consumer surplus (from 86.80 to 90.06).

Tables A6 and A12 modify the asymmetric setting in Tables A5 and A1l by increasing
b from 0.5 to 0.75. The increased product homogeneity results in the low-cost firm (firm
2) producing a substantially larger fraction of equilibrium output, despite the significant
increase in the access price it faces when the regulator can set discriminatory access prices.?

II. Detailed Proof of Lemma 1.

Lemma 1. TI(w) = 0 at the solution to [RP]. Furthermore: (i) v* = v* =1 if F =0; and
(ii) v* > 1 and v*™* > 1 if F > 0. In addition, for i,j € {1,2} (j #1):

% [U*—l]Al « AQ_bU*Al 0% Ai—bUO*A]‘
w = Gt ————; wy = g ———; W, = ¢y————; (1)
20* — 1 20* — 1 200 — 1
) [v" —1]A; 0 [V —1]A;
Pi = Gttt oo P =ttt g (2)
e UIACBA] e o™ [A A
’ [2v* —1][1—-0]’ ’ [20% —1][1—b]"

(3)

Proof. If downstream supplier i € {1,2} seeks to maximize its profit plus the fraction
a; € [0,1] of consumer surplus, the supplier’s problem, [Pi], is:

Mazimize [p; —w; —¢; ] Xi(p) + o, [U(Xi(p), X;(p)) — sz‘ Xi(p)] (4)

i
! i=1

where Ul(xy, z5) g U; Tj —

=1

1+b] [(x1)2+26x1x2+(x2)2]. (5)

The necessary conditions for a solution to [Pi] are, for i,j € {1,2} (j # 0):

Xi(p) + [pi —w; — ci] 8);;(ip)
ia [aU(Xi(g);; Xi®) _ x.o) =, Xég’) — P Xég) =0

3X2 ~ 3.80 when b = 0.75 (Table A6) whereas 32 ~ 1.67 when b = 0.50 (Table A5).
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The equivalence in (6) holds because consumer utility maximization ensures %)(Sj(p)) =

p; and W = p;. The first of these equalities and (5) imply that for i,j € {1,2}
(J #1):

U — [zi+bx;] = pi = [1+b]lui—pi] = 2+ by

1+0
= wi = [1+0][ui —pi] —bx; = [L+b][ui—pi] =b[(1+0) (u; —pj) — bai]

= azi[l—bﬂ = [1+b][uz—pz’—b(uj_pj)]
= x; = 1ib[ui_pi_b(uj_pj)]
= Xz(p) = Uil__bbuj_ |:11b:|pi+ [%}ij (7)

i—bu;  p; . bp 1
[1—ai][u R pj]ﬂL[pz‘—wi—Ci]{_l—_b]:O

b[1— ay]

2—Cki Pi

wi—l—ci |:1—Oél
= Di =

o 2_Oéi:|[u7;—bu]']+

w; + ¢ [1—0@
+
Q—O{i

][ui—buj]

o {WMM(1_%)(%_(,%”MM}

2-@1' 2—Oéj 2—Oéj 2—Oéj

2—0@

(1 —a;)(1—q) w; + ¢ 1— a
) 1— 7 j _ 7 7 ) Z_b A
- p{ (2— ) (2—qy) } 2—az‘+[2—az‘][u )
b[l—ai] U)j"i‘Cj 1—Oéj
b,
* 2-@1' [2—Oéj+ 2—Oéj <uj U)

= pi[@2—)2—0) = (1—o)(1—a5)]
= [wi+c][2—a;]+[1—a;][2—a;][u; — buy]

+ bl —a;][wj+c¢+(1—0o;)(u; —bu;)]



= piw) = 5 (2 o] [+ ] +b[1— as] [wy + ;]

+ [ 1—w][2—a;][u;—bu; | +b[1 —a;|[1—ay][u; —bu;]}

where w = (wy, ws) and:

D= [2-q][2—q;]-0*[1—-q;][1-q;] > 0.

(8) and (9) imply that when «o; = «a; = 0:

(8)

(9)

1
— m[(2—b2)ui+2(wi+ci)—b(uj—wj—cj)]
= wi+ci+4_62[(Q—bz)uiJr(bz—Z)(wiqLci)—b(uj—wj—cj)}
= w; +¢ + [(Q—bz)(u,—wz—cz)—b(u]—w]—c])}

4 — b2
(8) and (9) imply that when oy = 1 and as = 0:

*

1
Py = 5{2[11)14—01]} = wy + ¢ ; and

p = 5 {[2-a][wste] +b[1— ] [wn +a]
+ [1—ag][2—041][uz—bul]—l—b[l—ag][l—al][ul—bm]}

[w2+02 +b(w1+01)+U2—bU1]

N = N =

[ug +wy +co —b(up —wy —cp)].

(7) and (8) imply:

1—b ﬂ]p"(w)*{m}m(wr

It is readily verified that industry profit, given access prices w is:

II(w) = [p1(w) —cy —c1 | Xa(W) + [p2(W) — ¢y — 2] Xo(w) — F.

The regulator’s problem, [RP], is:

(12)

(13)

(14)



w = (w1,w2)

Maximize U(X;(w), Xo(w)) — Z pi(wW) Xi(w) + 7 + 7 4+ 7] (15)

subject to: MI(w) = m+m+7m, —F > 0. (16)

Let A > 0 denote the Lagrange multiplier associated with (16). Also define v = v+ A. Then
(14) — (16) imply that the necessary conditions for a solution to [RP] include, for i, j € {1,2}

(J #0):
OU(Xi(w), X;(w)) 0Xi(w)  OU(Xi(w), X;(w)) OX;(w)

0X(w) ow; 0X7(w) ow;
~ o) B0 OB o) P 4 P o |
o {m(w) —eu ) 00 OB

() = e ) T 4 2O

[0 g 0

o Xifw) + 5 X (w)

0X;(w) N dpi(w)

bol () = e = )

() = e ) S 4 2O
= o ) = e = ) D () - - ) F
+[v—1] P]gg") Xi(w)+a’g—flzv)xj(w)} =0 (17)
where, from (8) and (13):
Opi(w) _ 2—a;  Opi(w) _ b[1—-a]
0X;(w) 1 | Opi(w) b | dpj(w) I |2—q
ow; _{1—19] ow; +[1—b} ow; _[1——1)} D
b ]b[l—o;]  P*[l—oy]—[2—q;]
+ ll—b} 5 = D1-0] ; and (19)



9X;(w) :_{ 1 }(%(W)j{ b }%(W): _{ 1 }b[l—%’]

b 2—0@- 6[2—043—1 +Oéj] b
*{1-@} D DI1-b] D1—b] (20)

(7) and (18) — (20) imply that (17) can be written as:

v

m{[m(

v—11(1[2—ay]
D { =5

0 = w) = —c] [P (1—a;) = (2—a;) ]+ b[pj(w) —¢; —cu] }

[u; — buy — pi(w) + bp;(w) ]

b[l—Oéj}
1-b

- [Uj—bui—pj(W)erpi(w)]}

— ﬁ{[pi(w)_&‘—cu] [b2(1—aj)—(2—aj)] + b[pi(w) —c; —cu] }

+l;[’%b]{m—aj][ui—buj]+b[1—aj][uj—bui]
+0[2—a; —(1—a;)]pj(w)+ [0*(1—a;) — (2— ;) | pi(w) }
= sy e —a-al [PO-a) = (2-a)] + blnw) -6 - al)
v—1
+ D[l_b]{[2—%][%—5%]+b[1—04j][uj—buz‘]
+ bpi(w)+ [0 (1—a;) = (2— ;) | pi(w) }
= 20l pw)+ [P (1 ay) — (2—a) ] pilw) }
D[1—p] L / 7P
—ﬁ{[ci—l—cu][bz(l—aj)—(2—ozj)}—|—b[cj+cu]}
+ gy (2= o)l — b ] +b[1 0] ;= bus ]} (21)

Because b € [0, 1) by assumption, (8) and (21) imply:

b[2v—1]
0 = T{[z—ai][wj+Cj]+b[1_aj][wi+ci]}
b[2v—1]

pr— Ul=a][2—ail [y —bu [+ b[1 —ay][1 —ai [ui —bu; | } ;



21};1 [0 (1—aj) = (2—a;) [{[2—aj] [wi+ ] +b[1 - a;][wj +¢]}

) —(2—ay)]
o {1 =] [2—a;][u — buy]
+0[1 =] [1—a;][u; —bu;]}

{leiteca] [P (1—a;) = (2—a;)] +bl¢j+cu]}

!
Sl =

U2 =] ui—bu ] +b[1—ay][u; —bui] }

b[2v—1][2— o] b[2v—1]b[1 - aq;]
D2 Wit D2 o

b[2v—1][2 -y b[20—1]b|1—q;
N [2v D]Q[ a]cj+ [2v 1]32[ O‘J]Ci

N b[2v—1][1—q;][2— ;]

b[2v—1]b[1—a;][1— ;]
o [uj —bu; | +

D2 [uz—buj]

N [2@—1][52(1—043'1))2—(2—0@')][2—%’]%

L R2e—1[BP (1 —ey) = (2-a;)]b[1 - ai]

D2 e

. [2”—1”"2(1_%2);(2_0‘]')“2_0”]ci

N [21}—1][bQ(l—Oéj)D;(z_O‘j)]b[l_O‘i]Cj

vt P =@l adl2ow],

M ETER GOV e R VL L

(2—a;)] wb

v[6®(1—ay

P —

)_
D
v[P(1-ay) = (2-0y)]  wb,
D “ D™
N [v—l][Q—@j][

[v—1]b[1— o]
D w; —buj |+

D [uj —bu;]. (22)
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(22) can be written as:

. {b[ZU—E]Q[?—ozi]_’_[21}—1][b2(1—aj)D—2(2—ozj)]b[1—ai]}wj

N {b[Qv—ll])lz)[l—aj]_i_[21}—1][b2(1—ajl))2—(2—04]-)][2—04]-] }Wi

b[2v—1][2—a;] [20—=1][0*(1—0a;)—(2—a;)]b[l—a;] Wb
+ { D2 + D2 D}Cj

D? D?

v[P*(1—a;) = (2—ay)]
) ) 1

+{b@v—ﬂﬂl—%]+m@—uw%1—%>—w—anu2—%]

. {[QU—leQ(l—%)—(;—aj)] [1—ai][2—@j]+[v—1]l[)2—0ﬁ]

N b[Q'U—l]b[].D;OZ]’][]._OZi]} (s — b

{[2v—1] [ (1-aj) = (2-ay)]b[1-a][1—ay]  [v—1]b[1~ay]
D? D

N b[2v—1][1—0a;][2— ]

= }[uj—bui]. (23)

The numerators of the first and third terms in the coefficient on w; — bu; in (23) sum to:
20— 1] [B2(1—a) — (2= a;) ] [1— a5 [2— a;] + b[20 — 1]b[1 — ;] [1 — ]

= [20-1][1—a ) {[2- o] [ (1 - ;) — (2- ;)] + 82 [1 0]}

= [2v—1][1—a){P[1— ;] [3—a] —[2—a; }. (24)
The numerators of the first and third terms in the coefficient on u; — bu; in (23) sum to:
20— 1] [B2(1— ;) — (2= a;) ] b[1 = as][1— a;] + b[20— 1][1— ;] [2 — ]

= b[2v—1][1—ay]{[1 -] [*(1—a;)—(2—a;)] +2—a; }. (25)

11



(23), (24), and (25) imply:

(20 —1]{2—a+ [P (1-0;) —(2—0a))][1-a]},
D2 !

2o {P [l + [Pl -ay) —(2-a5)][2 -y}

D? v
N {[2@—1]{2—a¢+[b2(1;2aj)—(2—@)][1—0@]}_E}bcj

L {[QU—1]{52[1—%']+[52(11)2—0@')—(2—%')][2—%]}

o[ (1—a;) — (2—ay)]
) ) L

v[*(1—a;) — (2—a;)+b]

— D Cy
.\ {[zv—1][1—ai][52(1—Do;j)(3—aj)—(2—0@)2}+ [v—l]l[f—ozj]}[ui_buj]
[2v—1][1-oy][2= i+ (1 —a;) (PP[1— o] = [2— oy])]
+{ D2
. [0_111[)1—%] }b[uj—buz-] - 0. (26)

Multiplying (26) by D? provides:
Yibwj +v,wi + [v, —aD]bej+ [y, —vD (V¥ [1—a;] - [2—0a;]) ] &
—vD [V (1—qa;) — (2—a;)+b]c,
+ [(1=ai)v+(v—1)(2—0a;) D][u; — buy]
+ [+ (v—=1)D][1—qaj]blu;—bu;] = 0, and (27)
73bwi+’74wj+[73—vD]bCi+[74—UD(52[1—%‘]—[Q—Qi])]cj
— oD [V (1—q;) — (2— ;) +b]cy
+ [(1—a;)y+(v—1)(2—0;)D][u; —bu;]
where:
12



v, = [21}—1]{2—0@-—1—[b2(1—ozj)—(2—ozj)}[1—ai]},

Y2 = [20-1]{P*[1—a;]+ [V*(1—a;) = (2—a;) ] [2 - ;] }
= [20-1]{0*[L— ;] + 0 [1 —oy][2— o] = [2—y]" }
= [20-1]{P*[1—0a;][3—aj] - [2— ;)" },

3 = [2v—1]{2—a;+ [P (1 —y) = (2— )] [1—q;]}, and

o= [2v—1]{P[1-][3—a]—[2—a;]"}. (29)

Multiplying (27) by =y, provides:

Va1 bw; + v wi+ v [y —vD]bej [ —vD (P [1-a;] = [2-0a5]) ] ¢
—7vD [V (1-a;) = (2—a;) +b] e,
+ 7. [(1=ai)y+(v=1)(2=qa;) D][u; — bu;]
+ 7+ (v=1)D][1—a;]b[u; —bu;] = 0. (30)

Multiplying (28) by ~y, b provides:

Y1 bYsbw; + v by wi + v, 0[v5 —v Db+ b [y, —vD (VP [l -] — [2—ai]) ] ¢
—’ylva[b2(1—ai)—(2—0zi)+b]cu
£ b[(1=ay) 7+ (0—1) (2 ;) D] [u; — b
+ 71 b[v3+(v—1)D][1—a;]blu; —bu;] = 0. (31)

Multiplying (27) by -4 b provides:
Y3 by bwj 4+ y3 by wi +y3b[v; —vD]bej+y3b [y —vD (VP [1—a;] = [2—o]) ] ¢
—3bvD [V (1—a;) — (2—a;)+b]c,
+ 730 [(1—ai)y+ (v —1)(2—a;) D][u; = buy]
+ v3b[vi+(v—1)D][1—a;]blu; —bu;] = 0, and (32)
Multiplying (28) by -, provides:
Y2 V3w + v wi + v (v — v DIbei+ [ — oD (B[l - ai] = [2 - ai]) | ¢
— D[ (1—;) — (2= ;) +b] ey
13



+ Y [(T—aj)v+(v—1)(2—a;) D] u; — bu]
+ 9 [+ (v—=1)D][1—;]blu; —bu;] = 0, (33)
Subtracting (31) from (30) provides:
[Vav2 =11 b07sb] wi+ { vy —vD]b—yb[v—vD [P (1—a;)— (2—a;)]] } ¢
+{ulrn—vD(P[1-a;]=[2—0a;])] =mblys—vD]b}e
—{nvD [V (1—a;)=(2—a;)+b] =y, bvD [V’ (1 —a;) = (2— ;) +b] } ey
F{nl(l-a)y+(v=1)(2=-0;) D] =7, b[ys+ (v —=1)D]b[1 — ;] } [u; — buy]
+ { [+ (w=1)D]b[1—a;] =1, b[(1—a;)y+(v=1)(2—0a;)D]}
Ju; —bu;] = 0. (34)

Subtracting (32) from (33) provides:
Yova = v3by bJw; + {7273 —0D]b—v3b [va —v D (P [1—a;] = [2—5]) ]} &
+ {n[ru-—vD(V¥[1-a]—[2—a])] —7v3b[7 —vD]b} ¢
— {wv D[P (1—w) — (2—a;)+b] —v3bvD [V*(1—a;) — (2—a;)+b]} ey
+ {l(1-aj)v+(v-1)(2—a;) D] =v3b[y; + (v = 1) D][1 —a;] b} [u; — bu]
+ {7+t (v-1)D][1-a]b —y3b[(1 —)v, +(v—=1)(2—q;) D]}

u; —buj] = 0. (35)

(34) implies:
[7472—7117273}%4-{71 [52(1—041)—(2—041-)] —74} bu D c;

+ { v — v D[V (1—q;) — (2—%)} N0 ys+ 7 0* oD}

— [P (l—a;)—(2—a;)+b] =y b [V (1 —a;) = (2— ;) +b] }vDe,

+ { v =]l -al+ [ (2-a;) =0y (1 —a) ] [v—=1]D } [u; — bu;]
+ [vu(l—a;) = (2—w)][v=1]Dblu; —bu;] = 0

= [V’ 73— Y74 wi = Ti, and (36)

(35) implies:
[vava — 73271 ] wi+ {73 [P (1—a;) = (2—a;)] =7, }bvDe

F {7 D [P (1-a) = (2—a;) ] = 702y +93 020D } ¢
14



— {1 [P (l—a;) = (2— ) +b] —y3b[0*(1—a;) — (2— ;) +b] } vDe,

+ {[’72’74_b2’73'71][1_04j]+[72(2_0‘i)_b273(1_04j)][U_l]D}[Uj_bUi]
+ [va(1=—a;) —7v3(2—«a;)][v—=1]Dblu; —bu;j] = 0
= [b2’7173_7274}wj = Tj, (37)

(716 —v4]vbDej+ [7472")’4”1393' - ’716273+71b2vD}Ci
— [ (0;+b) = b(0;+b)]vDe,

F D= Bl 1= a4 [1(2=a) =¥ (1-a)] [v-1] D} [ - bu;)

+ [ (l—0o;) =1 (2—o)][v—1]Dblu; —bu;] and

T.

J

[739]-—72]1)ch2-+ [7472‘72“1)91‘ - 71[72734‘73172”1”0]‘
- [72(9i+b)_73b(9j+b)]vDCu

+ {[7274—1)2’7173} [1_053']"‘[72(2_042')_1)273(1_0@'” [v=1]D} [u; — bus]
+ [v—=1]Dblu; —bu;]

where 0; = b*[1—a;] —[2 — ay]

and 0; = b*[1—q;]—[2—q]. (38)

(36) and (37) imply the optimal access prices are:
T; 1}
Y B ™ YT Fm (39
Case 1. Firm 1 is a public enterprise (so «; = 1 and ay = 0).

(9), (29), and (38) imply that in this case:

No=s = [20-1]; 7y = [20-1][30" —4]; 9y = —[20-1];

0; = —1; 0, = b*—2; and D = 2. (40)

(38), (39), and (40) imply that in this case, for v = v*:

. 1
w]. = 9 o 2 . 2 2
P20 1]+ 20— 1] (302 —4]

A[-(2v—=1)+2v—-1]2vbg
+[=[20-177[302 —4] + [2v—1]2v[0* —2] — [2v = 1P B* +2[20 - 1] V*v]

15



— [~ (20-1) (¥ =2+b) = (20-1)b(~1+b)]v2e,
+ (= (20—1)2][v—1]2[u; — buy]

+[—(2v=1)—(2v—1)][v—1]2b[uz —buy |}

1 2 o
- 4[b2_1][2v_1]g{[41)(211—1)(17 —1)—4(2v-1)*(*-1)]q

+4v[0*—1][2v—1]c, — 4[2v—=1][v—1][u — buy]

{20~ 1] [0 - 1]b[uy — b ]}
1 ) 2
4[52—1][20_1]2{4[2“_1] (02 =1][v—(20-1)]er + 40 [P —1][20—1]e,

—4[2v=1][v—1][ug = bug]—4[2v = 1] [v = 1]b[uy — buy | }
1 , )
4[b2—1H21;—1]2{4[1_U][2U_1] [b —1]C1+4U[b —1] [2v—1]¢,

—42v—1][v—1][ug —bug+b(uz —buy )]}

_ [0? —1][(1=v)er+ve, ]+ [1—v][b(uy —buy) +uy — bus]
(02 —1][2v —1]

_ [1—v]cl+vcu+l 1—v ] [1-Blu _ [1-v]a+ve,—[1-v]u

20 —1 20—1 b2 —1 20 —1
[1—v][a—u]+ve, Gt SN (41)
—= :Cu .
20 —1 20 —1 "

(38), (39), and (40) also imply that in this case, for v = v*:
1
42 —1][20—17

*_
Wy =

A [1=-b]2[2v0—-1]vb2c1 +4[b*—1][2v—1]c
— [(2v=1)(30*—4)(b—1)=(2v—1)b(b* —2+4b) ]| v2c,
+ {41 -0 ][20—1]+4 [V —2][v—1]}[20—1] [us — buy]
— [20-1]2[v—1]2b[u; — bus]}

4[b2—1]1[21,_1] {[1-V"]20b2c1+4[V* —1]

- [(3b2_4)(b_1)— b(b2—2—|—b)]1)20u
16



+ {[1=V][2v—1]+[0*=2][v—1]}4[us — bu]
— [U—l]4b[U1—bU2]}

_ 4[b2_1]1[2v_1] [[1- ] 20b2¢, +4 [ —1] e

— [(30° =4)(b=1)=b (1" —2+b)]v2¢,
+ ([1=8][20—1]+2[0*—1][v—1]) 4u
— ([ =p*]l2v 1]+ [0 = 1] [v—1]) 4bu }

- 4[b2—1]1[2v—1] {[1-0]20b2c +4 [0 1]z

— [(30*=4)(b—1)—b(B*—2+b)]v2¢c,
+4[1 =0 Jus— vdb [1 — 0* ]y }. (42)
Observe that:
(30 —4][b—1]=b[b°—2+b] = 30" —3b° —4b+4—b>—b" +2b
= 20" —4b® —2b+4 = [4-2b][1 - V]. (43)
(42) and (43) imply that for v = v*:

1
MW—JHQU—H{[

+ 4[1—b2}u2—v4b[1—bz]u1}

wy = 1— 0] 2bv2c +4 [0 — 1] —[4—2b][1— b*]v2¢,

co—bvep+ v[2—=>ble, —us+bvug

= 44
20 —1 ( )

G —bva+2ve,—bvey —uxs+bvuy

N 20 —1

o c—bve+[2v—14+1]cy, —bvey —ux +bvuy

N 20 —1

_ Cu+CQ_bU01+CU_bUCu_U2+bUU1 _ CU—AQ_bUAl. (45)

20—1 20—1

Case 2. Firm 1 is a private firm (so oy = ay = 0).
(9), (29), and (38) imply that in this case:

o= o= 20105y =y = [20-1][307 —4];
17



0, = 0; =4 —-2; and D = 4-1°.

Therefore: ) 5T 6 ) )
b" 173 — Vevs = [2v—1] [b _(3b _4) ]

= [20—1]*[0° — 9b* — 16 + 241] . (46)
(38), (39), and (46) imply that in this case, for v = v**:
T, = {[20—-1]0° [V* —2] = [20—1][3V" —4] }ub[4 -] ¢
+ {2011 [367 —4]" = [20 - 1] [382 — 4] w [4 - 8] [1* - 2]
— [20— 1P +[20—1]b%w [4-0*] } ¢
— {[2v=1][30* 4] [V® —=24b] — [2v—1]0°b [* =2+ D] }v[4 -] c,
+{[v-1) (302 —4)" = p* (20-1)" 8]
+[2(20-1) (30> —4) = (20—1)0* | [v—1] [4=b"] } [w; — buy]
+ [(2v-1)(30*—4) —2(2v—1)b* | [v—1] [4 = 0] b[u; — bu,]
= [20—1][b" =5 +4]vb[4—-V] ¢
+ 2o=1]{[20-1][(387 = 4)" - 6'8? | + 0 [4— 8] [* = (30° = 4) (1 - 2)] }
—[20—=1][V* —2+4Db] [3V° =4 — B*|v [4 -] e,
+ [zv—1]{[20_1][(3b2_4)2_bﬁ}+[6b2—8—b4][v—1}[4—52]}[ui—buj]
— [20-1][4-0*) [0 —1]b[u; — bu,]
= [20-1][1-0*] [4—1*]"vbg
+[20-1]{[20-1] [30 —4+8*] [382 —4 = ¥*] —20 [4 -] [1- "] }
— [20=1][0®=2+0b] [30®—4 = b’ |v[4—V"]cy
F20—1]{[20—1][307 —4+0*] [30? =4 — 03] +[1 — 0] [2— 0] [4— 0*]"} [ — buy]
I

+ [2v—1] 4—1)2] [1-v]blu; —bu;] and (47)

Ty = {[20-1]0* [0 —2] = [20—1] [30> —4] } vb[4 -]

18



+ {12017 [302 = 4]" — [20 - 1] [382 — 4] v [4 = 1] [1* = 2]
— 20 =10 +[20—1]b* 0 [4-0%] } ¢

— {[2v—-1][30* 4] [V® —24b] — [2v—1]0°b[b* —2+b] } v [4 -] e,
+ {12017 [382 4] 1?2017 0!

+[2(20-1) (30 =4) = 0*(2v—1)0* | [v—1] [4 =] } [u; — bu;]
+ [(20-1) (30" —4) —2(20—=1)b*] [v—1][4—=0"] blu; — buy]

= [20—1][b*" =50 +4]vb [4 -V ¢

+2o=1]{[20-1][(357 = 4)" = 6'8? | + 0 [4— 8] [0 = (30 = 4) (*-2)] } ¢

— [20—1][P*=2+0b] [3V° —4 =0 |v[4-0"] ¢4

+o[20-1]{[2v—1] :(3b2—4)2—b6] +[602—8 — '] [ —1][4— 8]} [u,; — bu,]
— [20-1][4=0*) [0 —1]b[u; — buy]
= [20—1][1=0*] [4—8]*vb ¢
+[2v—1]{[2v—1][3b2—4+b3][3b2—4—b3]—2@[4—b2]2[1—b2}}cj
— [2v—=1][0*=2+0b] [30" —4 — b’ | v [4—17] c,
+ [20-1]{[2v=1][30> =4+ V"] [30* =4 -0 |+[1 —v][2 - b?] [4—b2}2}[uj—bui]

+ [20-1][4=0* [1—v] blu; — bu,]. (48)

(39), (46), and (47) imply that for v = v%*:

0% __ 1
YT 1P [ - (31— 4)]

A12o -1 [1-1*] [4- 2] vbe,

+[20-1][(20—=1) (30> =4+b*) (3V? —4—b") =20 (4—0") (1-V") ]
—[20=1][0*=2+0b] [30*—4 — Vv [4-1"] c,

F 120 1] [(20-1) (30 = 440%) (382 — 4= %) + (1=v) (2= 1%) (4= 1) [ — buy]

19



+ [2v—1] [4—62]2[1—0] b[uj—bui]}

1
T 20— 1][302—4+ B3[P — (32 —4)]

A=) [4- 1T vbe
+20—1][(20=1)(3L* —4+0°) (30> —4—=b") =20 (4-0") (1—-0%) ] ¢;
—[0*=2+0] [30*—4 — b’ v[4-0%] c,
+{[20-1][30* —4+0°] [30* —4— 8] +[1—v][2-0*] [4—0*]"} [ — buy]

+ [4-07[1-0] b[uj—bui]}

_ [1— 8][4 -0 b
T 2o 1B 4+ P[P -3 4] 7

Y B a1 [P - 3R )]

20 [4— b2 [1 - b?] ]C'

(62— 2+ blv[4—b?]
(20— 1][30% —4+6%]

[1—v][2-0?*][4—0*)
A [21;—1][3b2—4+b3][b3—(362—4)]] s = by ]
[4—02[1—0]b
T RS BE 41 P[P — 35 —4)] [y = bui]. (49)
Observe that:
[1-0?][4-0?) = — [0* =802 +16] [0 —1] = — 05 +8b* — 160> +b* —8b*+ 16
= — [b°—9b* +240* —16], and (50)

(30> —4+0*] [b°— (3v* —4)] = [0°— (36 —4)] [b®+ (3b* —4)]

2

= 0°— (30> —4)" = °— 90" +240° — 16. (51)

(50) and (51) imply:

[1-12] [4- 1]
(302 — 4+ 03] [b® — (362 —4)]

= -1 (52)

20



T R =
(4 -2 :_[ 1 ]

T BE 410 [P - (302 —4)]

Also observe that:

[b+2] [V +b—2] = B +0*—2b+20"+2b—4 = b*+ 30> —4

(0> —=2+D][2+0D] [0 —2+b][4—b?]
s 2 b oand 3024+ 00

(49), (52), (53), (54), and (55) imply that for v = v**:

bv 20 v[2—0b]
0%
O — _ |1 = R Sl |
v ! { 21}—1]61 2v—1

i 2v—1 ¢ “u

o[- (2 ) e [ A -

_ | _bv S P I I il
~ T |20-1 |9 2o—1 |9 9p_1
. ¥ o 2-0*\ 1-v .
-2 1-)20—1|"
2-0*\ 1—v 1 (1—v)b
b+b _ -
- { - <1—b2) 201 <1—b2> 20— 1 ]“’
_ | _bv S P I I bl
~ | 20-1 |9 20—1 |9 9p_1 ™
-1\ 1—v b—03\ 1—w
* {_1+2<1—b2)20—1}ui+ [b+<1—52>2v—1}“j
o b ol 20 c-+v[2_b]c
N 20—1 17 20—11" 20—1 "

+ [—1—%} i+ {b+b<21v__vl>} u

= 2-0.

(53)

(54)
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2(1—w) vb
— |1 : )
{ v 1“ 2v—1 "
bov . 1 20—1+1 bv 1 . bv
= — Ci G = Cy U, W
20—1 T2 —1 20—1 20 —1 20—1 20—1 "
bv e 1 bov 1 buv
= — C Cfl U u - C'u ul Uj
20—1 17 20—-1 20 —1 20 —1 20 —1 20—1 "
Ai—bUAj
= ¢y — ) 56
¢ 20 —1 ( )

(39), (46), and (48) imply that for v = v%*:

1
ST 1P - (31— 4)]

.{[21}—1] [1-02] [4— 0] vbe
+[2o—1]{[20-1][32 4+ 8] [30° 4] — 20 [4- )" [1-8*] }

— [20—-1][0*=2+0b] [30*—4 — b’ v[4-0b"] c,

+ (20 1]{[20 - 1] [30? =4+ ] 302 —4 =0 |+[1— 0] [2— 1] [4 = 0*]"} [w; — bus]
+ [20—1] [4_52]2[1—0] b[ui—bw]}
_ [1-62][4— "] vb
T 2v-1BR -4+ P[P —4)]
20[4 -0 [1- 1]
1%_W“—1H3W—4+WJM&—@w—4ﬂ]%
[0 —2+b]v[4—b?]
[22}—1][3b2_4+1)3]cu
[1-v][2-0?][4—b?)
i _1+[QU—1][352—4+b3][b3—(3b2—4)]][uj_b“i]
[4 -0 [1—o]b [ — by ] (57)

TR 130 4+ 0[P - 31— 4]
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(52), (53), (54), (55), and (57) imply that for v = v%*:

v bu L2y L v[2-0]
w; = — c; — _ . e
J 2v—1 20—11" 29 —1

- _ bv ci— 1 — 2v cit 2v o bv .
- |2v-1]" 2v—1]7 20—-1 " 20—-1 "
1 [1—v]b 2 — b 1—w
- i — 11 —bu.
{1—b2}[2v—1][ul] [ +<1—b2) (20_1)}[ u; |
N D 2 —b? 1—wv L 1 [1_U]bb |
-0 2v—1 4 T—2| 20-1 "%
_ bv i 2v o 20 B bo
B 20v—1 Ci 20 —1 Cj 2U_1CU 2@_1011,
[ (20 b(1-v) 1\ (1—v)b
b - .
| +<1—b2) 2v—1 (1—62) 20— 1 ]“
1\ (-v)¥? 212\ 1—u
-1 - .
! -(1_b2) 2v -1 <1—b2 2v—1| "
[ bv R '+2v—1+1 [ b
N 20 —1 Ci 20 — 1 Cj Tou_1 Cy 501 Cu
2 —b? 1 1—v
1 - b
+{ +(1—b2 1—b2>21)—1] i
I b? _2—b2 1—w 1w
1—-02 1-0)2v-1 J
_ | b N . ey 1 by
- T lze—1)” 2o— 1] Ty T T gy ™

l—w 1—-w
1 bu; —2 1|
+[ +2v_1} i + { (20_1) }u]
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bv 1 Aj—bUAi

. =g, - DT OVAD 58
AT A v T 20— 1 (58)

(56) and (58) imply that when v % i:

0% _Al—b’UO*AQ

AQ —bUO* Al
LT T T e - '

0%
and wy;" = ¢,
2 200 — 1

(59)

(10) and (59) imply that for 4,j € {1,2} (j #4) and for v = v%*:

1
= et g (@) (=l ) b =)

= ci—|—4_1b2 [2=0") (wi—ci)—=b(uj—c¢;) 4+ (4= =2+ 0) w* + buw)*]

1 « x
= Ci+4_b2[(2_b2)(U/i—cu_Ci)_b(Uj_Cu_Cj)+2w,? + bw)

+ (20" —b)]

1 2 Al—bUA
= Cz+4_—bQ[(2—b)AZ—bA]+2<Cu—2,U—_1]>

A—b?)Az
e

Z;i

T AT e 2e—1] (90)

where
Zy = [2-0*][20=1]A; = b[20—1]A; +2[c, (20— 1) = A; + bv Aj]

+ble,2uv—1)—Aj+bo A+ [20—-1][2=b*—b] ¢,

= [2-)2v—1)—2+b0v] A —[b(2v—1)—2bv+b] A

+ [4v—2+2bv—b+(2v—-1)(2-V"—b)]cy

= A [4v—2-202v+b" -2+ b 0]
+ ey [4v—2+2bv—b+4v—2bv— 2020 —2+ b+ b7 ]
[4v—4—Vv+b"] +c, [8v—2bv+ b —4]

— A,
= A [4-V][v—1]4+c [4-V][20-1]. (61)
(60) and (61) imply that for i € {1,2}:
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[UO* — 1]A1

O _ . 9
Di Cy + € + 500 — 1 (62)
(11) and (41) imply:
P = wyta :Cu+01+2v*—_11. (63)
(12), (41), and (45) imply:
Py = §[uQ+w§+02—b(u1—wT—cl)]
1 Ay —bov* A v¥—1
= 5 U2+Cu—ﬁ+62—b(ul—cu—2U*_1A1—Cl):|
1 . .
- m[(uQ—I—cu—i—cQ)(Zv —1)— Ay +bv* Ay
— b(ug—cy—c1) (20" =1) +b(v* —1)Aq]
1
= — — Cy — 20" —1)+2 20" —1)— A A
Ty (0 ) (207 = 1)+ 2 ) (207~ 1) = Aok b Ay
— bA; (20" =1)+b(v" —1)A;]
1
= e |GV DM 2 (et ) 20 1) - A,
1 v —1]A
= oo 1) 20 DA+ 2(et o) 20T -1)] = Cu+02+%- (64)
(13) and (62) imply that for i, 5 € {1,2} (i # j):
* 1 * *
. 1 [ [UO*—]_]AZ [’UO*—]_]Aj
= T_Ui_buj_<Cu+Ci+ﬁ>+b<cu+Cj+ﬁ
. 1 I ['Uo*—l]AZ [UO*—l]AJ
= 1T_ui_cu_ci_w——l_b(uj_cu_cj_—21;0*—1
1 [ [V — 1] A, [V —1]A;
= — |A, - — " hA. +b J
1—0b| 200 — 1 P
1

= Ao [2o% = 1] [A; (20 = 1) = [V = 1] Ay = bA; (20" = 1) +b (0 = 1) A ]
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1 0 UO*[AZ—bA]
= *A— O*A' _ j .
Tz =1y L0 Al = Ao o (65)
(13), (63), and (64) imply that for i, j € {1,2} (i # j):
1
X; = 1_b[ui—buj—pf+bpﬂ
= —1_ _Uz Uj Cy C; 20 — 1 Cy, Cj —2,0*_1
_ b ul._%_ci_m_b(uj_%_q_[v —1]Aj”
1-b| 20 —1 20" — 1
I B DN s PR AN (A 11
Sl 201 I T 1
1 . i . .
= [1_b][zv*_1][Ai(2v —1—v"+1)—bA; (20" —1—v" +1)]
o U*[AZ—bAJ]
TEEE (66)

(14), (63), (64), and (66) imply that when firm 1 is a public enterprise, industry profit is:

H<W> = [pT_Cu_cl]Xf—i_[p;_cu_C?]X;_F

vt =1]A v [Ar —bA,] [v° — 1] Ay v*[Ay—bA] 7

T 2vr—1 [1-b][2v"—1] 20 —1 [1-b][2v*—1]

B v* [v* —1] B B B

B [l—b][2v*_1]z{A1[A1 DA+ As[Ay = DA} = F

= gW)H - F (67)
where g(v) = vlv—1] Z 0 & vZ1 and (68)

[1—b][20—1] = <

H = A[A] —bA 4+ A0 [Ay—bAL] = [A —2bA1 A0 +[Ay)° > 0. (69)

(14), (62), and (65) imply that when firm 1 is a private firm, industry profit is:
H(W) - [p?* — Cy — Cl} X?* + [pg* — Cy — 02} Xg* - F

_ [UO*—].]Al UO*[Al_bAQ] +[U0*—1]A2 ’UO*[AQ—bAl] _F
20% —1 [1—=0b][20v% —1] 20% —1 [1—=0b][20v% —1]
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B UO*[’UO*—l] _ B _
= T pyrzer o1 AT b A A [ Ay b A} - F

= g(w"™)H - F. (70)

Case (i). v € [0,1).

Suppose A = 0 at the solution to [RP]. Then (16) and (68) imply that for v € {v*, v**}:
v=7v€l0,1) = gh) <0 = I(w) < 0. (71)

(71) implies (16) is violated. Therefore, by contradiction, A > 0, and so II(w) = 0 by
complementary slackness. Consequently, (67) and (70) imply:

o) = = (72

Case (ii). v = 1.

If TI(w) > 0, then (16) implies that g(v) > £ > 0 for v € {v*,v"*}. Therefore, v > 1
from (68). A > 0 because v = 1 and v = v+ X\ > 1. Therefore, II(w) = 0 by complementary
slackness. This contradiction ensures II(w) = 0, so (72) holds.

(72) implies that if F' = 0, then g(v) = £ =0, so v = 1, from (68). (72) also implies

that if ' > 0, then g(v) = £ >0, s0o v > 1, from (68). W
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