Technical Appendix to Accompany
“All Productivity Increases are Not Created Equal”
by A. Bose, D. Pal, and D. Sappington

Section I of this Technical Appendix provides detailed proofs of the formal conclusions
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I. Detailed Proofs of Formal Conclusions in Bose et al. (2014)

Proof of Lemma 1.

in Bose et al. (2014). Section II provides additional conclusions. The ensuing analyses refer
to the following key formulae from Bose et al. (2014).
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Following the analysis in the proof of Lemma 2 (below), it is readily verified that the

borrower that is indifferent between applying for funding and not applying is located at:
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(9) implies that the lender’s (expected) profit when he sets sharing rate [ is:
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The conclusions in the Lemma follow immediately from (11). W

Proof of Observation 1.

Substituting (11) from into (10) reveals that the lender’s (maximum) profit in the sym-
metric information setting is:
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The welfare of entrepreneurs in this setting is:
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The equality in (13) follows from (9) and (11). From (12) and (13), welfare in the symmetric
information setting is:
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The conclusions in the Observation follow directly from (14). W

Proof of Lemma 2.

An L entrepreneur’s expected payoff from applying for funding is [1 — ¢|p, S V. The L
entrepreneur located farthest from the lender that will apply for funding is the one for whom
this expected payoff equals his transactions cost:
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The analysis for the type H borrower is analogous, and so is omitted. W



Proof of Lemma 3.
Substituting from Lemma 2 into (1) reveals that the lender’s profit when he sets sharing
rate [ is:
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Differentiating (15) provides:
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It is readily verified that 7(-) is a strictly concave function of /3, that agé-) ‘5 < 0, and
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that > 0 when assumption 1 holds. Therefore, (4) follows directly from (16). W

Proof of Lemma 4.
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(4) and (20) imply that 7* is as specified in (5). B

Proof of Lemma 5.

From (2) and Lemma 2:
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Substituting from (4) into (21) provides (6). (7) is derived in analogous fashion.
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Proof of Lemma 6.

It is apparent from (4) that 8 increases as V' increases and as I decreases. Furthermore:
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Proof of Lemma 7.
From (4):
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Proof of Proposition 1.
It is apparent from (5), (6), and (7) that
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From (6):
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The inequality in (28) holds because 2pgV — I > 2[pyV —I| and z > 0. The inequality
in (29) holds because p,V — I < 0.

Also from (7):

oW 2
i =t [0up (=0 b+ G py b 220rpe[L— ol [V — 1]

22 {2ty [opp2 (1 — @)t + by ph 1] 6, P2 [1 — g

+ [dop2 (1= 0 tu + bppid®ts] }

= 2¢,pr [1—q’tu [V — 1] [6, 0] (1 — 0)*tu + dy P ¢° tr]
— [Boupi 1— 0ty + ouphd’t] 2 < 0. (30)
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Proof of Proposition 2.
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Proof of Proposition 3.
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The inequality in (35) holds because pyV —1 > 0 > p V — I.
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Lemma A2. D; is monotonically increasing in py. Furthermore, there exists a py, € (0, py)
such that D; < 0 for p; € (0,pr) and Dy > 0 for p; € (Pr,pH)-

Proof. From (42):
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Furthermore, from (42):
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Lemma A3. There exists a p;, € (0, py) such that 2 < 0 for p; € (0,p) and gp%z >0

~ opr,
for pr € (pr,pH).

Proof. The proof follows immediately from Lemmas Al and A2 since N; > 0 for all
pr € (0,py). This conclusion follows from assumption 1, since ¢ > 3. O

From (7):
o = [oush (1=t oy t]” 220, [0 tu 2V~ 1)
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—2pr{éypud®tLlpuV — I+ ¢, 1L [1— gty oLV — I}
13



= oppi [ —a’tu (2pV — 1 =2[prV — 1}
+ Oupn ¢ to{pu 20V — 1] = 2p1 eV — 1]}
= dppi (L —d’ tul — dypmdte[pm —2pr] 1. (45)
(44) reveals that % < 0 if p, < 5 (since z > 0). (45) reveals that % > 0 if
pL > %pH

From (8):
ow=*
opr — (erri(l- )ty + Sy h ] 22 0L (1= a)” tu 2pLV — 1]
— 2*2¢,pr[1—q’ ty
L 2pV =1 [¢rpi (1 — ) tu + by pid’to] —pr2 (46)
= 2pV =1 ¢ 97 (1 — ) tir + ¢ PFr 4 1]
— pr{oppL(l - a” tu prV — I+ ¢y pu P tr [paV — 1} (47)
= ¢ypa ¢ to{pn 2pV — 1] —pr[prV — I}
+ ooy [1— gty {2pLV — 1 = [pLV -1}
= ¢upud®te proeV — (pu —pr) I+ 6 P2 [1—q* tupLV . (48)
Since z > 0, (46) implies that % <0 if p, < #;. Also, (48) implies that %%* > 0 if
I
pLpuV > lpg —prll & PEED >
From (6):
[1—q] VoL
wr = |—————= , 49
L [ 37, w (pr) (49)
where:

pr{dppe (1 —d® tu oLV — I+ ¢y pr P to [puV — 1)} .

(50)
orpi (1 - Q]2tH + ¢y vy ¢*tL

w(pr) =

(49) and (50) imply: oW

Ow (pr)
= 0 as
opr,

opr,

= Z 0. (51)

From (50):

w(pL) = pr

v_ (oL 1= g tu + ¢upud*ts I
¢rp} (1= )"ty + oy Pl 1L

¢p [1=q)* ty g tr
o |V |:¢Hqu2tL]pL+ [¢Hqu2tL
= L —

oL (1=t | 2 by ph atr
|:¢Hqu2tL ] Py + [¢Hqu2tL




Let A = 2elidltn e (52 implies:

— ¢y pHG L
ApL—I—l) ] Ap%-l-pL
wipr) = p V—(—I:Vp——l
(pr) L{ Ap? +pm PUlAR +pu
— Vo {Ap%erHerL—pH}] Vo {1+ pL —Pu }I
Ap: +pu Api +pu

(53) implies:

Ow(pr) _ \, | APL+pr—(pr—pu) 2Ap1) |,
Opr (Ap} +pu)’
_ v —Apl +pu (1+2Apy) 7
(AP%+]9H)2

[Ap? +pul’V = [- Ap} +pu (1 +2Ap)| T < 0
(Ap%+pH)2
it [ApE +pu]’V+ [Ap: —pu (1+2Ap)] 1
= A2pLV +2AptpuV +pyV + Apl I — pul — 2Apppu 1
= APV 4+ ApL I+ 5V —pu I +2Ap;puV —2ApLpn I
= APV AP T+ pulpagV — 1 +2Ap. (pV —1) > 0.

Lt h(pon) = puV —T+2Ap [V — 1]

¢, (1—q)ty

=V I+ 2p [V — 1) |22
b prpr ][ Sy pru s

= pupu Pt lpuV — I +2¢,p[1— g tu [pV — 1] .

%IE > 0 when ¢ is sufficiently close to 1.

(51), (54), (55), and (56) imply that

(55)

(56)

The systematic losses identified in the Proposition are illustrated in Table 1 in the text.

The data in the table were derived using Mathematica. W

Proof of Corollary 1.
From assumption 1:

¢y pu [paV — Ity + ¢ppr [pV — Ity > 0.

Therefore, h (p) > 0 from (56), and so %‘ZE > 0 from (51), (54), and (55) if:

2
¢ >2[l—q® & ¢ > V2 = 0.58579. W
1+2
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Proof of Corollary 2.
The data in Table 2 provide a proof of the corollary. W

Proof of Proposition 5.

As noted in the text, the proposition is an immediate corollary of Proposition 4 since the
relevant increase in p; can be made arbitrarily large relative to the increase in py. W

Proof of Proposition 6.

From (5), the lender’s profit in this setting when she implements screening accuracy ¢ is:

(g, C) = =*(q) = Cla), (57)
where: )
) = Lnpn@telpnV = 1)+ éupn (L =0t (prV — D) (58)
ditpty [on vl a?te + érp} (1 —q)" ty]
Let ¢* = argmax II(¢,C). Also let II* = II(¢*,C). Then:
q
I II(- I1(- * I1(-
ar aa<> +{aao }gq _ a@() (50)
dpr PL g =g 4 lg=¢+) 9PL PL g = ¢

o - di* 3 or*
The last equality in (59) reflects the envelope theorem. (57) and (59) imply that ¢~ = 7.

From (8), total welfare in this setting when the lender implements screening accuracy ¢
at cost C'(q) is:

= _ 3[oupndts(puV =)+ épr (1= @) tu (prV = )]’

W@.C) 8trty [on vl ?te + ¢pp3 (1— q)* ty] ~C@. @)
(57), (58), and (60) imply:
W0.0) = 30— = 3 |7@-3c0)]
= 2@ - Cw] = Sn.0), where Clg) = 2C (o). (61)
(61) implies:
[g] dW (g,C) _ dll(g,C) _ dll(g,C) o7 (9)
3 dpr, dpr, Ipr o opr g=g*
2 9W (¢,0) 20w
3w | aam (62)
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dW(g,C) 5 ow*
dpr, Opr °

The second equality in (62) reflects the envelope theorem. (62) implies that
Therefore, the conclusion in the proposition follows from Proposition 4. W

II. Additional Conclusions.

Let I1° denote the level of maximum expected profit the lender can secure when she: (i)
pays 0 to each entrepreneur whose project either fails or generates the unfavorable signal; and
(ii) makes the same strictly positive payment to each entrepreneur whose project succeeds.

Conclusion 1. The lender cannot secure a level of expected profit strictly above II° by in-
troducing two distinct payment pairs, (Sy, Fy) and (Sr, Fr), where S; is the payment the
lender delivers to the entrepreneur when his project succeeds after he reports his project to
have success probability p;, and where F; is the corresponding payment when the project fails.

Proof. It is convenient to focus on the setting where the lender always finances some projects
in equilibrium and where the i entrepreneur can ensure project failure by delivering no effort,
whereas he can secure success with probability p; > 0 by delivering an infinitesimally small
level of effort (with associated infinitesimally small cost). Therefore, if the lender promises
a strictly positive payment to the ¢ entrepreneur, she will set S; > Fj.

Let w(p; | pi, x) denote expected welfare of the entrepreneur at location z with success
probability p; under the (S;, F;) contract in this “screening setting.” Because the lender
finances an entrepreneur’s project if and only if she observes the favorable signal about the
project:

w(pr |pr,x) = [1—q][prSp+ 1 —pr) Fr] —tra;
w(pm |pr,x) = [1—q][prSup+ (1 —pr) Fu]—tra;
w(py |pu.x) = q[puSu+ (1—pu)Fu)—tyz; and
w(pr |pm, =) = qlpu S+ (1 —pu) FL] —tyx. (63)

(63) implies that when he reports his project quality truthfully, the location of the i entre-
preneur (i € {L, H}) farthest from the lender that applies for funding is:

xrr, = [pLSL—i—(l—pL)FL] and g =
f}L tH

(63) also implies that to ensure truthful reporting of project quality (which is without loss
of generality), it must be the case that:

w(pr |pL,x) > wpw|pr,x) < pLSL+[1—pL]Fr > prSu+[1—pL] Fu; and (65)

w(py |pu,x) > w(pL|pu,x) < puSu+[l—pu|Fag > puSc+[1—pu) Fr. (66)
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Because a successful project generates payoff V' and an unsuccessful project generates
payoff 0, the lender’s expected profit when the entrepreneurs report their project quality
truthfully is:

¢ror[1—qllpL (V —S1) — (1 —pr) Fr — 1]
+ ¢prrqlpe (V —Sy)— (1 —pg) Fg—1]. (67)

(64) and (67) imply that the lender’s problem, [LP], is:

Maximize %[1 —q*[pr Se+ (L —pr) Fr] [pr (V = Sp) — (L —pr) Fr, — I

+ %QQ[Z?HSH+(1—pH)FHHpH(V—SH)_(1_pH)FH_I]

subject to (65), (66), Sp, >0, F;, >0, Sy >0, and Fy > 0.

Let Ay and Mgy denote the Lagrange multipliers associated with constraints (65) and
(66), respectively. Then the necessary conditions for a solution to [LP] include:

Lr, = 0= gP 1= pu) IV — =200 80+ (1- pu] 7))
+ Au[1—pr] = Aur[1—pu] < 0; [Lp, | Fr, = 0. (68)
Ls, = f—f[l—q]QpL[pLV—I—2(pL5L+[1—PL]FL)]
+ Aeapr — Aarpn < 05 [Ls, ]S = 0. (69)
Lp, = f—gf[l—plf][pHV—f—Q(pH5H+[1—PH]FH)]
— )\LH[I—pL]—i—)\HL[l—pH] S 0; [LFH]FH = 0. (70)
¢

~
n
Il

" t_Hq2pH[pHV_]_2(pHSH+[1_pH]FH)]
o

— Aeppr+ A grpr < 0; [Ls, | Sy = 0. (71)

Result 1. Apy > 0 andso pr.Sp+[1—pr]Fr = pr Sy +[1 —pL] Fu -

Proof. Suppose Ay = 0. Then since p,V — 1 < 0 and p; Sp +[1 —pr|Fr > 0, (68)
implies that F, = 0 and (69) implies that S;, = 0. Because the lender always funds some
projects in equilibrium, it must be the case that Fy > 0 and/or Sy > 0. But then:

0 = pLSc+[1—pL|Fr < pLSu+[1—pL|Fu,

which violates (65). W
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Result 2. Fy = 0.
Proof. Suppose Fg > 0. Then Sy > 0 since Sy > Fy. Therefore, from (70) and (71):

A 1-— — A 1—
¢—Hq2[pHV—I—2(pHSH+[1—pH]FH)] _ A1 =pr] = Anr 1= pu]
H 1 —pu

ALH DL — AHL PH
b

= )\LHpH[l_pL] = ALHpL[l_pH] = Mg =0

since py[1—pr| > pr[1— pg|. But this contradicts Result 1. W

Result 3. Sy > 0.

Proof. If Sy =0, then Fy = Sy = 0, from Result 2. Consequently, F;, > 0 and/or S > 0,
given the maintained assumption that the lender finances some projects in equilibrium. But
these payments violate (66). W

Result 4. If F;, > 0, then Sy = [*V, as defined in (4).
Proof. Suppose F;, > 0. Then S;, > 0 since S; > Fp. Therefore, from (68) and (69):

A 1-— —A 1-—
L1 g (peV — 1= 2(p Sy + [1—py) Fy)) = 2ellmpe) = Aur[L =]
tr 1 —-pL
_ AHLPH — ALH PL (72)
pr
= Aprpr[l—pu] = Aurpu[l—pL] = Augr =0
since pr, [1 —pu] < pu [l —pr]. Therefore, from (72):
oL 2 _
ol oV =1 =2(pr Sy + [1=pe ] FL)] = = Aunr
L
Furthermore, since Sy > 0 from Result 3, (71) implies:
¢_Hq2[pHV_I_2(pHSH+[1_pH]FH)] = ALm [p—Ll (73)
ty b

(72) and (73) along with Results 1 and 2 imply:

;b_HqQ[pHV_I_QpHSH]+%[1_q]2[pLV—]—2pLSH]{p_L} =0
. L
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= buypapaV —Ite+érpr[1—q)* [pV — Ity

= 28y [6pp2 (1= q)*tu + by i d®ts ]

S5, = oo [1—a’ [V — Ity + éppn @ [pnV — It _ 5.

2[¢rp2 (1—q)’ty + oyl ats]

Result 5. The single payment pair (Sg, Fg) = (S, Fr) = (8*V,0) is a solution to [LP].

Proof. Results 2 and 4 imply that (Sy, Fg) = (5*V,0) at the solution to [LP]. It remains
to show that the lender cannot secure a strict increase in expected profit by introducing a
distinct (Sp, Fr) payment pair that satisfies Result 1.

Observe from (64) that x;, will be unchanged by the introduction of a distinct payment
pair that satisfies Result 1. Furthermore, the lender’s expected profit from financing a low
quality project under any distinct payment pair that satisfies Result 1 is:

prlV =S| —=[1—=pc]Fr—1 = ptV—[pLSp+Q—p)Fr] -1 = pr[V—-Su] -1

which is precisely the lender’s expected profit from financing a low quality project under the
(Sw,0) payment pair.

Therefore, the lender cannot secure a strict increase in expected profit by introducing a
distinct (Sp, F) payment pair that satisfies Result 1. W

The Setting where Locations are Observable

Definition. The full-information outcome is the outcome the lender would implement if she
could observe each entrepreneur’s location and the quality of his project.

In the full-information outcome: (i) the lender only funds the projects of H entrepreneurs;
(ii) an H entrepreneur whose project is funded secures no rent; and (iii) the lender funds all
projects with an expected payoff in excess of relevant investment and transaction costs.

Conclusion 2. Suppose the location of each entrepreneur is observable. Further suppose
tr, > ty. Then the lender can secure the full-information outcome.

Proof. Let x* be defined by the equality pyV = I + tyz*. Suppose the lender offers to
an entrepreneur at location = < x*: (i) 5,V if his project succeeds; and (ii) 0 if his project
fails, where 3, = ;I’jf/ An H entrepreneur at location x < z* who applies for funding
under this contract secures expected profit:

tH.I
prV

An L entrepreneur at location x < z* will not apply for funding because his expected profit
under this contract is:
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tHJI
prV

tHZL’
prV

]V—th<pH{ }V—t}[l’:o

pLB,V —trx = pr {
The lender’s expected profit on the project she funds for the entrepreneur at location x
is:
puV —tgzx
pu[l=03. 1V =1 = pyV {—

-1 = V—-tgae—1 =1 —x]. (T4
P 1 =V twe T = tule =] (7

(74) implies that the lender will fund all projects with an expected payoff in excess of relevant
investment and transaction costs (i.e., she will fund the projects of all H entrepreneurs
located at = < z*). N

The Setting where Each Entrepreneur has Wealth w > 0

Consider the setting where the lender: (i) funds a project if and only if the project generates
a favorable signal; and (ii) pays an entrepreneur who applies for funding 7° if his project is
not funded, T if his funded project succeeds, and T* if his funded project fails.

Definition. An H entrepreneur’s gross expected payoff if he applies for funding is ¢ [py T° +
(1—pu)TF¥] + [1—¢]T°. An L entrepreneur’s corresponding gross expected payoff is
[1—q][poT%+ (1 =p) T"] +qT°.

Conclusion 3. Among all lending arrangements that ensure at least gross expected payoff
7 > 0 for an H entrepreneur, the arrangement that minimizes the gross expected payoff for
an L entrepreneur has TH = T° = —w.

Proof. The lending arrangement that minimizes the gross expected payoff for an L entre-
preneur while ensuring at least gross expected payoff 7 > 0 for an H entrepreneur is the
solution to the following problem, [P]:

Mazimize —{[1—q]|[prT°+ (1 —p)T"] +qT°}

TS, TF, T0
subject to:
) ¢[paT5+ 1 —pm) TF] +[1—q]T° > 7 (75)
75 > —w; TF > —w; and T° > — w. (76)

Let A\ denote the Lagrange multiplier associated with constraint (75) and let A2 A and
A\’ respectively, denote the Lagrange multipliers associated with the three constraints in
(76). The necessary conditions for a solution to [P] include:

T3 —pr[1—q]l+Apuqg+X2° = 0. (77)
T . —[1=p][1=q]+A[1=prlg+ 2\ = 0. (78)
T°: —q+A[1l—q]+X" = 0. (79)
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Adding (77) - (79) provides:
AN =1 = A A NN e [0,1]. (80)
Suppose A = 0. Then (77), (78), and (79) imply:
Moo= pr[l—q] >0, M = [1—pr][1—¢q] > 0, and \° = ¢ > 0.
Consequently, T° = TF = T° = — w, which violates (75) since 7 > 0. Therefore, A > 0.

Suppose A’ = 0. Then from (79), A\ = 1 > 1 (since ¢ > 1), which violates (80).
Therefore, \° > 0, and so T° = —w.

From (77) and (78):

2\ 1— A
)\{])—H}q—l——:l—q:)\[ pH}q—F

DL DL 1—-pL 1—-pr
1— A 2\
= )\{p—H— pH}q: - = M s (81)
p.  1l—pL 1—-pr 1

The last inequality in (81) holds because ’;—’L{ > 11:212’, g > 0, and A > 0. The last

inequality in (81) implies that 77 = —w. N

Definition. The setting with observable project quality is the (hypothetical) setting in which
the lender can observe perfectly the quality (i.e., the success probability) of each entrepre-
neur’s project.

Conclusion 4. In the setting with observable project quality, the lender secures expected
profit ft—i’{ [pgV — 1 ]2. She does so by delivering to each H entrepreneur that applies for

funding a gross expected payoff of % [pgV — I]. This payoff induces all H entrepreneurs in

. VI .
the interval [0, b i } to apply for funding.

Proof. Let my denote the gross expected payoff the lender provides to an H entrepreneur
that applies for funding. An H entrepreneur at location x will apply for funding as long
as my —tyx > 0. Therefore, H entrepreneurs in the [0, zy(7y)| interval will apply for

funding, where vy (my) = 2.

The lender’s expected profit when she promises gross expected payoff my to each H
entrepreneur that applies for funding is:

Wrw) = ouonlan) pnV 1 =7 = 22 [V —I—my]. (82

The value of my that maximizes II(7y) is determined by:

1
HI(T('H>:O = —7TH+pHV—[—7TH:0 = W%Z—[pHV—[]. (83)

2
22



(83) implies:

v () = i[mv—l]. (84)
(82), (83), and (84) provide:
i) = | 92| SlonV =11 [paV = 1= Juv =D | = 2y -1 m

pr[l—q]|[paV—1]
= 2[qgpar—prL(1—q)]

fT}II{ (puaV —1 ]2, the same expected profit she secures in the setting with observable project
quality.

Conclusion 5. Suppose w . Then the lender can secure expected profit

Proof. Conclusion 4 implies that the lender can secure expected proﬁt [pH V-1 ] if she

can ensure that no L entrepreneur applies for funding when the lender offers expected gross
proﬁt [pgV — I] to each H entrepreneur that applies for funding. From Conclusion 3, if
the lender delivers this expected gross profit to H entrepreneurs in the form that minimizes
the expected gross payoff of L entrepreneurs:

1[pHV—I] = q[puT° = (1 —pu)w] —[1-qlw

2
g 1
= qpuT° = §[pHV—I]+w[1—q+q(1—pH)]
TS = L{l[pHv_Juwu—qu]}. (85)
qpu |2

The expected profit of the L entrepreneur located at x = 0 under these financing terms is:

[1—q][peT°—(1—pr)w] —quw < 0

& [1—qlpeT’ < wlg+(1-q)(A—p)] = w[l—p(1-q)]
s 1-p(-9q
e = w{ pr(1—q) } (86)

(85) and (86) imply that no L entrepreneur will apply for funding under these financing
terms if:

1 1-— 1 - 1-—
2qpn qpo pr(1—q)
1 1-— 1-— 1-—
2qpn pr(l—q) qpH

& %pL[l_Q][pHV_I] < w{qpu[l-pL(1—=q)]—pr[l—q][1—qpu]}
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& %pL[l_QHPHV_I] < wi{gpy —q1—qlprpu —pr[1—ql+q[l —qlprpu}

& %pL[l_quHV_I] < wlqpy —pr(1—q)]

o w > pL[l—q][pHV—I]_ -

2[(gpa —pr(1—q)]

The Setting with Lender Competition

For simplicity, we consider a symmetric setting with two lenders in which each entre-
preneur applies to at most one lender for funding. Lender 1 is located at % and lender 2 is
located at g. The two lenders have the same screening accuracy (q), and all entrepreneurs
face the same transaction cost (so t;, = tg = t).

We focus on settings in which, in equilibrium: (i) all H entrepreneurs in [g, %] apply

for funding, but all L entrepreneurs do not; and (ii) some L entrepreneurs and some H
entrepreneurs in (0, g) and in (g, 1) do not apply for funding. To do so, we assume the
entrepreneurs’ transaction cost is intermediate in magnitude, i.e.:

mazimum {t1, ta} < t < t3 (87)
where:

o 8piq[30uprd® (puV —I)+4¢,pr(1—q)? (pV —1)]
1 — 9

240,02 [1—q)* + 17 ¢ 1% ¢
o Spa[3upndt (puV — D) 440, (- eV -1)]
2 — 9

8,12 [1—q)* + 50y 0% ¢+ 20y prpL @

o 8pu q[3upud® (puV —1)+4¢,pr(1—q) (pLV —1)]
3 — .

86,02 [1—q” + 70y 04 ¢

Let (; denote the sharing rate offered by lender i € {1,2}. Also let z;, < g and
Tror > % denote the locations of the L entrepreneurs who are indifferent between applying
to lender 1 and not applying for funding. It is readily verified that:

3 [1—qlpVB 3  [1—qlpVB

= - — d T = —
Zro1 3 ; and  Tro1 3 + ;

(88)

Let x50 < % denote the location of the H entrepreneur who is indifferent between
applying to lender 1 and not applying for funding. Also let Ty € (%, g) denote the location
of the H entrepreneur who is indifferent between applying to lenders 1 and 2 for funding. It

is readily verified that:
apuV By — Bl

V R 1
qp%ﬁl and Ty = 5T oY . (89)

Lro1 —

3_
8
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The profit of lender 1, given sharing rates 5, and f3,, is:

(81, B2) = op (1 —q][peV (1= By) = I][ZTro1 — 2oy

+ ¢ qlpaV (1= By) —1][Th — 2yn)

= 6o 11— a][peV (1 - 8y) - 1) 2LV

t bualpnV (- py) 1) | 5 + PV BZ P ] (90)

The last equality in (90) reflects (88) and (89).

(90) implies that firm 1’s profit given sharing rates 8, and 3, can be written as

(81, By) = al—i—agﬁl+a3ﬁ%+a451ﬁ2+a562, (91)
where:
. ¢HQ[PHV—[],
ay = 9
8
_ 21 —qPoppV [PV = 1] | 3¢°¢upuVipuV —1] dyapuV
Qa2 = + - )
t 2t 8
20,02 (1—q)° 3¢y ¢
4y = — ¢ i ( q) + Pr P4 V2.
t 2t
2 G V? V? V-1
0 = CuPRCVE o~ Cupn Ve [pn I (92)
2t 2t
Let x4, < % and Troo > g denote the locations of the L entrepreneurs who are

indifferent between applying to lender 2 and not applying for funding. Also let Tggo > g
denote the location of the H entrepreneur who is indifferent between applying to lender 2
and not applying for funding. It is readily verified that:

[1_(]]va52' _

; y ooz =

[1—q]pLV B, )

e = 2
_LO2_8 t

and

THo2 =
The profit of lender 2, given sharing rates 3, and f3,, is:
m2(B1,82) = ¢p[1—q][pV (1= Bs) = I[Tro2 — 100]

+ Opalpa V(1 —3y) —1][Thoo — Tn

= bul1—ql[peV (1 - ) - 1) 2OV e
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+oualpnV (1 -y — 1) [ 54 LB A) g

The last equality in (94) reflects (89) and (93).
(94) implies that lender 2’s profit given sharing rates ; and [, can be rewritten as:

m2(By, B2) = bi+ b2 By + b3 B+ ba By By + b5 By - (95)
Differentiating (91) and (95) provides:

or on
3_51 = as+2a3B; +asBy = 0 and 8_52 = by +20308,+byf; = 0
o2 e [ [B ] _ el o [A] _ _[20 w }‘1 [ as }
by 205 | | B, by B, by 205 | | b
- 1 2b3 — Q4 a2 _ 1 2b3a2—a4b2
B dagbs —agby | —bs 2as by B dasbs —agby | —bsas+2a3by
a4bg—2b3a2 b4a2—2a3b2
S A A d g5 = —= 96
~ 51 4(13 b3 — Q4 b4 an 52 ( )

4a3b3 —CL4b4 .

The symmetry in (90) and (94) and in (91) and (95) ensures that a; = b; for i =1,...,5.
Therefore, from (96):

% % CL4CL2—2CL3CL2 CLQ[(I4—2(13] Qo
p— p— _— = — - = . 97
fi & 4a2 — a? [2a3 +aq][2a3 — aq] 2a3+ a4 (97)
From (92):
 ouph PV 20,0 (1—q)°  3¢uphd®|
2ag +as = 2t 2 t Ty v
1
= _E[8¢Lp%(1_Q)2+5¢Hp%{q2]V2 < 0. (98)
(97) and (98) provide:
2ta2
Bl = B = : (99)
T (8o (- + 50 ph a? ] V2
From (92):
1
ay = g{lG[l_QPQprLV[pLV_I]+12q2¢HpHV[pHV_]]_¢quHVt}
1
= g{16[1_Q]2¢LpL[pLV_I]+¢quH[12(pHV_I)q_t]}V' (100)
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(99) and (100) imply that the equilibrium sharing rates are:

e e 16[1—qPopprlplV — I+ uapu[12(paV —I)q—1t] _ .
TR 4[8¢,07 (1—a)° + 50505 ]V =7

o8*

oL < 0 1in the setting with lender competition.

pL =0

Conclusion 6.

Proof. From (101):
g}i = (86,0t (1—q)? +50up5 ] [16(1—q)° ¢ (2pLV —1)]
— [16¢,pL (1 —0)* ¢rpr] [16(1—q)* dppr (pLV — 1)+ ¢ apu (12[puV —I]q—t)]
= [2pV—1I][8¢,p7 (1—q) +56u0hd° |V
— pr [16(1—q) ¢ppr (pLV —I) + ¢y apu (12[puaV —I]qg—1t)].

= o8 = —51¢yp5¢*V < 0. N
8pL pr =0

ow?
Opr

Conclusion 7. > 0 for pr sufficiently close to 0 in the setting with lender competition.

Proof. The equilibrium aggregate welfare of L entrepreneurs who secure funding from lender

1 is:
3

Wi = ¢L[fzol_§zo1][1_Q}vaﬁ*—¢Lt[/8 (§_5> df"‘ﬁm (5_2) dJ

.
Zr01

1/3 .\ 1/, 3\
2 §_£L01 +§ xL(n_g

_ 20,0 @)pVBT dut [2 (L= p VBT

{2(1 - qt)pLVB*}

= ¢p [1—q|pVB —opt

t 2 12

The second equality in (102) reflects (88).

(102) implies that, due to the symmetry in the problem, the equilibrium aggregate welfare
of all L entrepreneurs is:
26, [(1—q)pVB T

Wi = 2W;, = ; : (103)

103) implies that W} is an increasing function of p;, if p;S* is an increasing function of
L g g
pr. Note that py 5™ is an increasing function of py, if log (pr, 8*) is an increasing function of

pr- Also:
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oo : Olog(ppp’) _ 1 1 [95
o () = log () + 1o (37) = TEPT) Sy IR,

(101) implies that £* can be expressed as:

g - app[pV—1]+~
cp?4d

Y

where «, 7, ¢, and d are positive terms that do not vary with p;. Therefore:

(104)

op* _ [ep? +d]al2pV —T]—[apy(pV —1)+~]2cpL
IpL [ep? +d)°
 2yepp+ald2plV—1I)+cpil]
[ep} +d]°
1 85*} —2ycepr+ald2pV —1I)+cpil] al
= —|—| = — — — as pr, — 0. (105
B [8pL [epi +d][apr (pLV — 1) +7] g - (105)

(103), (104), and (105) imply:

dlog(prp?) 1 1 {05*
dpL

opr, pL

*

1—>ooaspL—>O,

and so %‘ZE > 0 for p sufficiently close to 0. W

Conclusion 8. g}% < 0 in the setting with lender competition.
pr. =0

Proof. From (91) and (97):

2
a a
7T){ = a1+a2 |:——2:|+6L3|: —2:| +a4(ﬁ*)2+a5[3*

2a3 + ay 203 + ay
2 2
ap as ay *\2 *
= a — +a +a
' 243+ ay (2as + a4)” +(5°) 5P
2
Qg as *\2 *
= 2 -
“ 2a3+a4[ 2@3_}_&4}—1—&4@) +asf
ailas +a . .
[2(13-1-&4]

2
a * *
= a1 —[az + a4 {T—im} +as (6°)° +as 3

= a1 —[as+a] (B +as (B) +as f° = a1 — a3 (87) +as 8.

(106)
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Since 5% — fu = g5 — 0 from (92), (106) implies:
ons op* op* op*
1 — 2ay + as [(a5—2a3)\”:0 . (107)
apL pr, =0 apL pr, =0 apL pr, =0 apL pr =0
From (92):
20, p3 (1—q)’ 2 ¢ Vg — I
as —2a; = 2 ¢rpL, (1—q) +3¢HPHQ V2_¢HPH ¢ [paV ]
t 2t 2t
6upia’V?  Supa Ve [paV — 1]
= (CL5—2CL3)|pL:0 = 9¢ - 9t
V 2 V 2
- %[6191{‘/—(19};1/—1)] _ ¢Hp2+q[5pHV—l—f] > 0. (108)

(107), (108), and Conclusion 6 imply 3 <0. m
pr, =0

oW,
dpr

< 0 in the setting with lender competition.
pr =0

Conclusion 9.

Proof. The equilibrium aggregate welfare of H entrepreneurs who secure funding from lender

1 is:
3

i = ol simlann 7 et [0 (36)acr [ (=) ]

1 VaB* 1 Va2 1 /1\?
= ¢H{§+%]WW—W[§(%> 5 (5) ]
1 . Sulpu VB 16ylpaVaB' P ¢ut
= gPuapu VO + ; T3 : DT

1 1 VB t

The second equality in (109) reflects (89) and the fact that zj; = 1.

(109) and the symmetry in the problem imply that W}; , the equilibrium aggregate welfare
of all H entrepreneurs, is:

Gy [PH VQB*]2 _ Pt
t 64

* * 1 *
Wy = 2Wy = Z¢quHVﬂ +

(110)

Wy _ L 05*] L 200 (puVa)* B [aﬁ*}

op, 4 Ou bV [ opr, t opr,
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(110) implies that %ﬂ < 0 because gﬂ < 0 from Conclusion 6. W
PL pr =0 PL pr, =0

Conclusion 10. % < 0 for pr, sufficiently close to 0 in the setting with lender compe-

tition.
Proof. Since W* = n} + 75 + W7 + Wt
owr  Ony n ons n oWy n oWy '

— 111
pr, opr, opr opr, pr, ( )
Differentiating (103) provides:
3
Opr 4[8¢,p2 (1—q)* +50yp4q®] ¢t
where
B = 16¢,p[1—q*[pLV — I+ ¢y paq[12(pgV —1)q—t], and (113)
B = —128¢2p1[1—q]'V =565 p% ¢ [12(puV — 1) q —t]

+ 8¢y drpupr[1—q)? q[41(5pyw —3pr)q—pr (t+18puqV)].

oW

It is apparent from (112) that ™

< 0, from Conclusion
prL =0

oW},
= 0. Furthermore, -2
pL=0 pr
ony

o <0

pr =0
ow*

< 0. Consequently, oo <0

9. In addition, Conclusion 8 and the symmetry in the problem ensure that

on’ : : ow*
and Tpe - < 0. Therefore, (111) implies that For

pL =0

for all p, sufficiently close to 0 since % is a continuous function of p;,. W

Conclusions 7 and 10 imply that in order to identify conditions under which an increase
in p;, generates losses for lenders, L entrepreneurs, and H entrepreneurs alike, settings in
which py, is bounded above 0 must be considered.

Observe from (112) that W} declines as p;, increases if B > 0 and B> 0. (113) implies
that B > 0 when the inequality in (87) holds. Furthermore, it is readily verified that B > 0

when:

_ Ynpug [56uph?(121q+t)+8¢,pr (1 —q)° (41 [5pr —3pr]a—prt)]

v
43267 pt (1 —q)' + 360y ¢ % P2 (1 —q)° ¢* + 1563 ¢* ]

. (114)
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Table A1 illustrates the systematic losses that can arise as py, increases in a setting where
V=30,1=18,pyg =038, o5y =0.2, ¢, =0.8, t =4, and ¢ = 0.6. As p,, increases between
0.06 and 0.07 in this setting, the profit of each lender, the welfare of H entrepreneurs, and
the welfare of L entrepreneurs all decline.!

*

pr B @y @, i w, W Wi oo W

0.03 0.0977 0.3662 0.3838 0.0232 0.5 4.9503 0.1699 0.1946 0.3651
0.04 0.0857 0.3647 0.3853 0.0664 0.5 6.7724 0.1582 0.1734 0.3323
0.05 0.0742 0.3639 0.3861 0.1080 0.5 7.9230 0.1441 0.1585 0.3034
0.06 0.0631 0.3636 0.3864 0.1478 0.5 8.2567 0.1279 0.1493 0.2781
0.07 0.0525 0.3640 0.3860 0.1859 0.5 7.7860 0.1102 0.1451 0.2561
0.08 0.0425 0.3648 0.3852 0.2221 0.5 6.6457 0.0911 0.1454 0.2371

Table Al. Effects of a Change in p; in the Setting with Lender Competition.

T For expositional clarity, the entries in this column represent W; x 10*,
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Ip;, > 0.03 in the setting of Table Al to ensure 3, > 0. pr < 0.08 in this setting to ensure the H
entrepreneur at % anticipates non-negative profit from applying for funding from lender 1.
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