Technical Appendix to Accompany
“On the Design of Price Caps as Sanctions”

by D. Turner and D. Sappington

Part A of this Technical Appendix provides detailed proofs of the formal conclusions in the
paper.! Part B analyzes the benchmark setting in which R is a monopoly supplier. Part C
considers the setting where R’s profit replaces R’s revenue in the welfare function. Part D
analyzes a benchmark setting with exogenous prices. Part E explores another benchmark
setting in which R has a different cost structure. Part F' examines how equilibrium outcomes
change as parameter values change in the modified baseline setting, where iso-elastic demand
prevails. Part G presents two supplemental figures.

Equations from the Text

k k kR
CR(qa,qn) = caqa+ 7A [ga]® +cn gy + 7N lan > + - [ga+an]?. (1)

D = [2b+k] [kn (ka+ k") + kak®] +0ka[3b+2k] —0*[b+k] > 0.  (2)

kal(a—cn)(2b+k)—bla—c)] > [exy —cal [307+2b(k+E%) +kER].  (3)

R’s problem is:

Maximizeo Pi(lga+av+q)ga+[a—b(ga+aqv+q)] gy — CF(qa, qn)

D if P(Q) > 7D
where P4(Q) = {P(Q) it PO) < 7. (4)

The rival’s problem is:

Ma{:;ci>nolize [a—b(ga+qv+¢q)]qg— Clq). (5)

The inequality in (2) holds because:
D = [2b+k] [kn (ka+K") + kak" ] +0ka[3b+2k] — 0> [b+ k]
= blhky (ka+ k™) +ka k"] +[b+ k] [ky (ka+ k") + ka k7]
+ 2bka[b+ k] + 0% ka — b [b+ k]
= bkn (ka+ k") +ka k™)
+ [0+ k] [kaky +hn kT +kak™ +2bka— 0] + 0% ka

> [b+ k] [kaky +kn k" +ka k™ +2bky — b ]

'Some of the formal conclusions below generalize their counterparts in the paper.



= [b—l—k‘]{k’A[2b+kZN]+k'R[/€A+]€N]—b2} > 0.
The final inequality here holds because k4 [2b+ ky | + k% [k + ky] > b2, by assumption.

A. Proofs of Formal Conclusions in the Paper.

Proposition 1. There exist values of the price cap, 0 < Dy < p; < Dy, such that, in
equilibrium, g4 = 0 if and only if D < Py. Furthermore: (i) p < P(Q) if p < Dy; (i)
p = P(Q)if D€ (PaDy); and (iii) p > P(Q) if D > Dy-

Proof. The proof follows directly from Lemmas A1 — A6 (below), which refer to the following
definitions.

[a —en][2b4+ k] —bla—c]
(20 + ky + kE][2b+ k| — b2

pOECA

[b+ k"] (6)

Py = Di {la®+k)+bc] [ (b+E") (ky +ka) +kyka—bky]
+ b[b+k][ka—bley +0[kn+b][b+k]ca}

where Dy = b[b+k|[kn+kal+kn[hka—b][20+ k]
+ [kn +kal[204+ k] [0+ E"]. (7)

{la(®+k)+bc] [ (b+E") (ky +ka) + kn ka ]
+ ben[b4k)ka+bky[b+k]ca}

1
pb_Dg

where D3 = b[b+k][kn+ka]+knEka[20+ k]
+ [kn +ka][2b4+ k] [b+ k"] = Dy+bky[2b+k]. (8)

Lemma A1l. Suppose p < p,. Then in equilibrium:

la —cn][20+ k] —b[a—c]
[20+ ky + ER][20+ k] — 0

quov gn =

_ la—c] [2b4+ kny + k%] —bla—cy]
B (204 ky +EB][2b+ K] —02 7

and

[a—c][b+ky+ k7] +[a—cn][b+ k]

p— = . 9
@ = aatan+q [20+ kn + K] [20+ k] — b2 )

Proof. (4) implies that R’s problem when g4 = 0 is:

kn kR

Maximize [a —b(qv +¢q) —cn] gy — — (QN)2 -5 <QN)2 . (10)
qn >0 2 2



(10) implies that R’s profit-maximizing choice of gy > 0 is determined by:

a—cy—bq
—2bgny —bq—cy — k — kR = = — 11
a gn —bq—cn —kngn av = 0 = aqn b T kT AR (11)

(5) implies that the necessary condition for an interior solution to the rival’s problem is:
a—blga+aqv+ql—c—bg—kq =0 & [2b+k]qg = a—Db[gat+qn]—c

a—c b

= — . 12
S 4= Gy T oy At an] (12)
(11) and (12) imply that when ¢4 = O0:
B a— cN _ b a—c—bgy
N Qb hy + kR 24k RE | 204k
la—cn][2b+ k] —bla—bgy —c]
[2b+ kn + kB [20+ k]
b? [a—cn][2b+ k] — b[a—c]
= gy |1- =
[2b+4 ky + k] [20+ k] [2b+ ky + ER][20+ K]

= qv [(2b+ kn) (20 + k) —8?] = [a—cn][2b+k]—b[a—c]
[a—cy][2b+ k] —bla—c]

[20+ky + kE][2b+ k] — b2 (13)
(12) and (13) imply:

_a—c b la—cn][2b+ k] —b[a—c]
S 91k |20k |20+ kn tEE][20+ K] — 02

= 4N =

la—c][(2b+kn +E7) 204+ k) =] —b[a—cn][2b+ k] + b [a—c]
[2b+ k| [[2b+ky +ER][2b+ k] — b?]

la—c][2b+kn+ k7] [2b+ k] —b[a—cn][2b+ K]
(20 + K] [[20+ kn + KE][20 1+ k] — 2]

_ la—c][2b+ky + k"] —bla—cx]
T [2btky A AEJ[2b+ k] B2 (14)

(13) and (14) imply:

la—c][b+kn+ k7] +[a—cn][b+ k]

@ =gt = [20+ ky + KB [20+ k] — b2 ' (15)

From (6):

_ 1
Po = 20+ ky + KR][2D + k] — 02




Ala—cen][20+ k] [b+ k"] —bla—c] [b+E"]
+oca[(2b+ K5 +E) (20 + k) —07] }. (16)
(15) implies:

PQ) - a_b[a—c][b—i-/ﬂv—i-k | +la—cn][b+k]

[2b+ ky + ER][20+ k] — b2

_ al(2b+ky +ER) 2b+k)— 0] —bla—c]|[b+kny+E"] —bla—cn][b+ k]

[2b+ ky + ER][20+ K] — b2

(17)
Observe that: [2b+ ky +KR][2b+ k] > 4B > B2
Therefore, (16) and (17) imply:
o < P(Q) & [a—cy][2b+k][b+E"] —bla—c][b+ k"]
+oea[(2b+ky +E%) (20 + k) — %]
< al(2b+ky + k%) (2b+ k) — %]
— bla—c][b+ky+E"] —bla—cy][b+ k]
& [a—cy][2b+k][b+k"] —bla—c][b+ k"]
+ca [ (204 ky +E7) (204 k) — %]
< al[(2b+ky+EY) 20+ k) —b?]
— bla—c][b+kn+E"] —bla—cy][b+ k]
& 0 < [a—cal[(2b+ky + E%) (2b+k) —0*] —b[a—clky
—la—cn][2b+Ek) (b+ k) +b(b+E)]
& 0 < [a—cal[20k+20k" + kK" +30*+2bky + kky ]
— bla—clky —[a—cn]|[2bk+ 20" + k k" 4+ 307 ]
& ey —cal [20k+ 20k + kK" + 307 ]
+ky[(a—ca)(2b+k)—ba—c)] > 0. (18)

The last inequality in (18) reflects (3). Therefore, p < P(Q) when p < p,.

It remains to show that g4 = 0 when p < p,. Because p < P(Q) when p < Py, g4 = 0



0
a—{[ﬁ—CA]quL[a—b(qA+qN+q)—cN]qN
qa
k4 s kn s KR 2
_ _ N _ <
5 [qa] 5 [qn ] 5 [qn + qa] Ly 0
& P—ca—bay—kqy <0
o p< cA+[&_CNH2b+k]_b[G_C][b+kR} _ 3.

[2b+ ky + ER][20+ k] — b2
The equality in (19) reflects (13). O

Lemma A2. Suppose D € (Dy, Dg]- Then in equilibrium:

1
aa = 5 {[30°+20(k+hy + k%) +k (ky +£7) ] [P — ca]

+ b[b+k*][a—c]—[20+k][b+E"] [a—cn]};

N = %{[Qb+k][k;A+kR}[a—cN]—b[kA+kR}[a—c]

— [b(b+2E%) + &k (b+ k7)) ] [P —cal};

Q" = qatay = pA[20+ K] [b+ky] [P cal + 20+ k] [ka— b [0 — cy]
~ bk —bl[a—c]};

1
q = 5{[kN(kA+kR)+kAkR+2bkA—b2}[a—c]

— blka—blla—cn]—b[b+Ekn][P—ca]}; and
Q = gtastax = 5 {[b+k]b+ky][F—cal + 104 K] [ha— ] a - cy]
+ [/{:R(k:A—i-k:N)—l—kA(b—i—k:N)}[a—c]}.

Proof. (4) implies that if g4 > 0 and p < P(Q), R’s problem, [P-R], is:

. . — k
Maximize D ga+[a—b(qa+aqv+q)]qy —ca C]A——A[QA]2

qA,qN 2

kn kR

— CN QN_T[QN]Z_T[QA"‘QNF'



The necessary conditions for a solution to [P-R] in this case are:?

qa: DP—bay—ca—kaqa—k"[qga+tqn] = O; (25)
gv:  a—blgatav+q]l—bav—cy—knay — k¥ [qa+an] = 0. (26)

(25) implies:

_ p—c b+ kE
P—bav—ca—kqy = [ka+k"]qa = qu = kA+l:R_[k:A+kR]QN' (27)

(26) implies:
a—blga+ql—cn—k%qa = [2b+ky+E" ] qn

a—cN [b+kR]qA+bq
N _ _ 28
N o ky + KB 2b+ ky + kR (28)
(25) also implies:
D — k’A—l-kR
P—ca—kaga—kPgs = [b+ kR = gy = LA 29
P—ca—kaqa qa = [b+k"]qn N = S bR | (29)

(28) and (29) imply:

a—cy B [b+ k"] ga+bg _P—ca ka+ Ef
b+ kny + kB 20+ kn+ KR bt KR b+ kR |

b+ kP _kA+kR B a— CN P—ca bq
b+ hn kR b4 kR | T bk kR b+ kR 20+ ky + KR

= {0+ R = [+ B2] [20+ by + 7] }aa
= [b+kR] [a—cn]— [Zb—i-k?N‘i‘k?R} [ﬁ—CA]_b[b"i"kR}q

Lo — [b+kR}[a—cN]—2[2b+kN+kR][ﬁ—cA]—b[bJrkR}q‘ (30)
[0+ KR — [ka+kR][20+ ky + k7]

(5) implies that the rival’s problem in this setting, [P], is:
k
Maximize [a—b(qA+qN—|—q)—c]q—§(q)2. (31)
q

The necessary condition for an interior solution to [P] is:

a—blga+qv+ql—c—bg—kq =0 & [2b+k]qg = a—b[ga+qn]—c

2Tt is readily verified that the determinant of the Hessian associated with [P-R] in this setting is

[kA —|—/<:R] [2b+kN +kR] — [b—|—kR]2, which is strictly positive if kg > g.



a—-c b

“ 4= 2b+k_2b+k:[

qa+an]. (32)
(29) and (32) imply:
_a-—c b +]_9—CA_ ka+ kR
T vk 204k [T brkR \brkR )
a—c

+
D—ca _]CA—i—k?R
20+ k 2b+k b+ kR 2b+k: b+ kk |

a—c D—Ca
20+k 2b+k b+ kR

b—Fka
2b+k{b+kR}q“" (33)

(30) and (33) imply:

[b+ k%] [a—cen]— [2b+ky + K] [D—ca]
[b+ kR — [ka+KkR][20+ ky + kE]

B b[b+ k"]
[b+ kR — [ka+KkB][2b+ ky + kE]

a—c b p—ca| b b—Fka
b+ k 2b+k|btkR| 20+k|brkR |

b b+ k"] b b ks
= QAll_ <[b+k’R]2_[k’A+k’RHQb+k}N+k}R]> <2b+k> <b—|—kR>]

[0+ KkR] [a—cn]—[2b+ky + K] [D—ca]
[b+ER)? — [ka+ kB][2b+ kn + kE]

qa =

B bbb+ k"] [a—c_ b (p—cA>}
[b+ kR — [ka+KkR][2b+ ky + kR] [ 2b+k  2b+k \D+ER

= C]All—

V2 [b—ky]
[2b+ k] {[b+KkR)> — [ka+KkR][2D+ ky + kR] }

20+ k]{[b+ kR [a—cen]— [20+ky + KR [P—cal }
B [2b+ k] {[b+KkR]> — [ka+KB][2b+ by + ER] }

- blo+ k] [a—c—b(F=#)]
[2b+ k] {[b+KkRB]* — [ka+KB][2D+ by + k2] }

= qa {20+ k] ([0 8] = [ha+ K] [2b+ oy + 0] ) =02 (b= ka] }



= [2b+k]{[b+k*][a—en]—[2b+kny+ k"] [P—cal}

—b[(a—c)(b+E")—b(DP—ca)]. (34)
Observe that:

20+ k] {[b+k%]" = [k + k7] [20+ oy + £%] b — 82 [b = ]

= 20+ K] {2+ 20" + (k%) = 20k — 201" — kahy — KRhy — ka k™ = (k%) }
— 0%+ 0%k
= [2b+ k] [0 —2bka — kaky — k"ky — ka k™) — b* + b’ka
— 20° —4b%ky — 2bkaky — 20KRky — 2bka KT
+ U2k — 20k kg — kkaky — kE"ky — kg k% — 0 4 b2y
= 0® —30%ky — 2bkaky — 20K ky — 20k KT
+ b’k —2bkka— kkaky — kERky — kka kR
= b [b+k]|—bka[3b+2k]—[2b+k] [k (ka+ k") +Ekak™]. (35)
Further observe that:
(204 k] [20+ky +E%] —0* = 2b[2b+ ky + k"] + Kk [20+ ky + £ ] — 0
= 30 +2b [ky + k"] + Kk [20+ ky + E7]
= 304+ 2b[k+ky+ k"] +k[ky+ £ (36)
(2) and (34) — (36) imply:
G = S {[30420 (kthy + k%) £k (ky + k7)) [l

D
+ b[b+ k"] [a—c]—[2b+k][b+E"][a—cn]} (37)

(2), (29), and (37) imply:

qN =

b iE | Do En —{[30*+2b(k+ky+E") +k (kn + k)] [D—cal

D—cCa kA—l-kR 1
D

+ b[b+ k"] la—c]—[2b+k][b+E"][a—cn]}
1 —
= Doy (Pl

— [ka+ k"] [30° +2b(k+hkn + k%) + k (kn +£7) ] [P—cal



—b[b+ k"] [ka+ k"] [a—c]

+ [2b4+ k] [ka+ k7] [0+ k"] [a—cn] ]} (38)
(2) implies:

D — [ka+ k"] [30° +2b(k+ky+ k") +k (kv + k") ]
= [2b+ k] [ky (ka+ k") +kak™] +bka[3b+2k] — b [b+ k]
— [ka+ k"] [30* +2b (k+ky + k%) + k (kv + &) ]
= [ka+E"] [(20+k)kn — 30" —2b(k+kn + k") —k (ky + &%) ]
F 20+ k) kak® 4+ 30k +2bkka — b° — bk
= [ka+&"]) 30" —2bk —20k" — kE™]
+ 20ka kT 4 kka kR 4+ 3%k + 20k ka — 0° — bk
— — 3%k — 3VKR — 20k ka — 20k kR — 20k k% —2b (K7) — kka kT
— k(K™ 4 20ka kR 4 Kk k™ 4+ 30%ka + 20k ka — b® — 0Pk
— 3R — 20k kR — 20ka kR — 20 (K7)" — K (K7)°
+ 2bka k™ —b* — 0%k
— DR 20K — bk R — bk ER — 20 (K7)” — k (KF) — 1% — bk D
= — B [b+ER] = 20%KR — bk [b+ KR — bRER — 20 (K7)" — k (KF)”
= b [b+ k"] —20k" [0+ K] —bk [0+ k"] — kKT [0+ k"]
= — [b+ k"] [0*+ 20k " + bk + kK™
= — [b+E") [b(b4+2k") +k(b+ET)]. (39)
(38) and (39) imply:
o = %{[Qb—l—k:][kA%—kR}[a—cN]—b[kA%—kR“a—c}

— [b(b+2k%) +Ek(b+ k)] [P—cal}. (40)
Observe that:

30 +2b[k+ky + k"] +k [ky + K] = [b(b+2k%) + Kk (b+ k") ]



= 30 +2bk +2bky +20KR + kky + kER -0 — 20k — bk — kKR
= 20 +bk+2bky +kky = b[2b+ k] +Ekn[2b+ k] = [20+k][b+kn]. (41)
Further observe that:

b[b+ k"] —b[ka+k"] = b[b—ka] and

[2b+ k] [ka+ k"] —[20+ k] [0+ k"] = [2b+K][ka—b]. (42)

(37) and (40) — (42) imply:

Gt = 5 L1204 K] [b+ by [P cal = b[ka —b] [a—c]

+ [2b4+ k] [ka—b][a—cn]}. (43)
(32) and (43) imply:

= 2ab_+ck_ [Zbi—k] % {[2b+K][b+ky][P—cal —b[ka—b][a—c]
+ [20+Kk][ka—0b]la—cn]}

D+ 0*[ka—b]

= “Drab+r ¢l

_%{[b—FkN][ﬁ—cA]+[2b+k][kA—bHa—CN]}- (44)

(2) implies:
D+ [ka—0b] = [20+k] [kn (ka+ k") + ka k"] +0ka[3b+2k]
—V*[b+k]+b°[ka—0]

= [20+ K] [ky (ka+ k™) + kak™] + 40°ka +2bk ks — b° [2b+ k]

= [2b+Fk] [ky (ka+ k™) + kak™] +20ka[20+ K] — b [2b+ K]

= [20+k] [ky (ka+E") + kak™ +2bks —b°]. (45)
(44) and (45) imply:

qg = %{[kN(kA+kR)+kAkR+2bkA—b2}[a—C]

— blka—b]la—cn]—b[b+kn][P—cal}. (46)
Observe that:
20+ k|[b+kn]—b[b+ky] = [b+K][D+FkN];
[20+k]|[ka—Db] —b[ka—b] = [b+k][ka—10]]; and

10



kv [ka+ k%] + ka k™ +2bka —b* —b[ka —b]
= kn [ka+ K" ] +kak+bka = k¥ [ka+kn]+kalb+ky]. (47)
(43), (46), and (47) imply:

Q = atatax = 5 LD+ RI b+ k] [P cal + [0+ K] (s =] [a = ex]

+ [/{:R(k:A—i-k:N)—l—k:A(b—i—kN)}[a—c]}. (48)
It remains to show that g4 > 0 and p < P(Q) when p € (py,p,]- (37) implies that
ga > 0 if:
blb+kn][la—c]+[P—cal[2bk+2bky +20k" + kky + kK™ +30%]

—la—cn] [bk+20k" + kKT +20*] > 0

la—cn][bhk+20kR + EER+202] —b[b+ky][a—c]

& cat 2bk + 2bkn - 2bKE + ki kn + KRR+ 302

la —cen][2b+ k] —bla—c]

P b+ k%] = p,.
S P> et R e k] TR =T
The equality here reflects (6). (48) implies:
1
Q = E[C1G+CQC+C3CN+C4CA—C4Z_7] (49)

where Oy = [b+k][ka—0b]+ k" [ka+kn]+kalb+ky]
= bky+bka+kka—bk+kak+knkB+bka+kakyn
= 2bka+kka+kakn+Eka kB +EkyEE =02 —bk;

Co = — kP lka+kn]—kalb+ky]; C3 = — [b+k][ka—b]; and
Cy = — [b+E][b+kn]. (50)

(49) implies:
[D—bCl]a—bcC’Q—ngcN—bC’4cA+bC4ﬁ
D .

(51)
(2) and (50) imply:
D—-bCy = [2b+Fk][ky (ka+ k") +kak™] +bks[304+2k] —b°[b+ k]
— b[2bka+kka+kaky +kak" +ky kT — 0> —bk |

= 2bkaky +2bkN kT F20ka kR + kkaky +hkky ER 4+ kEg kR + 307k,
11



+ 2bkka—bk — 2%k —bkka —bkaky —bka k% —bky kT + b2k
= 0’kg+bkka+bkaky +bkak® +bky k" +kkaky +kka k™ +kky k"
= [b+ k] [bka+kaky +kak™+ ky k"]
= [b+FK][(b+Fka)(by +ka) +hnka—DbEn]. (52)
(2) and (50) imply:
D —bCy = [2b+k] [kn (ka+E") +kak®] +bka[30+2k] — 0 [b+ k]
—b[b+E][b+ky]
= 30%ka — Pk —b® +20kks +2bksky +20ka kR +20kn kR + kkaky
+ kka kP + kky k" + by 0 + ky kb4 b + b2k
= 30%ks +2bkka+2bkaky +2bka k™ +2bkn k" + kkaky
+ kka Kt + bk KR+ ky b +kn kb
= b[b+k][kn+kal+[kaky —knb][2b+K]

+ [ky +ka][20+ K] [b+E"]. (53)

(51) implies:
[D—bC’l]a —bCCQ— ngCN — bC4CA+bC4ﬁ

p < PQ) = -
N ﬁ—%ﬁ < [D_bcl]a_bc%—bczscjv—b@;c/;
- ﬁ[l_%} - [D—bCl]a—bcC;—ngcN—bCMA 5
& PF[D—bCy] < [D—bCila—beCy—bCyen —bChen
e 7 < [D—bC'l]a—bcC’g—bC’ch—bC’4cA. 5)

D—-bCy

(54) reflects the fact that D —bCy > 0 because Cy < 0 (from (50)), and because D > 0,
by assumption.

(50), (52), (53), and (55) imply:

< Diz{amk][(b+kR)(kN+kA)+kaA—ka}

i~

+be[(ky+ka) 0+ k") +kaky —bky]

12



+b[b+k][ka—Dblen+b[kn+b][b+EK]cal

< Di {[b+k)a+bc][(b+K") (ky +ka) +kyka—bky]

i
S|
N

+ b[b+k][ka—blen +b[ky +0][b+Ek]ca} = Dy- (56)

The equality in (56) reflects (7). (55) and (56) imply that p < P(Q) (and g4 > 0)
when P € (Do, Pg]- O

Lemma A3. Suppose D € (Dy, Dy|, where B; < Pp. Then in equilibrium, P(Q) = P.

Furthermore:
_ bib+k]|lexn —cal+hknla—D][b+k]—bEky[p—c]
fa bIb+ k] [y + ka] ’
. ]CA[b+I€][(I—]_9]—bk’A[ﬁ—C]—b[b—Fk][CN—CA]‘
N = bb+ k] [kn + ki) ’
R o_ _ [b+k]la—p]-b[p—c],
QY= qatan = b+ k] ,
q:%; and Qza_bﬁ. (57)
Proof. (4) implies that R’s problem, [P-R], can be written as:
M(?Xigﬂgze Ip = [Palg+ Q") —calaa+ [PQ"+q) —en] [QF — qa]
k k kR
- TA[CIAF—?N[QR—QAF—?[QR}Q
Ry _ )P if P(¢+Q"%) >p
where Py(q + Q") = {P(q+QR) 5> P(qgt Q). (58)

(58) implies that when g4 > 0 and there exists a range of p for which P(Q) = p, the
necessary conditions for a solution to R’s problem are:

oIl

Wj - PA(q+QR)_CA—/€AQA_[P((JJFQR)_CN]JFkN[QR_QA] = 05 (59)
OtIIR o~ IIR _ _

862—R < 0 and W > 0 forall p € Dy, D], (60)

where: (i) %—HRR denotes the left-sided derivative of IIz with respect to Q*, which is relevant

when P4(-) = p; and (ii) agQr}I%R denotes the right-sided derivative of IIp with respect to
Q" which is relevant when P4(-) = P(Q). The first inequality in (60) indicates that R’s
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profit declines if R increases Q¥ so as to reduce P(Q) below p (thereby rendering the cap
nonbinding). The second inequality in (60) indicates that R’s profit declines if R reduces QF
so as to increase P(Q) above p (thereby causing the cap to bind). Together, the inequalities
in (60) ensure that when p € [p,, P, |, R cannot increase its profit by changing Q so as to
cause P(Q) to differ from p.

12) implies:
(12) fmp a—bQ —bqg—c—kq =0

3
|
o

& p—bg—c—kq =0 & q = . (61)

>
+
o

Because p = a — b [q + QR], (61) implies:

5= a_b|P=C R R _  _—_,|P=¢
D= a b{b—i—k:jLQ] S bQ a—7p b{bij]

R _ a—Dp DP—c _ [a=D][b+k]-b[p—C]
O A bb+ k] ' (62)

Because p = P4(q+ QF) in equilibrium, by assumption, (59) holds if:
P—ca—kaga—[p—cn]+hy[QF—ga] =0
& oy—ca—kaqat+hyQT —kyqa = 0. (63)

(62) implies that (63) holds if:

la—p][b+k]-b[p—c]
b[b+ k]

ey —ca—kaqa+ky —knga = 0

la —pJ[b+k]-b[pP—c]

& qalky+ka]l = en—catky

b[b+ k]
CN —Ca [a—p][b+k]—b[pP—c]
< = +k
A= oyt Eka N T b [b+ k] [k + ka]

b[b+k]len —cal+kyla—pl[b+k]-bkn[p—c]
b[b+ k] [ky +ka] '

(62) and (64) imply:

la—p][b+k]-b[pP—c]
b[b + k]

gv = Q% —qa =

b[b+k][ey —cal +hn[a—P][b+k]—bky[p—c]
b[b+k|[kn+Fka]

[a—]_?][b+k‘][k‘N—|—kA]—b[]?—c][kN—I—k‘A]
b[b+k|[kn+kal
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blb+k][ey —cal+kyla—D][b+ k] —bky[DP—c]
b[b+k|[kn+Fkal

kA[b+k][a—13]—bkA[]3—c] — b[b+k][0N—CA]

B b(b+k][ky + ka] ' (65)
(64) and (65) imply:
R _— _ 1 —
Q" = qa+av = bIb+ K [ow & r] {[kn+ka][b+E][a—D]
— blky +kal[p—c]}
_ [b+klla—p]-b[p—C]
- b[b+ k] ‘ (66)
(61) and (66) imply:
_ ok, _ b+klla=p]-b[p—c] b[pP—c] a—-D
© =0+ = blb+ k] T

(58) implies:

8+HR R R R NR
W = —qu—i—a—QbQ —bq—cN+qu—/€N[Q _QA]_k Q
— a—2b0Q% —bg—cn —ky [QF —qa] — K Q"
= P—bQ" —ex —hnay — k" Q" = p— [b+ k] Q" —ex —kvav;  (67)
w — a—ZbQR—bq—cN—i-bQA—kN[QR_QA]_kRQR
0QFr

= a—2bQ" —bg—cn+bqa—kngv — KT QR
= p—bQ" —en+bqa—kyqy — KT Q
= p—[b+ k"] Q% —en+bga—kvay. (68)
(67) and (68) imply that (60) can be written as:
P[0+ k"] Q% ey —knay <0 < p—[b+E"]QF —cny +bga—knan
& [b+E Q% +ent+hvay —bga < P < [b+E"]QF +en+kvan. (69)
(62) and (65) imply:
p < [b+E"] Q" +oen+ knan

la—p][b+k] —b[p—c]
b[b+ k]

& [b+ kT +en

15



kalb+k][a—D]—bka[D—c]—Db[b+k][cn —cal
b[b+k]|[kn+Fkal

+ kn

alb+k]—D[2b+k]+Dbc
bIb+ k] *
Falb+k]a—Dpha[2b+ k] +bkac—b[b+k][ex — ca]
Db+ k] [fow + Fal

& [b+ k"] ex

> p

+ kn

alb+ k] +bc kalb+kla+bkac—0b[b+k][cy —cal
s [b+E] —————— vtk
[ ] b[b+ k] N TN bb+k][ky + ki

knka[2b+ k] _[2b+k][b+ k"]
blo+ K [hy +hal 0 B[b+ ]

> p+p

alb+k]+bc kalb+kla4+bkac—0b[b+k][cny —cal
s [b+kt] ———————— 4 ey +k
[ } b[b+ k] N TN b[b+k][ky + ka]
knka[2b+k 2b+ k] |b+ kR
S Al ] +[ I ]

blb+k][kn +ka] b[b+ k]

o [b+ k"] [a(+k)+bc][kn+ka]l+enb[b+ k] [ky + ka]
+ kn[ka(b+ k)a+bkac—b(b+k)(cn —ca)]
> plb(b+k)(kn+Fka)+Eknka(2b+E)
+ (kny +ka) 2b+ k) (b+£%)] = B Ds. (70)
The last equality in (70) reflects (8). (70) implies:
p < [b+E"] Q% +en+kvan

< p < DL:;{[b‘f‘kR][a(b+l€)+bc][k?N+k7A]+CNb[b+k’][kN+kA]

+ ky[ka(+k)a+bkac—b(b+k)(cy—ca)l}

& p < Dig [b+ k"] [a(b+k)+be][ky +ka]l+enb[b+E][ky+ ka]

+ kaA[b—i-k]a—i-bk’NkAC—ko[b—Fk][CN—CA]}
1
& p < D—B{[b+kR][a(b+k;)+bc][k;N+k:A]+ch[b+k:]k:A

+ knkalbtkla+bkakyc+kyb[b+Ek]ca
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+ k’NkZA[b+k]a+bkAkNC+/{?Nb[b+/{?]CA}

& 5 < o {albt K] [(b+ k") by + ka) + by ko]

+ C[b(kN—i-kA) (b—FkR)—Fb/{AkN] +CNb[b—|—]€]kA+/€Nb[b+/€]CA}

& 5 < o {albt k][ (b+ k") (by +ka) + oy k]

+ bC[(kN—f—kA) (b—|—]€R)+/€A/€N] —f-CNb[b—i-k]kA—i-k)Nb[b—i-k]CA}

< D =< Dy (71)

(62), (64), and (65) imply:
[b+kR] QF+cen+Ekvgy —bga < P

a—pllb+k]-b[p—c]

& [b+ k"] [ bTb 1R

+cNn

/{IA[b—i-kHa—ﬁ]—bk’A[]_?—C]—b[b—i-kHcN—CA]

+ k
N b[b+k][ky + kil

blb+k][ey —cal+kyla—D|[b+ k] —bkn[P—c] _
-0 b[b+ k] [ky + ki) =P
alb+k]—D[2b+k]+bc
b+ k| *

& [b+ k"]
kalb+kla—pka[2b+k]+bkac—b[b+Ek][cy —ca]
b[b+k|[kn+Fkal

b[b+k|[ey —cal+kyalb+ k]| —pkn[2b+k]+bkyc .
b[b+ k] [ky + ka] b

+ kn

- b

alb+k]+bc kalb+kla4+bkac—0b[b+k][cny —cal

e [brR] —Hy tevthe b[b+ k] [ + ka]
_bb[b—l—k][CN—CA]+kNa[b+k]+kac
b[b+k][ky+kal
o [kwka—knb][2b+ k] _[20+K][b+E"]
S PP K Tk kAl T b[br k]
r1 alb+Ek]+bc kalb+k]la4+bkac—0b[b+k][cy —cal
& (o] gy etk DI
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blb+k][ecy —cal +kvalb+ k] bkyc
b[b+k|[kn+Fkal

—b

[knka—kyb][2b+k]  [2b+K] [b+ k"]
b[b+ k] [kn + ka] b[b+ k]

<pl1+

& [b+E ] [a(+k)+bc][ky +kal +enb[b+ k] [kn + ka]
+ kn[ka(b+Ek)a+bkac—b(b+k)(cy —ca)l
—blb(b+k)(eny —ca) +hyva(b+Fk)+bkyc]
< plb(b+Fk)(kn +ka)+kn(ka—0)(20+k)
+ (ky +ka) 20+ k) (b+E")] = pD,. (72)
The last equality in (72) reflects (7). (7) and (72) imply:
[b+ k"] Q% +en +hvay —bga < D

& p > D%{[H/{;R}[a(b+k)+bc][kN+kA]+ch[b+k][kN+kA]

+ kn[ka(b+k)a+bkac—b(b+k)(cn —ca))

— b[b(b+k)(cn —ca)+Ekyva(b+k)+bkyc]}

s P> Di{a[(b+kR)(b+k)(kN+kA)+kaA(b+k)—b(b+k)k;N}
+ c[b(ky +ka) (b+E") +bkaky — bky |

+ enb[b+k][ka—b]+blky+b][b+k]ca}

& P> D%{a[bwc][(b+kR)(kN+kA)+kaA—ka]
+ cb[(ky+ka) (b+E") +kaky —bky]
+ enb[b+k][ka—0]+b[ky+D][b+k]ca} = Dy-
(7), (8), (67), (68), and (71) imply:
Py = [b+k"] Q% +ceny+kvgy —bga and
D, = [b+k"] Q" +cen+knan. (73)

(73) implies that p; < p, because g4 > 0 when p > p,. O
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Lemma A4. Suppose p > p,. Then in equilibrium:

1

w“w = o [a—cal[2bk+2bky +20k" + kky + kK" + 307 ]
3

— la—cn][20k+20k" + kK" 4+ 307 —bky[a—c]};

1

o= 5 [a—cn][2bk+2bka+20k" + kka+ kK" +30%]
3
— la—cal[2bk+2bk" + Kk +36°] —bkala—c]};
1
=5 [a—c][2bka+2bky + kaky + kak™ + ky k"]

— bkala—cy]—bky[a —ca]}; and

OF = qutay = ——{[a—calhn[2b+Kk]+[a —cy]hal2b+k]

Ds

where D3 is as specified in (8).

— blka+kn|[a—c]}

Proof. (4) implies that when the price cap does not bind, [P-R] is:

.. k
Maximize [a—b(qA—i-qN—i-q)][QA-l-QN]—CAQA——A[QA]
qA,4dN 2
k kR
— CN 4N — 7N[CJN]2— T[QA‘FQN]Q'

Differentiating (78) with respect to g4 provides:

a—blgatav+q]l—blga+an]—ca—kaga—Ek"[ga+qn] = 0

& a—blgy+q]—bgn —

ca—kfqn = qa [Qb+kA+k‘R]

a—cy— [Qb—i—kR}qN—bq

< qa =

2b4+ k4 + kR

Corresponding differentiation of (78) with respect to gy provides:

a—cy — [Zb—l—kR}qA—bq

N = 20+ ky + kE
(32) implies: Ca—c b o
T %tk 2ok TV

Definitions. K4 = 2b+ ka + k"

and Ky = 2b+ky + k7.

2

(74)

(75)

(76)

(77)

(80)

(81)
(82)

19



(79), (81), and (82) imply:

a—cq [2b+kR]qN_ b [a—c—b(qA—i-qN)

“ = ", K4 K, 20+ k

bZ
1 — -
= qA{ [2b+k:]KA}

~[2b+k][a—ca] - [2b4+ k7] [20+k]gqy —bla—c]+ b qn
B [2b+ k] K4

> o P ]

[2b+k][a—ca]l—bla—c]— ([2b+ k"] [2b+ K] —b*)qn

B (204 k] K4
_ [2b+k][a—ca]—bla—c] B
= qa = D Da qn
where Dy = [2b+k]|K4—0> and B = [2b+ k7] [20+k] V", (83)

(80) — (82) imply:
_a—cy [2b+kR]qA_ b [a—c—0b(qga+qn)
N = Ky Ky Ky 2b+k

b2
1 - -
= QN{ [2b+k]KN1

(204 k][a—en] = [204+ER][2b+ k]ga—Dbla—c]+bPqa
B [20+ k] Ky

> o [P

[2b+k][a—cn]—bla—c]— ([2b+ k7] [20+ k] —b%) qa

B [2b+ k]| Ky
_ [2b+k]la—cy]—bla—c] B
= N = Dn Dn qa
where Ky = 2b+ky +k% and Dy = [2b+ k] Ky — 2. (84)

(83) and (84) imply:

[2b+k][a—ca]—b[a—c] B
ga = D, —DADN{[26+k][a—cN]—b[a—c]—BqA}
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N QA{l_DABDN} _ DADN{[2b+k;]DN[a—cA]—bDN[a—c]
- B[2b—|—k;]DN[a—cN]—|—bB[a—c]}
= qa|DaDy—B*] = [2b+k]|Dy[a—ca]+b[B—Dy][a—c]

+ [2b+k]|Bla—cy]. (85)
(83) and (84) imply:

DaDy—B?* = [(2b+ k) Ka— 0] [(2b+k) Ky —0*] — [(2b+ &) (2b+ k) — b*]”
= [20+ k) KxKy —b*[2b4+ k] K4 — b2 [2b+ k] Ky + b
— 20+ kP [2b+ KR 4202 [2b+ k] [2b+ k7] — b
= [20+k] {[20+ k] Ka Ky — b [Ka+ Ky]+20*[2b+ k"]
— [2b+ k] [2b+K"]7}. (86)
(82) implies that the term in {-} in (86) is
[2b+ k] [2b+ kT 4+ ka] [20+ kT +ky] — 0% [4b+ ka+ ky + 2k ]
+ 20 [2b4+ kR = [2b+ k] [2b+ k7]
— (204 k] { [20+ k7] 4 [ka + k] [26+ K7 ] + ko |
+ 20220+ KR] — [2b+ k) [2b+ KR]" — 82 [2 (26 + K7) + ka + Ky ]
= [2b+ k"] {[20+ k] [ka+kn]+2b° =207} + [2b+ k] kaky
+ [204+ k] kaky —b* [ka + kx|
= [ka+kn]{[20+k][204+ k") =0} +[2b+ k] kaky
= [ka+ky]{[20+ k] [0+ k") +b[20+ k] -0} + [2b+ k] kaky
I

= [ka+kn]{[20+k][b+E"] +b[b+ K]} +[2b+k]kaky = D3. (87

The last equality in (87) reflects (8).
(82) and (84) imply:
Dy = [2b+k][2b+ky+ K] =0 = 2b[2b+ k] — 0+ [2b+ k] [y + k7]
= 302 +2bk+ [2b+ k] [ky +E7]. (88)
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(82) and (84) imply:
B—Dy = [2b+k][20+ k"] —0* = {[2b+ k] [2b+ ky + K" ] =07}
= [2b+k][20+ K" —20—ky — k"] = — [2b+k]ky. (89)

(83) and (85) — (89) imply that (74) holds. Furthermore, (74) and the symmetry of g4
and gy in the analysis imply that (75) holds.

Observe that:
30 +2bk+ [2b+ k] [kn + K% ] — [(2b+ k) (20 + k7)) — b?]

= 40 +2bk+ [2b+ k] [ky + K" — (20 4+ K") ]
= 2b[2b+ k] +[2b+k][kn —20] = [2b+ k]kn; and
302 +2bk+ [2b+ k| [ka+ k%] — [(20+ k) (20 + k7)) — b?]
= 46" +2bk+ [2b+ k] [ka+ K" — (20+K") ]
= 20[2b+k]+[2b+k][ka—2b] = [2b+k]ka. (90)
(74), (75), and (90) imply that Q% = g4 + qu is as specified in (77).

(77) and (81) imply:

= 26+ k] Ds

_ m{[a—cA]kN[2b+k]+[a —cn]ka[2b+ ]

— blka+ky]la—c]}
= m{[a—c][Dngb?(kAJrkN)} —[2b+k]bka[a —cy]

— [2b+k]bkn[a —cal}. (91)
(8) implies:

Ds+0*[ka+ky] = [20+k)kaky +[ka+kn][0°+0(b+Ek)+ (20+k) (b+E")]
= [2b+k]kaky+ [ka+kn][20° +bk+2b6% + 20k + bk + k"]
= [2b+klkakn+ [ka+kn][40° + 20k + 20k + kK" ]
= [2b+k]kakn+ [ka+kyn][20(20+ k) + K" (2b+ k)]
= [2b+ k] {kakn+[ka+kn][20+E"]}. (92)
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(91) and (92) imply that ¢ is as specified in (76).
(74) — (76) imply:

P(Q) = a—b[qa+qv+q]

b
:a—ﬁs[Bl(a—cA)—i—Bg(a—cN)—i-Bg(a—c)] (93)

where By = ky[b+k]; By = ka[b+k]; and
By = [b+ k"] [ka+kn]+kaky. (94)
(93) implies:
PQ) =
(94) implies:
Bi+By+ By = [ka+ky][b+k]+[b+k"] [ka+kn]+kaky

[D3_b(Bl+BQ+B3)]a+bBch+bBQCN+ngc
Dg '

= [204+k+ k") [ka+kn]+kaky.
(8) and (94) imply:
D3 —b[ By + By + Bs]|

= b[b+k|[ky+kal+knka[204+k]+ [ky+Eka][20+FK] [b+E"]
— b[Qb‘Fk’—i‘k‘R} [kA+kN]—kakA

= b[b+k][ky+kal+hknkal2b04+ k] + [kn+ka][20° +Ekb+2k"b+ Kk k"]
— [20* + kb+bk™] [ka+kn] —bkyka
= b[b+k|[kny+kal+knkalb+k]+ [kn+ka] [bE" +EE"]
= b[b+k][ky +hka]+Enka[b+k]+E[ky +ka][b+ k]
= [b4+k][b(kn + ka) + kn ka + k" (ky + ka) |
= [b+ k][ (b+ k") (by +ka) +knka]. (96)
(94), (95), and (96) imply that the price cap does not bind if:

(I[Dg—b(Bl+Bg+Bg)]+bBch—|—bBQCN+ngC
Ds

P>
_ %g{Mb+k]Hb+k%(mw+mg+thq+%ﬂh+MkNm

+ b[b+k]kacy +bc [ (b+E") (ka+ky) +kaky]}
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= - {1+ R atbe] [+ k") (o +ka) + b k]
© bt k] kyea tb[bt klkacy} = By (97)

The last equality in (97) reflects (8). O

Definitions

qa1(Dy), qn1(Pg), and q1(py), respectively, denote the values of g, gy, and ¢ specified in
Lemma A1, where p < p,.

qa2(Dy), qn2(Py), and q2(P,), respectively, denote the values of g4, gy, and ¢ specified in
Lemma A2, where p € (P, Py |-

Lemma A5. lim ¢a2(p) = qa1(Dy), lim qn2(p) = qni(Dy), and  lim ¢2(D) = ¢1(Py)-
P—Po P—Po P—Po

Proof. (11), (12), and (19) imply that when p < p,, qn, ¢, and g4 are determined by:

ort R
v a—2bgqyv —bqg—cy —kngv — K" qny = 0;
8_7r = a—bqv—2bgq—c—kq = 0;
dq
orlt _ R
qga = 0; and%:p_cA_bQN_k gv < 0. (98)

19) implies that the weak inequality in (98) holds as an equality when p = p,.
0

(25), (26), and (32) imply that when P € (py, Py, qn, ¢, and g4 are determined by:

ok R

Dan = a—2bqy —bg—bga—cy —knagv — k" [gv +qa] = 0;

g—ﬁ = a—bgv—bqa—2bg—c—kq = 0;

q

orft

W = F—CA—kAqA—qu—kR[CIN-FQA] = 0. (99)
A

(6) and (25) imply:

1
lim ga0(p) = 5{ (30 +2b(k+kn+ k") +k (kn + k%) ] [Py — cal

P—Po

+ o[+ k] [a—c]—[2b+k][b+ k"] [a—cn]}

= S {35+ 2b (Kt ky + %) + & (b + k7))
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[a —cn][2b+ k] —bla—c]

] R
DR o0 oy = R (205 k] =

+ b[b+k ) a—c]—[20+k][b+ k"] [a—cn]}

_ %{[bwﬁ} la—ex][2b+ k] —b[b+ k] [a—c]

+ b[b+ k" [a—c]—[2b+k][b+E"][a—cy]} = 0.  (100)
(100) reflects the fact that:
[2b+kn + k7] [20+ k] —b° = 30> +2bk+ [kR + K] [2b+ K]
= 30" +2b[k+kn+ k"] +k[ky+ £

(100) implies that lim qa2(Pp) = qa1(Py). The equations in (99) coincide with the equa-
P—Pg

tions in (98) when p = p,. Therefore, because (20), (21), and (23) imply that ga, qw,
and ¢ are continuous functions of p, lim qa2(p) = qa1(Py), lim qna(p) = qn1(Py), and
P—DPo P—DPo

lim ¢2(p) = a1(py). O
P—Po

Lemma A6. 0 < p, < p; < Dy -

Proof. The proof of Lemma A3 establishes that p,; < p,. From (6):

[a—cn][2b+Kk]—bla—c]
[2b+ ky + ER][20+ k] — b2

The inequality in (101) holds because [a —cn][20+ k] —b[a—c] > 0, from (3).

Py = [0+ k%] +ca > 0. (101)

To prove that p, < Dy, let Q1(p) denote the value of Q(p) specified in Lemma A1, and
let Q2(p) denote the value of Q(p) specified in Lemma A2. Lemma A5 implies:

Q1(py) = Q2(Po) - (102)

Lemma A2 implies: 5 < P(OF) © P < By (103)
(102) and (103) imply that if p, < P(Q1(Dy) ), then:

Po < P(Q2(py)) < Py < Dq- (104)

The first inequality in (104) holds because (102) implies that P(Q1(p,)) = P(Q2(py) )- The
equivalence in (104) reflects (103). (104) implies that to establish that p, < Py, it suffices
to show that p, < P(Q1(Dy))-

(6) implies:

la —cn][2b+ k] —b[a—c]
20+ ky +ER][20+ K] — b2

Dy = ca+ [b—i—kR}
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1
[2b+ ky + kR][2b+ k] — b2

{ea[ Qb+ Ekn +E) 2b+ k) =] +[a—en][2b+ k] [b+ k]
—b[b+k"][a—c]}. (105)
Recall from (15) that when g4 = 0 and the price cap binds, the equilibrium price is:

l[a—c][b+kn+ k%] +[a—cn][b+ k]
(204 ky +EkB][2b+ K] — b2

P(Q) = a—blqg+gn] = a—b

1
(20 + ky + kE][2b+ k| — b2

{a[(2b+ky+E%) 20+ k) =0 —bla—c][b+ky+ k"]
—bla—cy][b+k]}. (106)

(105) and (106) imply that p, < P(Q) if:
al(2b+ky+k%) 2b+k) =] —bla—c|[b+kn+k"] —bla—cy][b+E]
> e[ (204 ky +E5) 20+ k) — 2] + [a—cn][2b+ K] [b+ k7]

—b[b+ k"] [a—c]
& [a—cal[(2b+kn+E) 2b+k) =] —bla—c|ky
—la—cn] [(b+E)b+(2b+k) (b + k%] > 0
& Ja—ca] [2bk+2bky + 20k + kky + k k" 4+ 30%]
—bkyla—c]—la—cn][2bk+2bk" + kKR +307] > 0
& [en—cal [20k+ 20K+ kKT + 30 + ky [(a—ca)(2b+ k) —b(a—c)] > 0.

The inequality here holds because cy > ¢4, by assumption and because (3) implies:

kal(a—cn)(2b+ k) —bla—c)] > [exy —cal [2bk+2bk" + kK" 4 3b7]
= [a—cn]|[2b+k]—bla—c] > 0 = [a—cal][2b+k]—b]a—c] > 0. (107)

The last two inequalities in (107) hold because cy > c4, by assumption. [ W

Proposition 2. In equilibrium: (i) %4 < 0, %% <0, %> 0, 9 <0, and “G2 =1

— — — .o R dP
for D€ (Dys D) and(zz)cfiq—g>0,ﬁ1—g<0,g—%<0, %>O,% >0, and#<0for

ﬁe (]_907}_?d)‘ 26



Proof. Lemma A3 implies that for p € (py, Dy ):

dﬂ _ kN[b—i-k’]—i-bk’N < 0-
dp b[b+l€][l€N+kA] ’
dqn ka[b+k]+bka dq 1
= - <0; — = — > 0;
dp bb+k|[ky + ka] dp ~ b+k
dQ 1 dP(Q) 1
= = _z — = p| -2 | = 1.
i 2 <0 = i
Lemma A2 implies that for p € (p,,D,):
dga 30 +2b[k+ky+ k"] +k [ky + 7]
A4 > 0
dp D
dgx blb+2k%] +k[b+E"] “ 0. dQf  [2b+k][b+ kn] -~ 0.
d]_? D ’ d]—? D )
dq b[b+ky] dQ [(b+ K] [b+ky]
_— = —_— 0' d -_— = O. .
dp D < U5 an dp D ~

(108)

owvp) <

>

0 7p z Py where Pyas € [ DBy, By); and (iii) Dy yy = Dy if 1 > 0, whereas pyyy > Dy if
®; < 0, where

b2
o, = [/{:R+2b+k} [ka+kn]A+2b[b+Fk]calky +b]

Proposition 3. For p € (p,, by): (i) V(P) is a strictly concave function of p; (ii) axg(ﬁ

+ [20(b+k)eny + Aky][ka—b] where A

= a[b+k]+bc. (109)
Proof. (62) implies that for p € (p,, B,), R’s revenue is:
_ _[ab+k)+bec—p (2b+k) la(b+k)+bc]|p—[2b+Ek]P?
= == . ]_1
V(p) pl b[b+ k] b[b+ k] (110)
The value of p at which V(p) in (110) is maximized is determined by:
_ _ alb+k]+be _
b+k|+bc—2[20+k]p = = - = . 111
alb+k]+bc [20+k]p 0 = P 2[26+ k] Pvm (111)
From (8):

_— [a(b+k)+bc] [ (b+ER) (ky +ka) +hnka] +ben[b+k]ka+bky[b+Ek]ca

bbb+ k] [kn +kal +knka[204+ K]+ [kn +ka][2b+ k] [0+ kR]
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[(b—FkR)(/ﬁN—f-kA)—FkaA} a[zrb—li]]j]bc—f—CN /CA‘F/CNCA

= . 112

kv +ka+ [(b+KR) (ky +ka) + by ka] by (112)
(111) and (112) imply that py,, < P, if:

alb+k]+bc
alb+k]+be _ Hb+kRMkN+kA%+MMm]Jﬁﬁ%ﬁwwka+qu  113
2(2b+ k] kv +ka+ [(b+kR) (ky +ka) + by ka] 15y
The inequality in (113) holds if:
alb+k]+bc
[(b+ER) (ky +ka) + kv ka ] “hrpthte alb+k]+be 114
/€N+k3A+[(b—f—k?R)(/{?N‘f—kA)—‘r-k’NkJA]% 2[2b+ k]

Define z = [(b+ k%) (ky +ka) + kn ka | b[b—1+k} Then the inequality in (114) holds
zla(b+k)+bc] - alb+k]+bc
kny +ka +2[2b+ k] 2[2b+ k]

z 1
kvt ks +2[201 k]  2[2b+ K]

& 22[2b4+ k] > ky +ka +2[2b4+k] & [2b+k]z > ky +ka

2b+k
f T > ky +k
s [(b+k )(kN+kA)+kaA]b[b+k] > ky +ka
[2b+ k] [b+ k®] 2b+k
k k knka | ————— k k
< blb+ k] [kn +ka]+Enka b6 + ) > RN + K4

20+ k] [b+ k"] —b[b+ k]
b[b+ k]

2b + k
b(b + k)

[k;N+kA]+kaA[ ] > 0. (115)

The inequality in (115) always holds because:
20+ k] [b+ k"] —b[b+ k] = 2b° +20k" + bk + kK" —b° — bk
= b +2bk" + kK" > 0.
(115) implies that py,, < Dp.

(110) and (111) imply that for p € (P4, D), V(P) is a strictly concave function that

attains its maximum at py,,,. Therefore, a\g(;) <0 for p€ (PyasDp)-

(7) and (111) imply that p; > Dy, if and only if:
1
bbb+ k] [kn +kal+ [kaky —knd][2b+Kk]+ [ky +ka][204+ K] [b+ kR]

ALb+Ek)a+be] [(b+ k") (ky +ka) + knka — bky ]
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=

+ b[b+k]|[ka—blen +b[kn +b][0+FK]cat
alb+k]+be
2[b+ k]

1
%?ﬁWkN+kAP+HmkN—*Wb]+[hV+kAHb+kR]

A2[(b+k)at+be] [ (0+K7) (ky +ka) +hnka —bhy]
+2b[b+k][ka—bleny+2blky+b][b+k]ca}
> alb+k]+bc

2[00+ k)a+be] [ (b+E") (ky +ka) +knvka—bky] +2b[b+k][ka—b]cy
+ 2b[kn +b][b+Ek]ca

b[b+ k]

[kn +kal+[a(0+k)+be][kakn —bky]
+ [a(b+k)+bec][ky+kal[b+ k"]

[((b+k)a+be] [ (b+k") (ky +ka) +kyka —bky ]| +2b[b+ k] [ka —b]en

b[b+ k]

+ 2b[kn+b][b+k]ca > [a(b+k)+bc] T

[kN—l-k’A]

b(b+ k)
20+ k

[(b—i—k)a—i—bc]l(b— +kR>(]€N+]€A)+kN]€A—b]€N:|

+2b[b+k][ka—Dblen+2b[kn +b][0+k]ca > 0

20 + kb b(b+Fk)
2b+k 2b+k

[(b—i—k)a—l—bc]{( +kR)(kN+kA)+kaA—ka}

+ 2b[b+ k] [ka—blen+2b[ky +b][b+k]ca > 0

b2
2b+k

[(b+k)a+bc]{< +kR>(kN+kA)+kaA—ka]

+20[b+k][ka—blen+2b[kn+b][b+Ek]ca >0

[

ub+kga+bc]{< b

2b+k+%ﬁ>%N+k@+%ka—bh{

+2b[b+k][kacn +knca—blexy —ca)] > 0
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(b+Ek)a+be
2b+k

}[(b2+kR[2b+k])(kN+kA)+kaA(2b+k)—ka(2b+k;)}
+2b[b+k][kacy +kyca—b(ey —ca)] > 0. (116)
Observe that:
[0+ K" (2b+ k)| [kny +kal+knka[20+ k] —bky [2b+ k]
= 0 [ky+kal + KT (204 K] [ky +ka]l +ky[20+Kk][ka—b]
= U [kn+ka] —b[2b+ k] [ky +ka] +0[20+ k] [ky + ka]
+ KR [20+ k] [kn 4+ kal +ky[2b+ k] [ka — b]
= —b[b+k][kn+ka]l+ [b+E"][2b+K] [k +ka]+ky[2b+K][ka—D]
= —2b[b+k][kn+ka]l+ Ds. (117)

The last equality in (117) reflects (7). (116) and (117) imply:

Pa = Pvmu & &1 >0,

where &, = [%}{Dg—Zb[bJrk][k:NJrkA]}
+ 2b[b—|—]€][]fACN+/€NCA—b(CN—CA)]. (118)
(7) implies:
Dy —2b[b+k][kny+ka] = —blb+k][kn+Fka]+kn[ka—0][20+ K]

+ [2b+ K] [b+E"] [ky + ka)
= [ka+kyn][20°+20k" + 0k + kK" =0 —bk]| +ky[ka —b][2b+ k]
= [ka+ky][0®+20K" + kE" ] + kn[ka—b][2b4 K]. (119)
(119) implies:

[(b—i—/{:)a—l—bc

ST ][DQ—Qb(b+k)(kN+kA)]

_ [w—fzbc}[kA+/<:N][b2+kR(2b+k:)}+[(b—i—kz)a+bC]/€N[/€A—b]~ (120)
(109) and (120) imply:

o, = 2b+k[kA+kN][(b+k)a+bc]+kR[kA+kN][(b+k)a+bc]
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+[(b+k)a+bclky[ka—b]+2b[b+k]en [ka— D]

+2b[b+k]calky + 0]
2

2b+k

= {kR+ }[k;A+k;N][(b—i—k’)a—f—bc]+25[b+k]CA[kN+b]

+{2b[b+klen+[(b+Ek)a+bclky}[ka—0] = ;. N

Proposition 4. p, — p, increases as: (i) ca, ka, or k' declines; (ii) ¢ or cy increases; or

(#ii) kn increases if ka — b is sufficiently small.

Proof. (7) and (8) imply:
N, - N
B Dy b[2b+ k] ky

where N3

la(+k)+be] [ (b4 k) (ky 4+ ka) + En ka ]

+ben|[b+k]ka+bky[b+Ek]ca and

Ny = [a(b+Fk)+bc][(b+k™) (ky + ka) + ky ka ]
+ben[b+klka+bky[b+k]ca
— bky|a(b+k)+be] =V [b+k]ey +0*[b+k]ca
= Ny—bky[a(b+k)+bc]—b*[b+k][cy —cal. (121)

To prove that 8(’7§k}ﬁ 2 < 0, let ¢4(p) denote R’s equilibrium output using A’s input when
the price cap is p € [D,, P, ]- Let qn(P) denote R’s corresponding output when R does not

employ A’s input. Also let Q%(p) = qa(p) + qn (D). (73) implies:

Dy = [b"‘kR} Q" (Py) + en + ki an (Dy)

where, from (57):

_\ _ kalb+k][a—Dp]—bka[p,—c]—b[b+k][en —ca]
an(py) = bTb+ k] [k + ka] and

[b+Ek][a— D] — 0[P, —c]

(122)

(122) implies that qy(p,) and QF(p,) vary with k% only through p,. Therefore, (122)
implies:
Ipy

0Q" () 9p, ., dan(By) Py
OkR T 9p. kR  9p. OkR

_ R/— R
= Q") + [b+ "] op,  okE N T op okR

(123)
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(122) also implies:

Ign (Py) kalb4+k]+bka
gNPy) = Dy < 0;
ap, b(b+k][ky + ka] N
0Q%(py) 2b+k
- 2" = D, < 0. 124
ap, b[b+ k] r (124)
(123) and (124) imply:
8@7 R/— R a]_)b a]_)b
— = () (pb)—i-[b—l—k }DR%—R—FICNDN%

OkE
8ﬁb R _ R(=
819_3[1_<b+k )Dr—kyDy] = Q"(p,)

op, Q" (p,)
= kR T 1—[b+ k] Dp—kw Dy (125)

=

The inequality in (125) holds because Dy < 0 and Dy < 0, from (124).

(73) implies:

Pa = [b+ K] Q(By) + cn + kn an(Pg) — bqa(Dy)

where, from (57):
blb+Fk][en —cal+hnla—p][b+k]—bkn[D—c]

I

4(pa) = blb+ k] [ + k]
_ kalb+k][a—pg] —bka[Py—c]—b[b+k][cy —ca]
13(Pa) = b[b+ k] [ky + ka) ; and
0%p,) = [b-i—k][ab—[fi]k—]b[ﬁd—c]_ (126)

(126) implies that q4(p,), gz (P,), and QF(p,) vary with k¥ only through p,. Therefore,

(126) implies:

g AR~ r1 0Q" (D) 0Py
9qn (Pa) OPa 9q4(Pa) Opg
k — . 12
TN T n, OkR op,  OF (127)

(126) also implies:
0 En{b+Fk]+0Dk
QA(pd) N[ ] N Dy < 0;

95,  b[b+ k] [ky + k4]
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oqn(Pg) kalb+Ek]+bka

= — = Dy < 0;
9P, b[b+k][ky + ka] N
0Q%(p,) 2b+k
— 22T —p .
ap, blb+ k] R <0

(127) and (128) imply:

Ip, R/— R Py Py P4
P
N a/% [1— (b+ k") Dp—kyDy +bDa] = QR(By)
R_
N 0Py _ Q (pd)

OkR 1 —[b+kR]Dr—kyDy+bDy’

(128) implies:
20+ k kn(b+Fk)+bky

—bDr+bDy = b[—Dr+ D4l :b[ -

b(b+k) b(b+k)(ky+ka)

b[2b+k‘ _( by >2b+k}
bbb+ k) kn+ka/) b(b+k)

= lseim] [ we

> 0
b(b+k) kEn +ka

Because Dy < 0 and D < 0 from (128), (130) implies:
1—[b+k"| Dp—kyDy+bDsy = 1—k"Dgp—ky Dy —bDr+bDy
> 1—k"Dr—kyDy > 0.
Because D4 < 0 from (128), (131) implies:

1-— [b—i‘k}R}DR—]CNDN > 0.
(129) and (131) imply:

opy Q" (D)

DkF ~ T [b1 k"] Dn—knDn+bDs = O
(125) and (131) — (133) imply:
op, 0py Q" (D) Q" (7,)

OkE  OkR — 1—[b+kR|Dr—knDy 1—[b+kB]|Dgr—FkyDy+bDy

(128)

(129)

(130)

(131)

(132)

(133)

0

33



Q" (D) < Q" (p,)

 T_[b+ kR Dy —knDnx ~ 1—[b+ kR Dp—ky Dy +bDa
R(p 1— b+ k| Dp—kyD
@Q(fl’)< [ | D = ki Dy : (134)
Q"(Pa) 1—[b+ k"] Dr—kn Dy +bDa
(62) implies that Q%(p,) < Q%(p,). Therefore:
Q" (py)
Q" (Da) (135)
Furthermore, because 1 — [b—{—kR] Dr —knyDyn +bDy > 0 from (131):
1—[b+ k"] D —ky Dy o
1—[b+kB]Dr—knDn—+bDy
& 1-[b+k"]|Dr—kyDy > 1= [b+ k"] Dp—ky Dy +bDy
& Dy < 0. (136)

(128) implies that the last inequality in (136) holds. (135) and (136) imply that (134)
holds. Therefore, because p, > p; > 0 from Proposition 1, (125) and (134) imply that

e ).
To prove that a(f’a”T?d) > 0, observe that (7) and (8) imply:
e = R wa G = 9
(137) implies:
P, 0Py _ b[b+k]ka _ b[b+Fk][ka—D] -
Ocy  Ocn Dy +bkn[2b+ k] D,
k ka—0b
< D2+bk:NA[Qb+k] > =5
& Doky > [Da+bky (20+Fk)|[ka —b]
& Dyks > Doka—bDy+bky[2b+ k] [ka—b]
o Dy—ky[2b+k][ka—b] > 0. (138)

The inequality in (138) holds because, from (7):
Dy — ky [2b+ k] [ka—b]

= blb+k][ky+Ekal+[2b+ k] ky[ka—D]
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+ [2b+ k] [kn +ka] [b+E"] —ky[20+ k] [ka —b]
= b[b+k|[ky+kal+[2b+K][kn+ka] [b+E"] > 0.

To prove that Hbp—Pa) 0, observe that (7) and (8) imply:

dca
R T e e
(139) implies:
Op,  O0Pa _ b[b+klky  b[b+k][ky +b] <0
Ocy  Oca Dy +bky[2b+ k] Dy
blb+k]ky _ blb+k][kn+0]
Dy +bky[2b+ k] D,
& bDy[b+k)ky < [Do+bky(2b+k)]b[b+k][ky +Db]
& Doky < [Da+bky (2b+ k)] [kn + 0]
& Dyky < Dyky+bDy+bky[2b+ k] [ky + 0]
& Dy+kn[20+k][kn+Db] > 0. (140)
The inequality in (140) holds because, from (7):
Dy = b[b+k|[ky+kal+[20+Kk]{ky[ka—0b]+ [kn+ka][b+E"]}
= b[b+k][ky+ka]l+[20+ k] {ky [ka+ k"] +ka [b+E"]} > 0.
To prove that a(%”de) < 0, we introduce the following;:
Definition. Y} = b[b+ k| {kn[a(b+k)+bc— (2b+k)ca]
+ [exn —cal [b(b+ k) +2b+k) (b+E%)] }. (141)
Observe that:
Y1 > 0. (142)

(142) holds because ¢y > c4 by assumption, and (3) implies:

[a—cal[20+Kk]—bla—c] > 0 = a[b+Ek]+bc—[2b+k]ca > 0.

(8) implies:

(D3)? g—gz = Dy{la(+Fk)+be][b+k+kn]+b[b+FE]cn}
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—{blb+k]+[2b+k] [kn+b+E"]}
A{la@+k)+be] [ (b+ &) (ka+ky) +kaky]
+ b[b+k][enka+cakn]}
= {la(b+k)+bc][b+k"+ky]|+b[b+k]cn}
Ab[b+ k] [ka+kn]+[2b4+ k] [kakn + (ka+Eky) (b+£5)] }
—{blb+k]+[2b+k] [ky+b+ k"] }
A{la@+k)+be] [ (b+E") (ka+kn) + kaky ]
+ blb+k][enka+cakn]}
= la(+k)+be][b+ kR +kn]b[b+k][ka+ky]
+ la(+k)+be] [b+E +kn][20+ k] [ (b+E") (ka+ky) + kaky]
+b[b+k]enb[b+ k] [ka+kn]
+b[b+klen[2b4+ k] [ (b+E") (ka+ky) + kaky ]
ab+k)+be][(b+KE") (ka+kn)+kaky]

[
—b[b+k b[b+]€][CN]€A+CAkN]

]
— b[b+k]
]
—[20+ k] [kn+b+ k"] [a(0+k)+be] [ (b+E") (ka+ kn) + kaky]
— [2b4+ k] [kn+b+E b [b+k][enka+cakn] = ©. (143)
(143) implies:
® = [a(b+k)+bc|Pa+b[b+k]Dp (144)

where
Oy = b[b+E][b+ k" + k] [ka+ky]
+[20+ k) [0+ K+ kn ] [ (b+ &) (ka+ ky) + ka ki ]
—b[b+ k][ (b+ k) (ka + ky) + kaky ]

— [2b+ K] [b+ k" +kn ] [(b+ ") (ka4 kn) + kaky ]
= b[b+ k] {[b+ Kk +hy][ka+ky] = [(0+ k") (ka+kn) +kakn] }

= b[b+ k] {ky[ka+kn]—kakn} = b[b+k](ky)® and (145)
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Op = enb[b+Ek][kat+kn]+en[20+ k][ (0+ k") (ka+kn) + kakn ]
— b[b+k][enka+caky] —[204+k] [kn +b+ k"] [enka+caky]

= b[b+k]ky[ey —cal +[2b+ k] Do (146)

where

Oc = oy [(b+ k") (katky)+kaky] — [y +b+ k"] [enka+ caky]

= on [(b+ ") (ka+kn) +kaky —ka (ky +b+ k%) | = caky [y +b+ k"]

= enkn [b+ER] —cakn [ky +0+E"] = [b+E*] kn[en —ca] —ca (k). (147)

(146) and (147) imply:

Op = bb+klky[en —cal +[20+E]{ [b+E*] ky[en —ca] —ca(bn)?}

= ky[en —cal {0[b+k]+[20+ K] [D+E*] ) —[2b+ K] ca (kn)? . (148)

(141), (144), (145), and (148) imply:

d = [a(b+k)+bc]b[b+Ek](ky)?
+b[b+k]ky[en —cal{b[b+ K]+ [2b+k][b+ k"] }
—b[b+k][2b+k]ca (ky)?

= b[b+k]kn{[a(b+k)+bclky —[2b+k]caky
+ [en —cal[b(b+k)+ 2b+Fk) (b+E")]}
= blb+Ek]kn{kn[a(b+Ek)+bc— (2b+k)ca]
+len—cal [bo+k)+ @b+E) (b+k)] = kyYi.  (149)
(142), (143), and (149) imply that J% = ExYi ~ .

A (D)’

(7) implies:

(Ds)? g% — Dy {[a(b+k) +bc][b+k"+ky]+b[b+k]en )

— {b[b+k]+[20+ k] [ky +b+ K]}

- Alab+k)+be] [(b—f-k‘R) (k‘A—f-kN)—f-kAk‘N—bk‘N]

+ b[b+]€][CNU{IA—b)—FCA(k‘N—Fb)]}
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= {[a(@+k)+be][b+kF+hy]+b[b+k]en}
Ab[b+E][ka+kn]+[20+k] [kn (ka+E") +ka (b+E") ]}
—{b[b+k]+[2b+ k] [kn+0+E"] }
A{[a®+E)+bc] [ka(d+ky)+ k" (ka+ kn)]
+0[b+k][en (ka—b) +calky +0)]}

= la(+k)+bec] [b+E +kn]b[b+E][kn+ka]
+lab+k)+be] [b+ k" +ky]|[20+ k] [ky (ka +E") +ka (b+E") ]
+b[b+Ek]lenb[b+k][ky + ka]
+b[b+k]en [2b+ K] [kn (ka+ k%) 4+ ka (b+E")]
—b[b+k][a(b+k)+bc]|[ka(0+kn)+ k™ (ka+ k)]
—b[b+k]b[b+k][cy (ka—b) +ca(ky +D)]
— [2b4+ k) [kn +0+ K" [a(0+ k) +bc] [ka(b+kn) + & (ka + kn) ]
— [2b4+ k) [kn+b+ K] b[b+K][en (ka—b)+calky+b)] = F . (150)
(150) implies:

F =lab+k)+bc]F1+b[b+k]|F, (151)
where

Fi= [b+k"+kn]b[b+E][kn+kal
+ (204 k] [b+ k" +kn | [k (ka + %) + ka (b4 E") ]
—b[b+ k] [ka(b+kyn)+ k" (ka+ kn)]
—[20+ k] [kn + b+ k%] [ka (b+ kn) + K7 (ka + ky) |
= b[b+ k] [b+EF+kn] [y +kal = [ka(0+kn) + 57 (ka+kn)] }

= b[b—f-l{?]{[b—f-k’]\[][k’]\[—f—k,q]—kA[b—i-kN]} = b[b+l€][b+l€N]]€N (152)

and
Fo=blb+k]lkn+kalen+en[20+Kk] [k (ka+E") +ka (b+E") ]

—b[b+k]|[en(ka—Db)+ca(ky +0)]
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—[2b+ k] [kn + b+ k%] [en (ka — ) +ca (kn +b)]
= blb+k][en (ka+ky) —cn (ka —b) — ca(ky + )]
+ [20+k] {cn [y (ka+E%) + ka (b4 £7) ]
— [kn+b0+ k%] [en (ka —b) +ca(kn +b)]}
= b[b+k|[enkn+beny —ca(ky +0)]
+ [2b+ k] {en [ky (ka+ k%) — ky (ka — b) + ka (b+ £5)
— (ka—0b) (b+E")] —calky +b] [kn+b0+ k"] }
= b[b+k][kn(cn —ca) +b(eny —ca)]
+ 120+ k] {on [kn (b+ET) +b(b+ k™) | —calkn +b]ky
— calky+0] [0+ E"]}
= b[b+k][ey —ca][ky + 0]
+ [20+ k) {[cny —ca][kn +b] [b+ k"] —calkn +b]ky }
= b[b+k|[cy —cal[kn +b]

+ [2b+k‘][k‘N+b] [(b—i—kR) (CN—CA>—CAI{3N].

(141), (151), (152), and (153) imply:
Fo=1la+k) +bc]b[b+k][b+ky]ky
+b[b+k]{b[b+k][cny —ca][kn +D]
+ [2b+ k] [kn +b] [ (b+ k%) (eny —ca) —cakn]}
= b[b+Ek][b+kn]{kn[a(b+k)+bc— (2b+k)ca]
+ [exn—cal[b(b+E)+ (2b+K) (b+E%)]}
= [b+ky]Y1.

(142), (150), and (154) imply that 52 = % > 0.

(141), (143), (149), (150), and (154) imply:

0 (Py, — Pa) :Yll kN kN+b:|

Ok 4 B

S 2l <o.
(D3) (D2)

(153)

(154)
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The inequality here holds because: (i) Y7 > 0, from (142); (ii) kx < kn + b; and (iii)
D3 > Dy > 0, from (7) and (8).

To prove that a(ﬁabT_Nﬁd) > 0 if k4 — b is sufficiently small, we introduce the following;:
Definition. Ys = b[b+ k]| {kala(b+k)+bc— (2b+k)cn]
— len—cal[b(b+ k) +2b+k) (b+E%)] }. (155)

Observe that:
Ys > 0. (156)

(156) follows from (3) and (155) because:
alb+k]+bc—[2b+k]ey = a|2b+k]—ab+be—[2b+k]cen
= [a—cy][2b+k]—b[a—c] and
bb+k]+[20+k][b+k"] = VP +bk+20" +20k" + bk + kK"

= 30" +2bk+ 20k " + kET = 307+ 20 [k+ K" ] + kKT
(8) implies:

(Ds)* % = Ds{[a(b+k)+bc|[b+ k" +ka]+b[b+k]ca}

—{blb+k]+[2b+ k] [ka+b+ k"] }
{la+k)+bc] [ (b+ &) (ka+ky) +kaky]

+ b[b+/{3][CNkZA+CA]€N]}

= {lab+k)+bc][b+E"+ka] +b[b+Ek]ca}
Ab[b+E][ka+kn]+[20+k] [kaky + (ka+ky) (b+E%) ]}
—{b[b+k]+[2b+k][kat+b+E"]}
Ala+k)+be] [ (b+E") (ka+kn) + kaky ]

+ b [b+k][CN]€A+CAICN]}
= la(+k)+bc] [b+E +ka]b[b+E][ka+kn]

+la+k)+be] [b+ kR +ka][2b+ k][ (b+ k) (ka+ kn) + Kkakn]

+b[b+Ek]cablb+k][ka+ kn]
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+b[b+k]eal20+ k][ (b+ k") (ka+ky) + kaky]
—b[b+k][a(d+k)+bc][(0+ k") (ka+kn)+ kaky ]
—b[b+ k)b [b+k][cnka+cakn]

— [2b+ k] [ka+b+E ] [a(b+k)+be] [ (b+kT) (ka+ k) + kaky |

— [2b4+ k] [ka+b+E" b [b+k][enka+cakn] = A. (157)
(157) implies:
A= lalb+k)+bec]A+b[b+k]Ay (158)
where
A = b[b+k][b+k +ka] [ka+Eky]

+ [204+ k] [0+ k% +ka] [ (b+E%) (ka+ kn) + kaky ]
— bbb+ k][ (b+ER) (ka+kn) + kaky]
— [2b+ k) [0+ KR+ Eka] [(b+ER) (ka + k) + kaky ]
= b[b+E]{ [0+ K" +ka] [ka+hy] = [(b+KT) (ka+kn)+kakn]}
= b[b+k]{kalka+kn]—kakn} = b[b+k](ks)* and (159)
Ay = cab[b+k][ka+ky]+cal20+K][(b+ k™) (ka+kn) + kakn]

— b[b+k][enkatcakn] —[20+ k] [ka+ b0+ k"] [enka+ caky]

— —b[b+k]kalen —ca] +[2b+ k] As (160)

As = ca | (0+E%) (ka+kn) +kaky] — [ka+0+ K] [enka+ caky]

= ca [ (0+ ") (ka+kn) +haky —ky (ka+b+E%) | —cnka [ka+b+ k7]

= caka[b+E" ] —enkaka+b+ k"] = — [0+ k"] kaleny —cal—en (ka)?. (161)
(160) and (161) imply:

Ay = —blb+k]kaleny —cal = [2b+ k] { [b+E" ] kalen —ca] — en (ka)? }

= —kalen—cal {0[b+ k] +[20+ K] [b+K"]} —[2b+ K] cen (ka)® (162)
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(155), (158), (159), and (162) imply:

A= [a(b+k)+bec]b[b+k](ka)?
—blb+klkalen —cal {b[b+ K]+ [20+ K] [b+Ek"]}
—b[b+E][2b+k]ey (ka)?

= b[b+klka{la(b+k)+bclka—[2b+k]|cnka
— len—cal[b(b+k)+(2b+k) (b+ k%) ]}
= b[b+k]ka{kala(b+Fk)+bc—(2b+k)cn]
— len—cal[b(b+k)+2b+k) (b+ k%) ]} = kaYs.  (163)
(156), (157), and (163) imply that 5P = % > 0.
(7) implies:

(Ds)’ % = Do{[a(b+k)+be][b+E +hka—b]+b[b+k]ea)}

—{b[b+k]+[2b+k][ka—b+b+E"]}
{la@+k)+be] [ (b+E") (ka+kn) 4+ kaky —bky]
+ b[b+k][en (ka—b) +calkn +0)]}
= {la(b+k)+be] [k +ka] +D[b+k]cal
Ab[b+ k] [ka+kn]+[20+ k] [ky (ka+E%) +ka (b+E%) ]}
—{b[b+k]+[2b+ k] [ka+E"]}
A{[a®+E)+bc] [ka(d+ky)+ k" (ka+ kn)]
+b[b+Fk][en(ka—b)+calky+0)]}
= [a(b+k)+be] [+ ka]b[b+Ek][ka+ky]
+ la+k)+bc] [+ ka][2b+ K] [ky (ka + %) + ka (b+E") ]
+b[b+Ek]cablb+k][ka+kn]

+b0lb+k]ea [20+k] [y (ka + k%) + ka (b+ k7))
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—b[b+k][a(b+k)+be][ka(b+ky)+ kR (ka+ k)]

— b[b+ k] b[b+k][cn (ka—b) +ca (ky +b)]

—[2b4+ k] [ka+ k"] [a(0+k)+be] [ka(b+ky)+ k" (ka+ kn) ]

— [2b4+ k) [ka+E"] b[b+ K] [cy (ka—D) +ca(ky+0)] = T. (164)
(164) implies:

I'' = [a(b+k)+bc]Fi1+b[b+k]F2 (165)
where

Ty = b[b+k] [E®+ka] [ka+ k]
+ (204 &) [K% 4 ka] [ky (ka + &%) + ka (0+ k)]
— b[b+ k] [ka(b+ kn) + k7 (ka + kn) ]
— (204 k] [ka+ER] [ka (b4 ky) + k7 (ka + kn) ]
= b+ k]{ [F+Ea] [ka+hy]— [ka(b+ky) + 5 (ka+kn)] }

= b[b+k]{kalka+kn]—kalb+kn]} = b[b+k]|[ka—b]ka (166)

and

Ty = b[b+k][ka+hkn]catcal20+k] [kn (ka+E") +ka(b+E")]
—b[b+E][cen (ka—b)+ca(kny +0)]
— [2b+ k] [ka+ k"] [en (ka—b) + ca (ky + )]

= b[b+k][ea(ka+ky) —cn (ka—b) — ca(ky +b)]
+[20+ k] {ca [y (ka+ k") +ka (b+ET) ]

— [ka+ k"] [en (ka—b) +ca(ky +)]}
= blb+k][ca(ka—b) —cy(ka—D)]
+ [20+ k] {ca[ky (ba+ k") +ka (b+E%) — (ka+ k%) (ky + )]

— CN[kA-l-kR} [ka—b]}
= —b[b+E][ka—b][cn —cal

+ [Qb—i—k] {CA[kA(b—f—]{R)—b(kA—i—kR)} —CN[]CA—FICR} [lﬁA—b]}
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—b[b—i‘/{?][/{?A—b][CN—CA]

[Qb—i—k]{CAk‘R[k‘A—b]—CN]{?R[]{?A—Z)]—CN]{?A[/{?A—Z)]}

[ka—b]{—0b[b+Fk][cy —cal = [2b+ k] k" [en — ca]

— [2b+k]kacn }
— [k?A—b]{[CN—CA] [b(b—i-k})

+(2b+k)E®] +[2b+ k] kacn }. (167)

(155), (165), (166), and (167) imply:
r

la(b+k)+bc|b[b+k][ka—Db]ka

—b[b+k][ka—0b] {[exn —cal [b(b+K)+ (2b+ k) k"]

+[2b+Ek)kacn}
b[b+k][ka—b] {[a(d+k)+bclka—[cy —cal [b(b+E)+ (2b+Fk) k"]
— [Qb—i-k]kACN}

[ka—b]b[b+ k] {kala(b+k)+bc— (2b+k)cn]

— lexn—cal[b(b+k)+(2b+ k) k"] }
[ka—0]Ys.

(168)
(164) and (168) imply that 8” = [k’(*D2)]2Y2 ; 0 & ka ; b.
(155), (156), (157), (163), (164), and (168) imply:
9y —Pa) _ ka ka—10
— o = Y 2 2
Ok (D3)” (Do)

> 0 if k4 — b is sufficiently small. (169)
To prove that X b ) > 0, observe that (7) implies:
Oy _ b

¢ D2 [(b+kR) (kA+kN)+]€N(kA—b)]

Dy U (b4 17) o (b K7+ Jeg = 0)

D [ha (b k) ko (ka + )] > 0.
2

Furthermore, (8) implies:

(170)

o, _ L

e {b[(b+k:R) (ka+kn)+Enkal}
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b R
= D—3[(b+k ) (ka + kn) + kn ka]

= Di[kA(b+kR)+kN(kA+kR+b)} > 0. (171)
3

(170) and (171) imply:

O(p, =) + kalb+k®] by [kt kR +0]  ka [0 K%] + by [ka + b7]

dc N D3 B D2 >0
ka[b+ K] +ky (KR +b4+ka]  ka[b4+ k"] +ky [ka+ kY]
>
D3 D2
ka [b+ K] +ky [K®+b+4ka - ka [0+ k"] +ky [ka+ k]
Do+ bky [20+ k] D,
& 2+ bhn where Z = k;A[bJrk:R}JrkN[kAquR}. (172)

Dyt bky (201 K] ~ Dy

(172) implies:

3(1‘%8—6—1%) >0 & ZDy+bkyDy > ZDy+ Zbky [2b+ k]

& bkyDy > Zbky [2b+k] & Dy > Z[2b+k]

& Dy > [ka (b+ k") +ky (ka+ k%) [20+ k]

& b[b+k][ky+ka]l+ky[ka—b][20+Kk]+ [kn+kal[20+FK][b+ k"]
> [ka(b+ k%) +ky (ka+E%) ] [204 k]

& b[b+k|[ky+ka]l+kn[ka—b][2b+k]+ [kn+ka][2b+k][b+ k7]
> [(b4 k") (ka+kn) + ky (ka — )] [20+ k]

= b[b—f-l{?][l{?N—f—kA] > 0. N

Recall that welfare is:
W(p) = S50@)-r[paa+(a=blgatav+ql)av] = S(p)—r V(D) (173)
where r > 0 is a parameter and S(-) denotes consumer surplus. The gross value that

consumers derive from () units of output is:

- P@QIQ+P@QQ = 3[a+P@]Q = slata—bQIQ = aQ 1 Q"
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Therefore, consumer surplus when the price cap is p is:

S(F) = a@— o @ ~Paa— P(@Q[av +1]. (74)

Lemma 1. Fquilibrium consumer surplus, S(p), is a strictly decreasing, strictly convex

function of p for D € (Dy, Dp)-

Proof. (57) implies that when p € (p,, D), so P(Q) = p:
a—7p 0Q 1
Q = o 7 (175)

(174) and (175) imply that for p € (p,, p,), where P(Q) = p:

os(p) _ 0@ , 0Q o _90Q  a D
o Y Q@ T T teeHy
_ a-p *S(p) _ 1
= 2 <0 = opy b > 0. N1 (176)

Lemma A7. V(p,) < V(D).
Proof. Lemmas Al and A3 imply that because ¢4(D,) = 0 and P(Q(p,)) = Dy:

- . _ la=cn][2b+Ek]=bla—c]
V(Po) = Poan(Po) = Po b+ T R[S0 L R0

b+ k -yl — 01Dy —

V(D) = 7, QD) = ﬁb[ - Hab [Zb):]_k;] Py C]. (177)

Definition. Dy = [2b+ky + k"] [2b+ k] —b°. (178)
Because D, < Py, (177) and (178) imply that V(p,) < V(p) if:

v _ la—cn][2b+k]-bla—c] _ [b+k][a=P]=b[P—c] _ g/ -
qv (Do) = Dy < Db+ ] = Q"(Ds)
alb+k]+ab—cn[2b+k]—ba+bc b+ kla—[b+Ek]p,—bDp, +bc

Dy = b b+ k]
alb+k]+bc—cy[2b+ K] _ [b+k]a+bec—[2b+ k] D,
Dy bb+k]

El+bc— 2b+k
- alb+k]+ lC) ey [2b+4 ]b[b+k]—[b+k]a—bc < —[2b+K]p,
N
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- alb+k]+bc a[b+k]+bc—cn[2b+ k]

b+ k 20+ k] Dy blo+k] > By
alb+k]+bc [a(b+Ek)+bc]b[b+k]|—cn[20+E]b[b+E] _
= 20+k [2b+ k] Dy > Db
& m{[a(b+k)+bc] [(2b+ky + &%) (2b+k) — 0> —b (b+k)]

+en[20+ k)b [b+ K]} > D

& m{[a(b+k)+bc] [(2b+ by + E7) (2b+ k) —b(2b+ k) ]

+oen[20+k]b[0+E]} > B,

[a(b+k)+be][2b+ky + kT —b] +enb[b+k]
Dn > Dy

la(b+k)+be][b+ky+E%] +enb[b+ k]
Dy

=

> Py - (179)
(8) implies:

[a(b+k)+bc] [ (b+KR) (ky +ka) +hnka] +ben [b+ k] ka+bkn[b+k] ca
blb+k|[kn+kal+knka [20+ K]+ [kn+Ekal[2b+Kk] [0+ k7]

Dy =
(180)

As established in the proof of Proposition 4 (just below (149)), p, is increasing in k4.
Therefore, (180) implies that because k4 < ky by assumption:

_ la(b+k)+bc][2ky (b+EF) + (kn)?] +ben [b+ k] by +bky [b+ k] ca
o= 20 [b+ k] ky + (k)  [2b+ k] + 2Ky [20 + k] [b+ k7]

. (181)

(8) implies that p, is increasing in c4. Therefore, because ¢4 < ¢y by assumption, (181)
implies:

_ la(®+k)+be] [2Fn (b+E) + (ky)?] +2ben [b+ k]
20[b+k]ky + (kn)? [20+ k] +2kn [2b+ k] [b+ ER]

la(b+k)+be][2(b+ k") +ky]|+2ben [b+ k]
20 [b+ k| +ky [20+ k] +2[2b+ K] [b+ kE]

la(b+k)+be] [b+ kR +5] +bey [b+ k]
blb+k]+5 [2b+ K]+ [2b+ k] [b+kR]

[a(b+k)+be] [b+ kR +5] +ben [b+ k]
[2b+ k] [b+ KR+ 5] +b[b+ k]
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_ la(+ k) +be] [b+ K"+ 5 ] +bey [b+ k]
- [20+ k] [2b+ kR + B ] — 17 : (182)

2

The last equality in (182) holds because:

[2b+ k] {b+k’%+%N} +b[b+ k]

i 2
= [2b+ k] 2b+kR+7N —b[2b+ k] +b[b+ k]

i k
= [2b+k] 2b+kR+7N — 202 —bk+ b+ bk

= [2b4 k] 2b+kR+%N — v

(178), (179), and (182) imply that the Lemma holds if:

[a(b+ k) +bc][b+ kR + 5] +bey [b+ k]
[2b+ k] [20+ kR 4 5] — 02

la(b+k)+bc][b+ k" +ky]+bey [b+ k]
[20+Kk][20+ kB + ky | — b2 '

(183)

A[b+kr+z] +ben[b+ k]

Definition. f(z) = (20 +k][20+ kE + 2] — b2

where A = a[b+k]+bec. (184)

(184) implies that (183) holds if 2L > 0. (178) and (184) imply:

agg) = {120+ k] [20+ K 2] =0} A

—[2b+ k] {A[b+ Kk +a] +bey[b+ K]}
= A{[2b+k][2b+k 42— (b+ k" +2)] —0*} —b[b+Kk][2b+k]cn
= A{b[2b+k] ="} —b[b+K][2b+k]cn
= Ab[b+k]—blb+Ek][2b+k]ley = A—[2b+k]en
= alb+k]+bc—[2b+k]en > 0.
The inequality here holds because (3) implies:
[a—cn][20+Kk]—bla—c] > 0O
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= [a—cn]|[b+k]+bla—cy]—bla—c] > 0
= |a—cn][b+k]+blc—cn] > 0
= a[b+k]—cn[b+k]+blc—cy] > 0

= a[b+k]+bc—[2b+k]ley > 0. N

Proposition Al. 7" € [Py, Pyl

Proof. Proposition 3 and Lemma 1 imply that W(-) is a strictly convex function of p for
D € (Py, D). Therefore, p* ¢ (p,, P,). Lemma Al implies that W (p) = W(p,) for all p < 7.
Lemma A4 implies that W (p) = W(p,) for all p > p,. Therefore, p* € [Dy,5,] U Dy, -

It remains to show that p* # p,. The proof of Lemma A7 establishes that:

Q"(m) < Q"(m) (185)
where Qf(p) is R’s total output when the price cap is p. Lemma A6 and Proposition 2
imply: _ _

Q") < Q"(py). (186)

(185) and (186) imply that Q%(p,) < Qf(p,) < Q% (p,). Q¥(p) is continuous and monoton-
ically increasing in p for p € (py, ;) (from Lemma A2). Therefore, the intermediate value
theorem implies that there exists a py € (Py,D,) such that:

Q(pr) = Q"(B)- (187)
(12) implies that the rival’s output ¢ is determined by:
a—=b[Q%(P)+a(@)] —c—bap) —kq(@) = 0. (188)
(187) and (188) imply: () = 4By, (189)
(187) and (189) imply:
QPE) = Q@) and P(Q(Dg)) = PQ[,))- (190)

R’s revenue is:
Va(Pr) = DPp q4(Pg) + P(Q(Dr)) av(PE)
< P(Q(Dg)) 9a(Pp) + P(Q(PE)) an(Pg)
= P(Q(pp)) Q"(pr) = PQ®m)) Q"D,) = Vi) - (191)

The inequality in (191) holds because pp < P(Q(pg) ), since py € (Pg, by)- The penultimate
equality in (191) reflects (190). The last equality in (191) holds because P(Q(D,)) = Dp-

(174) and (190) imply:
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S(pr) = a Q@) — 5 QPr)’ — P(QDg)) [4(@r) + ax(Pr)] — Pr 4a(Pk)

NNl NS> N o

> 4 Q) ~ 5 QPe) ~ PQP)) [a(pe) + ax(Pe) + a4(F)]
= aQ(Pg) — 5 QP)* — P(Q(Pr)) Q(Pr)
= 0 Q) — 5 QB ~ P Q@) Q) = S@). (192)

The inequality in (192) holds because p, < P (Q(Dg) ), since Py € (D, Dg)- (191) and (192)
imply that consumer surplus is higher and R’s revenue is lower when p = pp than when
P = Dy- Therefore, W(py,) > W(p,), so p* # p,- B

Lemma 2. For p € (py,py): (1) V(D) is a strictly convex function of p; (ii) 8‘(;(5) ; 0 &
D ; Pvm where Dy, € [ Dy, Pa); and (iii) Dy, > Do if P2 > 0, where
Oy = {k"[2b+ k] [K"(20+k)+2b(3b+2k)]
+ ky[2b+ k] [K" (204 k) + 0] 407 [50> +6bk+2k ] } cn
—{b[3b+2k] + [2b+ k] [kn + k7] } ca
—b [V —kky+ 20+ k)K" | [a(b+k)+bc] . (193)
ovV(p) '
Corollary to Lemma 2. %p . < 0 if &3 > 0.
Proof of Lemma 2 and its Corollary.
Define: N
Va(P) = qa2(P)P + an2(P) P(Q2(D)) (194)

where q42(7) and qna(7) are as defined in (20) and (21), respectively. Observe that Va(p) =
V(p) for b € [Py, Pal-
Because P(Q)2) = a — bQ2, (194) implies:

OVa(p) _ g Dqno 0Qs
— P —bqny —=. 1
op a2 +p op + P(Q-) op N2 op (195)
(2) and Lemma A2 imply:
2 2 2 2
Oz _ Oave _ O _ 0Q2 _ (196)

om)’  om)?  am*  om)

50



(195) and (196) imply:

32‘72@) _ Oqaz | Oqas b Q> Oqn2 b Oqn2 0Q2
d(p)? op 0D op Jp op Op
0q42 0Q2 Oqn2
= 2 —2b — . 1
95 b 95 07 > 0 (97)

The inequality in (197) holds because D > 0 by assumption, so 85%2 > 0 from (20), 6%" >0
from (24), and ag—%Q < 0 from (21).

Pvm = argmin { 172(@)} is unique and is determined by:
p

Va(Prym) _ OVa(P)
op -~ 0p

= 0. (198)
ﬁ:ﬁVQ’m
This is the case because (2), (20) — (24), and (195) imply that %g’) is a linear flinction of
P. Therefore, V5(7) is a quadratic function of p. Consequently, (197) implies that V(P ) has

a unique minimum that is determined by (198).

To prove the Corollary to Lemma 2 and thereby establish that py,,,, > P, when ®; > 0,
observe that R’s revenue is:

V(P) =Paa+P@Q) gy = Dgat+[a—bQ]an. (199)
(199) implies that the Corollary to Lemma 2 holds if:
0"V (Do) ~ Oqa _, 0Q Oan
SARAY: Iy EAT e Y (o) B 200
where: (i) 3+gg°) = 82%@ ~_ denotes the right-sided derivative of V'(-); (ii) 83%‘, 85—11;,

P=DPo
and % pertain to the quantities identified in Lemma A2 (which prevail when p € (D, p,));

and (iii) ga, gy, and @ are as defined in Lemma A1l.

Define:
cHme E = 2b[2b+ k] + [ky +E7] [20+ k] — B2

= 30" +2bk+ [kn + K] [20+ k]
= b[3b+2k]+[2b+ k] [ky +E"]. (201)
(201) and Lemma A2 imply that when p € (D, p,):

Ogv bk +2bkR + kR 45

op D ’

0qa 20k +2bky + 20k + kkn + kKT + 302

op D
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[2b+ kn + k%) [2b+k] -0 E

D D’
1
= = 5{2bk+2ka+2ka+ksz+kkR+3b2
— [bk+ 20k + EE" 0] — [0+ knb]}

bk +bky + kky + b [b+ k] [b+kn]

- - - - . (202)
Lemma A1l implies that when p < py:
o = [a—cN][Qb—i—Ek]—b[a—c], . = [a—c][Zb—i—k‘N—;kR}—b[a—cN]’and
PQ) = a—blawtql = amb [a—cN][b+k}+[g+kN+k: |la—c]
B aE—bla—cn][b+k]—b[b+ky+kT][a—c]
_ ~ . (203)
(200) — (203) imply that because g4 = 0 when p = P, (from Lemma Al):
oV(py)  _ E b+Ek)b+Eky)] [(a—cny)(2b+k)—b(a—c)
LSS [ R
aE—ba—cy)(b+k)—b (b+ky+ET)(a—c)
- E
bk+20k" + kE" + b7
(.
= %{ﬁobﬁ—b[b+k][b+k1v][(a—CN)(QbJrk’)—b(a—C)]
—[aE—b(a—cy)(b+k)—b (b+kn+E") (a—c)]
bk +20k" + EET+07] ). (205)
(6) and (201) imply:
EDy = caB+[a—cn][204+k] [0+ k"] —bla—c] [b+E"]. (206)

(201), (205), and (206) imply:

8ﬂ0/§0> — DlE{cAE2—|—E[(a—cN)(2b—|—k) (b+ &%) —b(a—c)(b+ K]

—b[b+k][b+Ekn][(a—cn)(2b+k)—b(a—c)]
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— [aE—bla—cn)(b+k)—b (b+ky+ k%) (a—c)] [bk+20k" + kK" +b°] }

1 2 R
= 5l +[E(O+F) b 0+k) (0 +kx)][(a—cxn) 2b+k) =b (a—0)]

—[aE—b(a—cn)(b+k)—b (b+kn+k") (a—c)] [bh+2bk" + kER+ 0]}

= e - B]. (207)

where
E = [aE-b(a—cn)(b+k)—b (b+kn+E%)(a—c)] [bh+20k" + EE" +b*]
— [E(b+E") —=b(b+k)(b+ky)] [(a—cn)(2b+k)—b (a—c)]
= [aE—bla—cn)(b+k)—b (b+ky+ k™) (a—c)] [bk+20k" + kK" + b7 ]
+b[b+k][b+kn][(a—cn)(2b+Ek)—b(a—c)]
— E[b+k*][a—cy][2b+Kk]+E [b+k"] b[a—c]
= [aE—bla—cn)(b+k)—b (b+ky+E") (a—c)] [bk+ 20" + k k" + b7 ]
+b[b+k] [b+ky][(a—cn)2b+E)—b (a—c)]
— E[b+k ] a[2b+k]+E [b+k"]bla—c]+enE [b+K"] [20+k]. (208)
(201) implies:
[0+ K" [2b+k] = [2b+kn+ K] [20+ k] — [b+ky][20+ K]
= E+b0 —[b+ky][20+k] = E—[(b+kyn)(20+Kk) —b*]. (209)
(201), (208), and (209) imply:
E = E+cy E? where
E=[aE-b(a—cy)(b+k)—b(b+ky+k") (a—c)] [bh+2bE" + kE" +b?]
+b[b+k][b+kn][(a—cn)(2b+E)—b(a—c)]
— E[b+ k] a[2b+k]+E [b+ k"] b[a—c]

— E[(b+Fkn)(2b+k) —b*]en. (210)

(207) and (210) imply:

OV(p) _ 1
p  DE

1
DE

[CAE2—<E+CNE2)] = — (cN—cA)E2+E

53



A

. E .
<01ch—cA>—ﬁ & Oy, = E*[ey—ca]| +E > 0. (211)

(211) reflects the facts that £ > 0 (from (201)) and D > 0 (by assumption).

It remains to demonstrate that @, is as specified in (193). (201) and (210) imply:
E = Vv, E+ 1, , where

(212)
Uy = a[bk+2bk "+ kET+ 0] —a[b+ kY] [20+Kk]+b[b+E" ] [a—c]
— [(b+kn)(2b+ k) — ] ey, and (213)
Yy = — [bla—cn)(b+k)+b(b+ky+EY) (a—c)] [bk+20k" + kK" +b°]
+0[b+k][b+ky][(a—cn)(2b+k)—b(a—c)]. (214)
(213) implies:
vy = a[bk+2bk" +kE"+ 02— (b+E%) 20+ k) +b(b+ k") ]
—b[b+ k" e—[(b+kn) (2b+k) =] en
= a[bk+20k" + kE®+0* =20 — bk —20k" — k k" +0° + bk ]
—b[b+ k" c—[(b+kn)(2b+ k) — 0] e
= abk®—b[b+ k"] c— [(b+kn)(2b+k)— 0] cy. (215)

(214) implies:
vy = — {b[b+k][a—cn]+b[b+ky+E"][a—c]} [bk+20k" + kE" + 07 ]
+ b[b+k][b+ky][20+k][a—cn]—b*[b+EK][b+ENx][a—c]
= la—cen|{b[b+k][b+kn][2b+k]—b[b+k][bk+2bk" + k" +0*] }
—la—c]{V[b+k][b+kn]+b0[b+ky+E"] [bk+20k" +kE"+ 0]}
= la—cn]|b[b+E]{[b+kn][20+ k] — [bk+20k" + kK" + 0] }
— bla—c]{b[b+k][b+ky]+ [b+kny+k"] [bk+20k" + kK" +07] }. (216)
The coefficient on [a — ey ]b[b+ k] in (216) is:
20 + bk +2bkn + kky — bk — 20k" — K k™ —

= 0" +2bky +kky —20k" —kE® = b+ [2b+ k] [y — K" ]. (217)
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The coefficient on —b[a — ¢ | in (216) is:
blb+k][b+kn]+[b+kn][bk+2bk" + kE™ +0?]

+ kR bk + 20k + K kT 4+ b7 ]

= [b+ky] [V +bk+bk+20k" + kK" + 0] + K7 [0k + 20k + kK" 4 b7 ]

= [b+kn][20°+20k+2bk" + kK" ] + K" [0k + 20k + EE" 4+ b7 ]

= 2b[b+k][b+kn]|+ k" [36°+20k+2bky +kky +20k" + kK" ]
= 2b[b+k][b+kn]+ KT [30° +2bk+ (kn +E7) (204 k)]
= 2b[b+k]|[b+kn] +ERE.

The last equality in (218) reflects (201).
(212) and (215) — (218) imply:

E = E{la—c]bk —bc—[(b+kn)(2b+k)—b*]cn )
+{0*+[20+k] [kn — k"] }b[b+K][a—cy]
—{2b[b+Ek][b+ky]+ kT E}bla—c]

= — E{Vc+[(b+ky)(2b+k)—b*]cn}
+b[b+ k] {0*+[20+ k] [kn — k"] } [a—cn]
— 20 [b+k][b+ky][a—c].
(201) and (219) imply:
= E?[exy—cal+ E
— {b[3b+2k]+[2b+ k] [kn +£5] }2 [en — ca]
— {b[3b+2k]+[2b+ K] [ky +&"] }

AW+ [(b+ky) (2b+k) =] ey}

= [b+kn][20°+2bk] + k" [(b+kn) b+ k) +bk+2bk" + kK" 4+ %]

2b[b+k|[b+ky]+ k7 [20° +bk+2bky + kky +bk+2bk" + k k™ + 0% ]

(218)

(219)

+ b[b+ k] {0+ [2b+Kk] [ky — k"] }[a—cn] =20 [b+ k] [b+ky][a—c]. (220)

Observe that:
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[b+kn][20+k]—b% = D2+ bk+hky[2b+ k] = b[b+k]+[20+k]ky.  (221)
(220) and (221) imply:
— {b[3b+2k]+[2b+k] [kn +57] } [en — cal
— {b[3b+2k] +[2b+k] [ky + k7] }
A+ [b(b+k)+(2b+k)ky]en }
+ o[b+ k] {VP+[2b+ k] [kn — K] } [a—cn]
— 20 [b+k][b+kn][a—c]

= {b[3b+2k]+[2b+ k] [kn+E"]}

| {b[3b+2k]+ [2b+K] [ky +E"] } [en —ca]
— b2C—b[b+k]CN—[Qb+l€]kNCN
+b[b+k]{V[a—cy]+[2b+k] [ky — k"] [a—cn]
— 2b[b+ky]la—c]}

= {b[3b+2k]+[2b+ k] [kn + K]}
: [{b[3b+2k]+[2b+k][kN+kR] —blb+k]—[2b+k]ky } e
—b2c—{b[3b+2k]+[2b+k][k:NJrkR]}cA}
b[b+ k] [{zﬁ +[2b+ k] [ky — k"] —2b[b+kn]} a

—{V+[2b+k] [kN—kR]}cN+zb[b+kN]c]. (222)

Observe that:
b[3b+2k]+ [2b+k] [kny + K" ] —b[b+ k] —[2b+ k] ky

= b[3b+2k—b—Fk]+[20+k]k" = [2b+K][b+E"]. (223)

Further observe that:
O+ [20+k] [kny — k] —2b[b+ ky]

= P+ [20+k—2b]ky — [20+ k] KT — 20
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= U +kky—[20+k]E" = — [b®—kky+ (20+ k)K" ]. (224)
(222) — (224) imply:
EZ[CN—CA]+E

= {b[3b+2k]+ [2b+ k] [kn +E"] }
{ (204 k] [b+E"] ey — Ve
— {b[3b+2k]+[2b+k][k;N+k:R}}cA}
—b[b+ k] { (0> —kky+ (2b+ k) k"] a
+ [P+ (2b+k) (lcN—k;R)]cN—Zb[b+k:N]c}. (225)
The coefficient on ¢y in (225) is:
b[2b+k][3b+2k] [b+ k"] +[20+k])* [+ k"] [y + k7]
— U [b+k]—b[b+k][2b+ k] [ky — k7]
= E®{b[2b+k][3b+2k]+[2b+ kP [b+ER] +b[b+E][2b+K]}
Fhn {20+ K] [0+ kR] —b[b+ k] [20+ K]}
+ 0 [2b+ k] [3b+2k] - b [b+ k]
= E"[20+ k] {b[3b+2k]+ [2b+k] [0+ K" ] +b[b+k]}
+ kn[20+ k] {[2b4+ k] [0+ K" ] —b[b+ K]}
+ bV {[2b+k][3b+2k] —b[b+ K]}
= EP[2b+ k) {k"[2b4+ k] +b[3b+2k+2b+k+b+k]}
+ ky[20+ K] { k" [20+ k] +b[20+k—b—k]}
+ U [60+Tbk+2k — b —bk]
= k"[20+ k] [K"(20+ k) +2b(3b+2k) ]

+ ky[20+ K] [T (2b+k)+ 7] + b [50°+6bk+2k]. (226)

The coefficient on ¢ in (225) is:
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20° [b+ k] [b+kn] — b {b[3b+2k]+ [2b+ k] [ky + £k7] }
= U {2[b+k][b+kyn]—b[3b+2k] —[2b+ k] [kn +K"] }
= U {2[b°+bk+bky+kky] —30"—2bk—2bky —kky — [2b+Kk]E"}
= V{0 +kky—[20+k]E"} = =V [0® —kky+ (2b+k)E"]. (227)

(201) implies that the coefficient on c4 in (225) is — E%. Therefore, (201) and (225) —
(227) imply:

y = {K"[20+ k] [K"(2b+k)+2b(3b+2k)]
+ ky[2b+ K] [KF(2b+ k) + 07 + 0 [56° +6bk+ 2K} ey
— V[0 —kky+ Qb+ k) kR c— E?cy
—b[b+ k][0 —kky+ (2b+ k) k"] a
= {k"[20+ K] [K"(2b+k)+2b(3b+2k)]
+ kn[2b+ K] [KF 20+ k) + 0] + 0[50 +6bk+ 2] } ey

—b[V —kky+(2b+ k)K" ] [a(b+k)+bc]

— {b[3b+2k]+[20+ k] [kn + k7] } ca. (228)
It remains to prove that py,,,, < Dy, which is established by demonstrating that (TBLTD@ o
P=Ppq
> 0. Define V5(p) = D qa(-) + P(Q()) gn(-) for D € (Py,Py). Because P(Q) = a—0Q:
0 V() _ g day Q
— = — + P(Q) =— —bgy — 229
o Ga+ P 5 + P(Q) 5 —bav 5o (229)

where ¢4, qn, and @ are as specified in Lemma A2, evaluated at p = p,;. Because p; = P(Q),

(229) implies:
_ | Oqa dqn 0Q
qA + Pq { op + 0P ] ban 9% (230)

0~ Va(Pa)
op
(68) implies:
Pg = [b+E" ] Q% +en+hnay —baa

= [b+E ) qa+ [b+ k" av + v +hvay —bga

= kfqa+ [b+ky+ k%] av +on. (231)
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(230) and (231) imply:

9~ Va(Pa) 0Q R R 9qa , Oqn
Z T2APd) —bgy — + | k b+ kn+k = 5=
0 qa qNaI_?+[ qa+ (b+ky + k") qn + x| 5 T o5
0 3}
= qu+ [l{:RqA+(kN+kR) qN+cN] {%%—Lﬁ[}
p p
g4 | Oqn 0Q
b — 4+ — | —bgqy —
! l8‘+6‘z‘»} ™ op
dqa | Oqn
= R kn + kT 4 AR
ga+ [k qa+ (ky + k%) qv + on ] { o5 ap]
dqa | Oqn  OQ
+ ban [ o + 2P op
dga | Oqn dq
= k" kn + k" =+ | —bgy — . (232
ga+ [k qa+ (kv + )QN+CN]|:aﬁ+ap} QN62_9>0 (232)
The inequality holds here because 8(;’—; + ag—g = % > 0 (from (22)) and g—% < 0 (from

(23)). W

Lemma 3. Forp € (Dy,p,): (i) S(P) is a strictly concave function of p; (ii) %(g) ; 0 <
D ; Psm where Pgyy € (Pos Pyl and (iii) Dgypnr > Dy
Proof. As in (174), define:

~ b B o B B B

$2(P) = a Qa(P) = 5 Qa(P)* = ¢a2(P) P — [02(P) + av2(P)] P(Q2(P)) (233)

where ¢a2(P), gn2(P); ¢2(P), and Q2(p) are as defined in (20), (21), (23), and (24), respec-
tively. Observe that S2(p) = S(p) for p € [Py, Dy l-

(233) implies that because P(Q2) = a —bQ2 and Q2 = qaz + qn2 + ¢o:

955(P) 0Q2 0Q: g dgna 0o 0Qs
= g =22 _ X2 _ _ _p “42 T2
op a o7 b Q2 o7 a2 — D o7 (Q2) 97 + a5 +b a5 [qn2 + g2
o 0Q>  Jdqna  Ogo _ 0qa2 Q2 _
= P(Q-) op op op } D op +0b _aﬁ [gne + @2] — qa2
0 0
= [P(Q2) — D] 522 +b—£_j [an2 + ¢2] — qaz - (234)
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(196) and (234) imply that because P(Q2) = a —bQs:

6252(ﬁ) o [ 0Q2 ] 0qa2 0@ [aCJNQ 0qa ] 0q.42

—2 — +b—— — + = | — 5=

9(p) op op | 9p  Op op

The inequality in (235) holds because D > 0 by assumption, so 2442 > 0 from (20), % > 0

op
from (24), 222 < ( from (21), and 22 < 0 from (23).
op op

< 0. (235)

Psy = argmax { Sy (Pp) } is unique and is determined by:
P

083 (Ps) _ 05:(P)

op op

= 0. (236)

3

P=Psym

This is the case because (2), (20) — (24), and (234) imply that &g) is a linear function of

p. Therefore, 5'2(]_7) is a quadratic function of p. Consequently, (235) implies that gg(ﬁ) has
a unique maximum that is determined by (236).

To prove that pgy; > Py, let:

H(p) = GQ2—SQ§—[G—5Q2]Q2 (237)
OH(p) _ Q2 g, 0Q2
= ap = [a_bQQ] Tﬁ_[a_bQQ] 8_ﬁ+b8_]_)q2 (238)

where ¢y and )7 are defined in (23) and (24). Differentiating (238) provides:

O*H(p 00\ > 0Q, 0
(a;)pZ) = (%) Loy 9@ 0n (239)

op 0p
The inequality in (239) holds because 87%’ > 0 and %—qg < 0, from (23) and (24). (238)
implies:

0H(p,) _ OH(p)
= 5%

_ 8Q2 _ 8QQ 8Q2 _

Ip:pd

Q
gl

The inequality in (240) holds because 88;%2 > 0 and %—qg < 0, from (23) and (24). The
concavity of H(p) established in (239), along with (240), imply:
OH (p OH (p
& > 0 foral p < p;, = M > 0. (241)
Ip Ip

The implication in (241) holds because py,,, < Py, from Lemma 2.
(195) and (236) imply:

op

Ign2(-) 9 9Qa2(+)

= [a—sz(-)] 7 op an2(+)
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90 1o (-
+ qa2(") + Py qg%() =0 (242)

where gas(+), qn2(+), and Qa(-) are defined in (20), (21), and (24), and evaluated at py,,.

(234) implies:

85,(p)

o [a—b0Q:] aa;%—[a—b@] %—?eraa;%%
0= 0Qa] T2 b T2 g gy p 2 243
where g2, qn2, ¢2, and Q2 are defined in (20), (21), (23), and (24). (243) implies:
&Ag%];vm) = [a—bQ2(Prym) ] 88;6]2_92 —[a—bQa(Py.)] %_Cg +b %Q; ¢2(Dym)
— 0= 0 QalPy)] 222 45 522 alpy) — gaaBrn) — Pra
— 0= 0Quly)] G2~ 0= b Qalpr)] S2+0 F2 )
_ %@;m) > 0. (244)

The last equality in (244) reflects (242). The inequality in (244) reflects (241).

(235) implies that gg(]_?) is a strictly concave function of p. Therefore, Dy,,, < Dgy

because: (i) &FS'V%T;SM) = 0 from (236); and (ii) %ﬁvm) > 0, from (244).
To prove that pg), > Py, it suffices to establish that 3+55%f, o) = 6+Sg§°) - > 0.
Lemma Al implies that g4 = 0 when p = p,. Therefore, (174) implies:
PSR _ (40192 5, Y pig S olan+ 1 52
- PQ) G- 2 - P@ | R+ ] Holav+ 1 B
— [PQ - 7o) G2 +blav+al 52 > 0. (215

The inequality in (245) holds because D > 0 by assumption, so 86‘1—1%“ > 0 from (20), %—g > 0
from (24), and P(Q) > p, when p € (py, py). B
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Proposition 5. 7* € (py, p;| if 2> 0. p* = Dy if P2 <0 and r is sufficiently large.

Proof. The first conclusion in the Proposition follows from Proposition Al because (173)
implies that when if &5 > 0:
O"Wa(po) _ 9"Wa(D) 0752(py) 0" Va(o)

op op | op op

> 0. (246)

The inequality in (246) holds because when ®5 > 0: (i) 8‘*\(/9';%?0) < 0 from (211); and (ii)
225200 > 0 from (245).
The second conclusion in the Proposition holds if V(p,) < V(p) for all > p, when r
is sufficiently large and ®, < 0. (211) and (220) imply:
o*V(p)
op  |._-

P=DPo

> 0 when &, < 0. (247)

V(p) is a strictly convex function of p for p € (P, D), from Lemma 2. Therefore, (247)
implies that V(p) is a strictly increasing function of p for p € [p,, p;] under the maintained
conditions. Consequently:

V(po) < V(p) forall p € (Py, Pal- (248)
Lemma A7 implies that under the maintained conditions:
V(po) < V(ps)- (249)

(110) implies that V(p) is a strictly concave function of p for p € (p,, P, ). Therefore,
(248) and (249) imply:

V(p) > V(py) forall p € (py Dy]- (250)

The conclusion follows from (248), (250), and Proposition A1l. W

Proposition A2.  p* € [Dy,,, Dsy |- Furthermore: (i) p* < pgy, when pg,, < p; and
d > 0; (ii) p* > Dyy, when Py, > Do; (iil) p* — Dgy as v — 0; and (iv) p* — Dy, as

T — OQ.

Proof. To prove that p* < pg,,, suppose that p* > Dy, §2 (p) is a strictly concave function
of p, from Lemma 3. Therefore, because p* > Dg,,, (236) implies:

95:(p") 952(Psm)
— < —
Ip Ip
172(]5) is a strictly convex function of p, from Lemma 2. Therefore, because py,,, < D
from Lemma 3 and because p* > Pg,, by assumption, (198) implies:

No@) _ WVallsw) _ OVa(Bym)
op op op

— 0. (251)

- 0. (252)
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(251) and (252) imply that R’s revenue declines and consumer surplus increases as p
declines below p*. Therefore, p* is not the welfare-maximizing value of p. Hence, by contra-
diction, p* < pgp,-

To prove that p* > py,,, suppose that p* < Py, 172(]3) is a strictly convex function of
P, from Lemma 2. Therefore, because py,,, < Dgp; from Lemma 3, (198) implies:

Wa(p) _ 0Va(Dywm)
— < -
Jp Jp
Sy (p) is a strictly concave function of p, from Lemma 3. Therefore, because Dy, < P
from Lemma 3 and because p* < Py, by assumption, (236) implies:

05, (p") S 08Py ) < 083 (Psnr)
dp op dp
(253) and (254) imply that R’s revenue declines and consumer surplus increases as p

increases above p*. Therefore, p* is not the welfare-maximizing value of p. Hence, by
contradiction, p* > Dy,,.

= 0. (253)

= 0. (254)

To prove conclusion (i) in the Proposition, define Wg() = S5(-) — 7 Va(-) and observe
that when pg,, < py and r > 0:
OWs(p) _ 05(psn) _ OVa(Psu)
ap | __ dp op
P=Psm

OVa(Bgynr) - _y OVa(Bym)
op op

= 0. (255)

The inequality in (255) holds because: (i) Dg,ps > Py, from Lemma 3; and (ii) ‘72() is a
strictly convex function of p, from Lemma 2. (255) implies that pg,, > p* because Wy(-) is

a strictly concave function of p (because Sa(-) is a strictly concave function of p and Va(+) is
a strictly convex function of p).

To prove conclusion (ii) in the Proposition, observe that when py,,, > Py:

OWa(p) 08x(Bvm) _ . OVa(Pym)
0

is]!
Q|
is]!
Q
is]l

_ agz(@vm) - 3§2(Z_75M)
op 0P

= 0. (256)

The inequality in (255) holds because: (i) Dg,p; > Pyy,, from Lemma 3; and (ii) Sy(+) is a

strictly concave function of p, from Lemma 3. (256) implies that p* > p,,,, because Wj(-)
is a strictly concave function of p.

Conclusions (iii) and (iv) in the Proposition follow immediately from (173) because p* €
(Do, Py) 18 a non-increasing function of . This is the case because (173) implies that when

7" € (By, Pa):
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PS(p*) ap* aV(pr)  OPV(pY) O

as(p*) V(P
_ — 0 _ _ ~ 0
ap | op 7 Top)? or ap | op2 or
. oV (p*) ~ .
L Twm s V() (257)
or 925(p*) _ . 2V (PY) dp
a(p)? o(p)?

The last conclusion in (257) holds because Lemmas 2 and 3 imply that (()pQ) < 0 and

217 ( =% — _
88‘%)’;) > 0 when p* € (Pg, Dy)-

It remains to prove that 3V2(pp ) > 0. To do so, suppose that 8V2(p ) < (. Then:

P < Pvm- (258)
(258) holds because: (i) Va(P) is a strictly convex function of p, from Lemma 2; and (i)
%@"m) = 0, from (198). Furthermore, because S5(p) is a strictly concave function of p,
from Lemma 3: ~
0Sy(p
2—(_]9) > 0 forall p < Dgy,- (259)
op
Observe that: _, B 3
P" < Pvm < Psm- (260)

The first inequality in (260) reflects (258). The second inequality in (260) reflects Lemma 3.
(236), (259), and (260) imply:
05, (p*
=2 (_p ) - 0. (261)
op
ﬁg—g*) > 0 (from (261)), 8V2(p) < 0 (by assumption), and p* € (py,p;) (by assump-
tion) imply that consumer surplus increases and R’s revenue declines as p increases above

p*. Therefore, p* cannot be the welfare- maxmnzmg value of p. Hence, by contradiction,
9V2(p") > (), Consequently, (257) implies that 2= < 0. W

- 0p
Proposition 6. When 5* € (Py, py): (i) 2Z > 0; (i) ;lp > 0; (i) di 0; and (iv)
dp*
< 0.

den

Proof. (174) implies that consumer surplus is:

1
S = CLQ—EbQQ—p[Q‘FQN]—Z_?QA
1, _
= aQ—ng —plg+av+qal+[p—7]qa

- aQ—%sz—[a—bQ]Q‘f‘[p—ﬁ]QA
= %bQ2+[p—ﬁ]QA = %bQQH@_bQ_m‘M
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= @+ [0-Plaa—bQus. (262)

(262) implies that p* is the solution to:

b
Maximize W = §Q2+[a—ﬁ]qA—quA— rpga—raqy +rbQqy. (263)
p

(108) and (263) imply that for D € [Py, Py]:

W _ o [ LEkIbr R oy 302 4+ 2b [k +ky + k"] +k [kn + k7]
dp D p 5
324+ 2b[k+ky + k7] +k [ky + k7] [b+k][b+kn]
_QA_bQ —qu
D D
| 307 +2b [k A+ kv + B ]+ k [y + K7
—rqga—rTp D

[ b[b+2kR] +k[b+ k"]
—raj| — D

R R
. er[_b[bJer ];k[bwc ]

[b+E][b+kn]]
D ] =0

+7'qu |:

& bb+k][b+kn]Q+[a—D] {30 +2b[k+ky+ k"] +k[ky+E"]}
— Dga—b{30*+2b[k+ky+ k"] +k[ky+k"] }Q—b[b+k][b+kn]qa
—rDqa—rp{30°+2b[k+ky+E"] +k[kn+ k"] }
+ra{b[b+2k" ] +E[b+E"]}
—rb{b[b+2k" ]| +k[b+ K"} Q+rb[b+E][b+kn]ay = 0
& {b[b+k][b+ky]—b[30*+2b(k+kn+E") + & (ky+E")]
—rb[b(b+2k") +k(b+E")]}Q
~{D+blb+k][b+ky]+7D} ga+rb[b+k][b+ky] qn
— {30+ 20 [k+ky+ k"] +k [kn + k7]

+ r[30P+20(k+ky +E) +k (kv +£7) ]}
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+ {30 +2b [k +kn + K] + k [ky + £ ]
+r [b(b+2K") +k(b+ k)] }a = 0. (264)
The coefficient on @ in (264) is:
blb+k][b+kn]—b[30"+2b(k+ky+E") +k (ky+E")]
—rb[b(b+2k") +k(b+E")]
= D[V +bky +bk+kky —3b% —2bk —2bky —2bk" — kky — kKR
—rb(b+2k") —rk (b+k")]
= b[—20"—bky —bk—2bk" — Kk —0*r —2br k" —brk —rkk"]
= —b[20* + bk +bky +2bk" + E kT 4+ b
+ 2brkf +brk+rkk®] < 0. (265)
(2) implies that the coefficient on — g4 in (264) is:
[14+7]D+b[b+k][b+ky]
= [1+7r]{[2b+Fk][ky (ka+ k") +kak™] +bka[3b+2k] =V [0+ k] }
+b[b+Ek][b+Eky] > O because D > 0. (266)

(264) — (266) imply that if p* € (py,p,), P is determined by:
G—gp" = 0, where (267)
G = rb[b+k][b+ky] qn
+ {302+ 20 [k +ky + k) +k [ky + K]
+ r [b(b+2E") +k(b+k")] }a
—b[20% + bk +bky +2bk% + EET + b
+ 2br Kkt +brk+rkEQ

— {[1+7)D+b[b+k][b+ky]} qa, and

9 = {30 +2b[k+ky+ k] +k[ky+ k]

+ r[30*+2b(k+kn+E%) +k (kv +£%)]} > 0. (268)

s}

To prove that % > 0, observe from (268) that 2
for parameter x:

= 0. Therefore, (267) implies that

Si
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[Ge = D" gulda + [G — g]dD T =G
(2) and (268) imply that because D > 0:
dgn
G, = rblb+k][b+kn] —
dCA
—b[26® +bk+bky + 20k + kKR + b7r
d
L 2br kR 4 bk ek kR 09
dCA
dga
— {[1+7r|D+b[b+k][b+kn]} —
dCA
.o dga dqn aQ
f — 0, — 0, — 0.
>OldCA<,dCA>7dCA

(270) implies that because D > 0:

G., > 0.

CA

(2) and (268) imply that because D > 0:

dqn
Gy = rb[b+k][b+ky] 05
—b[20* + bk +bky +2bk" + kE" + by
d
B
dp
dqa
— {[14+7]D+b[b+k][b+kn] s

d
<Oifif>0,
dp

gy

dQ
d — .
ip < 0, an dﬁ>0

(108) implies that because D > 0:
dga dqn Q)
— — <0 d — > 0.
ip > 0, i , an D
(272) and (273) imply that because D > 0:
Gy < 0.

268) implies:
(268) imp
9ge, = 0.

(268), (269), (271), (274), and (275) imply that because D > 0:

dp* G,
dca  g—Gp

> 0.

(269)

(270)

(271)

(272)

(273)

(274)

(275)
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To prove that % > 0, observe that (2) and (268) imply that because D > 0:

d
Ge = rblb+k][b+hy] X

—b[2b6% + bk +bky +2bk" + kKT + b7r

d
- 2brkR+brk+rkkR]d—Q
c
d
— {[L+r]D4+b[b+ k] [b+ky]} =2
o dga dgn dQ
>01f%<0,g>0,and%<0. (276)
(276) implies that because D > 0:
G, > 0. (277)
268) implies:
(268) implies o = 0. (278)
(268), (269), (274), (277), and (278) imply that because D > 0:
dp* G.
= > 0.
de g — Gﬁ
To prove that % < 0, observe that (195) implies that for p € (py, D,):
V(D) _Jqa dqn Q)
- Y4 L py CY gy T 2
o= GutP o+ Q) 5= —bav & (279)
0?Vo(p 0 0? 0?
_2(]?) _ Y4a +7 _QA Lp _CIN
0p Ocy dcn 0p dcy Jp dcy
— a_Q &ﬂ — 0’Q —b dqn a_Q
deny 00 N Gpdex - dew Op
044 0Q Oqn Oqn 0Q)
= —b —b —. 280
861\] 6cN 8}3 aCN aﬁ ( )
Poga . Pan . P9 _ (g when P € (Do, D),

The last equality in (280) holds because A4 = L = 5
from Lemma A2.

(2) and Lemma A2 imply that when p € (py, D,):

0Q dan . dqn 9Q

80N 31_9 aCN 8@

= [b+k][ka—0b][b(b+2K") +k(b+ k)] — [2b+ k] [ka+E"][b+E][b+ky]

= [ka—=0b][b(b+2K") +k(0+ k)] —[20+ k] [ka+ K] [0+ kn]
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= ka[b(b+2k") +k(O+EY)] —b[b(0+2k%) +k (b+ k)]
—ka[2b+ k) [b+ky] — KR [b+ky][2b+ K]
= ka[b(b+2k") +k(b+ k") —(2b+k) (b+kn)]
—b[b(b+2K") +k(b+EY)] — kT [b+ky][20+k]. (281)
The coefficient on k4 in (281) is:
b b+2k" ] +k[b+E"] —[2b+K][b+ kn]
= b+ 20k "+ 0k + kKT — 20> —20ky — kb —kky
= 20k + kKR — b —2bky — kky. (282)
(281) and (282) imply that because ky < ky:

0Q Oqn N dgn 0Q)

aCN 8]_9 aCN 8@

= ka [20k" + kKR =0 —2bky —kkn] —b0[b(b+2k") + k (b+ k") ]
— kR [b+ky][2b+ k]
< ka[2bk"+ kKR —b® —2bky —kkn] —b[b(b+2k") +k (b+K")]
— kR [b+ka][2b+ K]
= ka [20k" + kE" =0 —2bky —kky — k" (204 k) ]
—b[b(b+2E") +k(b+E%)] — k%0 [20+ k]

= ka =0 —2bky —kky ] = b[b(b+2k7) +k(b+K7)] —K"b[2b+K] < 0. (283)

Because 24 > () when p € (B, B,), from Lemma A2, (280) and (283) imply:

den
PVa(p) _ Oqa 9Q dqn | Oqn 0Q
Gpocy  don D l@cN op +(9CN8_]_9] > 0. (284)

(234) and (279) imply:

0S2(p) 0Q 0Q 524 _pg) {&]—era—q 522 [gy +4]

op :aﬁﬁ_bQ 02‘9_qA_p 8}‘9_P dp Op op
0Q 0Q Jq 0Q
= q —% — < _p = huthi 4
a o bQ o (Q) 8ﬁ+b 6ﬁq
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_ 0qa qn oQ
g —p 24 _p N <
qa—D o (@) o +bap qn
0Q oQ dq oQ oVa(p)
— 0= pQ = _pQ) oy T
g 9% TG T
L PSE) Qo PQ 90 90 9a(p)
3]_780]\[ a 81_980N 82_986]\/ 879 aCN 81_980N
? 00 0 o? 0Q 0
~pg 2t ;09 %, 00 0@ 91 (285)

Jp Ocy Jcy Op Opdcy Jp Ocn

92Q _ 0%q

Lemma A2 implies that = 0 when p € (py,p,). Therefore, because

Opdcy ~ Opden
Q = Qf + ¢, (285) implies:
PSE) 00 00 _0Vip) , 0Q 0y, 0Q du
a]_?aCN 8]_9 8CN 82_7861\7 8CN 8]_? 81_9 80]\/
0Q 0Q"  0*Va(p) 0Q 9q
= —b— — —. 2
"9 dew  poes T dew p (286)
(280) and (286) imply that because Q¥ = q4 + qn:
F5F) _ _,0Q 0Q% [dqa , 0Q Oav _, Oqn 0Q7 _, 9Q 0q
8]380N 8}‘) 80N aCN 8cN 8? aCN (9]_? aCN 815
L 0Q[0Q" dax] O, 9Q [9q  dax
81_9 80N aCN aCN aCN 81_3 0]_9
0Q 0qa Oqa 0Q | 9q  Oqn
= —b— — — 4+ — . 2
"9 dex acN+bacN[aﬁ+ op (287)
(2), (287), and Lemma A2 imply:
2 a—
8_82@) = —blb+k][b+ky][2b+k][b+ k"] — [20+ k] [b+ k"] D
Op dcy
+ b[—(b+k) (ka—b)][=b(b+kn) —b(b+2E") —k (b+ ") ]
= —blb+k][b+kn][20+k] [0+ k"] — [2b+ K] [b+E"] D
+ b[b+k][ka—0b][b(b+Ekyn)+b(b+2E%) +E(b+E")]. (288)

(2) and (288) imply:
0*5:(p)
82_9 aCN

= —b[b+k][b+kn][2b+ K] [b+ k"]
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+b[b+E][ka—b][b(b+ky)+b(b+2E) +k(b+E")]
— [2b+ K] [b+ K"
[ @b+ k) (ky [ka+E"] +kak™) +bka(30+2k) —b° (b+ k) |
= b[b+k]|[ka—b][b(b+kn)+b(b+2K") +k(b+ k)]
— [2b+ k] [b+ k"]
[o(b+k)(b+kn)+ (2b+Ek) (ky [ka+ k"] + ka k™) +bka (3b+2k) —b* (b+ k)]
= b[b+k][ka—=b][b(b+kn)+b(b+2K") +k (b+ k") ]
—[20+ k] [b+ k"] [b(b+ k) ky + (2b+ k) (kv [ka + k" ] + kak™) +bka (30 +2F) ]
= —b[b+k]b[b(b+kn) +b(b+2E) +k(b+E")]
+0[b+kJka [b(0+kn)+0(b+2k7) +k (b+ k)]
—[20+ k] [b+E"] [b(b+ k) ky + (2b+ k) (ky [ka+ k"] + kak™) ]
— ka[20+ K] [b4+ k"] b[3b+2k]
= —b[b+k]b[b(b+kn)+b(b+2k") +k (b+ k)]
—[20+ k] [b+ k") [b(b+ k) by + (2b+ k) ky k7]
+ ha{b[b+E][b(b+kn) +b(b+2K%) + & (b+ k)]

— [2b+ k] [b+E ] [(2b4+ k) (ky + &) +b(3b+2k) ] }. (289)
The coefficient on k4 in (289) is:

blb+k][b(b+ky) +b(b+2k") +k(b+E)]
—[2b4+ K] [b+E"] [(2b+k) (ky + &) +b(3b+2F)]
= kn[b(b+k)b—(2b+k) (b+ k") (2b+ k)]
+b[b+E] [V +b(b+2k") +E(b+E)]
—[20+k][b+E"]) [(2b+Ek) K® +b(3b+2k)]
= kn[b(0+k)b—(2b+k) (b+ k") 2b+k)]

+ kR [b(b+k) (2b+k)— (2b+k) (b+E") (2b+k)]
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+b[b+E][202+kb] —[2b+ K] [b+E"]b[3b+2k]. (290)
The coefficient on ky in (290) is:
blb+k]b—[2b+k][b+ k"] [2b+k] < 0. (291)
The inequality in (291) holds because b < b+ kT, b+ k <2b+ k, and b < 2b + k.
The coefficient on k% in (290) is:
bb+k][2b+k]—[2b+k][b+ k"] [20+k] < 0. (292)

The inequality in (292) holds because b < b+ k% and b+ k < 2b + k.
The last line in (290) is:

blb+k][20°+kb] —[2b+ k] [b+ k"] b[3b+2k]
= V[b+k][2b+k]—[2b+ k] [b+E"]b[3b+2k]
= blb+k]—[b+ k"] [30+2k] < 0. (293)
The inequality in (293) holds because b < b+ k% and b+ k < 3b+ 2 k.

(290) — (293) imply that the coefficient on k4 in (289) is negative. Therefore, (289)

implies: 5,()
81‘9 86]\/

< 0. (204)

p* satisfies:
852(; ) _, GVg(ﬁp — (295)

Totally differentiating (295) with respect to ¢y provides:

9?S5(p*) Op*  02SH(P) *Va(p*) 0p*  9°Va(p¥)

— - + —= =0
(p)*  Oen Opdcy (9p)®  Ocy Op dcy
o5 928 (p*) d 9?Va(p*) 9%Sa(p*) r 9?*Va(p*)
N P 9pdey 9pdeny . _9pden Bden_ _
dew 2507 . Ve P Wa(") '
(0p)° (0p)° ©p)°
The inequality follows from (284) and (294), because % < 0 (from (173) and Lemmas
2 and 3).
To prove that % > 0, observe that (2) implies:
oD R
E [2b+ k] [ky + K] +b[3b+2k] > 0. (296)

(20) and (296) imply that for p € (py, Py):
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dga _ _qa 0D
dk 4 D 0Oky

(29) and (297) imply that for p € (Dy, Py):

% L ka+ kT an_ 1
ks b+ kB | Oka | bt kE| I

. kA—i-kR qa 0D 1 s R 1 0D
a {wa ]Bam_{mw]“ hat ]DakA

(2), (296), and (298) imply that qu’X > 0 because:
dqn oD

— R_
D >0 < [kAJrk]akA > D

& [20+k] [ky (ka+ k%) + kak™] +bka[30+2k] — 0 [b+ k]

< [ka+ k"] [(20+k) (ky + k%) +b(3b+2k) ]
& [20+ k] [ky (ka+ ")+ ka k™) +bka[3b+2k] — 0* [b+ k]

< (204 k] [y + k"] [ka+ k"] +b[ka+E"] [3042k]
& [20+k] [ky (ka+ k%) + kak™] +bka[30+2k] — 0> [b+ k]

< (204 k] [ (b + B7) + K+ (67)° ] + b [k + K7] [3+ 2],

It is apparent that the inequality in (299) holds.
Because Q(p) is linear in p:
Qp) = Q)+ 52 [P-7] for PE (7).

(24) implies that for p € (py, y):

0Q  [b+k][b+ky]
op D '

(296) and (301) imply:

0Q [b+k][b+kn] OD “ 0
Opoks D2 BI '

(297)

(298)

(299)

(300)

(301)

(302)

(6) implies that p, does not vary with k4. Lemma A1l implies that Q(p,) does not vary

with k4. Therefore, (300) and (302) imply that for 7 € (B, Py):
Q) _ 0Q

— 5 0.
Okin 950k, [P~ Pl <

(303)
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In summary, (297), (299), and (303) imply:

dga dqn dQ o
244 = d — for all ) 4
s < 0, T > 0, an dir < 0 for all p € (py,Dg) (304)

(20) implies that for p € (Py, Py):
Dqa = [302+2b(k+ky+E") +k (kv +£%) ] [P—ca]
+bo[b+E ] [a—c]—[2b+Kk] [b+ k"] [a—cn]

which is not a function of k4. Therefore, (268) implies:

0
Gry = rb[b+k][b+ky] 22X
Ok 4
2 R R | 12 R ry 9Q
— b[20*+ bk +bky + 20k + kK + 0P r +2br K"+ brk+rk k"] ET
A
0
—b[b+E][b+ky] S (305)
Ok 4
304) and (305) imply:
(304) and (305) imply G, > 0. (306)
(268) implies:
gk, = 0. (307)
(268), (269), (274), (306), and (307) imply:
dp* GkA
= > 0. N
dkA g — GT’
B. Benchmark Setting where R is a Monopoly Supplier.
R’s problem, [M], when it is the sole supplier of the product is:
Maximize  Pa(qa+qn)qa+la—b(qa+qn)]an — C™(qa, qn)
g4 20,qv 20
i if P > B
where P4(Q) = {p . @ =7 (308)
P(Q) if P(Q) <.
Definitions
_ _ & —CN R
Ponr = cA+—2b+kN+kR[b+k ]. (309)
_a[(b+ k") (ka+hy) —bhy +kaky] +bey[ka—b]+bea[b+ ky] (310)

Pam [2b+ kB][ka+kn] —bkn +Eknka
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. _a [(b+ k%) (ka+kn) +knka] +b[enka+cakn] (311)
Port = (26 + kB [k + kn | + kn ka '

Assumptions
L [ka+ k%] [2b+ky +E7] > [b+ k7]
2.0< ¢y <cy < a.

3.0 < ka < ky.

We characterize equilibrium outcomes when R is the monopoly supplier as follows.

Lemma 4 establishes that the price cap does not bind, and so has no impact on equilibrium
outputs or prices, when p > Dy,,.

Lemma 5 establishes that the market price of oil that is shipped without using the Alliance
input is p when p € [Pans » Doas |, Where Payr < Dy

Lemma 6 establishes that the market price of oil exceeds p and R ships a positive amount
of oil using the Alliance input (so g4 > 0) when D € (Pguss Pans)-

Lemma 7 establishes that R does not ship any oil using the Alliance input and the market
price exceeds p when p < Dyyy-
Lemma 4. If p > pyy, then in equilibrium:

_ [a—cal [2b+ ky + k7] —[a—cn] [20+ k7]
fa = (20 + kB [ka + kx| + ka by ’

[a—en][2b4+ka+ k"] —[a—ca] [2b+ k"] nd
= [20+ kB ) [ka+kn]+kaky 7

[CL—CN]ICA+[(I—CA]I{ZN

QY = :
[2b4+ k) [ka+kn]+Ekaky

Proof. (308) implies that when the price cap does not bind, [M] is:

. . k
Maximize [a—b(qA+QN)][QA+qN]—CAC]A——A[C]A]2
dA,qdN 2
k ER
_CNQN_TN[QN]Q_7[QA+QN]2' (312)
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Differentiating (312) with respect to ¢4 provides:®
a—0blga+av]—blga+an]—ca—kaga =k [ga+an] = 0
= a—[2b+k:R“qA—l—qN]—cA—kAqA = 0. (313)
Differentiating (312) with respect to gy provides:
a—blga+an] —blga+an]—en —knagy — k" [ga+qn] = 0
= a—[2b+k:R}qA—[Zb—i—kN—i—k:R]qN—cN =0

a— [Qb—l—kR]qA—cN
= ) 14
- I 20+ ky + KE (314)

(313) and (314) imply:

a— (2b+kR)qA—cN
2b+ ky + kF

a—[2b+kR] ga + —cp—kagy = 0

& a[2b+ky+ K] —[20+K%] [qa 20+ kn +EF) +a— (20 + &%) qa — en ]
— ca[2b+ky + k7] —kaqa [2b+ kv +E7] = 0
& al2b+ky K] = [20+ %] [qakn +a—cn]
— ca[2b+ky + k] —kaqa [20+ kv +E7] = 0
& [a—cal[2b+ky+ k7] = [20+ &%) [qakn +a—cy]
— kaqa[20+ky+EY] =0
& la—cal[2b+ky+ K] = [(20+K") (ka4 kn) + kakn ] qa
—la—cen][20+K%] =0

- la—cal[2b4+kn + k7] —[a—cn][2b+ k7]
e 4= (25 + 7] [oa + Fon ] & Foa Foy ' (315)

By symmetry:

_ [a—cn] [2b+ ka+kP] —[a—ca] [20+ k7]
= (20 + k%] [ka+ kx| + ka b ' (316)

(315) and (316) imply:

QF = qa+aqn

It is readily verified that the determinant of the Hessian associated with [M] is [2b+ k%] ky +
[2b4 k%] ka > 0.
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1

= 20 R (kR (07 Cal (20 kT = a e ] {205 k7]

+la—cn] [2b4+ka+ k"] —[a—ca] [2b+K7]}

_ [a—cN]kA+[a—cA]kN
20+ kB) [ka+ kn] 4+ Ekakn

(317)

(317) implies:

la —cn|ka+a—calkn

_ _ R _ _
P(@) = a=bQ" = a b[2b+kR][k:A+kN]+kAkN

a[(2b+kR) (kA—i—kN)—i—kAkZN} —b[CL—CN]k'A—b[CL—CA]kN
[20+ kB ) [ka+kn ] +kakn

a[(b+ k") (ka+kn)+hknka] +ablka+ky]—ablka+ky]+b[enka+cakn]
[20+ kB ) [ka+ kn |+ Ky ka

a0+ ER) (katky)+hyka] +blenkatcaky] =

- [2b+ kB [ka+kn]+ knka - e

Lemma 5. Suppose D € (D Doas |, where Dy < Dyps- Then in equilibrium:

_ blen—cal+knla—p] . _la—Dplka—blexn —ca]
4a = b [ka+ kn] saN = b [ka+ kn] :
P(Q) = p; and Q% = a;ﬁ. (318)

Proof. To prove that Py, < Dy, observe that (310) and (311) imply:

a [(b-l—k?R) (k?A—i—/fN)-i—kaA] +blenka+cakn]
[20+ kB ) [ka+ kn ]+ Ky ka

- a[(b+kR)(]{ZA—FI{?N)—b]{?N—FkA/{ZN} +bCN[/{ZA—b]+bCA[b—|—]€N]
[20+ kB ][ka+Ekn]—bky +Enka

Dot > Pamt

a[(b+ k") (ka+kn)+hkyka] +b[cnka+cakn]
[2b4+ k) [ka+kn]+Enka

a|(b+EkR) (ka+kn)+kakn] —abky+bleyka+caky]—b?[en —cal

>
[20+ kB ][ka+ky]|+knka—bkn
(319)
Definitions. N1 = a [ (b+ k™) (ka+kn) +knka] +0[envka+caky] > 0.
Dy = [2b+ k"] [ka+kn]+knka > 0. (320)
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(319) and (320) imply:

_ _ N, Ny —abky —b?[cy —ca
— . 321
Dormr > Pam < D, > Dy — bk (321)

(320) implies:

Dy —bky = [2b+ k"] ka+ [0+ K" | ky+knka > 0. (322)

(320) and (322) imply that (321) holds if Ny —abky — b*[cy —ca] < 0.

Suppose Ny —abky — b*[cy — ca] > 0. Then (321) implies:

Do > Pav & Ni Dy —bky N, > DlNl—akaDl—bQ[CN—CA]Dl
=4 akaD1+b2[cN—cA}D1 > bky N
<~ CL]CNDl—i-b[CN—CA]Dl > ky N

= [al{}N—l-b(CN—CA)]Dl > ky N;. (323)

(320) and (323) imply:
pr > ]_)dM <~ [akN+b(CN—CA>]{[Zb—f—kR][k’A—f—kN]—f—kaIA}

=

-

=

> CL]CN [(b+l€R) (kA+kN)+kN]€A] +ka[CNkA+CAkN]
aky {[204+ k"] [ka+kn]+knka}+blen—cal {[204 k%] [ka+kn]+knka}
> aky [0+ E*] [ka+En]+a(bn)?ka+bky[enka+caky]

aky [20+ k%) [ka+kn]+a(kn)’ka +bley —ca] [20+ K7 ] [ka + kn]
+ bknkaleny —cal
> aky [0+ K] [ka+En]+a(ky)?ka+benkyka+bea (by)’
ako[kA+k:N]+b[cN—cA][Qb—l—k;R}[kA—I—kN]—I—bk:NkA[cN—cA]
> beyknka+bea (ky)?
aknb[ka+kn]+0[ey —cal [20+ k%) [ka+hy] —bhnkaca > bea(ky)?
aknblka+ky]+blen —cal [20+K" ] [ka+ky] > beaky[ka+ ky]

[a—CA]ko[kA+kN]+b[CN—CA] [2b+kR] [k’A—{—k’N] > 0. (324)

The inequality in (324) holds because a > ¢y > c4, by assumption.
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Next observe that [M] can be stated as:

Maximize IT% = [PA(QR) — CA} qa + [P(QR) - CN] {QR - QA]

qa,QF
K K KR
- TA[QAF - 7N [QR—QA}Q ey [QR]z
_ - biom o -
where PA(QF) — {p £ PQY > 7 (325)
P(Q") if p > P(QF).

Then when g4 > 0 and there exists a range of p for which P(Q)) = P, the necessary
conditions for a solution to [M] are:

OTIR
- Pa(Q%) —ca—kaga— [P(Q") —cn] +kn [QF —qa] = 0 and (326)
A
o IIf O~ IIR _ L
W < 0 and aQ—R > 0 for all p € [de,pr]. (327)
Recall that %—H; denotes the left-sided derivative of II* with respect to Q*, which is relevant

when P,(-) = p, and %_n; denotes the right-sided derivative of II® with respect to Q¥, which
is relevant when P4(-) = P(Q™).

If P4(QF) = p, then (326) implies:
P—ca—kaqa—[P—en]+kn [QF—qa] =0
& on—ca—kaqatkyQF—kyga = 0. (328)

If Po(Q%) = p, then Q" = 272, so (328) implies:

a
cN —ca—kaqa+ky {Tp] —kyga = 0

-
= CN—CA-i-kN{ bp} = qA[k‘A—FkN]
— ey [2=P N =
o gy — CN —Ca+ N[ 5 } _ bley —cal+kyla p]. (329)
ka+ ky b [ka+kn]

(329) implies that when Qf = 2 2:

P blew—cal+knla—p]

b blka+kn]

a

v = Q% —qa =

alka+kn]—Dlhka+ky]—bley —ca]l —kn[a—D]
blka+kn]
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akga—Dka—blex —ca]  [a—Dplka—blen —cal
B blka+ky] B blka+ky] ' (330)

It remains to prove that the inequalities in (327) hold. (325) implies:
oIk
0QRE

<0 & —qu—b[QR—qA]+a—bQR—CN—kN[QR—C]A]—kRQR <0

S a—2bQF —cn —knQF + knqga — ERQT < 0

A a—bQR—bQR—CN—kN[QR—QA}—kRQR <0

& ]_?—[b—i-kR}QR—CN—kNQN <0

& p < [b+E Q% +en +hnan. (331)

(330) and (331) imply:
AN
QR

Dlka—bley —c¢
e

& pblhka+ky] < [b+k"][a—D][ka+kn]+enblhka+ky]
+ kv [(@a—=D)ka—0b(en —ca)]
& Pblha+ky] < P[0+ k™) (ka+ kn) + kyka
+ ch[k +kn]—knblen —cal
& Dblka+ky)+ 0+ k%) (ka+ky) + kn ka]
< a[(b+ k") (ka+kn)+knka] +enb[ka+ky]—knb[ey —cal
& pl2b+E") (ka+kn)+knka)
a[(b+K") (ka+ky)+kyka] +bey[ka+ky—ky]+bkyca

a[(b+k") (ka+kn)+knka] +benka+beaky
[2b+ kR [ka + kn | + kn ka

& Db =

= Dom - (332)

(325) implies:
o~ 1I#

07 >0 & a—2bQ" —en+bga—kn [QF—qa] —KEFQ% > 0

& a—20Q% —en+bga—kyay —kTQT > 0
& p-bQ"—cy+bga—kyav —EFQ" > 0
& D < [b+l€R]QR+CN—qu+quN >0
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& p—[b+k*] Q% —en+bga—kngy > 0. (333)

(329), (330), and (333) imply:
o~ TIf
oQr

>0 & p > [b+kR]a—;_+cN—b

& pblka+ky] > [b+k%][a—D][ka+kn]+enb[ka+ky]
— blb(eny —ca)+hnv(a=D)]+kn[(@a=D)ka—bley —ca)]
& Pblkat+ky] > [a=D)[(b+ k") (ka+ky) —bky +kyka] +enbka+kn]
_b2[CN_CA]_ko[CN_CA]
& Dlb(ka+kn)+ (b+E") (ka+kn) —bky +kyka
> al(b+ k") (ka+kn) —bky+knka] +enb[ka+ k]
— bV [ey —ca]l —kybleny —cal
& pl2b+E") (ka+kn) —bky + ky ka
> al(b+ k") (ka+kn) —bky +knka] +en [b(ka+ky)— b —kyb]
+ [P +bky]ca

. a(b+E") (ka+ky)—bky+knka] +bey[ka+ky —b—kn]+ [b+kn]bca
- [Qb+kR][l€A+/€N]_ka+kaA

. al(b+ k") (ka+ky)—bky+kyka] +bey[ka—b]+bealb+ky]
- [2b+kRHkA+kN]_ka+kaA

& p > Dgy- N

Lemma 6. If D € (Doys, Dans |5 then in equilibrium:

[2b+ kn + k%) [D—ca] = [b+ k%] [a—cn]
[ka+EkB][2b+ ky + kB] — [b+ kR]?

qga =

2

= [ka+ K] [a—cn]— [b+ kR ][D—ca] o
N ka+kB)[2b+ ky + kE] — [b+ kE?
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[kA—bHCL—CN]—i-[b—i-kNHﬁ—CA]
[ka+kR][2b+ky +EB] — [b+ ER]?

Qf = qataqy =

Proof. (308) implies that if g4 > 0 and p < P(Q), then [M] is:
ka

Maximize D ga+[a—b(qa+qn)]an —ca QA——[QA]2
qA, 4N 2
kn kR
- CNC_IN——2 [QN]2——2 [QA+QN]2'

The necessary conditions for an interior solution to [M] when p < P(Q) are:*

qa: P—bay —ca—kaqa—k"[qa+aqy] = O;
qv: a—blga+an] —bay —cn —knay — k¥ [qa +aqn] = 0.
(334) implies:

]_Q—CA |:b+k’R

P—bgy—ca—klqy = [ka+ k" = —
P—0gnN —cCa qN [ka+ k%] qa = qa fa K TA + kE
(335) implies:

a—bgs —cy —k%qa = [2b+ky +E" ] qn

a—cy { b+ kR }
= gnN = qa

2b+ky + kR [ 2b+ky + KR
(334) also implies:

P — ka+ kR
B ca—hkaqa—kfqn = [b+ k" S
Poea=kaga—Klar = [b+ktay = av = mn - | 5w

(337) and (338) imply:

a— CN B b+ kR _P—ca ka+ kR
b+ hn+hE | 2b+ky + KB |TY T by kR b+ kR |
b+ kP _kA—i-kR B a—cn P—ca
20+ kn + kR b+ kR |1 T bk L kR b+ kR

— {[b+kR]2— [ka+ k"] [2b+ ky + K" ] }QA
= [b+ k"] [a—en]—[2b+ky +ER] [P —cal

[b+ k%] [a—cen]— [2b+ky + K] [D—ca]
(b4 kB — [ka+ kR [2b+ ky + kE]

= g4 =

o

Jov

(334)

(335)

(336)

(337)

(338)

41t is readily verified that the Hessian associated with this problem is [kA+kR] [2b—|—kN—|—kR} —

[b + ka > 0. This inequality holds, by assumption.
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L g = [2b+/€N+kR}[1—o—cA]—[b+kR][a—20N]. (339)
[ka +ER)[2b 4 ky + kB] — [0+ kE]

(338) and (339) imply:

_P—ca  [katk"
N B kR | b+ kR

(2b+ky +E%) (P—ca)— (b+E") (a—cn)
(ka4 kB)(2b+ky 4+ kB) — (b4 kE)?

(5 cal | (kat k%) (2b+ky + k%) = (b4 k7)"]
[b+ kR [(ka+kR) (20 + ky + kB) — (b+ kR )?]

B kA—l-k’R
b+ kR

(2b+kn+kR) (D—ca)— (b+ k") (a—cn)
(ka+kB)(2b+ky +kB) — (b4 kR)?

[ka+ER] [b+KB] [a—en] — [b+KR]) [D—ca)
[b+ kB [(ka+kB) (2b+ky +KkB) — (b+ kR)?]

[ka+ k%] la—cen]— [0+ K] [D—ca]

— [ka+KkR][20+ ky + kR] — [b4+KkR)? (340)
(339) and (340) imply:
Q = QR — gataqn = [ka—0blla—cn]+[b+EkN][D—cal (341)

[ka+kR][2b+ ky +EB] — [b+ ER]?

It remains to show that ¢4 > 0 and p < P(Q) when D € (Porss Pans - (339) implies
that g4 > 0 if:
[2b+kN+kR} [ﬁ—cA] - [b—f—kR] [CL—CN] > 0
[b+kR] [a—cy]

S D> =D .
Y Ry A Pou

(341) implies that P(Q%) > p if:

[k?A—bHCL—CN] + [b+l€N][]_?—CA2]

.
[ka t+ kR][20+ ky + k7] — (b kE]2 — 7

[kA—b][a—cN] — [b+kN]CA
(ka+KkR][20+ kn + kR] — [b+ kR]?
blb+kn]
[ka+EkR][2b4 ky + kR — [b+ ER]?

S oa—0b

> p+p
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—b[kA—b][a—cN] +b[b+kN]CA

A 2
[ka +KkR][2b+ ky + kB] — [b+ k7]
[ka kR [2b 4k + K] = [b KR b [0+ k)
- [ka+kB][2b+ ky + EB] — [b+ ER]?
o —b[kA—b]a+b[/€A—b]CN+b[b+kN]CA

[ka+KkR][2b4 ky + EB] — [b+ ER]?

[kt k] [2b+ kK] = (b KR] b ]b+ k]
[ka+kB][2b+ ky + EB] — [b+ ER]?

a[(kAJrkR) (2b+kN+kR)—(b+kR)2} —blka—bla+blka—bley +b[b+Eky]ca

[ka+ER)[2b+ ky + EB] — [b+ kR]?

[ka k] [2b 4k + K] = [b+ KR b b+ k]
[ka+KkB][2b+ ky + kB] — [b+ ER]?

& al (ka+ k") (204 ky + k%) = (b+ k%) | =bka = bla+b [k = blex-+b[b+ ky] ca
> p{ [ha+ 8] [20+ hy + 7] = [0+ 52" 40 [b+ k] |
& al (ka+ k) (204 ky+ k) = (b4 k%) = bka —b) |+ [ka = blen-+b[b+ k] ca

> 5 { [kha+ k%] [264+ ke + k5] = [b+ k5] 45 [b+ ky] | (342)

Observe that:

[ka+ER] [20+ky + 7] = [0+ k®]* —b[ka —b]

— 2bka+ kaky +ka kR4 20k% 4 KR ky + [KR) =02 = 20K7 — [KR)" —bka + 1

= bkatkakn+khak+k"ky+bky—bky = [b+E" ] [ka+ky]—bky+kaky. (343)
Further observe that:

[ka+kB] [2b+ky +ER] = [b+ KR +b[b+ kn]
— ks +kaky +ka kR4 20k% 4 KR by + [KR] =02 = 20k% — [KR ] 407 + by
= 2bka+kaky +Eka k™ +Eky 4+ bky
= 2bka+kakn +Ekak®+k%ky —bky +2bky

= 2bka+2bky +ka kB + kR ky —bky + kaky
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= [2b+ k"] [ka+ky]—bkn+knka. (344)
(342) — (344) imply that P(Q") > p if:
a{[b+ k"] [ka+ky]—bkn+kakn}+b[ka—blen+b[b+kn]ca
> p{[204+ k") [ka+kn]—bky +knka}

- 7 < a[(b+kR)(]fA—F]{?N)—ka—i-/{?A/{JN}+b[k}A—b]CN—|—b[b+kN]CA
b= (20 + kB [ka + kx| — bky + kn ki

< P < DPau -

Thus, g4 > 0 and p < P(Q) when p € (Pops, Do) W

Lemma 7. If p < Dy, then in equilibrium:
a — CN

aA ana. gy 26+ ki + kR

Proof. (308) implies that when g4 = 0, R’s problem is:
. kn » KF 2
Maximize [a —bgy —en] gy — — [av ] — — [an ] (345)
qn 20 2 2
(345) implies that R’s profit-maximizing choice of ¢y > 0 is determined by:
a — CN

CL—quN—CN—k‘NqN—k’RqN =0 = gn = m (346)
(346) implies:
PQ) = a—b a—cy _ a[2b+ky+ER] —bla—cy]
20+ ky + kB 2b+ kx + k1
b+kn + k%] +0
_ albt kv kT 4 be (347)

2b+ ky + kR
(309) and (347) imply:
[b+ER] [a—cn] al2b+ky+ k] —bla—cn]
D P
Por < P(Q) & eat g < 5+ fi + KE

[0+ k%] [a—cn] _ [a—cal[2b+kn + k7] —b[a—cy]
20+ ky + kB 2b+ ky + kR

[2b4 k%] [a— cn] _ [a—cal[2b+4 kn + k7]
2b+ ky + kB 2b+ ky + kB

& [204+ k%] [a—cn] < [a—cal [20+kn +E"].
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The last inequality here holds because ¢4 < ¢y < a and ky > 0. Therefore, p < P(Q) when
P < Poum-

It remains to show that g4 = 0 when p < Py,,. Because p < P(Q) when p < Dy,
ga = 0 if R’s profit declines as ¢4 increases above 0, i.e., if:

0
— 1 [P—calga+]a—b(ga+qn) —cn]an
0qa

ka s kn s KkE 2

_ _ My - <

5 [qa] 9 [qn ] 5 gy + qa] T 0
& p—ca—bgy—kflgy <0 & p < CA—l—[b—i-kR}qN
& P < eat — N _[b+k] = p (348)

- 2b+ ky + kR 0M

The last inequality in (348) reflects (314). W

To compare the effects of a price cap on R’s revenue under monopoly and duopoly,
suppose the maintained assumptions in both the monopoly and duopoly settings hold. Also
let Q% /(D) denote R’s total output when D € (Pyns, Pyas |- Then (318) implies:

— % 008 (7
QEu(p) = 2 bp = ng—?m = —%. (349)

Let Q% (p) denote R’s total output when p € (p,, p,] and R faces a rival. Recall from
Lemma A3 that:

R/~ alb+k]+bc—p[2b+ k] QL (p) 2h 4k

- —s = - 350

walr) b[b+k] T T op b+ k| (350)
Conclusion 1. 2@a.(P) 9Qghn (P )

95 < 95 < 0 when Dyr € (Panss Ponr] and p € (P, Dy |-
Proof. (349) and (350) imply:

0Qin(P) _ 0QK(P) 1 2b+ k
- > - btk < 2b+k b>0.
or  ~ op O b Thbik O TR SR e b2

Define Vg (P) to be R’s revenue when p € (Pyuy, Dyasl- Then (349) implies:

Vinat() = P Qu(p) = 7| 7. (351)

(350) implies that when R faces a rival, R’s revenue when p € (p,, D] is:

-~ a(b+k)+bc—ﬁ(26+k)}'

Vin(P) = 7 Gh (352)
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8‘/dm(
op

Proof. (351) implies:

3

Conclusion 2.

) < OVamm (P
P

(353)
(352) implies:
WVa(P)  alb+k]+bc—2p[2b+ k]
op b[b+ k] '
(353) and (354) imply:

(354)

op dp b[b+ k] b
& alb+k|+bc—2D[2b+k] < [b+Ek][a—2]]

V(D) < Vi (D) o alb+k|+bc—2D[20+ k] _ a—2D

o

& be+p[2(b+k)—22b+k)] <0 & be < 2bp & P> —.

(V]

The last inequality here holds because, by assumption, p > p; > c. R

C. Welfare Analysis Involving Profit Rather than Revenue.

Now consider the duopoly setting where R’s profit replaces R’s revenue in the welfare
function. Call this the W — I setting. Welfare in the W — II setting is:

Wu(p) = S(p) —r II*(p) (355)

where r > 0 is a parameter and S(-), which denotes consumer surplus, is:

S() = aQ— 2 @~ B~ PQlax +al. (356)

Definitions. Soq(7) is consumer surplus when p € [Dy, Py ]-
Sap(P) is consumer surplus when p € (D, Dp)-
I15,(p) is R’s profit when p € [Py, Dy ]-
IE (p) is R’s profit when p € (py,p,)- 11E(p,) is R’s profit when p = P,
Whoa(P) is welfare when p € [Py, D, |-
(p

Whay(D) is welfare when p € (p,,Dy)-

Lemma 8. In the W — II setting:

O*1IE (D) O*Sap(D) and O*Wran(D)

- < 0, —\2 ’ —\2
9(p) 9 (p) d(p)

> 0 forp e (papy).  (357)
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_a—p 0Q _ 1
Q@ e (358)
)

D:
oSw(P) QL 0Q . _9Q _ a .  F
a5 " op anp @ Pap © b+Q Q+b
_ 5 29 (5
__eop o Tl 1 (359)
b d(p) b
(110) implies that R’s revenue in the W — II setting when p € (p,, D) is:
WVap(D) alb+k]+bc—2p[2b+ k] V(D) 2[2b+ k]
_ o ZY\P) 2120 EL (360
o7 D 5y bb+ k) (30)

Let CE(P) denote R’s total cost as a function of the price cap p when p € (D, Dy)-
Then:

80;%_523) = cA%i;+cN%1—g+kAqA%ig+quNaaig+kR[qA+qN] {86%4—8(;%] :
Lemma A3 implies that Bg—g and aa%“ do not vary with p when p € (p,,p,). Therefore:
% = kA[%%rJrkN{aaq_ngrkR{%%Jr%%r > 0. (361)
(360) and (361) imply:
PMip) _ Clalp) 0GR (362)
9 (p) 9(p) 9(p)
(355), (359), and (362) imply:
azwnjb(f) _ OQSdf(f) . 82HdR_b(§) -0 m
9(p) d(p) 9 (p)
Lemma 9. 11} (p,) < I (p,) in the W — 11 setting.
Proof. Lemma A1 implies that Q% (p,) = qn(P,) because q4(p,) = 0.
Definition. Dy = [2b+ky + k"] [2b+ k]—b7. (363)
(363) and Lemmas Al and A3 imply:
S g (e R EATEES R0 s A BT S

88



alb+k]+ab—cn[2b+k]—batbe _ [b+kla—[b+k]P,—bP,+be

Dy b b+ k]
alb+k]+bc—cn[2b+ K] [b+k]la+bec—[2b+ k] D,
<~ <
Dy blb+E]
—en [2
o G[Hk]“’; w204 k] bt kla—be < — (264 K] B,
N

alb+k]+bc alb+k]+bc—cy[2b+ K] _
— blb+k
2+ k [2b+ k] D b+k] > By

alb+k]+bc Jalb+k)+belb[b+k]—cy[20+k]b[b+ k] _
20+ k [2b+ k] Dy > Py

o m{[a(b+k)+bc] [(2b+ by + %) 2+ k) — B — b (b+ k)]

+oen[2b+Kk]b[0+E]} > B,

& m{[a(bw)mc] [(2b+kn + k) (2b+ k) —b(2b+ k)]

+oen[20+ K]0 [b+ K]} > D

[a(b+k)+bc][2b+ky+ k% —b] +enb[b+ K]
& D > Dy
N

b+k)+bel|b+Ekny+EE] +enb[b+E
UG LELNIGI S LA CC LY (354
N

As established in the proof of Proposition 4, just below (149), p, is increasing in k4.
Therefore, (8) implies that when ky < ky:

_ la(b+ k) +bc] [2ky (0+ET) + (kn)?] +2ben [b+ K] kn
o = b bt Kk + (kn)? [2b+ k] + 2k (261 k] [b+ k5]

a4+ k) +be] [2(0+ k%) +Ey] +2bey [b+ k]
 2b b+ k] +Hky [2b+k]+2[20+k][b+ kR]

[a(+k)+bc] [b+ kP +E] +bey [b+ k]
blb+k]+5 [2b+k]+[2b+ k] [b+kR]

la(b+k)+be] [b+kE+5] +bey [b+ k]
[2b+ k] [b+ KR+ 5] +b[b+ k]

la(b+k)+be] [b+ KRR+ 5] +bey [b+ k]
- [2b+ k] [2b+ kR + kx] — p2 ‘ (365)

2
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The last equality in (365) holds because:

[2b+ k] {b+k3+%v} +b[b+k] = [2b+ K] {2b+k3+%\’1 —b[2b+ k] +b[b+k]

= [2b+k]{2b+k3+%v} — 20 —bk+ b +bk = [2b+k]{2b+kR+k7N}—bQ.

(363), (364), and (365) imply that Q%(p,) < Q%(p,) if:

la(b+k)+be] [b+kE+5] +ben [b+ k]
[2b+ k] [2b+ kR 4 5] — b2

la(b+k)+be] [b+ kR +ky] +bey [b+E]

(20 k] [20+ KR ¢ k| — 2 (366)
The proof of Lemma AT establishes that this inequality holds, so Qf(p,) < Q%(Dp,).
(12) implies that the rival’s output ¢ is determined by:
_ _ _ _ _ a—bQ%(p)—c
0= [QP) +alP)] ~ e~ ba(P) ~ka(F) = 0 > q(p) =TT gy

Because Qf(p,) < Q%(p,), (367) implies that q(p,) > q(p,). R’s profit when p = p, is:

Mga(Po) = aw(Bo) [ Plan(Po) + a(Bo)) — ev] = 5~ [an(Po) " = = [aw(Po) I

< an(Po) [ Plan(Po) + a(Ps)) —en] — %N Lan (Do) * — g [an (Do) ]
< dax Aoy [Ploy +q+qa) —en]+aalPlay +a+qa) —ca]
AP B - B ) - ).
Definition. pj; = argmax Wp(D).

Conclusion 3. 7} € [Py, Dy -

Proof. Lemma 8 implies that pj; ¢ (py, p,)- Equilibrium outcomes do not vary with p when
D < Pp (because g4 = 0 for all such p). Similarly, equilibrium outcomes do not vary with
P when p > P, (because the price cap does not bind for all such 7). Therefore: (i) welfare
does not vary with p when p < p,; and (ii) welfare does not vary with p when p > p,.

Consequently, Py € [Fo. 4] U By -
It remains to show that pj; # p,. The proof of Lemma 9 establishes that:
Q"(Po) < Q"(Py) (368)

where Qf (D) is R’s total output when the price cap is p. Proposition 2 implies:
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Q%(my) < Q™(pa). (369)

(368) and (369) imply that QT(p,) < Qf(p,) < Q% (p,). Lemma A2 implies that QT(p)
is continuous and monotonically increasing in p for p € (p,, p,). Therefore, the Intermediate
Value Theorem implies that there exists a py € (Dy, B;) such that:

Q" (pr) = Q™(py)- (370)
(12) implies that the rival’s output ¢ is determined by:
a=b[Q"P)+a(P)] —c—ba(P) —ka(p) = 0. (371)
(370) and (371) imply: WF) = alB). (372)
(370) and (372) imply:
Q(pp) = Q(py) and P(Q(pg)) = P(Q(D))- (373)

Observe that:
Moy(Pr) = Pr 4a(Pp) + P(Q(PE)) an(Pp) — C™(qa(Pp), an (D))
< P(Q(Pp)) 44(Pr) + P(Q(Pp)) an(Pp) — C™(qa(Pp), an (D))
= P(Q(py)) 4a(B,) + P(Q(Ds)) an(Ps) — CT(aa(Dp), an () = 15 (Dy)- (374)

The inequality in (374) holds because pp < P(Q(Dg) ), since pg € (Py, Py)- The penultimate
equality in (374) reflects (373). The last equality in (374) holds because P(Q(7;)) = Dy

(356) and (373) imply:

Su(Pe) = @ Qpe) — 5 QPe) ~ PQBE)) [0(pe) + ax(Pe)] ~ Poaa(p)
> 4 Q(Fe) 5 QPe) ~ PQTR) [4(Fe) + av(P) + aa(7)]
= 4 Q) — 5 QB ~ PIQ(TL)) Q)

= 4 Q) ~ 3 QY ~ PQ(R)) Q7)) = S(T). (375

The inequality in (375) holds because pp < P (Q(Dg) ), since py € (Py, Py)- (374) and (375)
imply that consumer surplus is higher and R’s profit is lower in the W — II setting when
D = Dp than when p = p,. Therefore, welfare is strictly greater when p = p; than when

p:pln S0 p*ﬂ %Z_jb u

D. Benchmark Setting with Exogenous Prices.

Finally, consider the benchmark exogenous price setting in which the price of output
supplied using A’s input is set (exogenously) at p, and the price of output supplied without
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using A’s input is set (exogenously) at py.

Conclusion 4. R reduces both g4 and QF = q4 + qn as D4 declines in the exogenous price
setting.
Proof. In the exogenous price setting, R chooses g4 and gy to:

.. _ k k kR
Maximize Dy ga + Py gy — Ca QA—f[QA]Q—CN QN—%[QN]Q—T[QAJrQN]Q-

The necessary conditions for a solution to this problem, [P-E], are:

Pa—ca—kaga—k"[qga+gqn] <0 qal-] = 0;

Pnv—cn —kyay — k% [ga+aqnv] <0 gn[] = 0. (376)

(376) implies that if g4 = 0 and gx > 0 at the solution to [P-E:

= —k . ]{?R _ _ ﬁN — CN
Py —cn —knan an 0 = an ya—n
1
dan _ > 0 and dan = 0.

by kn + KR Opa

(376) also implies that if gy = 0 and g4 > 0 at the solution to [P-E]:

_ Pa —Ca
— A —k —_ kR =0 = =
Pa—cCa AdA qa qa ki + kR
044 1 dqa
= = >0 and — = 0.
0D, ka+ kR 0Dy

(376) further implies that if g4 > 0 and gy > 0 at the solution to [P-E]:
Pa—ca—kaqa = k¥ [qa+av] = qa[ka+k"] = pa—ca—klqn

Ba— ca— kRqy
= g1 = P and (377)

Px—cv—kvay = K'lga+av] = av[knv+E%] = Py —ev—k"qa

Py —on — kP qa

= qy = Ty (378)
(377) and (378) imply:

. _ Py—cen KT Pa—ca—kqn

N7 kN + kR ke + kR ki + kR
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(k") _ PN k™ [Pa — cal
= QNll_(kA+kR)<kN+kR) o kN+kR_[kA+kR][/€N+kR]
= qN [(kA‘i‘kR) (kN—l-kR) _ (kR)2} — [Py —cn] [k’A—i-k’R} —kR[ﬁA—CA]

[Dn —en] [ka+ER] — kR [Py —cal

T T Tk KR [ £ K] — (R o
(377) and (379) imply:
_ Pa—ca kP [Py —en ] [ka+ k%] — k%[5, — ca]
7 T+ kR kot kE [k + kR] [ky + kB] — (kR)?
B 1
 [Eka+ kR [ka + kB [ky + KB] — (KB)®)
- { 54— cal { [ka+ K] [ + 7] = (k%) } = K% [y — en] [a + K]
0 el |
 Pa—cal[ka+ kR ][Ry +ER] — KR [Py —en] [ka + E7]
[ka + EB){ [ka+ kR [ky + EB] — (KB)* }
_ [Pa—eal [y + k%] — K [Py —en] (330)
[ka+ kR [ky + kR] — (kR)
(379) and (380) imply:
8%4 = by + K™ 5 > 0, and
0P4  [ka+ kB [ky + kR — (KR)
0(qa+aqn) kn + k% — kR
0P a [ka + kR [ky + kR] — (kR)?
= it > 0. W (381)

(ks + kR) [kn + kR] — (kB)?

E. The Sitmplified Cost Setting.

Definitions.
__ bea[btk]talb+k]JET+ bk
[2b+ k] [b+ k]| — b2

by =
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_a[b+ kR [b+k]+bealb+k]+be[b+ k"]
Ps = (20 + kR][2b+ k] — b2 ' (382)

Assumptions

1. C%(qa,qn) = CAQA+CNqN+%[qA+qN]2, where k% > 0.
2. cy >cy > 0.

3. a > max{cen}.

4. la—cal[2b+ k] > bla—c].

d. Dy > C.

6. All other model features are as specified in the main analysis.

Lemma 10. p; > D,.
Proof. (382) implies that the lemma holds if:
{alb+k][b+k] +bealb+k]+bc[b+E" ] F{[20+ k] [b+E"] =0}
> {alb+k]k®+bealb+ k] +bck®}{[20+ k"] [20+ k] -0}
S alb+k][204k] [b+kP]* —ab?[b+ k] [b+ k7]
+bhealb+E][2b+K] [b+ k"] —bPca[b+ k]
+be[20+ k] [0+ k") =P e [b+ k")
> alb+k][20+ kKT [20+ k"] —ab® [b+ k] K"
+bealb+Ek][2b+k] [204+ k"] —bPca b+ k]
+be[2b+ k)K" [20+ k7] — b° c k"
& a[b+k][2b+k][b2+2bk3+(kR)2—2ka—(/fR)z}—ab3[b+k]
—bcalb+k][2b+ k]
T be[2b4 k] [0+ 20K% 4 (K7)" = 2067 — (K7)°] e > 0
& abl[b+k][20+k]—ab’[b+k]— bPca[b+k][20+K]
+bc[2b+ k] —bc > 0
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& abl[b+k][20+k—b]+b%ca[2b+Kk][b—(b+k)]—b'c > 0
& ab?[b4+k]? =0 kea[2b+k] —be > 0

& abl? [P +2bk+ k] =20 kea — 0K ea —ble > 0

& ab*+2abPk+ab®k? =200 kcy — b2 kPca —b'c > 0

e la—c|b*+20%k[a—ca] + 02k [a—ca] > 0.

The last inequality here holds because a > ¢ and a > c4, by assumption. W

Conclusion 5. ¢4 = 0 or g4 = 0 n equilibrium in the simplified cost setting.

Proof. Let I1%(q,, ¢,) denote R’s profit when it supplies g, units using A’s input and ¢, units
without using this input. We will show in three distinct cases that if R is initially supplying
strictly positive amounts of output both using A’s input and not using A’s input (so g4 > 0
and ¢y > 0), then R can strictly increase its profit by setting ¢4 = 0 or gy = 0.

Case 1. Po(Q) —ca > P(Q) —cy. If g4 >0 and gy > 0 in this case, then:

(g1, qx) = [PA(Q) ~ eal s + [P(Q) — exla — o (a4 + v ] (353)
< PA@ - ealloatan] = Sl o = Taa s gn0). (38)

(384) implies that R could increase its profit by selling its entire output, Q% = q4 + qu,
using A’s input, and supplying no output without using the input.

Case 2. Py(Q) —ca < P(Q) —cn. If g4 >0 and gy > 0 in this case, then:

(g0,0v) = [PAQ) ~ ealaa+ [P@) —exlaw — 5 (a2 + an
< [P(Q)—cN][qA+c.1N]—%[qquw]2 = (0,4 +qn).  (385)

(385) implies that R could increase its profit by selling its entire output, Q¥ = g1 + qu,
without using A’s input, and supplying no output using the input.

Case 3. P4(Q) —ca = P(Q) — cy. In this case:
PQ)=Pa(Q) = ex—ca > 0 = Pa(Q) < P(Q) = PalQ) =Dp.  (386)

(386) implies that if g4 > 0 and gy > 0 in this case, then:

Ol (g4, qn)

3 = —bqv+D—ca—k"[qga+an] = 0
qa

= p—ca—k[qga+aqn] = bay > 0. (387)
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(386) implies that in this case:

W(a1,0v) = [PAQ) — ealua + [PIQ) —exlay — o [as + an T
= [PA@ - eallaatav] 5 0t v
= [I_J—CAHQAJFCZN]—g[qAﬂLqN]2 = II"(qa + qn,0). (388)

(388) implies that R would secure the same profit if it sold its entire output, Q¥ = ¢4 + g,
using A’s input. (388) also implies:
aHR<QA + 4N, O)
dqa

The inequality in (389) reflects (387). (389) implies that R could increase its profit by
marginally increasing its total output and selling the entire output using A’s input. W

= p—ca—k"[qgat+aqn] > 0. (389)

Lemma 11. Suppose p > p;. Then in equilibrium in the simplified cost setting:

la—c][20+ k%] —bla—ca]

P2 P4 = Ty Rz k) e v = 0 ond
. la—cal[20+Fk]=b[a—C]
47 T2b + kR [2b+ k] — b2 (390)

Proof. Consider a putative equilibrium in which outputs are as specified in (390). Then in
this equilibrium, for Q* = ¢* + ¢ + qx:

PQ) = a=b[gi+qy+q"] = a=bgy —bq"

'(a—cA)(2b+k)_b(a_c)] _b[(a—c)(2b+kR)—b(a_cA)]

=a-—0»

20+ kB) (2b + k) — b2 (2D + kB) (2b + k) — b2

[ (a—ca)(2b+ k) —b(a—c)+ (a—c) (20 + k) —b(a—cA)]

i (2b4 kB) (20 + k) — b?

(a—ca)(b+k)+ (a—c) (b+ kT
(2b+ kF) (2b+ k) — b2

= qQ —

al(20+K%) 20+ k) —0*] —bla—ca][b+k]—bla—c][b+k"]
(20 + kR][2b+ k] — b2

al(2b4+ k%) (2b+k) = —b(b+k) —b(b+ k)] +bealb+k]+bec[b+ k]
[2b+ kE][2b+ k] — b?
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a6+ ER) 20+ k) =020+ k) —b(b+ k)] +bea[b+E]+be[b+ k7]
[2b+kR][2b+ k] — b2

al(b+ k%) 2b+k)—b(b+k%)] +bealb+ k] +be[b+ k]
[2b+ kR][2b+ k] — b

alb+ kR [b+k]+bealb+k]+be[b+E"]
(20 KR [2b 1 k] — 12 — b

(391)
The last inequality in (391) reflects (382). (391) implies that p > P(Q*) in the putative
equilibrium when p > ps.

We now establish that R cannot increase its profit by deviating unilaterally to supply ga

and ¢y that differ from their values in (390). (383) and (391) imply that R’s profit in the
simplified cost setting when p > p; is:

]{JR
T%(qa, qn) = [PA(Q)—CA]QAJF[P(Q)—CN]QN—7[QA+(]N]2
kR ,
= [a_bQ_CA]QA+[a_bQ—CN]QN_7[QA+QN]
OTTR (g,
w = a—blg+qitan]—ca—bga—bay — k" [qa +qn]
qA
= a—bq—2bqa—2bqy —ca — k" [qa + qn ] (392)
2HR
TMaaan) _ gy _pr < . (393)
a(QA)

(393) implies that I1%(q4, qi) is strictly concave in 4.
(390) and (392) imply that in the putative equilibrium:

aHR(qAa qN)

EY a q da — €A da

& a—ca-bg = [20+K%] ¢4

& la—cal [2b+E) 2b+k) =] —b[(a—c) (2b+E") —b(a—ca) ]
= [2b+ k"] [(a—ca)(2b+Ek)—b(a—0)]

& la—ca] [2b+E") 2b+k) =0 — (2b+E") (2b+ k) +b* ]
—bla—c][2b+ k"= (2b+k")] = 0

& [a—ca]0—bla—c]0O = 0. (394)
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The last equality in (394) holds. (393) and (394) imply:

R
[P(Q) —cal aa— 5 [aa* < 11¥(g3,0) for all 4. (395)

(395) implies that R cannot increase its profit by deviating from the putative equilibrium
by producing distinct g4 and gy because (383) implies:

(g1, 0x) = [P(Q) —exlan + [PA(@) — eal aa — 5 (a2 + an T
< [P(Q) ~ex] ax + [P(Q) — ea) 41— o[04+ v
< [P(Q)—CA][qAJqu]—k—;[q/ﬁrq]v]2 < 1I%(g3,0). (396)

The first inequality in (396) holds because P4(Q) < P(Q) for all (). The second inequality
in (396) holds because ¢4 < ¢y, by assumption. The last inequality in (396) reflects (395).
(396) implies that R cannot increase its profit by undertaking such a deviation.

Finally, we establish that the rival cannot increase its profit by unilaterally deviating to
supply some output other than the ¢* specified in (390). The rival’s profit is:

I(q) = [P(Q)—C]q—gff = [a—b(q+qA+qN)—C]q—§q2
oIl
= —8;q) =a—-bQ —c—bg—kq (397)
Pl(q)
= e = —2b—k < 0. (398)

(390) and (397) imply that at the putative equilibrium:

1
oMl(q) = a—bqy—2bqg" —c—kq* = a—[2b+k]q" —bq}
dq a=q"
_ opa gl | @2+ —bla—ca)
= o—| ] (20 + kB) (2b + k) — b2

_b[(a—cA)(Qb%—k’)—b(a—c)} .
20+ ER)(2b+ k) — b2

= [a—c][(2b+ k") (2b+k) —0*]—[2b+ k] [(a—c) (2b+ k™) —b(a—ca)]
—bl(a—ca)2b+k)—b(a—c)] = 0

= la—c][(20+ k") (2b+k) =" — (2b+ k) (2b+ k") +b* ]
—bla—cal[2b+k —(2b+k)] = 0 (399)
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(398) and (399) imply that the rival cannot increase its profit by unilaterally deviating from
the putative equilibrium. Therefore, the outputs in (390) constitute an equilibrium because
neither firm can increase its profit by undertaking a unilateral deviation. l

Lemma 12. In the simplified cost setting, there exists a P € [Py, D3) such that in equilib-
rium, for all p € (P, Ps:
_ alb+k]+bc—D[2b+ k]
P * — * — *
(Q ) P, qa b [b + ]{7] » AN

p—c
b+ k'

=0, and ¢* = (400)

Proof. Suppose an equilibrium exits in which prices and outputs are as specified in (400).
We will show that neither R nor the rival can increase its profit by deviating unilaterally
from the putative equilibrium. We first consider three possible deviations by R.

Deviation 1. R deviates unilaterally to set g4 # ¢% and gy = 0.

(383) implies:

R
1%(g4,0) = [PA(@) ~ ealas — - [aa (101)
R
w = Pa(Q) —cataa 81;;;&@) — K qa (402)
82HR(QA70) — 9 8PA(Q) —k’R <0 (403)
0 (qA)2 aQA .

The inequality in (403) holds because WZATSQ) € {0,—b}. (403) implies that the identified

deviation will not increase R’s profit if:
0*11%(q}, 0)

911" (g3, 0)
aC]A '

< 0 <
- dqa

(404)

If (404) holds, then R’s profit declines as g4 increases above ¢’ or as g4 declines below ¢7,
given ¢* and ¢3 = 0.

(400) and (402) imply that at the putative equilibrium:

9'11(q4,0) IPA(Q)

_ k,R *
Jqa dqa I

= PaA(Q") —ca+q)
qA =q%
ab+k)+bc—p(2b+ k)
b(b+ k)

= Pp—ca—[b+k"] gy = D—ca— [b+E"]

(405)
pblb+k]—bealb+k]—alb+k][b+k"] —bc[b+ k] +p[2b+ k] [b+ k7]
b[b+ k]

plob(+k)+Q2b+k) (b+ k)] —bealb+k]—alb+ k] [b+ k"] —be[b+ k] <0
b[b+ k] =
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_ oo+ k] [bE ] +bealb+k]+be[bt k7]
- b[b+ k] +[2b+k][b+ kF]

_ o[+ k] [b+E ] +bealbtk]+be[bt k7]
= b[b+k]|+[20+k][20+ KR —b[2b+ K]

_alb+ k] [b+ER] +bealb+ k] +be|[b+ kR _

& p < [ ) AR [ } = Ds. (406)
[20+ k][20+ kE] —b

The first equality in (405) holds because P4(Q) = P(Q) = a — b(Q as g4 increases above ¢’

(thereby reducing P((Q) below p). The last equality in (406) reflects (382).

(400) and (402) also imply that at the putative equilibrium:

O T1%(q4,0 . . OP4(Q" P .
a(QA ) = Pa@) —eatqy Q) grge — poci kg > 0 (a07)
ga qa=q4 aQA
o op[abtk) +be-pEb+R)]
S Pocak { b(b+k) =0
_ ab+k)kf+bck®—p(2b+k) kR
e — >
@ P l bR =0
D — _ R _ R = R
- [P—calblb+Ek]—alb+k|kE"—bck™+D[2b+ kK >0
b[b+ k]
plb(b+Ek)+(2b+k)k®] —bcalb+ k] —alb+k]kR—bckR
& > 0
b[b+ k]
- 5 bealb+k]+alb+k|ERE+bckR
b= b[b+k]+[2b+ k| kR
- > bealb+k]+alb+ k] +bck?
b= TR 2b+ k] T [2b+ k| kE — 02
R R
- bealb+k]+alb+k]E +bck 5. (408)

[2b+ k] [b+ k] — b2

The second equality in (407) holds because P4(Q) = p as g4 declines below ¢’ (thereby
increasing P(Q) above 7). The last equality in (408) reflects (382). (404), (406), and
(408) imply that R cannot increase its profit by undertaking a deviation of this kind when
P € [Py b3 ).

Deviation 2. R deviates unilaterally to set g4 = 0 and ¢y > 0.
Let ¢%(P) denote ¢ as defined in (400) as a function of p. (382) and (400) imply:

alb+k]+bc—ps [20+ K]
b[b+ k]

qa(DPs) =
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alb+k][b+kE|+beab+k]+be[b+ kT
[2b+k][2b+ k] — b2

b[b+ k]

alb+k]+bc—

[2b+ k]

[(2b+ k) (2b+ k%) =] [a(b+k)+bc]
b[b+Kk][(2b+ k) (2b+ kR) — 2]

[a(0+Fk) (b+ k) +bea(b+k)+be(b+ET)][20+ k]
B bb+E][(2b+Fk) (2b+ kE) — b?]

[(2b+ k) (2b+ k%) —b?] [a(b+k)+bc]
b[b+k][(2b+ k) (2b+ kF) — 02|

{la(b+k)+bc][b+k"] +bealb+k]}[20+ k]
blb+k][(2b+ k) (2b+ kF) — 1]

[(2b+Ek)b—b*][a(b+Ek)+bc]—beab+k][2b+ k]
bo+k][(20+ k) (20 + kF) — b?]

[20+k—0b][la(b+k)+bc]—calb+k][2b+ K]
[(b+k][(2b+ k) (2b+ kF) — 2]

b+ Ek][a(b+k)+bc]—calb+E][20+ K]
[(b+Ek][(20+Fk) (20 + kF) — b2 ]

alb+k]+bc—ca[2b+ k] la—cal[2b+k]—ab+bc

[20+K][2b+KkR]—b2  [2b+Kk][2b+ KR — b2

_ [a—cal[2b+Kk]—b[a—c] o
[2b+ kR [2b+ k] — 2 a4

(409)

where ¢, reflects the value of ¢% identified in (390). Let ¢3** denote the value of ¢y that
maximizes R’s profit when g4 = 0, given ¢. Then, given ¢, for all gy:
LB

I%(0,qv) = [Plg+av) —enlay — 5 lav]* < 170, q7™). (410)

max

qR® exists because it is apparent from (410) that T17(0, ¢) is a strictly concave function of
gn- Observe that, given ¢* as specified in (390):
R max * max max kR max 2
(0, gy*) < [P(¢" +qy™*) —cal ay _T[CIN ]
< T%(¢44,0) = TI%(g4 (D), 0). (411)

The first inequality in (411) holds because ¢4 < c¢n, by assumption. The second inequality
in (411) holds because, from Lemma 11, g%, = ¢%(Ps3) is the value of g4 that maximizes R’s
profit when gy = 0 and g = ¢*. The equality in (411) reflects (409).

R’s profit when ¢ = ¢*, qv = 0, and g4 = ¢’(P) is:
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M%(q3(p),0) = [Palaa(P) + " (P)) —eal a4(P) — 5 [aa(P). (412)

(400) and (412) imply that I1%(q%(D),0) is a continuous function of p. Therefore, (411)
implies that there exists a 7' < Py such that, for all p € (7, D3 ]:

HR(QZ(Z_?)a()) > HR<Oquam> 2 HR<0,QN) for all aqn -

Consequently, when p € (7,75], R cannot increase its profit by undertaking a deviation of
the specified type.

Deviation 3. R deviates unilaterally to set g4 > 0 and ¢y > 0.

Conclusion 5 establishes that such a deviation generates less profit for R than R secures
by setting g4 = 0 or gy = 0. Therefore, the foregoing findings regarding Deviations 1 and
2 imply that R cannot cannot increase its profit by undertaking a unilateral deviation in
which g4 > 0 and ¢y > 0.

In summary, R cannot increase its profit by undertaking a unilateral deviation when
P € [P, D3] where p = max{p, Pp}. It remains to establish that the rival cannot increase
its profit by changing ¢ unilaterally. The rival’s profit is:

k oll(q)

I(q) = [a—bQ—c]q—§q2 = g =a—-bQ—c—bg—kq (413)
0*11(q)
o =~k <0, (414)
(413) implies that when P(Q) = p:
9M(q) =a—bQ—c—bqg" —kq"
8q q=q*
= * L * ]_)_C
= p—c—bqg"—kq 0 & ¢ P (415)

(400) implies that the last equality in (415) holds at the putative equilibrium. (414) and (415)
imply that the rival cannot increase its profit by deviating from the proposed equilibrium.

We have proved that neither firm can increase its profit by deviating from the outputs
specified in (400). Therefore, these outputs constitute an equilibrium. B

Conclusion 6. In the simplified cost setting, there ezists a 5 € [Ps, P3) such that R’s
revenue, V (D), is strictly decreasing in P for p € (%, Dy |-

Proof. Let p denote the smallest p for which the outcomes identified in (400) prevail in
equilibrium. (400) implies that when p € (P, p; |:

V(P) = Tas = 7 a(b+k)2—(lgi—k§_}(2b+k)
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N ovV(p)  alb+k]+bc—2p[2b+Kk]
op b[b+ k]
= 81(;'(;) <0 & alb+k]+bc—2p[2b+k] <O
_ alb+k]+bc _
= . 41
AT Py P (416)

(382) and (416) imply:

S alb+k]+ be _ alb+ER][b+k]+bcalb+k]+be[b+ kR
Pvaw = Ps 2[2b + k] [2b+KR][2b+ k] — b

alb+k]+bc la(b+k)+bc] [b+ER] +bealb+ k] (417)
2[2b+ k] [20+ kR][2b+ k] — b2 '
The inequality in (417) holds if:
alb+k]+bc _ la(b+k)+bc] [b+E"]
2[20+ k] [20+ ER][2D0+ k] — b2

1 _ b+ kR
2[2b+ k] [2b+ KE][2b+ k] — b?

& [20+ k7] [2b4+ k] -0 < 2[2b+ k] [b+ k"]
& [b+ET] 204+ k] +b[20+ k] — b < 2[2b+k][b+ K" ]
S b[20+ k] -0 < [20+k][b+K"] & — b < [2b+k]K"

The last insquality here holds. Therefore, (416) and (417) imply that 6‘2—(5) < 0 when
P € (max{Dp,Dyy } Ps]. W
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F. The Modified Baseline Setting.

Table TA1 reports how equilibrium outcomes change as parameter values change in the
1
modified baseline setting. Recall that P(Q) = m Q= where m = 10° and ¢ = 2 in this
setting.

Parameter Variation | 2 b;;fd V(ﬁﬁz(%b‘;(ﬁb) D ;’—z —W@%(%S/@b)
1.50m 0.05 0.14 88.06 | 0.95 0.01
0.50m 0.06 0.15 43.01 | 0.95 0.01
1.10¢ 0.04 0.13 121.56 | 0.96 0.01
0.90¢e 0.07 0.16 34.82 |0.93 0.02
1.50 ¢y 0.05 0.14 67.59 | 0.95 0.01
0.50 cy4 0.05 0.14 67.12 | 0.95 0.01
1.50 k4 0.04 0.12 70.64 | 0.96 0.01
0.5kx 0.07 0.19 61.51 | 0.93 0.03
1.50 k% 0.05 0.14 69.00 | 0.95 0.01
0.50 k™ 0.05 0.15 65.72 | 0.95 0.02
1.50 ¢y 0.05 0.15 67.59 | 0.95 0.02
0.50 ¢y 0.05 0.14 67.36 | 0.95 0.01
1.50 ky 0.06 0.16 68.29 | 0.94 0.02
0.50 kn 0.04 0.12 65.48 | 0.96 0.01
1.50¢ 0.05 0.14 67.59 | 0.95 0.02
0.50¢ 0.05 0.14 67.36 | 0.95 0.01
1.50 k 0.07 0.16 70.64 | 0.94 0.02
0.50 k 0.03 0.12 61.27 | 0.97 0.01

Table TA1l. The Effects of Changing Baseline Parameters.

The first column in Table A4 identifies the single parameter that is changed in the
modified baseline setting and the amount by which it is changed. All other parameters
remain at their levels in the baseline setting.” The remaining columns in Table TA1 identify
outcomes that arise in equilibrium, corresponding to the entries in Table A1 in the Appendix

of the paper. The welfare calculations in the last column assume that r = %

5For example, the first row of data in Table TA1 records the outcomes that arise in equilibrium when m is
increased by 50% above its level in the modified baseline setting with P(Q) = mQ ~ %, holding all other
parameters at their values in this setting. Table TA1 considers relatively limited variation in € because the
second order condition for R’s problem is violated if € becomes too small.
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F. Supplemental Figures.

Figure A1l below complements Figure 2 in the paper by illustrating how consumer surplus
(S(-)) and R’s revenue (V(-)) vary with the price cap (p) in settings where Dy, € (Pg, Py )
and Py € (Do, Pg) Recall that by, is the value of the price cap at which R’s equilibrium
revenue is minimized and pg,, is the value of the price cap at which equilibrium consumer
surplus is maximized.

Figure A2 below complements Figures 2 and 4 in the paper by depicting how consumer
surplus (S(+)), R’s revenue (V(+)), and welfare (W () = S(-) — 1 V(-)) vary with p in the
baseline setting.
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Figure A2. Consumer Surplus, S(p), Welfare, W (p), and
R’s Revenue, V(p), in the Baseline Setting.
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Figure A2. Consumer Surplus, S(p), Welfare, W (p), and
R’s Revenue, V(p), in the Baseline Setting.
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