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“On the Merits of Antitrust Liability in Regulated Industries”

by Arup Bose, Debashis Pal, and David Sappington

This Technical Appendix has two parts. Technical Appendix A begins with Conclusion 1,
which provides a formal statement of the regulator’s problem, [RP]. Conclusion 2 then iden-
tifies conditions under which the profitability constraint (PC) and the behavioral constraint
(BC) bind at the solution to [RP] and the solution is unique. Next, Conclusion 3 identi-
fies conditions under which the regulated vertically-integrated firm (V') and the competitor
(E) both produce strictly positive output in equilibrium. The remainder of the analysis in

Technical Appendix A provides the proofs of the formal conclusions in the paper.

Technical Appendix B identifies conditions under which the behavioral constraint (BC)
does not bind at the solution to [RP] and characterizes the optimal regulatory policy in this

Technical Appendix A

To begin, define d = d(a), d = d(a),and ¢ = acy+[1—alcs.

Conclusion 1. The regulator’s problem [RP] is the following:

Maximize w

w>0,7€[3,1],Dr< Dr

subject to:
() = L la43ute—20]- 2% ¢ > 0, and
glw,r) = gplat3ute, —2c 25 > 0, an
L. _
h(wvr) = _%[a_g][CH_CL][QCL+2U+CL+CH—4CU—4'{1}]
+ [2r—1]Dgp+[d—d] Dec > 0,
where
[0 2 1—Q 2
= 2 2a—w—u—cy— 24— w—u—cp, —
W 18b[awucH cv]+[18b}[awuq cy |
112
_k{r_ﬁ} +[1=r]Dg[l—fr]+[1—-fcld Do, and
6 = —latute,—2c|+[1-r]Dg+d Do+ F, > 0.

w
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Proof. The market demand curve is:

P(X) = a—-bX = a—b[z.+x,]. (5)
V’s profit, given realized costs and abstracting from regulatory and court penalties, is:
To = [w—ulx.+[P(X)—u—c,]a, — F, — Fy. (6)

E’s profit, given realized costs and abstracting from regulatory and court penalties, is:

7. = [P(X)—w—c¢|z.— F,. (7)

Because expected regulatory and court penalties do not vary with realized outputs, (5)
and (7) imply that E’s (interior) profit-maximizing choice of x. is determined by:

gz: = a—blr.+z,]—w—ci—bx. = 0
1
= 1z, = max{O,Q—b[a—w—ci—bxv]}. (8)

Similarly, (5) and (6) imply that V’s (interior) profit-maximizing choice of z, is deter-
mined by:

gzz = a—-blr.+x,]—u—c,—bx, = 0
1
= z, = max{O,%[a—u—cv—bxe]}. (9)

(8) and (9) imply that if x, > 0, then:

2 2b
1
= 1z, = Q—[a—u—cv] when z. = 0
When z, > 0: 1 1
xv:2—[a—u—cv]—4—b[a—w—cl~—bajv]
o 34, = [2a —2u—2 +w + ¢
1% = pl2e-2u-2c-atwte
1
= T, = %[a+w+cl-—2u—2cv]. (10)

(8) and (10) imply that when x. > 0 and z, > 0 in equilibrium:

1
Te = 2—b[a—w—ci]—@[a+w+ci—2u—20v]



1 1
= @[3a—3w—30i—a—w—cz-+2u+2cv]: %[a-l—u—l—cv—Qw—?ci]. (11)

(10) and (11) imply that when z. > 0 and z, > 0 in equilibrium:

1
X =24z, = —[2a—w—u—c¢ —¢] (12)

3b

1 1

= PX) = a—§[2a—w—u—ci—cv] = g[a—i-w—i-u—i-c,-—i-cv] (13)

1
= PX)—u—c¢, = g[a—l—w+ci—2u—20v]. (14)

(6), (10), (11), and (14) provide:
— 1

T, = wgbu[a—i—u—i—cv—Zw—Zci]—|—%[a—i—w—l—ci—Zu—ch]Q—Fu—Fd. (15)

Then (15) implies that V’s expected profit when it undertakes the competitive action is:

- 1
T, = g{wgbu[a+u+cv—2w—2cH]+%[a+w+cH—2u—2cU]2}

- 1
+ [1—@]{w3bu[a+u+cv—2w—20L]+%[a+w+cL—2u—20v}2}

—Fu—Fd—[l—T]DR—ch. (16)

(15) also implies that V’s expected profit when it undertakes the anticompetitive action is:

— 1
Ty = a{w3bu[a+u+cv—2w—20H]—|—%[a+w+cH—2u—20U]2}
— 1
+ [1—-a] L u[a+u—|—cv—2w—2cL]—|——[a+w+cL—2u—20v}2
3b 9b
— Fy—Fy—rDp—dD¢. (17)

From (12), consumers’ surplus when £ unit downstream cost is ¢; is:

S(e) = 3 X[a—(a—bX)] = gxz.

b 1
Xla—(a—bX)] = =X? = —[2a—w—u—c —c,|°.

Sle) = 2 18b

Therefore, from (12), when z, > 0 and x, > 0 in equilibrium:
1
- 18
. (18)

Let 7 denote Vs upstream profit when it undertakes the competitive action. From (16):



w—u
3b
— [1=7]Dr— d D¢ — F,

T, = g{w_u} [a+utc,—2w—2cy] + [1—g][

37 1[a+u—|—cv—2w—2q]

w—u 2w —u]
- — L, — 2w — 2L
la+u+c w| T

— [1=r]Dgp—d Dc— F,

[acg+(1—a)c]

= wg_bu[a—i-u—i-cv—Zw—Qg]—[1—T]DR—C_ZDC—Fu

2 w?
la+u+c c| 3D
u

- %[a+u+cv—2w—2g]—[1—7’]DR—c_lDC—Fu

|

w
S

Quw  2w?

|

= la+u+c, —2c]+

3b 30 3b
- %[a+u—|—cv—2g]—[1—r]D3—QDC—FU
w 2 w?
— %[a+3u+cv—22]—w—gb. (19)

The inequality in (4) holds when both firms produce strictly positive output in equilibrium.!
Therefore, (11) implies ¢ +u + ¢, —2¢ > 0.

(19) implies that V’s profitability constraint (PC) is:
2 w?

%[a+3u+cv—2g]—ﬁ—¢20. (20)

From (16), Vs expected profit when it undertakes the competitive action is:

T, = %{3w[a+u+cv—20H]—6w2—3u[a+u+cv—2cH—2w]
+w+2wla+cy —2u—2¢, ]+ [a+cy —2u—2¢,]7}
l—-a 9
+ —{3wla+u+c,—2¢,]— 6w —3ula+u+c,—2¢c, —2w]

9b
+ w4 2wlat+c, —2u—2¢,]+[a+ec,—2u—2¢,]}

—Fu—Fd— [1—T’]DR—C_lDC

!Conclusion 3 below provides sufficient conditions. The conditions are assumed to hold throughout the
ensuing analysis.



= %{w[3a+3u+30v—60}1]—6w2+6wu—3u[a+u—|—cv—2cH]

+ wtw[2a+2cy —4u—4de, |+ [a+cey —2u—2¢,]}

]__
+ —gbg{w[3a—|—3u+3cv—6q]—6w2—|—6wu—3u[a—|—u+cv—26L]

+ wHw[2a+2¢, —du—4de, ] +[a+ep —2u—2¢,]"}
— F,—F;— [1-1r]Dr—d Dc

= %{w[5a+5u—cv—401{}_3“[a+u+cv_20H]
— 5w2—|—[a+CH_2U_20v]2}
1 —
+ gbg{w[5a+5u—cv—4CL]—3“[a+“+c”_2cL]

— S5wl4 a4, —2u—2¢]}
—Fu—Fd— [1—T]DR—C_iDC

1
= %{w[5a+5u—cv—4g]—3u[a+u+cv_29]_5w2
+ alateg —2u—2¢, P +[1—a]la+c, —2u—2¢,]}

(21) implies that V’s expected profit when it undertakes the competitive action is:

T, = A0+A1w+A2w2, (22)
where: .
Qo —
Ay = ﬁ[a+cH—2u—20U]2—l— gb_[a+cL—2u—20v]2
—%[a+u+cv—2g]—Fu—Fd—[l—r]DR—c_lDC; (23)
A = S [5a+bu—co—dcl; and Ay = — (24)
1 = 90 a U — Cy C|; an 2 = 9b "

Analogous calculations using (17) reveal that V’s expected profit when it undertakes the
anticompetitive action is:

7o = By + Biw+ Byw? (25)
where: . L
By = %[a+cH—2u—2cv]2+ gba[a—i-c,;—2u—2cv]2
—%[aﬂwcv—%]— F,— F;—7r D — d De; (26)



1 )
B, = %[5a+5u—cy—46]; and B, = ~ 95

From (22), (24), (25), and (27):

—v

T, — Ty — AO—Bo+[A1—Bl]w+[A2—BQ]U}2: AO—Bo+[A1—Bl]w. (28)

From (23) and (26):

AO_BO

o} l1-a
= 9:[a+cH—2u—20v]2—|— 9b_[a+cL—2u—201,]2
a , l1-a )
_ e 2w —2¢,]* - 2w -2
gb[a+cH u—2¢ | 9 [a+cp—2u—2¢,]
+%[a+u+0v—26]—%[a—ku—l—cv—QQ}
+ TDR+C_ZDO—[1—T]DR—C_ZDC
(@—al gz lo+on—2u—20) + [@-a] o7 et e —2u—2a ]
a-algrlaten—2u=-2¢ a-a]gplate —2u—2¢
2 _ —
—gple—cl+ [2r—1]Dr+[d—d] De
_ 1 2 2
[a—g]%[(a—i—cL—Qu—ch) —(a+cy—2u—2¢,)°]
2u N
—%[acH—i-(l—a)cL—ch—i-(l—g)cL]
+[2T—1]DR+[E—C_i:|DC
_ 1 2 2
[a—g]%{[a—Qu—ch] +2c¢[a—2u—2¢,]+ (cr)
—la—2u—2¢, —2cu[a—2u—2¢,] — (cu)’}
2u —
_%[a—g][cH—cL]—{—[2T—1]DR+[d—C_l}D(;
_ 1 2 2
—[a—g]%{Q[CH—CLHCL—QU—QCU]+(CH) — ()"}
6u _ —
—%[a—g][cH—cL]—i-[2r—1]DR+[d—d}DC
_ 1
—[a—g]%{Z[cH—cL][a—2u—2cv]+[cH—cL][CH—i-cL]}



+[2r—1]Dr+[d—d] Dc. (29)
From (24) and (27):

1 1
Ay — By = 9—[5a+5u—cv—4c]— — [ba+b5u—c,—4¢]

b - 90
4 4 _
= gple—c = glae+(1-a)e—ac—(1-a)c]
4 _
= la—allen—c] (30)

(28), (29), and (30) provide:

s —fv = AO—B0+[A1—Bl]w

Lo

1
%[E—Q][CH—CL][2a+2u+cL—|—cH—4cv—4w]

+ [2r—=1]Dgp+ [d—d] Dc. (31)
The conclusion follows from (18), (20), and (31). W

(1) is the profitability constraint (PC) and (2) is the behavioral constraint (BC). We now
identify conditions under which the PC and the BC both bind at the solution to [RP] and
the solution is unique. To do so, it is useful to fix Dy at an exogenous level, and define
the BC' curve as the set of (w,r) for which (2) holds as an equality, given the specified Dp.
The BC is not satisfied for (w,r) points to the left of the BC' curve in (w,r) space, which is
defined for w > 0 and r € [%, 1}. The BC is satisfied, but does not bind, for points to the
right of the BC' curve in (w, r) space.

To further characterize the PC, define for a fixed Dg:

w 2 w?
g(w,r) = %[a—l—Su—l—cv—Qg]—W—Qﬁ. (32)

(4) and (32) imply that ¢ (0,r) < 0, g(oco,7) < 0, and g (w,r) is a concave function of w,
given r. Because g(w,r) is quadratic in w, given r, the equation g (w,r) = 0 has two real
solutions if the PC holds, which are given by:

1
W, = 4_1 CL+3U+CU_2§_\/[a+3U+0v_2Q]2_24b¢ s and (33)



N 1
Wy = 4 a+3u+cv—29+\/[G+3u+0y—2§]2_24b¢ : (34)

Define the PC1 curve as the set of (w,r) for which (33) holds, and define the PC?2 curve

as the set of (w,r) for which (34) holds. Because wy > w;, the PC2 curve lies to the right
of the PC'1 curve in (w,r) space. The set of (w,r) that satisfy the profitability constraint
consists of the values of (w, ) bounded to the left in (w,r) space by the PC1 curve and to
the right by the PC?2 curve.

From (4), (33), and (34), the slopes of the PC1 and PC2 curves in (w,r) space are:

or 1 2
55 = T 35Dn \/(a+3u—|—cy—22) —24b¢ < 0; and (35)
aor 1 2
= v — 2 — 240D .
97 35 Dn \/(a+3u+c c) ¢ >0 (36)

From (2), the slope of the BC in (w, r) space is:

dr 2[a — «f

ar [en — c]
dw bDR

< 0. (37)

©

From (3), the slope of an iso-W curve in (w, r) space is:

dr 20 — W — U — C — G

dw —  18bk [r — 1] +9bDg [T — fr] (38)

*

Let w*, r*, and W*, respectively, denote the values of w, r, and W at the solution to

[RP]. Also let w*(Dg) and r*(Dg), respectively, denote the values of w and r at the solution
to [RP] when the optimal regulatory penalty is Dg € [0, Dg].

Before proceeding, we restate Assumptions 1 and Al from the text, along with Assump-

tions 2 and 3. The latter two assumptions refer to w (7)|;, which is the value of w on the j
curve when r = 7, for j € {PC1, PC2, BC'}.

Assumption Al. a > max{ay, as, as, a4, a5, Tu+2¢,, 2[u+c¢,| —cp },

where:

=]

4d[fc+DLR—fR][ '
d+d—3] & +1—fa|[d—d] -6d[1-fc]

—alleg —cr]

1
a; = §[u—|—cv~|—g]+

=t 22 22 DL o~ ] 1A allen - auls
R
az = ﬁ {3{]01%_2]004‘%]”4‘ |:fR_2fC+%l:|cv



5 4 k
_2{fR_QfC‘f‘g}Q_g[a_g][CH_CL]{fR_f _E_R]};
S5u 2 — 9b
ag = ?+Cv+§[k+DR(1—fR)} %
D 1
as = u—cv+2g+\/24b{7R+c_iDc+Fu]+36[5_Q]2[CH—CL]2

Assumption 1.

2a—2u—c—c, |’ D
i c} +24b[7R+ngo+Fu.

3(1—fr)

[a — u+cv—2g]2 > {
Assumption 2. w(%)‘PCl < w(%)‘BC and w(1)|py; > w(1)|5o When Dp = Dp.
Assumption 3. w (%){P(D > w (%)‘BC’ when Dp = Dp.

It can be shown that Assumption 1 ensures:?

a+3u+c, —2c—4w*(Dg) - %[QQ—M*(ﬁR)—U—Q—CU}
3bDpg 2k [r*(Dg) — 3] + Dr[1— fr]
. 2la—allen—al (39)

Therefore, from (35), (37), and (38), Assumption 1 ensures that when Dp = Dg, the slope
of the PC1 curve at (w*( Dg),r*(Dg)) in (w, r) space exceeds the slope of the iso-WW curves,
which in turn exceeds the slope of the BC' curve. Assumptions 2 and 3 state that if Dy = Dp,
then: (i) when r = %, the value of w on the BC' curve exceeds the value of w on the PC1
curve, and the value of w on the PC2 curve exceeds the value of w on the BC' curve; and
(ii) when r = 1, the value of w on the PC'1 curve exceeds the value of w on the BC curve.

Conclusion 2. If Assumptions 1 — 3 hold, then the solution to [RP] is unique. At this
solution, Dgr = Dgp, r € (%, 1), and the PC and the BC both bind.

Proof. The proof proceeds by first characterizing the welfare-maximizing values of w and r
for a fixed Dg € [0, Dg]. Let [RP-Dg| denote problem [RP] where D € [0, Dg]| is specified
exogenously. The proof consists of the following fourteen Claims.

2See Conclusion 4 below.



Claim 1. The BC' curve (h(w,r) = 0) is quasi-concave (so the set of (w,r) for which (2)
holds is convez).

Proof. From (2), the equation of the BC curve is:

h(w,r) = ! [

oy —alleg —cr][2a+2u+cp+cg —4e, —4w]

=]

+ [2T—1]DR+[8—Q}DC = 0.

It is apparent that h (w,r) is linear in w and r. Hence, it is quasi-concave in w and r. W

Claim 2. The PC curve (g(w,r) = 0) is quasi-concave (so the set of (w,r) for which (1)
holds is convez).

Proof. From (1), the equation of the PC curve is:
2w?

g(w,r) = %[a+3u+cv—2g]—ﬁ—¢ = 0. (40)

Differentiating (40), letting subscripts denote partial derivatives, provides:

= L lat3ute,—20]- 22, -t
gr = DR7 and Grr = Gur =0 . (41)
(41) implies that g(-) is quasi-concave if:3
0 9w o 2 2
JGw Guw Guwr Z O = Zgwgrgwr_gww (gr) — Grr (gw) 2 0
gT g’r‘w gT’f’ 4
& —gw(g)’ >0 & %(DR)Q > 0. (42)

(42) implies that g (w,r) is quasi-concave. W

Claim 3. The iso-W curves are strictly quasi-concave for all relevant values of w, r and
Dpg € [0, Dg].

Proof. From (3), the equation of an iso-W curve is:

W (w,r) = %[QG—w—u—cH—cv]Q—i-{ll;bg}[2a—w—u—cL—cv]2
2
_k[T_%] +[1=r]Dg[1l— fr]+[1- fc]d Dc = W. (43)

3Chiang and Wainwright (2005, pp. 368-370).
10



Differentiating (43), letting subscripts denote partial derivatives, provides:

« l-«
Ww:—ﬁma—w—u—qf—cv]—l gb_][Qa—w—u—cL—cv]

1 1

_ —%[QCL—M—U—Q—CU] = Www—%7
1
W, = —Qk{r—ﬁ} — Dr[1—-fr] = W, = —2k and W,, =0. (44)
As in (42), W(.) is strictly quasi-concave if:
QW Wy Wy — Wope (W,)? = W, (W) > 0. (45)

(44) and (45) imply that W (-) is strictly quasi-concave if:

Lo e Can[ Lo .
~ 5 r—5 )+ Dr(l=fo)| +2k| 7 (2a—w-u—c—c)| >

1 2

2k
< [919

(2a—w—u—c—c¢,)

> % {%G—%) +DR(1—fR)r

9b 1 2
& [2a—w—-u—c—c,]” > — |2k(r—=)+Dr(1—fr)
2k 2
26 —w—u—Cc— G 9b
& — > —. 46
2k [r— 3]+ Dall—fa] = V 2k 10)
(34) implies: 1
w < wy if w < Wy = §[a+3u+cv—2g]. (47)

Therefore, since D < Dy, it must be the case that for all w < @s:

20— wW—u—c¢Cc— ¢ 2a—w—u—c— ¢ 2a-—w—u—c—¢
2k [r— 5]+ Dr[1=fr] = 2k[1—3]+Dr[1~ fg] k+Dr[1— fr]
> 2a—%[a—|—3uicv—2g]—u—g—cv _ 3a—_5u—3cv . (48)
k+Dr[1— fr] 2[k+Dr(1~fr)]

(48) implies that (46) holds when, as is assumed to be the case, a is sufficiently large.® W

Claim 4. For any Dy € [0, Dg], there is a unique (w,r) that solves [RP-Dpg].

*Specifically, (46) holds when Assumption Al holds.

11



Proof. The objective function in [RP-Dgy] is strictly quasi-concave and the constraint set is
convex. Therefore, the problem has a unique solution. W

Claim 5. Suppose Assumption 2 holds. Then when Dp = Dpg, the PC1 curve and the BC
curve intersect exactly once. r € (%, 1) at the point of intersection.

Proof. (35) and (37) imply that the PC1 curve and the BC curve both have negative slopes.
Therefore, Assumption 2 ensures that when Dy = Dpg, the two curves intersect at least
once and they do not intersect where r = 1 or where r = 1. (35) implies that 2 ( 8‘?1)1“1) < 0.
Therefore, the PC'1 curve is convex to the origin in (w, ) space. (37) implies that the BC
curve is linear. Therefore, the two curves intersect exactly once at a point where r € (%, 1).

Claim 6. Suppose Assumption 3 holds. Then for any Dg € [O,ER], the solution to
[RP-Dg] does not lie on the PC2 curve.

Proof. % {w (%)}Pm} < 0 from (34). Therefore, w (%)|PC2
Also, from (2), w (%)} po does not change as Dp changes. Consequently, w(
w (%) ‘BC for all Dy € [O,ﬁg] if Assumption 3 holds.

increases as Dg decreases.

pe: >

(36) implies that PC2 has a positive slope in (w,r) space for all Dg € [0,Dg]. (37)
implies that the BC' curve has a negative slope. Therefore, when Assumption 3 holds,
W (r)|peg > w(r)|pe for all v € [1,1], so the PC2 curve lies strictly to the right of the

BC curve in (w, ) space for all Dg € [O,ER].

Suppose (w*,r*), a candidate solution to [RP-Dg], lies on the PC2 curve. Because the
PC?2 curve lies the right of the BC' curve in (w, ) space, the BC does not bind. Therefore,
there exist values of w € [0, w*) for which (w, r*) satisfy both the PC and the BC. (3) implies
that W is higher at all such values of (w,r*) than at (w*,r*). Consequently, (w*,r*) is not
a solution to [RP-Dg|. W

Let w (Dg) and 7(Dg) denote the values of w and r that solve the following two equations,
given D’

1 1
w(Dg) = —[a~|—3u+cv—2g]—Z{[a—|—3u+cv—2g]2

4
— 24b %(CL—FU—FCU—2§)+(1_?(DR)>DR+dDC_’_Fu}}% (49)
1 ~
_%[Q_Q][cH—cL][2a+2u+cL+cH—4Cy—4w(DR)]
= [27(Dg) —1]Dg+ [d—d] Dec. (50)

®Observe that (49) reflects (33), and (50) reflects (2).
12



Claim 7. Suppose Assumptions 1 — 3 hold. Then @ (Dg) and 7(Dg) solve [RP-Dg]. In
addition, 7(Dg) € (%, 1), the profitability constraint binds, and the behavioral constraint
binds at the solution to [RP-Dg].

Proof. Claim 5 implies that when Dy = Dy, the PC1 curve and the BC curve intersect
exactly once at (0 (Dg), 7(Dg)), where 7(Dg) € (3,1). Claim 6 implies that the feasible
solutions to [RP-Dp] consist of the (w,r) pairs that lie to the right of the PC1 curve for r €
[7(Dg), 1] and to the right of the BC curve for r € [1, 7(Dg)] in (w, r) space. Assumption
1 ensures that the iso-W curves are more steeply sloped than the BC' curve and less steeply
sloped than the PC1 curve in the neighborhood of (@ (D), 7( Dg)). Furthermore, iso-W
curves further to the left in (w,r) space correspond to higher levels of W. Therefore, the
highest feasible level of W in the neighborhood of (i ( D), 7( D)) is uniquely achieved at
(@ (Dg), 7(Dg)). Furthermore, the constraint set is convex and Claim 4 implies that the
objective function in [RP-Dg] is strictly quasi-concave. Therefore, (@ (D), 7( Dg)) is the
unique solution to [RP-Dz]. A

Claim 8. w (1 increases as Dp increases, whereas w (1 1s independent of Dp.
2 R ’ 2/ BC R

)|PCl

Proof. From (4) and (33):

0 1 1 2 -3 1
8—DR{w(§)p01} = —g[(a+3u—|—cv—2g) —24b¢ | [—246]5 > 0.
From (2): 9 1
5 v)| } -2l 0. .

Claim 9. The PC1 curve and the BC' curve are vertical straight lines when Dg = 0.

Proof. Follows immediately from (1), (2), (4) and (33). W

Claim 10. Suppose Assumptions 1 — 8 hold. Then there exists a ER € (O,ER) such that:
(i) the PC1 curve lies everywhere to the left of the BC' curve in (w,r) space if Dg € [0, Dg);

(i) the two curves intersect exactly once at r = 1 if Dr = Dg; and (iii) the two curves
intersect for some w >0 and r € (3,1) if Dp € (Dg, Dg].

Proof. From Assumption 2 and Claim 8: (i) w (%)’PCI < w (%)|BC at D = Dg; (ii)
w (%)‘ poy declines as Dp declines; and (i) w (%) pe is independent of Dg. Therefore,
w (%) ‘PCl < w (%) }BC for all Dy € [O,ﬁR]. Furthermore, as demonstrated in the proof
of Claim 5, for a fixed Dg: (i) the PC1 curve is convex to the origin in (w,r) space; (ii)
the BC curve is a straight line; and (iii) both curves have a negative slope. Therefore, the

curves intersect at most once.
13



Claim 9 implies that when Dp = 0, the PC1 curve and the BC curve are vertical lines in
(w,r) space. Furthermore, because w (%) ‘Pol < w (%) ‘BC for all Dy € [0, DR}, the PC1
curve lies to the left of the BC curve. Consequently, the two curves do not intersect.

Claim 5 implies that the PC1 curve and the BC curve intersect when Dy = Dp.

From (2) and (33), w ()] by increases and w (3) | e does not change as Dy increases
from 0 to Dg. In addition, from (35) and (37), the PC1 curve and the BC curve both
become flatter in (w,r) space as Dg increases. The claim then follows from the established
fact that for a fixed Dg: (i) the PC1 curve is convex to the origin in (w,r) space; (ii) the
BC' curve is a straight line; and (iii) both curves have a negative slope. B

Claim 11. Suppose Assumptions 1 — 8 hold. Then it is not the case that only BC binds at
a solution to [RP].

Proof. If Dg = Dg, then the PC and the BC both bind at a solution to [RP], from Claim
7. Consider a candidate solution to [RP] at which Dr < Dp and the BC is the only binding
constraint. Suppose Dpg is increased by an arbitrarily small amount. This increase in Dg
is feasible because Dy < Dpy. Following this increase: (i) the PC continues to hold because
the constraint is not binding; (ii) the BC continues to hold because the expression to the left
of the inequality in (2) is increasing in Dpg; and (iii) W increases because it is increasing in
Dg, from (3). Therefore, the candidate solution cannot be a solution to [RP]. W

Claim 12. Suppose Assumptions 1 — 8 hold. Then it is not the case that only the PC binds
at a solution to [RP].

Proof. First suppose Dg = 0 at a solution to [RP]. Then from Claim 9, the PC1 curve and
the BC curve are both vertical lines in (w, r) space. Furthermore, Assumption 2 implies that
the PC'1 curve lies everywhere to the left of the BC' curve in (w, r) space. Therefore, Claim
6 implies that if the PC binds at a solution to [RP], then the BC is violated. Consequently,
it cannot be the case that only the PC binds when Dy = 0 at a solution to [RP].

Now suppose 1 = % and only the PC binds at a solution to [RP]. w (%) ‘PC < w (%) ’BC

for all Dy € [O,ER] from Claim 8 and Assumption 2. Therefore, if the PC binds at a
solution to [RP], then the BC is violated. Consequently, it cannot be the case that r = %
and only the PC binds at a solution to [RP].

Now suppose r > %, Dpg > 0, and only the PC binds at a solution to [RP]. Since r > %
and D > 0, it is possible to find r € (3,7) and Dy € (0,Dg) such that [1 —r]Dg =
[1—1]Dpg. Observe from (1) and (4) that the PC continues to bind at (w,r, Dy). Also, if
Dgr — Dy, is sufficiently small, then the inequality in (2) will continue to hold because, by
assumption, it holds strictly when the regulatory penalty is Dgr. W is higher at (w,r, Dy)

than at (w,r, Dg) because, from (3), %—VH[lir]DR:COHStm = —2k[r—3] < 0. Therefore,

it cannot be the case that Dr =0, r = %, and only the PC binds at a solution to [RP]. W

14



Claim 13. Suppose Assumptions 1 — 3 hold. Then at a solution to [RP]: (i) Dy € [ Dg, Dr];
and (ii) w* = w(Dg) and r* =7 (DRg), as specified in (49) and (50).

Proof. From Claim 10, the PC1 curve lies everywhere to the left of the BC' curve in (w,r)
space if Dy € [0, Dg ). Therefore, because the PC and the BC both bind at the solution to
[RP] from Claims 11 and 12, it must be the case that Dy € [ Dg, Dg].

The remainder of the proof follows from (2), (4), and (33) because the PC and the BC
both bind at the solution to [RP]. W

Claim 14. Suppose Assumptions 1 — 8 hold. Then ZVDV; >0 for all Dy € (53,53).

Proof. From (1), differentiating g(w,r) = 0 with respect to Dg, using (4), provides:

[ or 1 [a+3u+cv—2g—4w} ow
Dp +

9D 3b 9Dg " (51)

From (2), differentiating h(w,r) = 0 with respect to D provides:

4 ow or
Zla- - 2r —1+2D -
gb[a allen CL]E)DR+ r + R[E)DR] 0
or 4 ow
2D —|a— — = 1-2r. 2
= R[@DR}+96[@ allen CL]@DR r (52)
(51) and (52) can be written as:
8(%1% 1—r DR a+3u+c§bf2gf4w
A = where A = (53)
(,%"R 1—2r 2Dp %[@—g][cH—cL]
Dr (4, _
= |A|] = 30 g(a—g)(cH—cL)—2(a+3u—|—cv—2g—4w) < 0. (54)

The inequality in (54) holds because:

a+3u+c,—2c—4w

D
> \/[a+3u+cv—2g]2—24b [%(a+u+cv—2g)+TR+ch+Fu}. (55)
(55) follows from (33) and Claim 6, since the PC binds at the solution to [RP]. (55) implies:

a+3u+cv—2g—4w—g[a—g][cH—cL]
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2
> a+3u+c,—2¢ —g[a—g][cH—cL]—[a+3u+cv—22]
2 u Dp
+ (/la+3u+c,—2c]”—24b %(a+u+cv—2g)+7+C_1Dc+Fu
2
= —gla—allen —c]
2 U ER
+4/la+3u+c, —2c|”—240D %(a+u+cv—2g)+7+c_iDc+Fu
> —g[a—g][cH—cL]—i— §[a—g] [cg —cp]” = 0. (56)

The inequality in (56) holds because

D 4
[a—u+cv—2g]2—24b{TR+QDC+FU > 5[@—Q]Q[CH—CL]2 (57)

from Assumption Al and because:

[a+3u—|—cv—2g]2—24b%[Q—I—U—I—CU—QQ]

= [a+u+c,—2¢)P+4ulat+utc,—2¢c]+4u?— 8ula+u+c, —2¢]

= [a4+utc,—2¢)—4dulat+u+c, —2¢]+4u?

= [a+u—|—cv—2g—2u]2 = [a—u+cv—2g]2. (58)
(54) follows from (56).
Because |A| < 0, (53) implies:
D 11—
0 Q| s R
GI;U = ‘Aﬂ = — | Q2| where Qy = (59)
R Al 2Dgp 1-—2r
(59) and (60) imply #p= = — [Qy| = Dp > 0.
(52) implies B%R < 0, since % >0 and 7 > 1.

2
Define oy = g[a—g][cH—cL] and s = a+3u+c,—2c—4w. (61)
(54) and (61) imply:
2D
|A| = 3bR[Odl—042] < 0 = Qg > O . (62)



(59), (60), and (62) provide:

D [A]  2[az— ] .
From (53):
a+3u+cy—2c—4w
or | Qs | B L= 30
5D. — TA where )3 =
R A 1—2r Ala-allen—ci]
Because 8%; < 0 and |A] < O:
4
Q3] = [1-r]gpla—allen —cL]
a+3u—+c —2c— 4w
—[1-2 = .
[ 7“]|: 3D ] > 0
(61) and (65) imply:
2[1—=r]la; [1-=27]ay
Q3| = — 0
42| 30 3b

= 2[1—r]jag—[1-2r]ay = 2[1—r|[ag—a]+ay > 0.

(63), (64), and (66) provide:

or _ 2[1;(:]&1_[1—;;]042 _ 2[1_T]a1_[1—2r]a2
ODg 2 (o — a] 2Dpl01 = as]
From (3):
W' & ey e 2
11—« Ow
— [ gb—][2a—w—u—0L—0v]ﬁ
1] or or
— 2/{;{7‘—5} aDR—DR[l—fR]aDR+[1_T][1_fR]
1 ow
= — — 2 - - - an_
9b[ a—w—1u-—Cc C”](?DR

(63)

(64)

(66)

(67)

(70)
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(62), (68), and (70) provide:

AW* 1[2____] 3
dD, _ gpttT v TUTET @

2] — as|

2[1—=r]jag —[1—=27]ay
2DR[061—012]

— [k(2r—=1)+Dr(1~— fr)]

2[1—7r][a; — as] + az
QDR[OQ—OCQ]

6

l{2a—w—u—c—c,
ap — Qg

|~ rzr-1]

2[1—r][a1—a2]+a2

QDR[OQ—O(Q] +[1_T][1_fR]

— Dgr[1— fr]

2[1—7r]lag —az]+ as
QDR[Ozl—OZQ]

1[2a—w—u—c—
6{ a-wTuTe Cv]—k[2r—1]

a1 — Q2

Q2

— [1=fr][1=7] = Dr[1 - fr] +[1=r][1 - fr]

2DR[061—062]

I
= (1= fr) g7t
N Z[al—ag]zg; _ %[Za—w—u—g—cv]
- B2 2 (1) (o - ) ] - [1- s
p

Since oy < ag, (71) implies:

aw= o 1 . *
D > 0 if §[2a—w —u—c—c,|—[1= fr]aj
El2r =1
< B2 21— ) (o~ 03) 4 )
R
2 _
where «a; = g[a—g][cH—cL] and oy = a+3u+tc,—2c—4w".

Since 2[1 —r*][ay —ad] +ad > 0 from (67), (72) holds if:

[2a —w"—u—c—c,|—[1— fr]aj < 0.

W =

Observe that (73) holds when:
3[1—frlla+3u+c,—2c—4w"(Dgr)] > 2a—w*(Dgr) —u—c—c,.

+[1—=7r][1— fr]

(71)

(72)

(74)
18



To complete the proof, we will show that (74) holds when Assumption 1 holds.

The PC binds at a solution to [RP], from Claims 11 and 12. Therefore, from (33):

a+3u+c,—2c—4w (Dg) = \/[a+3u—|—cv—2g]2—24b¢.

Consequently, (74) holds if and only if:

3[1—fR]\/[a—|—3u+cv—2g]2—24b¢ > 2a—w*(Dg) —u—c—c,. (75)

(4) and (58) imply:
la+3u+c¢,—2¢)]”—24b[¢—(1—7r)Dr—d Do —F,] = [a— u+c,—2¢c]

= [a+3u+c, —2¢c) —24b¢
= la—u+c,—2¢]>=24b[(1—r)Dgr+ d Dc + F, ]
2 Dpg
> la— u+c,—2c]”—24b 7+c_ZDC+Fu . (76)

Also, because w* > u to ensure the PC is satisfied:

2a—w(Dr)—u—c—c, < 2a—2u—c—c¢,. (77)

(76) and (77) imply that (75) holds if:

> 2a—2u—c— ¢

D
3[1—fR]\/[a— U4 ¢, —2¢]” —24b {TR—FC_lDC—i-Fu

& [1— fa)? [(a— u+c, —2c)? —24b <%+QD0+FU>]

20 —2u—c— ¢, 2
3

Assumption 1 ensures that the inequality in (78) holds. W

Conclusion 3. E will produce strictly positive output in equilibrium if ¢, > cy. V will pro-

duce strictly positive output in equilibrium if Assumption A1 holds (so a > 2 [u +c, — % ] ).

Proof. Because the BC binds at the solution to [RP], (2) implies that when Dr > 0 and/or
DC > 0:
Ccr, +cg

dw < 2a+2u+cp+cg—4e, = 2w < atu+ —2¢,. (79)

Therefore:
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cr, + cy

atu+c,—2w—2cyg > atut+c,—a—u— +2c¢, —2¢cH

cr, +cm

— 3¢, —
¢ 2

—2cy > 3lcy,—cy|] > 0if ¢, > cp.

Consequently, (11) implies that z. > 0 if ¢, > ¢y .
Since w > 0 and ¢, < cy, (10) implies that if a > 2 [u—i—cy — %], then:

1 1
T, = %[a+w+q—2u—2cv] > %[OWCL—Q“—Z%] >0. H

Proof of Observation 1.

The proof follows directly from the proof of Conclusion 2. W

Proof of Observation 2.

From (1), differentiating g(w,r) = 0 with respect to a, using (4), provides:

i[a—i—3u—|—cv—2g]a—w—4—w [aw} +33[g]

b da  3b @ Jda
2w 2u
- gyl —altgpler—al =0

[w—ul[cg —ecp]. (80)

— [87“] N [a~|—3u—|—cv—2g—4w] ow

2
3b Jda 3b

From (2), differentiating h(w,r) = 0 with respect to a provides:

4 ow — | or
2 _ 9D . | 8
op [@—allen CL]ag+ R{ag}
1
+ %[cH—cL][2a+2u+cL+cH—4cv—4w] =0
— [ or 4 ow
= 2D |5t |+ gy @ allen -l G
1
= —%[CH—CL][2a+2u+cL+cH—4cv—4w]. (81)
(80) and (81) can be written as:
or 2
da 53 lw—ullen —cr]
[A] = ; (82)
g—z —& cy —cpl|[2a+2u+cp+cey —4de, —4w]



where A is defined in (53) with Dy = Dg. Since |A| < 0, (82) implies:

or | Tra| s
da — = — T
O |A | R
where
%[w_u][CH—CL] a+3u+c§b—25—4w
YT, =
_ﬁ[CH—CL][2a+2u+cL+cH_4cv_4w] %[a_g][CH_CL
1
= | Tr| =

W[CH—CL][8(5—9)(10—“)(%—%)

+ (2a+2u+c+cg—4e,—4w)(a+3u+c, —2¢c —4w)] > 0.

(83)
The inequality in (83) reflects (33) and (79). The inequality implies 2° < 0.
Similarly, since |A| < 0, (82) implies:
ow | Twa | s
. = -— = — Twa
da |A| [ Toa |
where
Dg Zlw—ullcg —cr]
Twa =
2Dr  —g5lem—cp][2a4+2u+cp + ey —4e, —4w]
= | Tual = —9—];[cH—cL][2a+2u+cL+cH—4cv—4w+12(w—u)}
Dg
= —W[CH—cL][2a—|—cL+cH—4cU—|—8w—10u]. (84)
From (79):

2a+c,+cg—4c, +8w—10u > 4w —-2u+8w—10u = 12[w—u] > 0. (85)

: ow
(84) and (85) imply | Tye | <0 and so 32 > 0.
From (1), differentiating g(w,r) = 0 with respect to @, using (4), provides:

1 4 —
—[a+3u+cv—29]a—w——w [&U} +DR[8T}

3b oa 3b | oa | —

— | or at+3utc,—2c—4w | ow
= DR{@—E}—F{ 30 }a—a = 0. (86)



From (2), differentiating h(w,r) = 0 with respect to @ provides:

4 ow — [ or
%[a—g][cH—cL]a—a+2DR[a—a]
—i[cH—cL][2a+2u+cL+cH—4cv—4w] =0
— | or 4 ow
= QDR[%]—FQ[OC—Q][CH—CL]%
1
= ﬁ[cH—cL][2a+2u+cL+cH—4cv—4w] (87)

o 0
[A] = , (88)
g—% ﬁ[cH—cL][2a+2u+cL+cH—4cv—4w]

where A is defined in (53). Since |A| < 0, (88) implies:

or | Tra | s
a_ - = — Tra
oa | A [Yral
where
a+3u+tcy—2c—4w
0 3b
T,,‘a =
s lem—cerl[2a+2u+cp+ep—de, —4w]  gpla—allen — ]
1
= |Ta| = —27b2[cH—cL}[2a+2u+cL+cH—4cv—4w]
Jla+3u+c,—2¢c —4w] < 0. (89)

The inequality in (89) reflects (33) and (79). The inequality implies 2= > 0.
Similarly, since |A| < 0, (88) implies:

aw | Twa ’ S
A = - Twa
da N [ Yos|

where
Dp 0

2Dr  glem—cr][2a+2u+cp+cg —4e, —4w]
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-l

R

= ‘Twa’ - 9

S

lcg —cp][2a4+2u+cp+cyg—4c, —4w] > 0.

. . . . . . . Sw
The inequality in (90) reflects (79). The inequality implies 52 < 0. H

Proof of Observation 3.

From (1), differentiating g(w,r) = 0 with respect to k, using (4), provides:

3b ok  3b | ok

— lf)r} [a+3u+cv—2g—4w
= DR — | +

ok 3b

4 —
i[a+3u+cv_2g]8_w__w{8w}+DR[8T} =0

|

From (2), differentiating h(w,r) = 0 with respect to k provides:

4 ow —
%[Q_QHCH_CL]%'f'?DR[_
or 4
= QDR[%}—FQ[O(—Q][CH—CL]
(91) and (92) can be written as:
o 0
|t =
S 0

where A is defined in (53). Since |A| < 0, (93) implies:

0
or |T7’k| s
@ 2 _|T| where Y, =
5% N | Tyr | where T, .
0
= [Tul =0 = = =0

(93) also implies:

Tur| s
w = [ Yo | = — |Tur| where T,

Ok N

ok
ow
%—0.
]:0
ow
% 0.

a+3u+cy—2c—4w

(90)

(91)

(92)
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= [Twr] =0 = =— =0. W

Proof of Proposition 1.

From (1), differentiating g(w,r) = 0 with respect to D¢, using (4), provides:

or — a+3u+tc,—2c—4w | Ow
D = = d. 94
oDe " 30 oDe ¢ (54)

From (2), differentiating h(w,r) = 0 with respect to D¢ provides:

4 ow ar -
%[a—g}[cH—cL]aDC+2DRaDC—l—d—c_l—0
or 4 ow -
= 2Dn 55 %[Q_QHCH_CL]aDC = — [d—d] (95)

(94) and (95) can be written as:

or d
oD @

Al = ) (96)
oDc - [d-d]

where A is defined in (53). Since |A| < 0, (96) implies:

d a+3u+cy—2c—4w
A s = 30
8?; = |\A1]| = — |Ay| where A} = B (97)
: ~[d-d]  gla-allen—el
4d — v —2c —4
= A = g—g[a—g][cH—cLH[d—g}[a+3“+cgb £ w} > 0. (98)

The inequality in (98) follows from (33). (97) and (98) imply 8%”0 < 0.

From (1), differentiating g(w,r) = 0 with respect to d, using (4), provides:

1 ow 4w | ow — | or
3b[a—l—3u+cv Q]ad 3b[(’9d}+ R{ad] 0

= 0. (99)

- D g N a+3u+tc,—2c—4w | ow
"l od 30
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From (2), differentiating h(w,r) = 0 with respect to d provides:

4 ow — | or
%[a—g][cH—cL]%+2DR{a—a]+Dc =0
— | or 4 ow
= 2DR|:—_:|+%[6—Q][CH—CL]E = — D¢
(99) and (100) can be written as:
or
EYi 0
A - ,
94 —De

0 a+3u+cy —2c—4w

T s 3b
6_7: = [T | = — |T;| where Ty =

o1~ [A Do

a+3u—|—cv—2g—4w} or
>0 = —
od

= |T1| :DC 3

From (1), differentiating g(w,r) = 0 with respect to d, using (4), provides:

1 ow 4w | ow — [ or

%[G—F?)U—I—CU—QQ](?—Q—%|:a—d:|+DR|:—ad:|—DC =0
— | or a+3u+c,—2c—4w | ow

- Pl [ - e

4 ow or
%[a—g][cH—cL]%+2DR[%]—DC =0
or 4 ow
= 2DR{a—d}+%[a—chH—cL]a—d = D¢
(103) and (104) can be written as:

ER a+3u+c§b—2g—4w g_; DC

D) 4 [= Jw -

2DR %[Oé—g][CH—CL] ‘od DC

g5 la@—allen —cp]

(100)

(101)

(102)

(103)

(104)
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or

od D¢

& [A] = , (105)
ow
od De

where A is defined in (53). Since |A| < 0, (105) implies:

a+3u+tcy—2c—4w
oIS Do 50
— = = — |%y| where ¥; = (106)

S on = DC[ (107)

From (55):

4
a—|—3u+cv—2g—4w—g[@—g][cH—cL]

D
> \/[a+3u+cv—2g]2_24bl%(a+u+cv—2g)+TR+c_iDc+Fu}
4. _
—gla—allen —c]. (108)

Also, (58) implies:

D
[a+3u+cv—22]2_24b{%(a+u+cv—2g)+TB+ch+Fu}
2 Dp
= [a—u+cv—2g] _24b|:T+C_ZDC+Fu:| (109)

(108), (109), and Assumption Al imply:

a+3u+cv—2g—4w—g[a—g][CH—CL]

D 4
> \/[a—u+cv—2g]2—24b TR—l—C_ch—i-Fu} —g[a—g][cH—cL]

> \/%6[@—Q]Z[CH—CL]2—%[@—g][cH—cL] _ 0. (110)
(107) and (110) imply:
5| = %[%(5—g)(cH—cL)—(a+3u+cv—2g—4w)] <0. (111
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(106) and (111) imply 2¢ > 0. W

Proof of Proposition 2.

Since |A] < 0, (53) and (96) imply:

ow A s
g _ el ey
D¢ | A
where o
Dp d
A2 == _
2D — [d—d]
= |Ay| = —Dg[d—d]-2Dgrd = —Dgld+d] < 0.
(112) and (113) imply 7= > 0.
Similarly, (101) implies:
ow  |Ta| . Dr— 0
== = Ta = — |To| where Ty =
od |Al 2Dp - De
— ow
= |T3|= —DrDe <0 = — > 0.
| T | r Do 53
In addition, (105) implies:
ow S| . Dr Dc
2 = 1A = — |Xy| where ¥ =
- | | QER DC
— ow
= |¥3] = —=DgDec < 0 = %>O. [ |

Proof of Proposition 3.
From (1), (2), and (3), the Lagrangian function associated with [RP] is:

e} 2 I—a 2
= 22 -—w—u—cy—c,]*+ 2a —w—u—cp —
£ 18b[ a—w—u-—cg—Cyl { 13 }[ a—w—u-—Ccp— G

~ k3] + -1 DalL - fa] + 1 felaDe

w 2 w?

(112)

(113)

(114)
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a—
+ u{—[ 96_] ey —cr)[2a+2u+cp+cg—4e, —4w]

+ [QT—I]ER+ [a—d} Dc}
where ¢ is defined in (4).

Differentiating (115), using (4), provides:

o£ 1 — — —
g —215[70——} —Dp[l—fr] +\Dg + 24D = 0
or 2
— — 1 —
& ADp +2puDi = Qk{r—ﬁ]—l—DR[l—fR]; and
1—
% = —%[Qa—w—u—c}[—cv] - { gbg}[Qa—w—u—cL—cv]
1 4w dla—allcg —cp]
A — v —2¢) — = = =
+ 3b(a—|—3u—i—c c) Sb}—i-,u 9D 0
o Matsute —2c—du)+ plazallon—cr
30 v 90
= l20-w-u-coc]
= gpl2a-w-u-—c-oc].
(117) and (118) can be written as:
A s l2a—w—u—c—c,]
[M] = _
7 2k [r— 5]+ Dgr[1— fr]
5 la+3u+c, —2¢ —4w] —4[57%[?’*%]
where M =
Dg 2Dp
= |M| = -D Ma_QHCH_CL]—i[CH—i%u—{—c —2c —4w]
- & 9b 3b v
= —|A] > 0.
From (119):
o= |M“|, where
| M|
s la+3u+c, —2¢ —4w] 5 2a—w—u—c—c]
M, = - -
DR 2]{3[7‘—%}—}—133[1—](‘]3]

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)
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(116) implies that at a solution to [RP]:

17 — _ _
—2/5{70—5] —Dr[l1— fr]+ADgr+2uDr = 0

2k 1
20 = — — = 1—fr. 12
= A+2u D, {7‘ 2}+ fr (123)

From the envelope theorem, (4), and (115):

dW* oL -
Do —Eﬁ%<—[1—kﬂd—Ad+M[d—ﬂ

= [1—fold —ANd+pd—2pd+pd

= [1—-fold —[A+2pld+p[d+d]. (124)

(123) and (124) provide:

jg; = [1—fc]gz—[%—i<r—%)+1—f4d+u[8+c_ﬂ
) [T O e P )
= d [fR—fc—%—i(r—%)]Hl%‘[3+d] (125)
5 |M|c_l[fR—fc—%—i(r—%>}+|Mﬂ|[E—H_Z}. (126)

The equality in (125) reflects (121). (126) holds because | M | > 0, from (120).

Recall o = 2[@—a|[cyg —cp] and @y = a+3u+c¢, —2¢—4w from (61). Define:

a3 = 2a—wW—U—C—Cy. (127)
Then, from (122):
1 1\ —
| M| = %[a+3u+cu—2§—4w]{2k<r—§)+DR(1—fR)]
—L[Qa—w—u—c—c]ﬁ
9% ¢l Dr

- e[k (r 1) +Pai-s)] - Ss D)
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:%{og[%—i(T—%)-F(l_fR)]_%a3}. (128)

(120) implies: -

|M| = [ag —aq] . (129)

(126), (128), and (129) provide:

o s ia e to- 2 (e D) i [T+
_ %[aral]d[ﬁ—fo—%—i(r—%”
+E—§{a2{3—i(r—%>+(1—f}2)]__0‘3}[8“'9”
- %[az—ozl]d{ER(fR—fc)—2k<r_%)]

+ i{o&{% (T—%)%‘ﬁR(l_fR)}_@0@}[3—{_(—” (130)

_ i[ag—al]dk{T—l]—l—Qk {r—l}ag[ﬁﬂl]

3b 2| " 3b 2

b 2los—anld Dalfn—fol+ 28 [aa(1- ) - %] [+a] (3D
:4_0216_”;[74_%]—%[QQ]dk[r—ﬂ+§—Z{r—%]a2[8+d}

+%[a2—almmf3—fc]+%[cw(l—fR)—%]Wd]
_%dk{r_%}—{—%{r—%]&g[—Qd—{—(E—i-d”

+%[az—alumm—fcw%[am—ffe)—?][3+d1
a8 [ He-
+%[a2—a1}4mm—fo]+%[az(l—fw—%][3+d}- (182)

AV
@l

. (See the
30

ay > ap from (62). Furthermore, Assumption 1 ensures as[1 — fg]



proof of Conclusion 4 below.) Therefore, (132) implies that % > 0 if fr > fco.

a1 is independent of Dy and asy and as are bounded above. Consequently, [ag —ay | Dg
— 0 and [@2(1—fR> ——}DR—> 0 as D — 0. Therefore, as Dp — 0:
2 Dp s ] _

—b[a2—041]£l [fR—fc]ﬂL% Oéz(l—fpb)—g [d+d] — 0. (133)

Recall that a%} > 0 and ‘9” < 0. Therefore, ggl =0 and 80‘2 < 0. Consequently,
when Dy, is sufficiently close to 0, the first two terms in (131) are Strlctly positive, so (131)

and (133) imply § dW >0. N

Proof of Proposition 4.
From (3), using (97) and (112):

e —L[Za—w—u—c—c]—aw
dDc N 9b - Y 0D¢
2k (r— 2 4 Dr(1— ) | 2 1 [1- fold
_ r_ - _ A _
R &) 3De c
1 | As |
pu —_—— 2 —_— —_— —_— —
9b[a w—u-—c Cv]\A]
- | Ay
— 2k(T--)+DR(1—fR) ’A‘—l—[l—fc]d ;O
o H=——[2a-w-u—c—c]| A
= —gpl2a-w-u—c—c]lh
1 —
-2k 4P I - fela 1Al 200 s
The inequality in (134) holds because |A| < 0.
Recall from (61) and (127) that:
2
o = g[a—g][cH—cL], s = a+3u+c,—2c —4w, and
a3 = 2a—wW—U—C—Cp. (135)

Since |A;| > 0 from (98):
1

> 9b[2a— w—u—c—c,|As]

2k (r—5)+Da(l~fa) | 1Aa] + (1~ fe] d|A]
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B _%[M—w—u—g—%ﬂf\ﬂ— [+ Dr (1= fr)] | A

+[1-feld|A] = G(w) (136)
where, from (98), (113), (120), (135), and (136):

G(w) = %ﬁ]{[a—{—i]—[lﬂ—l—ﬁ}z(l—f}z” {4—%(@—@)(6}1—@)4-(3—@) %
—[1_f0]d{2??bﬂ {az—g(@—g)(cﬂ—q)}. (137)

(127), (135), and (137) imply that G(-) is linear in w. Therefore, G (w*) > 0 if: (i)
G (0) > 0; (ii) G (w) > 0; and (iii) w* € [0,w], where w = §[a+3u+ ¢, —2¢].

(108) implies that w* < w. To determine when G (0) > 0, note that (135) and (137)
imply:

a3 — o =S 2d — (0D
G(w) = Q—ZDR[d+g}—[k+DR(1—fR)] [3—ga1+(d—g)%} (138)
—[1—fo]d{2£R1[a2—a1]
_ D k =
_ %DR{dw]—g—Hﬁ—Rﬂ_m] (2das + (d—d)as)]
—[l—fc]d{QBiR][az—m] = %é(w), (139)
where é(w) = %[3+g}—[_i+1—f3} [2da1+(a—g)a2]
3 Dg
—2d[1— fe][az— aa]. (140)
(135) and (140) imply
CNJ(O) = E[C_Z—FQ][QCL—U—CU—Q]— [_i—i-l—fR] [a—g“a—i-?nt—l—cv—g]
3 Dr
—2@[1—fc][a+6u+cv—g]—2(_1[f0+ _i—fR}al. (141)
Dgr
Since a > Tu+ 2¢, from Assumption Al:
2a—u—c,—¢c > a+6bu+c,—c > a+3u+tc,—c. (142)
(141) and (142) imply:
6(0) > {1[8+g]—[_i+1—f3} [E—Ll}—2C_l[1—fc]}[2(l—u—€y—g]
3 Dp
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—2d{fc+ E%—fg]al. (143)

(135), (143), and Assumption Al imply that G (0) > 0 (and so G (0) > 0, from (139)) if:

1= k —
—[d+£l}—{_—+1—f3} [d—d]—2d[1- fc] > 0. (144)
3 Dr
It remains to demonstrate that G (w) > 0. From (135) and (137):
_ 1 v —2¢] = 1=
G(w) = 9% {QG—U—Q—CU—CH_SUZC Q]DR[d—i-Lﬂ

i{7a_7u_42g_5cy}_1%[3+6_”—[/{Z—FER(l—fR)} Z;—C_l[a—g][CH—cL]
+[1-fcld [Q?f)bR] %[a—g][CH—CL]
N % {7@—71;—420—500}131%[2(1]_ [k+Dr(1— fr)] %l[a—g][cH—cL
+ [1-fold [25)5{} %[E—QHCH—CL]

2 [Ta—Tu—2¢c—5¢,|— _ 4
Q{Qb{a u4§ C]DR—[k+DR(1—fR)]

2D 2
S gla[2Re] 2 (145
3b
Assumption Al ensures:

% {7@—7u—429—5CU}ER > [k+Dgr(1- fr)] %[a—g][cH—cL] . (146)
(145) and (146) imply G (w) > 0.

Finally, observe that since d +d > 2d, (144) holds if:

[Eich—fR] [d-d]+2d[1-fe] < 2d

33



Proof of Proposition 5.
From (4) and (115): dW* oL -
dd od ‘
Proof of Proposition 6.
From (4) and (115):

dW* ot
4~ 94 [1—fc]De—ADe —pDe = Dol — fo—A—p]

= Dc[1—fo —(A+2p)+pu]. (147)
Since A +2p = 3—’; [r—1]+1— fr from (123), (147) implies:
dWw= 2k 1
= D 1— — e — = 1—
o R A RO
2k 1 k
C[fR / Dpg (T 2) M] C{fR e Dn (148)
(148) implies:
* k
If d;/‘; < 0, then it must be the case that fo > f 5o (149)

From (117) and (118):
3ANa+3u+c,—2¢c —dw]+4pla—allecpg—cL] = 2a—w—u—c—cy,

and
2k 1
)\: | T — = +]_— —2 .
DR|: 2] Ir 2
Therefore:
2 1
3{_—k (r——) +1—fR—2u} la+3u+c,—2c —4w]
Dpg 2

+ dpla—allecg—cr] = 2a—w—u—c—g¢,
= —6pula+3ut+c,—2c—4w]

+3{2k (r—1>+1—f3][a+3u+cv—2g—4w]

Dn 2
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+d4pla—allecg —cr] = 2a—w—-—u—c—c¢,
= 6ulat+3utc,—2c—4dw|—4pla—alleg —cr]

2 1
= 3[_—k<r——)+1—fR} [a4+3u+c,—2¢c —4dw]—[2a—w—u—c—c¢,]
Dgr 2

2
= 6u{a+3u+cv—2g—4w—§ (a—a)(cyg—cp)

2k 1
= 3|:_—<7“——)+1—ij| [a+3u+c,—2¢c —4dw]—[2a—w—u—c—¢]
Dgr 2

3[%—’;(r—%)+1—f3][a+3u+cv—2g—4w]—[2a—w—u—g—cv]

= e
a 6la+3u+tc,—2c—4dw—2(a—a)(cy—cp)]

(150)

Assumption 1 ensures the numerator in (150) is positive. Therefore, because p > 0, the
denominator in (150) is also positive. Consequently, (148) and (150) imply:

aw* k

id <0 & fr—1Ff _%_R[T_%]+N<O & y(w) <0 (151)
where
v(w) = G[fR—f —%—i(r—%)] [a—l—3u+cv—2g—4w—§(a—g)(cH—cL)1

2k 1
+ 3[_—(T——>+1—f3} [a4+3u+c, —2¢c —4w]
Dg 2

C[2a—w—u—c—c] (152)
=+ 20 = 6[in—so -2 (1= )| [ersure—2c - S@-a)en—a)

+ 3[3—k(r—1)+1—f3] la+3u+c,—2c]—[2a—u—c—c¢,] (153)
Dgr 2

el 3o (D] (2 en
ol (D] (1)) i
ol (D] 3-8 roa e
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—6[fR—fc—%—’;(r—é)]g[a—gu@—m. (154
Define ngZ[fR—f —%—i(r—%)]Jr{%—i(r—%)ntl—fR} (155)
:1—|—fR—2fc—%—];{r—%] < 14 fa—2fo. (156)
(154) and (155) imply:
7(0) = [3p—2Ja+[9¢+1]u+t[3p+1]c,—[6p—1]c
-6 fo -5 (r-3) |3 @-allor-a
— 3plat3uten—2¢]—[2a—u—cy—c]
6| sn-to -3 (r-3 ) |3 E-allen—cl (157)
~ 4(0) <0 o 3plat3uten—2¢]—[2a—u—cy—c]
<olfn-to -2 (13 )| Fle-allon-al. 0

Since r € [1,1], (158) implies:
v(0) < 0 if 3pla+3u+c, —2¢|—[2a—u—c, —c]
< 6| f-fo - 5| 3 lo-allon - (159)
— —= | - |0—Qa||Cg —C .
M E aflen —cr
(156) and (159) imply:
v(0) < 0 if 3[1+fr—2fc|la+3u+c,—2¢c]—[2a—u—c,—¢
k

2 _
fafo - 5| 3l allen - (160)

< 6

& 3 1+fR_2fC_§:|a < [-9(1+fr—2fc)—1]u—[3(1+fr—2fc)+1]c,
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(@ —al[er —cr]

Wl N

+ [6(1+fR_2fC)_1]Q+6{fR_fC —Ei}
R

s [fR—2fc+§]a < - {1+fR—2fc+ﬂ3u— [1+fR—2fc+ﬂcv

Ql

+ [1+fR—2fc—é}2Q+{fR—fc—bi]g[ —allen —cr]
R

s {fR—2fc+1}a < - {fR—2fc+9]3u— {fR—2fc+§}cv

3 9
) 4 k
+ |:fR_2fC+g}2Q+g[a_g][cH_CL]{fR_f —E—R}
1
= ~(0) < 0 if fR—QfC—i—g < 0 and Assumption A1l holds. (161)

From (33), w < W = §[a+3u+ ¢, —2c] at the solution to [RP]. From (152):

1@ = =6 |-t -5 (=3 ) | 2a-allen-a)

[ a+3u+c,—2c

— | 2a— 4 —U—C— Gy
2k 1 2

= =o|fumte -5, (r-5) |5 Im-allon-al

1
— Z[7a—3u—cv+2g—4u—4g—4cv]

_ _4{fR—fC —ﬁ(r—l)] (@ —al[en —ex]— g[7a—Tu—5e,~ 2]

< _4[fR_fC _E%] [a—g][cH—cL]—}1[7@—7u—5cv—2g] < 0. (162)

The last inequality in (162) reflects Assumption Al.

Observe from (152) that «y (w) is linear in w. Therefore, since w < w at the solution
to [RP], ~(w) < 0 for all relevant w if v(0) < 0 and v (w) < 0. Consequently, the
proposition follows from (149), (161), and (162). W
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Proof of Proposition 7.

(148) implies:

dw* [ 2k 1
- D ]_— - f—— - = 1—
i = De[1-te= (5[5 ]+ 1)+
[ 2k
== D - i — = +
C_fR f DR(T 2) M]
[ k k
>DC fR—f —_—+,LL >0WhenfR—fc—_—>0. .
i Dp Dr
Conclusion 4. (39) holds if Assumption 1 holds.
Proof. Assumption A1l ensures:
k
7a—7u—5cv—2g> 16|:b—+1—fR:|[a—Q][CH—CL]. (163)
R
Observe that:
ﬁ[Qa:w*(ﬁR) —ﬁ—g—cv] Q[a—g][_CH—CL]
2k |[r*(Dgr)— 3|+ Dr([1— fr] 9bDpg
& 2a—w(Dg)—u—c—c,
2k [ . — . 1 B
> 2[_—<r (DR)——>—|—1—fR}[a—g][cH—cL]. (164)
Dpg 2
Since r*(Dg) € [4,1], (164) holds if:
— k
2a —w*(Dg)—u—c—c, > 2 E_+ 1—fR} [a@—a]lew —cr]. (165)
R

Because w*(Dpg) < 1la+3u+c, —2c]:

1
2a —w(Dg) —u—c—c, > ZQ—Z[G—FSU—I—CU—?Q]—U—Q—CU

1 1
= Z[8a—a—3u—cv+2g—4u—4g—4cv] = Z[?a—?u—5cv—2g].
Therefore, (164) holds if
1 k
—[Ta—Tu—5¢c,—2¢c] > 2|=—+1—fr||a—allcg —cL]. (166)

(163) implies that (166) holds.
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It remains to show that when Assumption 1 holds:

a—|—3u+cv—2_g—4w*(ER) N %[2a:w*(33)—ﬁ—g—cv}'
3bDp 2k [r*(Dgr) — 3]+ Dr[1— fr]

Assumption 1 holds if and only if:

D
3[1—fR]\/(a—u+cv—2g)2—24b(7R+c_lDC+Fu) > 2a—2u—c—c,. (168)

(167) holds if and only if:

— 1| 2a—w(Dg)—u—c—oc,
a+3u+c,—2c—4w(Dg) > = — = . 169
L ( R) 3[2_]; T*DR)_%)+1_fR] ( )
Since r*(Dp) > 3:
2a —w* (D) —u—c—c, 2a —w*(Dg) —u—c—c¢,
25 [r(Dr) = 5] +1 - fr 1—fr

Therefore, (169) holds (and so (167) holds) if:

2a —w*(Dg) —u—c—c,

— 1
3 v —2c—4w(Dg) > =
a+3u+c c w*(DRg) 3 -

& 3[1—fr]la+3u+c,—2c—4w*(Dg)] > 2a—w*(Dg)—u—c—c,. (170)
Since w*(Dg) > u to ensure non-negative upstream profit for V:
2a —w*(Dp)—u—c—c, < 2a—2u—c—c,.
Therefore, (170) holds (and so (167) holds) if:
3[1—frl[a+3u+c,—2¢c—4w*(Dp)] > 2a—2u—c—c,. (171)
From (4):
[a+3u+c,—2c]”—24b¢

= [a4+3u+4c,—2¢c]>—24b %(a%—u—{—cv—Zg)—l—(1_7~*(ER)>ER+c_ZDC—{—Fu}

— [a—|—3u—|—cv—2g]2—8u[a+u+cv—2g]—24b[(1—7“*(53))53+c_lDC—i—Fu}
= [a+3u+c,—2c)?—8ula+3u+c,—2¢c —2u]

— 24b[(1—7*(Dg)) Dr+ d Dc + F, ]
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= [a+3u+c,—2c) —8ula+3u+c, —2¢]+16u?
— 24b[(1—7r*(Dg)) Dr+ d Dc + F, ]|
= [a+3u+c,—2c —4ul*—~24b[(1—7*(Dg))Dr+ d Dc + F, ]

= la—u+c,—2c]”—24b[(1—7"(Dg)) Dr+ d Dc + F, |

1 —
> [a—u—l—cv—2g]2—24b[§DR+c_1DC—|—Fu]. (172)

The inequality in (172) holds because r*( Dg) € (

N

1),

(33) and (172) imply:

_ 1 —
a+3u+c,—2c—4w(Dg) > \/[a— u+cv—2g]2—24b{§ DR—i—c_lDCqLFu}

= 3[1—frlla+3u+tc,—2c—4w(Dg)]

Z 3[1—fR]\/[CL— U+CU—QQ]2—24[)|:%ER+QDC—|—FU:|. (173)

(168) and (173) ensure that (171) holds (and so (167) holds) when Assumption 1 holds. W
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Technical Appendix B

This appendix identifies conditions under which the behavioral constraint (BC) does not
bind at the solution to [RP] and characterizes the optimal regulatory policy in this case.

Observation B1. V'’s equilibrium expected profit increases as E’s output increases if and
only if V'’s upstream profit margin (w —u) exceeds its equilibrium downstream profit margin
(P—u—c,).

Proof. g—i: = w — u + P'(-)z, from (6). Furthermore, given x., V’s profit-maximizing
choice of x, is determined by g%: = P(-) —u—c¢, + P'(-) z, = 0. Therefore:

o, > > u

oz, w—u—(P()~u—c) 20 & w—u Z P()-u—c,.

Observation Bl implies that V' will not wish to raise E’s cost when V’s upstream profit
margin exceeds its equilibrium downstream profit margin. Lemmas B1 and B2 help to
identify exogenous conditions under which V' will have no incentive to raise E’s cost in
equilibrium.

Lemma B1. When Dg > 0, the PC curve and the BC' curve both have a negative slope
and the PC' curve is more steeply sloped than the BC' curve in (w,r) space. When Dy = 0,
both the PC' curve and the BC' curve are vertical straight lines in (w,r) space.

Proof. The first conclusion reflects (35) and (37). The second conclusion reflects Claim 8 in
the proof of Conclusion 2 in Appendix A. W

L 12— w(d —U—C—Cy 1
From (38): @ = _95[ <2)}PC = ] at r = —, and
oW | gy — g Dgr[1 - fr] 2
g — _%[2CL—U}(1)|PC—U_Q—CU] at r = 17 (174)
Ow | g — o k+Dr[1— fr]
where:
(1) Hat3ut e —2¢]
w( = = —[a u+c,—2c
27 per 4 X
1 D 2
_Z([a—u+cv_2g]2—24b TR+QZD0—|—Fu:|) , and (175)
1
w(l)|pe, = Z[a+3u+cv—2g]

6Observe that P(-)—u—c, can be viewed as V’s marginal opportunity cost of providing access to E (Baumol,
Ordover, and Willig, 1997).
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M

1
—Z([a—u—l—cv—ZQ] —24b[d Dc+ F,])? . (176)
(175) and (176) follow from (1) and (4) because:
[a+3u+cv—2g]2—24b%[a+u—l—cv—2g]
= [a+3u+c,—2c)] —8ula+u+c, —2¢]
= [a4+3u+c,—2¢c]?—8ula+3u+c,—2¢]|+ 16u?
= [a+3u+c,—2¢c —4u]® = [a—utc,—2c]*. (177)
Also, from (2):
1 d—d] D 1
w( =) = — _[ d] Do +-[2a+2u+cL+cyg—4c,], and (178)
2 o5 [ a]len—c] 4
Dr+[d—d]Dc 1
w(1)] = — — — +—[2a+2u+cr+cg—4c,]. (179)
" o5 [T—a]len—c] 4
Proposition B1. Only the PC binds at the solution to [RP] if
d—d|D
a—u+tcpteg—5c,+2¢ < 5 _[ _} c
o5 [7—a] [en —cL]
—(l[a—u+ec,—2c)*—24b[d Do+ F,])2. (180)

Proof. The proof proceeds by demonstrating that: (i) the PC1 curve, the BC' curve, and
the iso-W constraints are all downward sloping in (w, r) space; (ii) the PC1 curve is more
steeply sloped than the BC curve; (iii) the PC'1 curve lies to the right of the BC' curve at
r=s

Lemma B1 establishes that both the PC'1 curve and the BC' curve have a negative slope
in (w,r) space, and the PC1 curve is everywhere more steeply sloped than the BC' curve
for r € [3,1]. (175) and (178) imply that w (%)|BC < w (%)‘PCl when (180) holds, so the
PC1 curve and the BC' curve do not intersect and the BC' curve lies to the left of the PC'1
curve (and the PC2 curve), and so is not constraining (since an iso-W curve that is closer

to the origin in (w,r) space represents a higher level of W, from (3) ).

Finally, note that 57— ([a —utc,—2¢)’ —24b [22 +d Do+ F,|) < 0. Therefore,
the inequality in (180) Wlll hold for all Dy > 0 if it holds for Dp =0. N

Proposition B2. If only the PC binds at the solution to [RP], then r* = %
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Proof. When only the PC binds, [RP] is as specified in Conclusion 1, except that the BC in
(2) is omitted. Let Lp denote the relevant Lagrangian function in this case. Then:

oL 1

OTB = —2k[r—§]—DR[1—fR—)\]; (181)
ocy 1 A |

o = —9b[2a—w—u—g—cv]+3b[a~|—3u—|—cv—2g—4w],and (182)
0Lp

oD [1—r][1—=fr — Al (183)

The remainder of the proof consists primarily of the following findings.

Finding 1. r ¢ (3,1) at the solution to [RP].

Proof. If r € (3,1) at the solution to [RP], then (181) implies:

1
Drll—fr —A] = —2]@[7"—5]. (184)
Continuing to let £ denote the Lagrangian function associated with [RP], (183) and (184)
imply: oL 2k 1
ﬁ:[1_T][1_fR_/\]:_D_R[r_§“1_r]' (185)

(185) implies % < 0 for all Dr > 0 because r € (%, 1) by assumption. Therefore, Dr = 0.
Consequently, from (181), for all r > :

oL
or
(186) implies 7 ¢ (3,1) at the solution to [RP].

_ —Qk[r—%]—DR[l—fR—/\] _ —Qk[r—%] < 0. (186)

Finding 2. It is not the case that = 1 and Dr = 0 at the solution to [RP].

Proof. From (181), %‘DRZO

Dr = 0 at a solution to [RP]. W

= —Qk[r—%] < 0 for all r > % Therefore, r < 1 if

Finding 3. Suppose

2a—w'—u—c—c¢, > 3[1—frlla+3u+c,—2c—4w"], (187)
1 2a —w*—u—c—c
h = —; D = 0; \* = - : d 188
where T 57 Dr ; 5at3utc—2c—dw] an (188)
1 1 1
w* = Z—l[a+3u—|—cv—2g]—Z([a—u+cv—2Q]2—24b[ch+Fu])2. (189)

Then these values of r*, w*, Dg, and \* satisfy the necessary conditions for a solution to
[RP].
43



Proof. (182) implies that A\* must be as specified in (188) to ensure g—i = 0. Because

A* > 0, the PC must hold as an equality. (175) implies that w* must be as specified in (189)
to ensure the PC holds as an equality when Dg = 0 and r = %

(183), (187), and (188) imply that if r < 1, then for all Dr € [0,Dg]:

oL
9D

20 —w—u—c—c
= [1—r][l—Ffr -] = 1— fr — = 7 0. (190
[ rll Ir ] Ir 3la+3u+c, —2¢c—4w*] < (190)

(190) implies that when (187) holds, D must be 0 to satisfy the relevant necessary condition
for a solution to [RP] when r < 1.

From (181), %‘DR:O = —2k[r—1] < 0 for all r > 1. Therefore, r must be 1 to

satisfy the relevant necessary condition for a solution to [RP] when D =0. W

Finding 4. Suppose \* and w* are as specified in (188) and (189), respectively, and:

k
2a —w  —u—c—c, > 3[D——|—1—f3] [a4+3u+c, —2c—4w"], (191)
R

where v* =1 and Dpg € (0, ﬁR} . Then these values of r*, w*, Dg, and \* satisfy the
necessary conditions for a solution to [RP].

Proof. (182) implies that A* must be as specified in (188) to ensure 2% = 0. Because \* > 0,
the PC must hold as an equality. (176) implies that w* must be as specified in (189) to
ensure the PC holds as an equality when r = 1.

Since Dr > 0, (181) and (188) imply:

oL

ok _zk[r_ﬂ—DR[l—fR—A*] = —k=Dp[l=fr = X] >0

r=1

20 —w*—u—c—c k
s )\ = = k > — 41— . 192
3la+3u+c, —2c—4w*] — DR+ Ir (192)

(192) holds when (191) holds. Therefore, when (191) holds, » = 1 satisfies the relevant
necessary condition for a solution to [RP].

From (183), % =[1-r][1—fr —A] =0 forall Dg € (0, Dg]. Therefore,

=1 _
when r = 1, any Dy € (0, D R] satisfies the relevant necessary condition for a solution to
[RP]. W

Finding 5. Suppose \* is as specified in (188) and

20 —w*—u—c—c, < 3[1—frlla+3u+c,—2c—4w*], (193)
1 —
where r* = 3 Dr = Dg, and (194)

. 1
w' = —[a+3u+c, —2c]



1 D 2
—Z<[a—u+cv—2g]2—24b 7R+c_lDC+FuD ) (195)

Then these values of r*, w*, Dg, and \* satisfy the necessary conditions for a solution to
[RP].

Proof. (182) implies that A* must be as specified in (188) to ensure g—f} = (0. Because \* > 0,
the PC must hold as an equality. (175) implies that w* must be as specified in (195) to

ensure the PC holds as an equality when r = 1.

2
If D > 0, then (181) and (188) imply:

oL

20— W —u—c— ¢,

1—fr. 1
3la+3u+c, —2¢c—4w*] < I (196)

<0 & A\ =

(196) implies that r must be % to satisfy the relevant necessary condition for a solution to
[RP] when Dpg > 0 and (193) holds.

From (183) and (193), if r < 1, then 7= = [1—r][1— fz —X"] > 0 forall Dy €

[O,ER}, so Dp = Dy satisfies the relevant necessary condition for a solution to [RP]. W

Finding 6. Suppose 2a —w* —u—c—c¢, = 3[1— fr]la+3u+c, —2c—4w"], (197)

where r* = %; A =1— fr, and w* and Dg solve:

* 2 (w*)? D
%[a+3u~l—cv—2g]— (;Ub) = %[a+u+cv—29]+7R+c_ch+Fu. (198)
Then if Dg € [0, Dr], these values of r*, w*, Dg, and \* satisfy the necessary conditions

for a solution to [RP].

Proof. (182) implies that \" = 3 20wl _u_C_C__ at g solution to [RP]. Therefore, \* =

[a+3u+cy —2c—4w*] ]
1.

1 — fr when (198) holds. Consequently, (181) implies that when r* = 3

oL
0Dpr

(1) and (4) imply that when r = % and (197) holds, the PC is as specified in (198).

2
Therefore, under the stated conditions, the identified values of r*, w*, Dy, and \* satisfy

the necessary conditions for a solution to [RP], provided Dy € [0,Dgr]|. R

= [1—=r][1=fr—=X] = 0 forall Dg € [O,ER}.

Observe that the sets of values of r*, w*, Dy, and \* identified in Findings 3 — 6 are
the only potential solutions to [RP]. This is the case because 7* ¢ (1,1) at the solution to
[RP]. Therefore, the only possible solutions to [RP] are of the form: (i) r* = 3, D = 0;
(ii) r* = 1, Dg = Dg; (iii) r* = %, D € (0,Dg); (iv) r* = 1, Dg = 0; and (v) r* = 1,
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Dy € (0, Dg]. Finding 1 precludes possibility (iv). The other possibilities are accounted for
in Findings 3, 4, 5, and 6.

Finding 7. If (191) holds. Then W*(r* = %, Dr=0)=W*(r*=1,Dp>0)+ %,

Proof. (189) implies that if (187) and (191) hold, then w*(r* = %, Dp = 0) = w*

29

(=
Dpr > 0). Therefore, (187) holds if (191) holds. The conclusion then follows from (3). W

Finally, suppose that only the PC binds at the solution to [RP]. Then Findings 3 — 6
imply that if » = 1 at the solution to [RP], then (191) must hold. However, Finding 7
implies that if (191) holds, then r # 1. Therefore, r = 1 because r ¢ (3,1), from Finding
1. |

1
2
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