Technical Appendix to Accompany
“Pricing to Preclude Sabotage in Regulated Industries”

by Arup Bose, Debashis Pal, and David Sappington

This Appendix proves the counterpart to Proposition 1 in the paper for the setting where
the regulator seeks to maximize expected consumer surplus (£ {S}) and a fraction of the
V’s expected profit (E {Ilp}) and E’s expected profit (£ {II;}). Assumptions 1 and 2 in the

paper are maintained throughout the ensuing analysis.
The regulator’s problem in this setting is:

Maximize FE{S}+ 5, FE{llp} + 5, E{Il;} subject to E{Ils} > 0
w, po
where 3,, 5; € (0,1).

For a fixed @, call this problem [RP — S a]. The associated Lagrangian function is:
L = E{S(w,py,c)|a}t+ By E{Illo(w,po,c)|a}+ By E{IL (w,po,c)|a}
+ ANE{Ily (w,po,c)|a} . (1)

From Lemma Al in the paper:

o By + Bi & + A2
E{S(w;p07c)|a} = —w+ 8[t0+t1] (2)

where By is independent of pg and w, A = py — w, and from (22) in the paper:
Bl = 2[?}1—7}0]—2E{C|a}—6t0—8t1. (3)
Define R = vy —wvo+ty— E{c|a}. (4)

From (13) in the paper:

v —vo+to— E{c|la}+po—w R+ A
Ty = = , and
2[tg + t1] 2ty +t1]
R+ A 2[tg+t1]—R—A
xozl—mlzl—;: [to+ 1] . (5)
2[to + 1] 2[to + 1]
Vs expected profit is:
E{Ho(w7p0>c)|/a\} = [w_cu]xle[pO_cd_cu}xO_FO
= [w—c,][1—=2o]+[po—ca—cu]mo—Foy = [po—cqg—w]zg+w—cy,— Fy. (6)



Because A = pg — w, (5) and (6) provide:

E{I(w,po,c)|a} = [A_Cd”;&iz)]_}z_&] fw—c,— F (7)

_ O+ alA+ A2 +t) - R ca2(h+t) — R] +w—c, — Ip. (8)
2[t0+t1] 2[t0+t1]

From (5) in the paper and from (5) above, E’s expected profit is:

E{IL (w,po,c)|a} = [E{p]a} —w—E{cla}]e - F

vi—vo—pottot+E{cla}+w

= |po+ w—E{cla} |z —F

2

1 ~
= 5[290—1—111—v0+t0—E{c|a}—w]:c1—F1

1 2
= 5[2(t0+t1)x1]x1—F1 = [to—l-tl](ﬂjl) —F1

R+A 7° [R+AJ

= T = T R

[t0+t1][2(t0+t1)} 1 ATt + 1] 1 9)

Consider the following values for A*, w*, and \*:

2Cd+2R[51_%]

AF =
3-26,

[A* = cq][2(to + t1) — R — A¥]
2 [to+t1] '

w* = ¢, + Fo— (10)

We will show that these values constitute a solution to [RP — fa] by demonstrating that

they solve the associated Kuhn-Tucker conditions.

Lemma T1. 2£ = 0.

ow lw = w*

Proof. Differentiating (2), (8), and (9) provides:

OE{S(w,po,c)|a} _ | OE{ly(wp0)|a} _ |
ow ’ ow ’
aE{Hl (w7p07c)’/d} _
- = 0. (11)

(1), (10), and (11) imply 2= =—-1+B,+A"=0 N1

‘w:w*



o = 0.

Lemma T2.
LS NN

Proof. (2), (8), and (9) imply:

OE{S(w,po,c)|a}  Bi+2A  OE{IL (w,po,c) |a} = R+A

= = d
IS JAN 8[t0+t1]7 oON 2[to—|—t1]’an
8E{H0(w,po,c)|a} . —2A—|—2[t0—|—t1]+cd—R (12)

ZAN - 2[to +t1] .
(1), (10), and (12) imply:
oL By + 247 Bo+ A B[R+ AF]
YN = —2A 4+ 2(tg+t - R _
aAA:N 8[t0—|—t1]+2[t0—|—t1][ + (0+ 1)+Cd ]+ 2[t0+t1]

By + 2/\* +—2A*+2[t0+t1]+cd—R+51[R+A*] B
8 [t +t1] 2t +t1] 2t +t1]

& Bi+2A+4[-2A"+2(tg+t1) +ca— R]+45, [R+A"] =0
= B1—6A*+8[t0+t1]+4Cd—4R+451[R+A*] = 0. (13)
(3) and (13) imply:

oL

a—AA:A* =0 & 2[1}1—110]—2E{c|6}—6t0—8t1—6A*

+ 8[to+ti]+4ca—4R+45,[R+A"] =0
& 2[v—v|—2E{c|la}+2ty—6LA"+4cy—4R+46,R+45, A" = 0
& [6—-406,]A" = 2[vy—v|—2E{c|la}+2ty+4c;—4R+45, R
& [6—48,]A" = 2[vy—vo—E{c|a}+ty]+4ca—4R+45, R

& [6-48,]A = 2R+4c;—AR+4B, R = 4ci— 2R+ 45, R

26d+2R[51—%]

A" = | 14
N 327, (14)
o)
Lemma T3. a_ﬂ,\:,\* = 0.
Proof. From (7):
OX|,_ 2[to + 11] T T (15)
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The last equality in (15) reflects (10). W

Lemmas T1 — T3 demonstrate that (A*, w*, A*) solve the Kuhn-Tucker conditions associ-
ated with [RP — @], provided w* > 0. It remains to establish that w* > 0 and to determine
when A* € (0,¢q).

Lemma T4. A* € (0,¢q) if:

ca > —le—%] and [ca+ R] [By— =] < 0. (16)

Proof. 3—23, > 0 because ; < 1 by assumption. Therefore, (14) implies:

AT >0 < cd+R[61—%] >0 & ¢g > —R[ﬂl—%]. (17)
From (14):
A* o) — 20d+2R[ﬁ1—%]_0d[3_251] . —Cd+2R[51_%}+2510d
o 3 - 28, - 3-28,
2ca[By— 3] +2R[B—5] _ 2[cat+R][B—3]
a 3-24, B 3-24
S Ay < 0 & [catR] [51—%] <0. m (18)

Lemma T5. A* € (0,¢q) if §; < % and

Ca > max{[vo—vl—t0+E{c|a}] [51—%],v0—vl—to+E{c|’d}}. (19)

Proof. If 5, < %, then (16) implies that A* € (0,¢4) if ¢4 > — R [51 — %] and ¢g > — R.
Substituting for R from (4) implies that these inequalities hold if (19) holds. W
Conclusion T1. A* € (0,¢y) if 8, < 3.
Proof. From Lemma T5, A* € (0,¢,) if f; < %,
cag > vo—v—to+E{c|la}, and (20)
1 ~
Cq > [5—51][vl—vg+t0—E{c|a}]. (21)

(20) and (21) hold when 3, < 3 if:
ca > vo—v—to+ E{cla} and (22)



1 ~
Cq > §[vl—vo+t0—E{c|a}]. (23)
(22) and (23) hold when Assumption 2 holds, as demonstrated in the proof of Proposition 1
in the paper. W
Conclusion T2. w* > 0 if g, < %

Proof. Because F { I (w,po,c)|a} > 0 at the solution to [RP — @], (7) implies:

{A*—Cd][2(t0+t1)—R—A*]

4w —c¢,—Fy > 0. 24
2 [to + t1] 0 = (24)

If w* <0, then (24) implies:
[A*—Cd][z(to—l—tl)—R—A*]
2[to+t1] -

From (4):
2[to+t | —R—A" = 2[tg+t1] —[vi —vo+to— E{cla}] - A"
= UO—U1+2t1+t0+E{C|a}—A* > 0. (26)
The inequality in (26) reflects Assumption 1.

Because A* — ¢4 < 0 from Conclusion T1, (26) implies:

[A*—Cd][2<t0+t1)—R—A*]

Mt th] < 0. (27)

(27) contradicts (25). Therefore, it cannot be the case that w* < 0. W



