Technical Appendix to Accompany
“Implementing High-Powered Contracts to Motivate Intertemporal Effort Supply”
by Leon Yang Chu and David E. M. Sappington

Recall from section 2 in the text that the principal’s problem [P] is to:

Magimize [ |5+ D) =0+ 2 esO)| AP (B )
subject to:  r(-) >0; and (2)
ej ((Bi)isilei(-)icj) €
j—1
argznax {e |/Uj+1(z ei(r) + e [(8:)i<j+1)dF (B41](8;)i<j) — Cjle)} (3)
i=1

Also recall from section 3 in the text that the principal’s objective can be restated as:

[1 jtn] /[en((ﬂi)iéj)) — Clen((B;)izn)) dF ((B;)i<n)

T

- / w(B)(B:)i<n)AF((B1)icn). (4)

In addition, when there are two time periods, [0, ¢) and [¢, 1], and when the agent has no information
advantage during the first period but learns the realization of 3 at the start of the second period
(i.e., at time t), the principal’s problem [P] is:

Mazimize /ﬁ ﬁ[ﬂ +e1+ea(Bier) = r(B+ er + ea(B 1)) |dF () ()
subject to: ()20 (6)
er € argmas {c | /5 Y (el )dF(3) — Cy(e)}: and (7)

ex(fier) € argmaz {e | r(5+e1+e) - Cafe)). (8)

The corresponding restatement of the principal’s objective is:

1-F(p)
f(B)

Finally, recall the following conclusions from section 3 in the text:

L1 (eat) — Clest) - s 3
= |

) ar ) - (9)

n—1
w(Bol(B:)i<n) = Un(d_ ex((B:)i<i)(B:)i<n) (10)
j=1

1



n—1
Un(>_ er((B1)i<i)|(Bi)isn) = (B, (B:)i<n) = Chlen((B)i<n))- (11)
i=1

Lemma 1. The minimum cost of delivering effort e during time interval [t;,tj 1] is Wi—t']’
J J

since the agent’s effort cost is minimized when he delivers effort at the constant rate D
J

Proof of Lemma 1.

Because the agent’s instantaneous cost of delivering effort rate A(7) is 4—2)\(7)2, his cost of supplying

effort at rate \(7) on the interval [to, 1] is ftil 2=A(7)2d7. The agent will minimize his personal cost
of delivering any chosen effort level e, and so will choose effort rate A(7) over time period [tg, t1] to:

t1 1 t1

Minimize / —\(7)%dr  subject to / Ar)dr =e. (12)
)\(T) tO 4k tO

Letting 7 denote the Lagrange multiplier associated with the constraint in (12), the relevant La-

grangian function is:

/: [41]€A(T)2 _ VA(T)} dr + e . (13)

Maximizing (13) with respect to A(7) reveals that the agent’s cost-minimizing level of effort supply
is given by:
A1) = 2k~. (14)

Integrating (14) over the [to, t1] interval and using the equality in (12) provides:

e

2k[t, — to] - (15)

’7 =
(14) and (15) imply that the agent’s minimum cost of supplying effort e over the time interval
[t(), tl] is:

t1 1 9 72 t1 5 62
“Nr)2dr = L pRPdr = —— W 16
/t 7M7) 4k to[ ] Ak[t1 — to] (16)

0

Lemma 2. At the solution to [P], for each j=1,--- ,n—1:

€ _ ¢ _ Jen((Bi<n)dF ((8i)j<i<nl(Bi)i<i) _ Ei{en(8)} (17)
8}7 2k[tj1 —t5] ey 2k[thi1 —tp]’
forh=7+1,..n.
Proof of Lemma 2.
Because the agent’s effort in period h is a perfect substitute for his effort in earlier period j,
Cile;((Bi)igs)) = /Cllz(eh((/Bz‘)i<h))dF((ﬁi)j<i<h’(ﬁz’)iéj) (18)

forj=1,...n—1land h=75+1,...,n.



(16) implies:

Clle)=—S9 9 and Cllep) = —— P 19
J( ]) Qk[tj+1 - tj} 837 h( h) Qk[th_H — th] 62 ( )
Therefore, (18) can be rewritten as:
& _ e _ Jenl(Bisn))dF((B)i<i<nl(Bi)i<i) _ Eifen(B)} g (20)
6; Qk[tj+1 — tj] 6}: Qk[t}H_l — th]

Lemma 3. Supposet = 0. Then ez(3) = max {0, 2k + 3 — 3} for all 3 € 1B, B3] at the solution to
[P].

Proof of Lemma 3.

The proof is provided in Laffont and Tirole (1986). W

Lemma 4. Supposet = 1. Then the principal can ensure the first-best solution with the contract

r(x):{o forx <z

[max{1, %}][w —z] forxz>zx.

Proof of Lemma 4.

The proof for the case where A < 2k follows from the proof of Proposition 1. The proof for the
case where A > 2k is analogous. W

Proposition 1. Suppose A <2k andt € [%, |. Then er = e} and E{ea(5)} = €5 at the solution

to [P], and the first-best solution is feasible.

Proof of Proposition 1.

When the agent supplies effort 2k, output is at least 8+ 2k > %[Q + B+ 2k]. This inequality holds
because:

Q+2k2%[§+3+2k] & 2044k > B+ 3 +2k & A <2k (21)

Therefore, when the agent supplies effort 2k, the payment to the agent is always non-negative,
the principal’s sure return is %[ﬁ—i—ﬁ—i— 2k], and the agent’s expected utility is %[Q—i—ﬁ] + 2k — %[ﬁ—i—
B+ 2k] — [2k]> = k — k = 0. Thus, the contract specified in Lemma 4 will secure the first-best
outcome if it induces the agent to supply the first-best effort.

To show that this contract will induce the agent to supply the first-best effort when A < 2k,
notice that the agent will secure a payoff of 0 if he supplies 0 effort under the contract (since
04+8 < %[Q+B+ 2k] < 23 < @+3+ 2k < 2k > A). If the agent delivers sufficient second-period
effort to ensure output of at least %[g + B+ 2k], he retains the entire incremental surplus generated
by his effort (since r/(z) = 1). Therefore, he will supply the efficient second-period effort 2k[1 — ¢].
From (16), this effort entails personal cost:

1

w2 )2 = k[1 —1]. (22)



When 3+ e1 = [ + 3] + kt, second-period effort 2k[1 — t] generates reward:

%[@+B}+kt+2k[1—t]—%[@+B+2k]:k[l—t]. (23)

(22) and (23) imply that the agent will secure an expected utility of 0 by delivering second-period
effort 2k[1 — t] when 8+ e; = 1[8+ 3] + kt.

When 3 + e > %[ﬁ + B] + kt, the agent can secure a strictly positive payoff by supplying
first-best effort 2k[1 — t] in the second period. In this case, output will exceed 5+ eq + 2k[1 — t] >
S8+ B)+2k[1 —t] + kt > B+ B+ 2k]. Therefore, the only relevant portion of the contract is
that is which 7/(x) = 1. Consequently, under this contract:

UQ(elw):{o for 5+ e < 3[8+ B) + kt (24

B+er—[B+8—kt for B+er > 3[B+ 6]+ kt.

The last line in (24) reflects the fact that when e = 2k[1 —t], B+e; +e — C(e) — 3[8+ B+ 2k] =
Btel+2k[l—t]—k[1—t]—J[B+B+2k] =B+e—3[B+0]—
The agent chooses first-period effort e; to maximize f; Us(e1|B)dF(B) — Ci(e1). The marginal

€1

cost of first-period effort is 5. By (10) and (11), the marginal expected payoff from first-period
effort is:

5 3 ] _
[ Uselnir@) = [ o 31drE) = (Ul - Ualer]9) (25)
B B

Notice that Uz(0[3) = 0 because 3 + 0 < é+ﬂ +kt < 28 < B+ B+ 2kt & A< 2kt

To find the effort e; that maximizes f 3 UQ (e1|B)dF (), compare the marginal benefit and cost

of e; as e; varies. When e; increases from 0 to infinity, the marginal cost 5 increases linearly,
while the marginal benefit varies through three phases: (i) For small e1, Us(e1|5) = 0 = Ua(e1|5).
Consequently, from (25), the marginal gain from increased effort is zero, and so the marginal gain is
less than the marginal cost. (ii) For intermediate e1, Ua(e1|8) = 0, while Us(e1|3) increases at rate
1. Consequently, the marginal benefit increases linearly at the rate %, which exceeds %m’ the rate
at which marginal cost increases with e;. The marginal benefit is first smaller than the marginal
cost, and then greater than the marginal cost. At the point where the marginal benefit equals
the marginal cost, the agent’s payoff is minimized. (iii) For large e, both Us(e1|3) and Us(e1|3)
increase with e; at the rate 1, and so the marginal benefit is the constant [3 — 3]/A = 1. The
marginal cost 57t is first smaller than 1, and then greater than 1. The marginal benefit equals the
marginal cost at the first-best effort level, e; = 2kt.

To summarize, the agent’s payoff is maximized at either e; = 0 or e; = 2kt. Both effort levels
provide an expected payoff of zero. Therefore, the agent is willing to supply first-best effort 2kt
and Zhe principal can secure the first-best outcome with the contract specified in Lemma 4 when
t>5. |

Proposition 3. Suppose A < 2k andt € (0, ﬁ). Then at the solution to [P]: ex(8) = 2k+8—7
for all B € [8, B] and e; = [ﬁ} [4’“5A]. Consequently: (i) ex < e and E{ea(8)} < €5 for
te (0 ,4k)A (ii) e1 = € and E{e2(B)} = e when t = ﬁ; and (iii) e; > e and E{ea(5)} > €5 for
t € (f ator)-




Proposition 5. Suppose A > 2k and t € (O,ﬁ). Then at the solution to [P]: ea() =
max{0,2k + 8 — B} for all B € [8, 0], and so E{e2(8)} < e}. Furthermore, €1 = [i] % < €.

Proof of Proposition 3 and 5.

(9) and Lemma 3 imply that as long as the second order conditions are satisfied at the identified
solution, the solution to [P] entails u(3) = 0! and:

B 2k + B —p for B> 3 —2k
e2(6) = {0 for < B — 2k. (26)
From (20), the optimal value of e; is:
T " B _
@ = |7 Elex(8)] = [1—75] /ﬁ PR+ B BldF(B)
[t ] 1 [k t ] 11
= _17—t_ A/o xdr = [1—75] A [2(2]‘5)2]
— % 222 for A > 2k; and (27)
_ - 3 B
o = |5 Eee) - || [ s -Aare)
[ 11
- 175_75 A/ rdz = Lit] <5 [2k)? = (26 - A
= | it {4’“ 5 A] for A < 2k. (28)

The agent’s second-period objective function in (8) is a concave function of e for the reasons
specified in LT. It remains to verify that the first-period objective function in (7) is a concave
function of e for e € [0, 00) when ¢ < A+2k

Using (10), the second partial derivative of the agent’s objective function in (7) is:

B
/ "B+ e — e1)dF(B) — Cl(er)
_ /c (ea(B+ € — €1))eh(B + e — ex)dF(B) — Cl(ex)
1 1 (B 17 1
_ [H}%/g eh(B+ e — e1)dF(B) — M%
1] 1

_ [;_J i [i] [e2(B+e—e1) — ea(B+ e —e1)] - M = (29)

The first two equalities in (29) follow from (11) and (16), respectively.

'To define the complete reward contract for any output, we can set r(z) = r(B+e1+ea(B)) for z > B+e1+ex(B).
This implies that e2(8) = max{0, e2(8) + 8 — 8} for 8 > 3.



Because e(3+¢e—e1) < 2k from (26) and ex(3+ e — e1) is non-negative, the expression in (29)
is at most

[ 1 }1 H 1 2t—All—1f [Rk+At-A

T—t| A |t] 2k~ 2kAtI—tf]  2kAHl—{] (30)

This expression in (30) is non—positive when t < ﬁ Therefore, fE[UQ(eW) — Ci(e)]dF () is a

concave function of e when t <
From (28), when A < 2k:

t 4k — A
epz2e] & [ ][ ] Z 2kt =¢]

A+2k

1—t 2
& dk—AZ4k(1-t) & 4kt = A.

From (27), when A > 2k:

. t 2k? § k
e < €1 = |:1 _ t:| |:A:| < 2kt = €1 = li—t < A. (31)
Ift<§,then1—t>%andsolf 2k < A. If%<t<1 then%<1—ktt<Abecause
[1—t]A>2kt =t < A+2k Therefore, the last inequality in (31) holds for all ¢t < Af% |

Proposition 2. Suppose A < 2k and t € (AA%,%). Then at the solution to [P]:

ex(5) = 2k+B—3 for Be (B, B—2k+[1H]A)
2 [ZL]A  for Be[F-2k+ [ A B

so E{ea(8)} > e5. Also, ey =2k — 5 [2] A -1 {L} <2k — A2 > e},
Proposition 4. Suppose A > 2k and t € [A+2k’ 1). Then at the solution to [P]:

0 for B<p3—2k
e2(B)=S2k+B—B for BE(B—2k B—2k+[L]A)

(LA for Be[B-2k+ ] A, A
Also, e1 = 2k — 5 [11] A. Consequently: (i) e1 < e} and E{ea(3)} < e} when t € [A+2k7 £ (ii)
e1 = ¢} and E{ex(B)} = e whent = £ and (iii) e; > e} and E{ea(B8)} > €3 when t € (5, 1).

Proof of Propositions 2 and 4.

When ﬁ < t, (26) does not constitute the solution to [P] because the expression in (29) is
positive, and so the second order condition is violated at this candidate solution. We will show
that the solution to [P] when ﬁ <t < & entails:

0 for B <pB—2k
e2(B)=S2k+pB-5 for e (B—2k B-2k+[F]A) (32)
[FH]A for Be[B-2k+ [ A, B
and  u(f) =0.2 (33)

*u(3) = 0 implies that e2(8) = 0 for 8 < .




Given (32), (20) implies that for A > 2k:

er = % Eles(8)]
A ;YT SN B 7 Ly
N k+ 08— BldF ST AdF
| L, A+ /ﬁ_mmA( ) aar()
_ 1=t]A
- % % /[t] mdx+[1;t}A<2k—[lt_t]A>
L+ — Y] 0
[t 11 [1—¢]7 ., 1—t
= |i-i| a2 [t} A *”‘“[JA
1[1—¢ 1—¢ 11—t
_ 2[t}A+2k—[t}A=2k—2[t]A. (34)
Similarly, for A < 2k
er = % Eles(8)]
SN R N _ g 1—t
- |5 /B_A 2k + 5 - ﬂ]dF(ﬁH/“k+ 1ttA<t)AdF(ﬂ)
T 11 [ e 1— 1
- _H_A[/%_A e [ o (- [ )

-|
g [

_ 2k—;[1;t]A—;[lt_t]A[Qk—A]. (35)

The solution identified in (32) and (33) is feasible because no output pooling is induced and the
second partial derivative of the objective function in (7) with respect to e is, from (29):

][4 e—e-etsre—-3 2]

1 1 ]1 1—t 1 1
sl [ e - 0
The inequality in (36) holds because, from (32), e2(B+e —e1) —ea(B+e —e1) < [EE] A. (36)

implies that |, ﬁﬁ [Uz(e|B) — C1(e)] dF(B) is a concave function of e and so the relevant second order
condition is satisfied.

To determine the principal’s expected payoff under the identified contract, recall from (9) that
the principal seeks to maximize:

= / ’ (209 = pteato0? = 222 (5 5] ) ar(9) ~ u(s)

) 5
_ [M] /ﬁ {[e2(B)]* — 2€2(8) [2k + 8 — B] }AF(3) — u(B)



]
- —[ ! ]ﬂ{[ez(ﬁ)—(2k+ﬁ—ﬁ)]2—[2k+ﬁ—ﬁ}2}dF(ﬁ)—U(ﬁ)

:_[ ! ]/ﬂ[eQ(ﬂ)—(2k+ﬂ—ﬁ)}2dF(ﬁ)

1 s Yy
+ ] [ o+ 5 -Bram) - o), (37)

(37) implies that under the feasible solution identified in (32) and (33), the principal’s expected
gain (i.e., her expected payoff net of %[ﬁ + fA]) when A > 2k is:

1 B _ 7 .,
[4k(1 - t)} //6_216[2"C + 8= BIPdF(B) - /ﬁ_zk [e2(8) — (2k + 8 — B)] dF(B)
1 1| /8 _ B-2k+A[ 1]
- [4k(1 - t)} A /ﬁ_zk[% +h-Prap— [ [0] 48
s 1t

- /[3—2k+A[1t—t] [(t) A—(2k+0~ ﬁ)] 2 g

B :4k(11— t): % [/0% v - /(>2k_[lt_t]A$2d$]

- e [(%)3 (- [s)

1 11 [1—¢ ) ) 1—t

_ _4k(1_t)_m[ t ]A{4k Tk _zk[t}A
+ 4k? — 4k [T]AJr([ltt] A)2}

- 121]%[12k2—6k{1tt]A+<[1tt]A>2.

The principal’s corresponding expected gain when A < 2k is:

T B B . )
4k[11_ 1 /B_A[Zk + 8= BIPAF(f) - /ﬁ_A [e2(8) — (2k + 5 — B)]” dF (B)
_ N I O I h=[t]A
T DN /M“”““‘/o e
| B 3
B _4k[11_ ) 3% (2k)? — 2k — A]? — (2k — [1;] A)

1 1—t¢ 1—t¢ 2 [2k — AP
— |12k — 6k |—— | A — A - 39
oo 15 (5] ) - 22 @
We next prove that the identified solution is optimal. The proof proceeds by establishing the
following conclusions: (i) e; < A; (ii) u(3) = 0; (iii) e2(8) = [2£] A for the (high innate output)

8



region where the second order condition is binding; (iv) the final output 8 + e; + e2(f3) is a non-
decreasing function of 3; (v) ez(3) is non-decreasing on [3, 3]; and so (vi) the identified solution
is indeed optimal. To facilitate the proofs, we let V(3 + ¢) = U(e|B). It is readily verified that
V(B + e) is well defined because innate output and first-period effort are perfect substitutes in
increasing output.

Lemma Al. e; < A at the solution to [P] when ﬁ <t< %.

Proof: From (20), E{e2(3)} = [13%] e1. Therefore, total expected effort throughout the [0,1] time
period is e; + [1 t] e1 = lel Due to the convexity of the agent’s effort cost function, the total
expected gain (i.e., the sum of the principal’s expected payoff and the agent’s expected payoff net

f %[ﬁ + 4)]) for the chosen effort is at most the total expected gain for the expected effort, which

is:
1 1 1 17,
;61 -C <t61) == ;61 - |:4kjt2:| €1- (40)

The expression in (40) is maximized at e; = 2kt. When e; > A > 2kt, the total expected gain
cannot exceed the expected gain when e; = A (since (40) is maximized at e; = 2kt < A). From
(40), the total expected gain when e; = A is %A [ 4kt2] A?. The principal’s expected gain cannot
exceed the total expected gain because r(-) > 0.

From (38) and (39), the principal’s expected gain under the identified solution is:

e (1262 — 6k [L2] A + ([52] A)° for A > 2k ()
_ 2 —APR
e 1262 = 6k L] A+ (5] A)?] - Bhls for A < 2%

We will demonstrate that e; < A by proving that the principal’s expected gain under the
identified solution is at least %A [ 4kt2] A2,
When A > 2k, it suffices to show that:

1 t 1—t] \° 1 A?
A)=— |12k° - At+(|—A) |- |-a-—5]| >0 42
G(A&) 12kt[k 6k[t] +<[t] >] [t 4kt2]_0 (42)
Notice that:
[(1—1t)? 3t o [1—t 2t k
GA) = A% — A+
() | 12k3 T 1ok o2 "o | ST
[1+t+t2] o [1+¢ k
= | —— A | — A+~ 4
12kt3 [21&2] T3 (43)

_ [t 12kt3 1+t 12kt3 14+t
o 12kt3 )| L+t+1¢2 4¢2 T ir ey e \ae
+

B ot I N L 0 N B MO S0
T 1263 ]| 1+t+1t2) t 1+t+1¢2 4t
4t 4+2] [, 3kt(1+1t)]° k ) ,
= | | |2~ A+ 4t + 412 — 31+t
| 12k3 | |7 L4t+e2] +4t(1+t+t2)[ A (1+1)7]
(4 t4+2] [, 3kt(1+1t)]° k )
= |—53 | |2~ 1-t?% > 0. 44
| 12k3 || 14t+12] +4t(1+t+t2)[ e (44)




The inequality in (44) ensures that e; < A at the solution to [P] when ﬁ <t< & and A > 2k.
When A < 2k, (41) implies that e; < A if G(A) — -ZE=21 > . By (43), this inequality holds

i T 12k(A-H)A
1I:
1+t+t2] o [14¢ ko 26— AP
— | A% A - -0 — >
[]2@3 } [2#] T3 mkﬂ—ﬂA"O
T+t+t2] 5 [14+t] o Kk 2k — A3
HA) = | ———— — =5 | AT A - >0
e HA) [ 12kt } [ 212 ] TR T ko g =Y
Notice that Whent<%,A>2k¢t. Also, at A = 2kt:
2+2t+2t2] , 5 5 21—t ,
H(A) = — | — (24 20)k* + 2k R —
6t
= §k2—2tk2:0. (45)

(45) implies that e; < A if H'(A) > 0 for A > 2kt. This inequality holds because:

1+t +t2 1+t ko (2k — A)?
H(A) = |———— | A?— Ar g 2v— 2
(&) [ JyaE ] [ﬁ ] R T )
_ 43 3 _ 42 2
_ - t Az [ 1t Lt A
4kt3(1 —t)  4kt3(1 —t) 2(1—t)  t2(1—1t)

K1—t Kt
" [tu—t] Hp_tﬂ

B AP Ak
O 4kt3[1—t] 21 —t]  t[1—t]
_ 1 2 2,2
= WD [A? — 4ktA + 4k>t%)
1
= ——— [A—2kt]?>0. 4
e g T =20 (46)

(45) and (46) imply that e; must be less than A at the solution to [P] when ﬁ <t< % and
A<2k. 1

Lemma A2. u(f3) =0 at the solution to [P].

Proof: It is readily verified that V() is a non-decreasing continuous function, as shown in Figure
Al. (11), (18), and (19) imply that:

g ! 1 - / !
/B V(5+€1)Kd/3 = Ci(er) = okt
= /ﬁV’(ﬁ—i-e YdB = V(B+e)—V(B+e) = Ae (47)
: 1 1 b +er TS

(47) implies that the two thick vertical segments in Figure A1 are of the same length.
If u(B) = Usz(e1|B) = V(B+e1) > 0, another contract can be found that secures a larger expected
payoff for the principal. Denote by V*(3 + e1) the agent’s expected utility under this alternative

10



contract. V*(-) is constructed by first systematically reducing V() by min{V(3), V(8 +e1)}. This
modification increases the principal’s objective function by reducing the agent’s utility, provided
the agent’s effort supply is not changed. To ensure that the agent delivers the same first-period
effort ey, define:

eo=min {e | V(B+e)—V(B+el)= %e, e>0}. (48)

Notice that ey < e; because V(B+¢1) =V (8+€1) = ﬁel, from (47). Furthermore, because V' (-) is
continuous, V(B+e) —V(B+e1) — Z%te is either strictly positive or strictly negative for 0 < e < eo.
Because 3 > B+ e1 by Lemma Al and because V(-) is monotonic:

_ A
V(iB+e)=V(B+er)>~e for 0<e<ey.

2kt
Now define V*(3) such that:
0 for 3<B+er
VH(B) = V(B) =V (B+e) for e (B+e1, 0+ e (49)
%[5—7] for 3> B+ e .

Under the reward structure identified by (49), the agent chooses his first-period effort to maximize:

B
[ vieragas-a). (50)
B
The first-order condition corresponding to (50) is:
g - A
[ vie+aas=viEee) - visre = o (51)
8
It follows that for e € [0, ep):
_ — — A
V¥(B+e) =V (B+e) =V (B+e)=V(B+e) —V(B+er) > TN (52)
while for e > eq: A
Vi(B+e) =V (B+e) <V (B+e) = e (53)
For e € [ep, e1]
_ — A
V*(ﬂ+e)—V*(@+e):V*(ﬂ—ke):%e. (54)

(52) - (54) imply that the agent is indifferent among effort levels between ey and e; under V*(+).
Therefore, the agent can be assumed to deliver first-period effort e; under V*(+), and the agent’s
utility will be as depicted in Figure A2.

It remains to determine the second-period effort, es(3), that will arise under V() and V*(.),
and to compare the expected surpluses under the two structures. From (5), the principal can be
viewed as seeking to maximize:

B8
/ﬁ o1+ e2(8) — Calea(B)) — V(B + e1)|dF ()
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¥ B+eo—e1 ]
- / e>(B)dF (B) - /B T Y 8+ enar() - /ﬂ V(B + e1)dF(8)

B +eo—e1

B+eo—e1 B8
- / Ca(ea(8))dF (B) — / Calea(8))dF (B). (55)
B B

+ep—e1

Now compare the expressions in (55) term by term.

e1 + [} e2(8)dF(B)

Both reward structures induce the same e;. Therefore, (20) implies that both structures induce
the same f[? ea(B)dF (3).

[ V(B + en)dF(9)

(49) implies that:

V¥B+e)=V(B+e)—V(B+er) for Be[B,8+e— el (56)
Therefore:

ﬁ+60 el B+eo el
/ V(B + e1)dF () < / V(B + e1)dF(8). (57)
I} B

(57) follows from (56) because e; < A and eg > 0. (57) implies that V*(-) increases the principal’s
expected payoff relative to V(-) for the term fg“ofel V(B + e1)dF(B).

J2... V(B +e)dF(p)

Because e; provides at least as great a return for the agent as eg under the contract that provides
utility V (-):

%] %]
/ V(6 + e)dF(3) — Ci(er) > / V(B + eo)dF(3) — Ci(eo)
8 8
8
S V(B +e1)dF(B) > Ci(e1) — Ci(eo)
B+eo—e1
B B+ep—e1
/ (8 + co)dF(B) - /ﬁ V(B + e1)dF(B). (58)

The last integral in (58) can be written as:



(58) and (59) imply:

5 5
/ V(B+e)dP(B) > Ciler) - Cileo) + / V(B + e1)dF(8)

Bteo—e1 B+eo—e1

> 01£€1) — C1(eo)

3 8
— / V*(B + e1)dF(B) / V(B + eo)dF(B)
8 g

8
— / V*(B + e1)dF (3). (60)

B+eo—e1

The second inequality in (60) holds because V(3 + ¢e) > 0. The first equality in (60) holds because
the agent is indifferent between e; and eg under V*(-). The last equality in (60) holds because
V*(B) = 0 for 3 < B+ e1. Therefore, V*(-) may increase the principal’s expected payoff relative to

V(-) for the term fg‘i’eO*el V(B + e1)dF(5).

J5T Colea(8)AF(5)

(11) implies that V(8 + e1) = u/(8) = C'(e2(B)). Therefore, both reward structures induce
the same e9(3) and thus the same expected payoff for the principal with regard to this term for

b e [Q,B-‘reo — 61].

S, s, Calea(8))dF(8)

For 3 € [ + eg — e1, 3], the ey induced under both reward structures satisfies:

B B
[ eas = n-t2 [ Cileas)is

B+eg—e1

B+eo—e1

8
_ [1—t]2k/ LGB = [1— 42k [u(B) — u(B+ co — e1)]

B+eg—er
[1 — t]2k [V(B-i— 61) - V(B—i— 60)] = l:lzt] A[61 — 60]. (61)

The four equalities in (61) follow from (19), (11), (10), and (48), respectively. From (49),
V¥ (B+e1) = ﬁ for 3 € [B+ ey — e1,[]. (11) implies that the ey induced by V*(-) is equal to:

1= Gy ea() = -2+ e) = 27 A on Feoenl

Because Ca(e) is a convex function and ez(f) is a constant on the interval [ + eg — e1, 8] under

V*(), fﬁierel Cy(e2(B))dF () under V*(3) does not exceed fgﬂrel Cy(e2(B))dF () under V (53).
Therefore, if V'(-) # V*(-), V*(-) increases the principal’s expected payoff relative to V'(-) for the

term fgﬁzo%l Ca(ea(B))dF ().
Because V*(f3) secures a larger expected payoff for the principal than V(3) if u(8) > 0, it must
be the case that u(3) = V(8 + e1) = 0 at the solution to [P]. M
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Corollary Al. ey(8) = [2] A on [B+ e — €1, B], where eq is defined in (48).

Proof: The proof parallels the last part of the proof of Lemma A2, as the principal can secure a
higher expected payoff by implementing V*(-) such that:

0 for B<B+er
VHB) = V(B) - V(B+e1) =V(3) for B€(B+e1,B+ e
218 B for 3> B+ e

(11) implies that the e; that arises under V*(-) is a constant [2] A on [3+ ey —e1,5]. W

Lemma A3. Final output 3+ e1 + e2(0) is a non-decreasing function of 3.

Proof: Consider 3, 85 for which 8 < 3 < 35 < 3. We need to prove that

B1+ea(B1) < By +e2(Bs).

Incentive compatibility requires u(5;|51) > u(Bs|01) and u(B5|59) > u(3;]53). Summing these
two inequalities provides:

Ca(e2(B1)) + Cale2(B2)) < Ca(ea(B1) + By — Ba) + Cale2(B2) + B2 — B1)
& Cale2(Bs) + By — B1) — Cale2(By)) = Ca(ea(B1)) — Cale2(By) + 81 — Ba)

ﬁ27/81 27ﬁ1
o /0 Ch(ea(By) + t)dt > / Ch(ea(By) + By — B + t)dt. (62)

0

Because Cs(+) is a convex function, C4(-) is weakly monotone increasing in general and strictly
monotone increasing for a positive domain. Therefore, (62) implies that e2(8y) > e2(81) + 51 — B2

or 31 +ea(f1) < By +e2(6y). W

Lemma A4. e3(3) is non-decreasing on |3, 3].

Proof: From (37), the optimal ex(3) maximizes:

1

15} _
e i /ﬁ lea(8) — (2K + 3 — BPAF(A). (63)

Because the second order condition is not binding on [, 3 4 e — e1], the solution e3(8) on [8, 8+
eo — e1] must maximize the expression in (63) for given u(3) = 0 and u(3 + eg — e1).

Consider a disturbance Ae(3) around the optimal effort es(3) on [3, 3 + eg — e1]. To ensure

e2(B) £ Xe(B) > 0 for all \, we consider €(3) for which €(3) = 0 if e2(3) = 0. To maintain the fixed
u(B + eg — e1) while ensuring u(3) = 0, we must have:

o B-{—eo—q B—&-eo—el
w(B+ o —e1) = /B L (B)df = [ll_t] s /ﬁ ex(3)d. (64)

14



The second equality in (64) follows from (11) and (19), since e5 = 2k[1 — ¢]. To ensure that (64)
holds, we further restrict €(3) to satisfy:

B+eo—e1
/5 (B)d3 = 0. (65)

To ensure that ey(3) is optimal, the partial derivative of the expression in (63) with respect to A
must be 0 at A\ = 0 when the agent’s effort is ea(5) + Ae(3). Setting this partial derivative equal to
0 provides:

B+eo—e1
/ FO () — (2k 48— Ble(B)dB = 0. (66)

Because €(/3) can be any continuous function satisfying (65), (66) implies that [e2(3) — (2k+3—/3)] is
a constant for ez(3) > 0 on [3, B+eg—e1]. Therefore, es(f3) is non-decreasing on [3, 3+eo—e1] when
e2(f3) is positive. Moreover, Lemma A3 implies that e2(3) does not decrease discgntinuously at any
B € [3,3]. In addition, Corollary Al implies that ex(3) = [%] A, a constant on [3 + ey — e1, A].

Therefore, ex(3) is non-decreasing on [3,5]. W
Lemma A4 implies that es(3) < [%] A for 3 € [, B]. Consider the following relaxed version
of [P]:
] _
Mazimize || [ (ea(9) = Ceatd) - C'teato) 1552 ) aris)

ea()

1-t¢
subject to:  ey(f) < [t] A
The solution to this problem is min {7 [%} A}, where eT = max {0,2k + 8 — 8} from
Lemma 3. We have shown that this proposed solution is a feasible solution to [P], and so is
optimal.
From (35), when A < 2k and t € (52
1

12

):

B

+2k7 2

1 —1 1 t 1
e >e] & Zk—z[ }A—[}[2k—A]Z>2kt:e>{

t 2|1-t] A

1{1-¢ 1 t
2k[1 —t]JA > = | —— | A2 4 = | ——| [2k — A)?
o ai-das [T ot [ -
& 4kl —tHA > [1—12A% + 22k — A)?
& 4kt[l =2t +2)A > [1 — 2t + 2t%|A? — 4kt* A + 4k3*t2
e [1—2t+202)A% — 4kt[l —t + t2]A + 4K*% < 0
& [A = 2kt){[1 — 2t + 2t*]A — 2kt} < 0
& [1—2t+ 263 A < 2kt (67)
First suppose t < % In this case 1 —t > 1 — 2t 4 2¢%. Therefore:
2kt 2kt
< .
1—t = 1—2t+2¢2 (68)
Because t > ﬁ in this case, 2kt > [1 — t]A. Therefore, from (68):
2kt 2kt
A < .
<1—7f_1—2t—|—2t2 (69)
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(67) and (69) imply that e; > ej.
Now suppose t > % 1 — 2t < 0 in this case. Also, t < % < 1 in this case. Therefore:

1-3t+22=[1—t][1-2t] <0 & 1-2t+2><t. (70)
Notice that 1 — 2t + 2t2 = [1 — #]2 + 2 > 0. Therefore:
[1—2t 4+ 262)|A < t[2k] =2kt < e > €] (71)

The first inequality in (71) follows from (70), since A < 2k in this case. The equivalence in (71)
follows from (67).

From (3 )WhenA>2kandt€(A+2k,2Ak)
1(1-¢

aze o u-g[L a2 g
1

1—t
& 21:[1—75]2{ ; ]A & dktzA N’

2

Corollary 1. Suppose A > 2k. Then at the solution to [P], e1 — e}, E{ea(5)} — €5, and the
principal’s expected net return approaches the entire expected surplus from efficient production as
t— 1.

Proof of Corollary 1.

From (34), when ¢ € (ﬁ, %):

111—-¢

It is apparent from (72) that as ¢ T 1, e; approaches 2k, as does e} = 2kt.
From (38), the principal’s expected gain in this case is:

121kt [1%2 — 6k [ - t] A+ ([1?] A) 2] : (73)

As t T 1, the expression in (73) approaches k, which is the expected gain from efficient production.
|

Proposition 6. At the solution to [P], mAaX{e—l} = maX{E{Lf)}} is non-decreasing in t for
t € (0,1) and non-increasing in t for t € (3,1). Att =1, max{Z } is non-decreasing in A for
A € (0,v2k) and non-increasing in A for A > \/2k. The mazimum value of Z—% = E{ejig(ﬁ)} 1
4—2V2m1.17.

Proof of Proposition 6.

From Propositions 2 - 4, e; > e} when ¢t € (4k,m1n{ 5501}

When A > 2k, Aﬁ% < A . From (34), when A > 2k and t € (A+2k’ 1):

11—t e1 1 Afl-t
o L1 A a_1 . 4
e =2k Q[t] and - 5 =5 4k[t2] (74)
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Since e1 and & are dechnmg with A, e; and & attain their hlghest values in this region at A = 2k.

When A S 2k;, A+2k > 4k From Proposmon 3, when t < A+2k

e R N (| = N

Since e; and £ * are increasing in ¢, e; and ¢+ attain their highest values in this region at ¢t = Af%
Therefore, & is maximized when A < 2k and t € [Af%’ %] From Proposition 2, when A < 2k
and t € [A+2k7 2Ak]
11—t 1 t 1
=% — - |— | A—= | —| —[2k - A 76
“ 2[75} 2[1—4& ] (76)

To find the value of A at which & * is maximized, it suffices to find the value of A at which el
is maximized because e] = 2kt does not vary with A. Therefore, the value of A for which < *

maximized can be identified by determining the value of A at which the partial derivative of the
expression for e; in (76) is zero:

1-¢]%* 1 1
—[ }+2[2k—A]2+2A[2k—A]:0

t A
2 2
& <i[2k—A]+1) —[1151 +1
2k\?  (1—t)2 412 2

Substituting for A from (77) into (76) and dividing by e} provides:

e k-3 [F)A-} 5] Alk- AP
e 2%t
bR a b [ R [ - [ B
t
o] (R []) A - [ R
t
[ s -] %
t
1_1[a=*+# A _ L2k
- 2[ tﬁ_l]% (78)
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Substituting from (77) into (78) provides:

1_t [(1—t)2+t2} 2 142k
er 2 2 (1-t)2+t2 2" A
er t[1 — 1]
1 t,/A=t2+2 1,2k t2k 12kt 2kt
_ 2 ¢ 274 2A "2 A _ A (79)
t[1 — ¢] t[1 — ] t[1—t]
Substituting again for %kt from (77) into (79) provides:
er 11—y —tP+2 1—t2—[1—1t7?
€1 ¢l —1] tu—ﬂ[y+Ja—w2+ﬂ}
2 2
TIOR8 . foy 1Ll (80)
L4+ 4/2[t — 52+ 3
The last term in (80) is maximized at ¢ = 2. When ¢ = 3, (77) implies:

| 1/4
A =2k 1/4+1/4—2k\[ V2k. (81)

Also, from (80), the maximum value of % is

2

— = =4-2V2=1172. W 82
1+/1/2 (82)
Proposition 7. (i) m (f) > 1, with strict inequality unless A < 2k and t € (2k7 1]; (i) m is

a non-decreasing functwn of A for all t € [0,1]; and (iii) for any given A >0, ™ is increasing in

t fort e |0, A-%Qk:) and non-increasing in t for t € (A-%ka 1].

Proof of Proposition 7.

Proposition 1 implies that es(8) = e} if t € [4,1]. From Propositions 3 and 5, when ¢ < A+2k’

ea(B) = 2k > 2k[1 — t] = e}. From Propositlons 2 and 4, when t € (A+2k’ 2Ak) ea(B) = [ ] A >

2k[1 —t]=e5 & A>2kt & t< . Therefore, m = 62(2’3 ) > 1, with strict inequality unless
A <2k and t € (5, 1].

We now show that for every ¢ € [0,1], m = 62@ is a non-decreasing function of A. From
Proposition 1, when A < 2kt, e2(3) = e5 = 2k[1 — t] “Therefore:

_ t]
= R~ 1, (83)

which does not vary with A.

From Propositions 2 and 4, when A € (2kt, 12]’“;) 2(B) = [%] A. Therefore:

1_tA
S CSEEY

o[l —1] (84)
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which is an increasing function of A.
From Propositions 3 and 5, when A > f—ftt, e2() = 2k, and so

9% 1
Tk 1t (85)

which does not vary with A.
(83), (84), and (85) imply that for any fixed duration of the information asymmetry (t), the
maximum slope of the optimal contract is non-decreasing in A.

We now show that for given A, 7 is increasing with ¢t on ¢ € [0 a

" A2k
tonte [ﬁ, 1]. From Propositions 3 and 5, when ¢ € [0, ﬁ], e2(B) = 2k, and so m = ﬁ,
which is an increasing function of ¢.

From Propositions 2 and 4, when t € [ﬁ,min{%, 1}], ex(B) = [%] A, and so m = %,
which is a decreasing function of .

From Proposition 1, when A < 2k and ¢ € [%, 1], ea(B) = €4 = 2k[1 — t]. Therefore, ™ = 1.

R . . . A — _ A2k _ A
Thus, M attains its maximum value at ¢ = AgaR- M= S5 when ¢t = xrop- N

] and is non-increasing with
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Figure A1

Slope:
Al(2kt)

=

Figure A2
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