Technical Appendix B to Accompany
“The Impact of Vertical Integration on Losses from Collusion”

by Germén Bet, Shana Cui, and David E. M. Sappington

This Technical Appendix extends the analysis in the paper to consider n > 1 downstream
suppliers (D1,...,Dn). When the two upstream suppliers (Ul and U2) collude, they specify
the input prices (wy, ..., w,) they charge to D1 ... Dn. They also specify f;; € [0,1], the
fraction of Di’s total demand for the input that is supplied by Uy (i € {1,....,n}; j € {1,2}).
When D1 and Ul are vertically integrated, v; € [0,1] is the valuation that D1 places on
Uj’s upstream profit (5 € {1,2}).!

If a representative consumer purchases q = (q, ..., ¢,) at prices p = (p1, ..., Pn), his util-
ity is:
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Utility maximization entails:
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(2) implies the inverse demand curve for firm i’s product is:
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Let ¢; denote firm ¢’s constant unit cost of production (including the input price). Then
(3) implies that firm 4’s profit is:
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I. Quantity Competition

A. Vertical Separation. No downstream supplier is integrated with any upstream supplier.

(3) implies that 3163;(.) = — 1. Therefore, (4) implies that when Di incurs unit cost ¢;, its

profit-maximizing choice of q; is determined by:
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!The analysis in the paper considers the case where v; = vy. Conceivably, D1 might not be aware of D1’s
collusive arrangement with U2. v; = 1 and ve = 0 might prevail in this case.




Summing (5) over all firms provides:
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The first equality in (5) implies that P;(-) = ¢ + ¢;. Therefore, (7) implies that the
equilibrium price for D:’s product is:
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Observe that:
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(8) and (9) imply that under vertical separation, for i € {1,...,n}:
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B. Vertical Integration. D1 and Ul are vertically integrated.

(4) implies that unintegrated downstream firm Di chooses ¢; to:

Maximize 7;(q;,q—;) = [Pi(gi,q-) —w; —cf]q for i € {2,..,n}. (11)

qi

D1 chooses ¢ to:

Maximize m1(q1,q9-1) = [P1(Q1aqf1) —w — CC” 0
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agéf') = —1 from (3). Therefore, (3) and (12) imply that firm 1’s profit-maximizing
choice of ¢, is determined by:
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(5) implies that the reaction function of unintegrated firm D is:
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(13) and (14) imply:
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(13) and (15) imply:
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(14) and (15) imply that for i € {2,...,n}:
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Optimal Collusive Input Prices under Vertical Separation (and Quantity Competition)

Now consider the input prices U; and U, set when they collude under vertical separation
and downstream firms compete on quantities.

For i = 1,...,n, Di’s unit production cost is ¢; = ¢! + w;. Therefore, (7) implies that the
equilibrium output of Ds is:
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Under vertical separation, U; and Us choose input prices w; to:
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where ¢; is as specified in (19).



Differentiating (20) with respect
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Summing (22) provides:
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(29) and (30) imply that Di’s equilibrium profit is (for i = 1,...,n):
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Optimal Collusive Input Prices under Vertical Integration (and Quantity Competition)

Now consider the input prices U; and Us set when they collude in the setting where
downstream firm D1 is vertically integrated with upstream supplier Ul and downstream
firms compete on quantities.
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2=q]2+y(n-1)] &7 TG

1 y+2[n—1] -
:@1—E[a1—w1—0f:|+[2_7][2+7 n—l Z —C —wl)

=1
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2_’7_{—7[”_1]—’72[71—1] 2
- [2—7][2+~(n—-1)] sz[ ci'l fa

=1
+ [al—wl—cﬁl]— [al wl—c‘”—i (aZ wz—c)
2—7 2—7 2—v = !
1-— 4 y+%[n—1] - J
= -—— |« w |+ o — ¢ — W
eyl Al e e & )
2 n
2—y+vy[n—1]—-9*[n—1] gl g
- vilwy =] fu — 5— Qi — Wi — ¢
[2—9][2+7(n—1)] Zl 2—7;( )
1—~ i1, 1+ In—1]—v[2+9(n-1)] ¢ d
= o1 — ap—wy — ¢ |+ o — C; — W;
7 | e TIC R ey O )
2—v+~vy[n—1 n—l
_ olaaied ] =7 ZU@ e
[2—~v][2+7( n—l —
1—")/ d Y - d
= 1 — a1 —wp —C — a; — ¢ — Wy
7= | A FEFEETE P2 )
2
2= 9+q[n-1]- 2 n—l
i 32
[2—7][2+~( n—l g s (32)
Under vertical integration, U; and Us choose input prices w; (for i = 1,...n) to:
H%Uax Z[ -—c1 fllQZ+Z '—02 f2zC]z [P1—w1—C‘”Q1
b=l i=1
<~ n}vax Z lelz Cgfgi]qmt[Pl—wl—cﬂql. (33)

where P; is given by (32), ¢; is given by (17), and ¢; is given by (18) for i = 2,...n.

Differentiating (33) with respect to w; (for i = 2,...n), provides the following first-order
condition:
OPy()

8wi

dq; ()
8wi

—i—[Pl—wl—cﬂaQ()—i-q—l—[ _lelz C;fZi]

q1 Ow,s
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+ Z - fij — C?f%)% = 0.

J#Z
(17), (18), and (32) imply that for i =2,..nand j =1,....,n (j # i):
on() _ 0q() _ g
du. ~ ow  [2-Al2ey(n-1)]
(9q,;(~) _ 1 i i .
dw; 2—7 [2=7][2+7(n—-1)]

These derivatives and the preceding first-order condition, along with (17), (18), and (32)
imply:
Y@ N v[ P —wi— o]
2=7]2+~r(n=1)] [2=7][2+7(n—-1)]

+ qi

. y 1 Y
+ [wi — ¢ f1i — 5 fai {_2_7+[2—’y][2+7(n—1)]}

+Z wj =iy = CQf?]){D—ﬂ[?Jrv(n—l)J -0
J#Z
= 3 i [&1—201—0%]_ 12 - Z(ai_cg_wi)

2= P2+ (n—1)]

2

v[2-=7+7(n—1)]
MTEreren P IR

Vo B 7[1—-1]

TR (-] [2=1P[247(n-1)]

[al —w —CC”

— i Y o — ¢ — w;
2Pl (i 2
2=+ (n=1)=2*(n—-1)] 2U.w_%g o v [wn + ¢f]
EESTPRTray P DL R CEE Y RS Y]
L (0% w C — 7 n (0% Cd—w
HEEET R PR PR ) PR Al
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=

=

N

C[2=9][2+7(n—-1)]

+ [w; — ¢} f1i — 5 fai ] {_

-

j=

1

w
V; [U)l _Cj ] fjl

2—7

+

el
[2—=7][2+7(n—1)]

+]Z — A hy - 62f2j)[[2—7][2+7(n—1)]] ’
J#i
Y= [1—7] a; —wy —cf |- 27" Y a; — ¢} —w;
[Z—VFM+n%n—1H[1 1][2—7Fw+w%n—1ﬂ222(1 )
12—v+y(n-1)]-7y[2—7+7(n—-1)—9"(n—1) v [wy — ¢
! 2= [2+y(n-1)P 22 1
n ¥ o _ 7[w1+c(11:|
[2-7][2+7(n-1)] [2-7][2+7(n—1)]
1 d
+ [ai—wi—ci}—[2_ﬂ[2+7 n—l Z C —w]

2—7

gl

[\

S [2-7]2+(n—1)]

+ [wi — ¢f fui — 5 fai {—

;é

v =1 =7]

2

1
+

vj [wr — Cﬂ fin

o
-7 [2=7][2+7(n-1)]

2

‘%E: ~a %ﬁ”{ﬂ—vﬂ2+

2 7F[2+7(n—1)]

vﬂn—l

g

w1 =

[al—wl_cﬂ_

(2= [2+7(n

2
v 22

2=3F[2+7(n=1)]

”)/[041—11}1_0(11]

[2=7][2+7(n-1)]

] fin +

+—[ai—wi—0f]—[2_ ][24_7 (n—1) Z_: C_wj

—c —wz
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i 2 Vs U)l—C;‘L fjl
T EAEe Gy ]

j=1

. 1 Y }
+ [wi — ¢ f1i — 5 foi {_2_7—’_ [2—~v][24+~v(n—1)]

. Y =
-|-Z = fiy — C2f2j][[2_fy][2+”y(n—1)]] ’

ji=
J;ﬁ

2y [ —wy — ] |+
(2= [2+7(n—1)]
20 4y (2=n)[24 (= D] S~ -y
2P+ v(n-1)P Z(

Pln—1]—~y[2— 7H2+7”_1
[2—7]*[2+7(n—1)] i=1

Mw

V; wl_c

y 1 Y ]
+ [w; — ¢ f1i — ¢ fai [_2_7—1_[2—'7][24-’7(”_1)]

. gl =
+Z —cfiy - C2f2j)[[2_7][2—|—7(n—1)]] ’
J#

2y ar —wp —cf |+ : [ai —wi =]
[Z—ﬂﬂ2+vw—1”[ | 2o
RSP

[2—7]2[2—#7(”_1)]2 i=1

[\

PYn—1]—7[2- 7H2+7"_1 vilwr = ¢ fa
* [2—P[2+7(n—1)] Zl

. y=2—v(n-1)
#lweth= el | 5y

y Y =
—|-Z —cf fij — 02f2j){[2_v][2+7(n—1)]] ’
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1 27 +y[2=7][2+~(n—1)] y—2—v[n—1]
s +

—7 27247 (n-1)]7  [2=7][2+7(n—1)]
- 20 o —wy — ¢ 1 o — A
2Pt (n=1)] 1]+ 5 lai—d]

B 22 +v[2—=~v][2+~v(n—1)] (.
2= [2+7(n—1)]

_272+7[2—7][2+7(n_1)] n N
2= [2+7(n—-1)) > (o

J#i

PVIn=1]=7[2=7][2+~( n—l 2
2= 24+~ (n—1)] Z

— % . & ¥ f. '7_2_’)/(71—1)
[ fuot & for] {[2_7““7(”_1)]}

u g
—l—z lelj 62f2j)|:[2_’7][2+7(n_1)]:|. (34)
J#
Observe that:
1 29%+9[2—9][2+y(n—-1)]  y-2-7[n—1]
2—7 2=~ [2+~(n—1)] [2—7][24+7(n—1)]
1 ) )
T AT pp T R 22 = )

—[2—7][24+7(n—-1)][y—2—7(n—1)]}

1

S B PR o (2 (-] 24 (n-1) -y

—y+2+vy(n—-1)] - 279*}

2

T 2—aP2Hr(n-1)] {2=7]2+y(n=D)][2+7(n=2)] ="}

(35)
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(34) and (35) imply that for i = 2,...,n:

2{[2-7][2+7(n-D)][2+7(n=2)] ="}
2=y [2+7(n—-1)] 1

2 1
v [al—wl—cl]—k—[ai—cﬂ

(2= [2+7(n-1)] 2-7

29 +y[2—7][2+9(n—1)] [ — ]
[2—~P[2+~(n—1)) C

2 +q[2—9][2+(n—-1)] zn:(a‘_cd_w)

[2—”)/]2[24-")/(71—1)]2 j=1
j#i

Yin—1]=v[2=7][2+~( n—l & T
2-7P[2+7(n-1)] 2} 1

_|_

— % . 4 ¥ F. 7_2_7(71_1)
e+ ) | T e

+Z ﬁﬁf%@ﬂm—ﬂumm—wd'

Observe that:

1L 29 +y[2-7][2+y(n—1)]
2— [2-7P[24+7(n-1)F

1 2
[2—7]2[2+7(n—1)]2{[2_7][2”(”—1)]

(2= [2+7(n—1)]

(36) and (37) imply:

2{[2—7][2+7(n-D)][2+7(n=-2)] ="}
2=y [2+7(n—-1)] Z

27 [al—wl—cd}
(2= [2+7(n—1)] 1

! 227 (- 1)) (247 (n—1)

— v[2=7][2+7(n—-1)]—27%}

-] -2}

(36)

(37

)
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=

N [2—y][2+y(n=1)][24+y(n—1)—7] —27? (o — e

(2= [2+7(n—-1)]

29+ [2—9][2+y(n—1)] Xn:(a-—c‘fl—w-)

2= 24 (n-1)]
i

vg[n—l]—7[2—7][2+7 n—l Z“ wy — ¢

2=~ [2+7(n—

- [C?fquCé‘fzi]{

7T—2—7(n-1) }
[2—7][2+7(n—1)]

+Z ﬁﬁf%@ﬂm—ﬂuww—m}

—c fij —

J#
20
2 ]2+ (n—1)] "
2y d
- m[al_wl_cJ
L2l D]24(n=2)] =297
22+ (n—1)] o
24224 (=D N~
2=alrn-n] 2%
j#i
Pln—1]-v[2-7][2+7(n—1)
22+~ (n—1)] E:”i“‘c
- [dfutafully—2-7(n—1)] +VZ
=
where Q = [2—~v][24+7(n—1)][24+7(n—2)] -~

(38) implies that for i = 2,...,n:

w — v[2+y(n—1)] [oy —wy — ¢!
i 0O 1 1 1

Cy fa5)
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EES) RS TURI VIl ERTURE ) E Sy S

272 +y[2=7][2+7(n—-1)] < 4
VE)

. 73[71—1]—’7[2;3][24—7(71—1)] sz‘[m—cﬂfﬂ

)

3 [2—7][2+7(n—1)][7—2—7(7%—1)][
20

1

¢y fii + c5 fai

n

+7[2—7][22Jgr27(n_1)]Z(wj—cﬁtflj_cqéf?j)‘ o

j=1
JF£
Observe that:

27 +v[2=7][2+7y(n—1)] +7[2—7H2+7(n—1)]
20 20

_ 72+7[2—v]§[22+7(n—1)]_ (41)

(40) and (41) imply that for i € {2,...,n}:

o = M2ty (n—1)]
' )

[2—9y]2+y(n=1)][2=7y+y(n—-1)]-27? s — ]
20 Lo

[Oél — W1 —Ccll]

+

272 +7[2—7][2+7(n—1)] < d
- 50 > (o —cf)

j=1
jF
v[2=7][24+7(n-1)] < 7 <
+ Q Z'L%"Fa U)j
j:l j:l
j#i i#i

N 7g,[n—l]—7[2;3][2+7(n—1)] S v [ — ] fa

1[(2—=7][2+7v(n-1)], , "
- 50 [} fri+ 5 fai]
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MERL)|CEL [UREIERS TURSSI PR

n

1[2=7][2+7(n-1)] " "
— 50 Z(C1f1j+02f2j)

i
= o = 7[2+7§(2n_1)][a1 w1—01]+[2 7][2—21—3(n—1)] [Oéi—Cf]
2= q]2+y(n—1)]+27 (g — ]
20 Lo
292 +79[2=7][2+7(n-1)] ¢
- 20 zzl(aj_cgl)
i
2—~][2 n—1)] — 2 &
+7[ 7]l 57( )]leﬁ%zle
g;i ];1
Pln-1]-7[2=7][2+7(n-1)] < .
+ 20) ;Uz’[wl_cz’]fﬂ
+[2_7”2+7<”;é)][2+7(”_1>][cyfmucgf%]
—7[2_7“2257(71_1)];(C?fljﬂ%gfzj)

L = 7[2+7én—1)][a1 w1_61]+[2 7][233(71—1)]2 o]

272 +7[2—7][2+7(n—1)] < a
— 20 jzl(aj—cj)
E:“b E:%

J#% J?ﬁl

92— 2+ ~1)
+7[ yI[2+7(n

[

+v3[n—1]—7[2—7][2+7 (n—1)

20 Z wl_c le




PICELIICERTURSD) O

20
B 7[2—7][22‘57(71_1)] j;(cilﬁflj+cgf2j) for i = 2,...,n. (42)

Now consider Ul and U2’s profit-maximizing choice of w; under vertical integration.?
Differentiating (33) with respect to wy, using (17), (18), and (32), provides:

¢ {ag;(l> _ 1] + [P —wy — ] a;w() [wy — ¢} fi1 — ¢4 far] 851(1)
a .
+]Z2 i — 1 fij — 5 fay) (;Jiu(l) =0
¢ 8;2(1‘)+[P1—c§l—cqff11—05f21 On() +Z —ahy- cgfzj)a;itfl.) =0
1 -7y Y 2=ty 1] -1 &,
= 2y T [ZAl[2 7 (n 1)) [2=7][2+7(n-1)] zzlvzfﬂ]
1 Y

+ [Pl—c‘f—clffn—cgfﬂ] {_2_7+ [2—=7][24+~v(n—1)]

2—y+v[n—1] S
TR A (n-1)] ;%ﬁl]

. g
+Z w; — ¢ fij — CZfzj)|:[2_fyH2—|—’7(n_1)]

j=2

_ [2_7“2+7 1) szfﬂ] = 0. (43)

Observe that:

1—vy g 2= +9[n—1]-7%[n—-1] o f.
2=y " Z=A2+7(n—1)] [2=9][2+7(n=1)] ;Zf”

2The choice of w;, does not affect equilibrium outcomes when v; = vo = 1 and fi; = fo; foralli =1,...,n
However. the choice of wy might affect equilibrium outcomes more generally.

26



2—y+7y[n—-11-9*[n=1] 2—y+7y[n-1]-19 n—l Z

[2—7][24+7(n—-1)] [2—=7][2+( n—l —
2—v+y[n-1]-7°
St (e Tre [ Z”Zf“]' o

Further observe that:

1 ~ 2—v+q[n—1] <
2—7+[2—7][2+7(n—1)]+[2—7H2+7 n—1) Z

_ 2—y+~vy[n—-1] 2—y+~vy[n—-1] §3Uf1

[2—=7][2+~v(n=-1)] [2=7][24+7(n—-1)] £~

. 2=9+7[n—1] N,
29024 9(n—1)] [1 Z il (45)
In addition:
[2=7][2+7(n—-1)] [2—7][2+v(n—1)];’f“
_ gl < -
C[2=9]24+9(n—-1)] [1 ; ’f”] ' (46)

Substituting for ¢; from (17), substituting for P; from (32), and using (44) — (46) allows
(43) to be written as:

2—7+7y[n—-1]-7°
Pl tee [ Z“ﬁf“

2—v+v[n—-1] 2 . .
EEEEIIPERICEE) _“Z”if“_ [P =t fu =i ]
I 2 T n
7 — v; fal wj —cf fij—c5 fa;) =
PERIIPEZICES) _1 ;sz_:z( e k) =0

2

2=y tqln—1]=2 =1 [, & ],
T TRt 1)) [1 1.21“’0“12—7[1 1)
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_2—7+7[n—1]—v2[n—1] - 2 v f o — e
2=~ [247(n—1)] [1 izlfﬂ]7i2( i — ¢ —w;)
[2—=v+v(n—1)=~*(n—-1)][2—7+~v(n—1)]

i 2 P2t (n-1)P

2=y +y[n—1] < v il o
[2—7][2+7(n—1)}[1 2 f] 1

2—y+7v[n—1] B 2 o £, 1—» e o
+[2—7][2+7(n—1)][1 ;’f“]%v[l el

2—v+~v[n—1] B 2 o
[2—7]2[2+7(n—1)]2[1 2 vl

3 (o)
1=1

N 2—7+7(n—=1)=*(n=D)][2=y+y(n—1)]
[2-7P[2+~(n—1)F

. ll_zvifﬂ] ZUZ'[UH_C?]fil

i=1

2—y+y[n—-1] | 2 ] . .
" [2=7][2+7(n-1)] _1—;Uifi1_ [+l it ¢ fon

n

v I ] ) ) )
+ [2_7][2+V(n—1)] -1—;Uifi1- Z(wj_clflj_c2f2j) =0

j=2

2—y+y[n—1]=-[n—-1]+[1—7][2=y+7(n—1)]
[2—=7][24+7(n—1)]

2
'll—zvifﬂ] ! [Oq_wl—ccll]
i=1

2—7y

v [n—1] B 2 o " o
+[2—7]2[2+7(n—1>]2[1 Zlf”]ﬂz:(‘ fw)

i=1



202—v4+7(n—1)=7*(n—=1)][2—=7+~(n—1)]

" 2 AT 2+ (n-1)T

2—y+7[n
_[2—7][2‘1"7(72—1 ll_zvfll - —C1f11—02f21}
gl B 2 DR )
+[2_7H2+7(n—1)][1 ;vzfn]j:2(wj A f1j — ¢ fa5) 0

[2—79][2—=v+7(n—=1)]—~%*[n—1] 2 . 1
- =12+ (n—1)] [1—2%]

2

27[71—1] 2[1 Z ] Z a; — ¢ —w;)

2= P2+ (n-

2[2=7+7(n=1) = (n=D][2=7+7(n=1)]
(2= [2+7(n-1)]

2 2
. ll—zvifu] Zvi[wl—cﬂf
i=1 i=1

+

2

2=y +7[n—1] I U I T
[2—7][2+7(n—1)][1 ;Zf“l[l o fu e fa

n

Y _2?}“ Wi — v 1‘—Cu . _ .
" [2=7v][24+~v(n—1)] [1 12_:1 Zf“]Z( j 11 5 f25) 0

i=2

(47) implies:

: [2=7][2=7+7(n=-1)]=7*[n—1]
_Zvifﬂ] w1{ - Y

=1

(47)



2-9l2=1+y(n-D]=2ln-y [ & o] 1,
[2-7]2+7(n—1)] [1 Zf] [a1 =]

v [n—1] 2 n ]
+ 1_Z'Uifi1 WZ(ai—ci—wi)
i=1 i=1

2=y [2+7(n-1)]

2[2—’74‘7(%—1)_72(”_1)][2_7+7(n_1)] - 2 - 2 oy
[2_7]2[24‘7(%—1)]2 [1 ; 1f11]i_21 i ¢ fin

2—y+7y[n—1] _ 2v~- e
[2—7][2+7(n—1)][1 Z“f“l[l T -

i=1
/7 - - (7 U
_%D—7H2+7Uh4”ll_ZSWh]Z;U%—ﬁfu—@ﬁﬂ

w1y

2
= ll_zvifil
i=1

{ [2—7][2+7y(n—=2)]=~*[n—1]
2=~ [24+7(n—1)]

=1

2-4][2+7(n=2)] = [n—1] ll_iwﬂ] For — o]

7V [n—1] ll—zvz’fﬂ]’an:(ai_cg_wi)

2—yP[2+7(n—1)]

224y (n—=2)-7*(n—1)][2+y(n—2)] ll_ivifﬂ] ivic”fﬂ

12—~ (247 (n—1)] 2 2
2+ v[n—2] [ 2 '.' .
B [2—~v][2+v(n—1)] _1_;Ulle_ [041 Cl]
2+ [n—2] PEE=N )
i [2—=7][24+~v(n—1)] _1_;”%1_ [l fi1+ ¢ far]

30



i=1

v .
+[2—7][2+7(n—1)][ vallz =y = fa) (48)

2
Dividing each of the terms in (48) by 1 — Z v; fin (assuming > v; fi1 # 1) provides:
i=1

wl{ [2—7][24+7y(n—=2)] —*[n—1]
22—~ [2+~(n—1)]

_2[2—1-7(71—2)—72(n—1)][2+7(n—2)] 2 -
22— [24+7(n-1)] ; ici fin

B 2+v[n—2] [a —Cd}
2—7][2+y(n-1)] "0

2+vy[n—2]

T ]2 (1) Gt ]

F AT Z =& fa). (49)

Combining the terms involving [al — cl} and then multiplying each term in (49) by
[2—7][24 v (n—1)] provides:

wl{ [2—7][2+7(n—=2)]—~*[n—1]
2—-7

C2[249(n=2)=*(n—=1)][2+7(n~-2) o
211217 (n—1)] Z fl}
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J22tyin=2) = (n- D)2 4y (n=2)) g~ g

[2=7][2+7(n—1)] e

+ [2+7(n—=2)] [¢f fi1 + 5 far] —I—'YZ — i fij— 5 fay)-

Multiplying each term in (50) by [2 —v][2+4 v (n — 1)] provides:

wi{[2=7][2+7(n=2)][2+7(n—-1)]=7*[n—1][2+7(n—1)]

—2[2+7(n-2)-7(n-1)][2+7(n-2)] Zvifu}

n

- P12+ (=Dl o= ]+ P =11 Y (0= — wi)

—2[24+9(n=2)—~"(n=1)][2+~(n—2) Zvc fin

+ 2=9]2+y(n=1)][2+y(n=2)] [¢] fu+ ¢ fa]

n

ty[2=12+7(n=1)] ) (w;—cf fr; = ¢ foy)

j=2

= wi{[2-7][2+y(n=2)][2+7(n-1)]=7*[n-1][2+7(n-1)]}

n

—Pn-1]2+v(n—1)] [z —¢]] + ¥*[n—1] Z(ai—cf—wi)

+2[24+9(n=2)=~*(n=-1)][2+~7(n—2) Zv wy — ¢

+ 2724+ y(n=1)][2+7(n=2)] [¢] fu + & fa]

n

+y[2=7][2+ 7 (n—1)]> (w;—cf fij — ¢ fa)

j=2

= wi[2=7][2+7(n—-2)][2+v(n—1)]

n

— ¥n=1]24v(n=1)] g —wy — ¢} ] ++° [n—l]Z(ai—Cf—wi

i=1

)

(50)
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= w1

[\

+2[24+9(n=2)—~*(n—-1)][2+7(n—2) Zvl wy — '] fi
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Summing (42) and (51) provides:
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The first term in the fifth line of the expression immediately above is the sum of the first
term in the fourth line and the first term in the ninth line of the preceding expression. This

is the case because:
n n n n n
Zij+ij:Zij.

i=2j=1 =2 i=1j=1
J#i Jj#i
The last term immediately above is the sum of the seventh and the twelfth lines in the

preceding expression. The two terms before the last immediately above are the sum of the
sixth and the eleventh lines in the preceding expression.
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Observe that:
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E w; = E w; — Wq .
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j=2

n n
Using (52) to substitute for Z w; in this equation, and then expressing the Z w; terms

=

in (52) as Z w; + wy and bringing the Z w; terms to the left-hand side of the equation
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N I

n

+ 7[2_7][2(1:7(”_1)] };(qufu-kcgf%)

- {4[249(n-2) =P (-] [2+7(n-2)]+7*[n— 1]

2
v ¢ fa
=

—v[2=7][2+7(n-1)][n—-1]} -

2®,
(53) and (60) imply:
5 - Firven
o 72[71_1“1:7(”_1)] [al_ccllhfy?’[?;l—l] j:(aj—c;l)
Pln-124y(n-D]=7[n-1]-v -2
P,
2244(n=2) =P (= DI+ (=2 §~

[2—7][2+y(n-1)]

+ D, [} fi1 + 5 far ]
2 — 2 -1 i
ol 7][;7(71 )]le(c”lﬁcgf%)
= Y wy = _w+w1_72[n—1][ij7(n—l)] [041—051]+73[7;1_1]
=1 ~

(61)

20



w;

L [2-91249(n-D)P

o [} fi1+ ¢y for ]

v[2=A]2+y(n-1)] <~ '
- o, 2(01 fij+¢5 fa).

—

<

(42), (60), and (62) imply that for ¢ € {2,...,n}:

7[2+~y(n—1)] i, 272+ (n -] q
0 [al—wl—cl}—i— 50 [ozi—ci]
2v2+v[2—=v][2+v(n—-1)
B 20 Z

L2 n1]=y[2-9][2 4y (n=1) Z” B

L 2=ql249(n-1)P

_|_

2Q

[} fri + 5 fai]

20
2—7][2 -1l 5
vl v][ngn >];<cyflj+cgf2j>

y[2=9][2+7(n=1)]+7°

‘{_wi+w1_72[71—1][24—7(71_1)]

Q

[ar —cf] +

(62)

ol



N 2[24+9(n—=2)—"*(n—1)][2+~v(n—2
P,

2[24+9(n—=2)="*(n—1)][2+~v(n—2
P,

2—7][2+y(n—-1)]
P,

[} fi1+ 5 fa ]

sz le w1y
ZUZC le

B y[2=7][2+v(n—1)] i(clfflj‘{‘cgf?j)}

+

+7[2+7(n—1)][ d

292 +7[2-7][2+7(n—-1) Z

N [2—7][2+7(n—1)]

+

q)l =1
v[2 7][2+g(n—1)]+72}wl
[24~(n—1)] i
7 WQ _QZ: wlfu

y[2=9][24+y(n—-1)]+~°
Q

.{1+72[”—1H2+7(n—1)]—73[n—1]_72

N 2[24+y(n—=2)=*(n—1)][2+~(n—2

a1—61]+

[2—9][2+7(n—-1)]

Q

2Q

50 [} fri + ¢4 fail

Y2724 (n—1)] <

50 Z(dfflj-i‘cgfw)

=1

<.

Y[2=9][2+y(n—=1)]++°
Q
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'{_vz[n—l]mwn—l)]
D,

212+ 7(n=2)=1*(n—1)][24+7(n—2)] sz‘cyfil

n [2-9][2+y(n—-1)] [ fiy 4 & o

P,
—7[2_7][2;7(”_1)];(C?flwrcgfm‘)}. (63)

(39) implies that the numerator of the term multiplying w; in (63) is:

Q+y[2=7][2+7(n—1)]+?
= [2=7][24+7(n=D)][24+v(n=2)] = +7[2—-7][2+~(n—-1)]++°

= [2—9][24y(n=1)][2+7(n=2)+7] = [2=7][2+7(n—-1)]".  (64)

(63) and (64) imply that for i € {2,...,n}:

2—7][2+7(n—1)]w

)
= —7[2+7(n—-1)] wl‘f‘?l ;inlfil

+ {v[2=7][2+7v(n—=1)]+""}

-{1+72["_1H2+7(”—1®)]—73[7%—1]—72—9

N 2247 (n—2)—7*(n—1)][2+7(n—2)] i%’fﬂ} w1

Dy

+7[2+7(n—-1)][ar =] +

29 +7[2—7]2[2+7(n—1 Z ) Zvcfl

2
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—7[2_7“2;7(71_1)] (quflj"‘cqzlfm')

+{v[2=7][24+7v(n—-1)]+~}

‘{_72[n—1][2+7(n—1)]

[ozl —cf] +

4

2[2+7(n—=2)=9*(n—1)][2+~v(n—2)] u
- o, Zvici fi1

+ [2—7][24—’)/(71—1)]2 [qufll‘f’cgfm]

?,
1291247 (n-1)] &, ”
— (I)l jzl(cl f1j+02 fgj)}- (65)
Define
Oy = —2[2+7(n—2)=7(n=1)][2+~(n—-2)]; (66)
O = y[2—7][2+7(n—-1)]+7". (67)

To simplify the terms involving w; in (65), first observe that (39) and (66) imply:
Vn-1]2+7v(n-1)] =7 [n-1] =7 -Q

= Y[n-1][2+y(n-1)] =7 [n—1]=[2=7][2+7(n—-1)][2+7(n—2)]
[n=1][2+y(n=2)]=[2=7][2+7(n=1)][2+7(n—2)]
n—1)—=2-72+v[n-1])]

[7*(
[ (n=1)=4=27(n—1)+27+7* (n—1)]
[ 2

Further observe that (60) implies:

Y[2=Al (247 (= D] +72 = 72+ (0= 1))+ Z- Y wifa
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N =

DN | —

[27[2—7][2+7(n—1)]+272—27[2+v(n—1)]+<1>1sz-fu

1=

{7[2_7][2+’Y(”—1)]+@1zvifi1

1=1

+v[2=7][24+~v(n—1

N | —

1=1

=5 7[2—7][2+7(n—1)]+<I>1Zvifi1—72[2+7(n—1)]+272

=1

)]+272—27[2+7(n—1)]}

= 7[2_7][2+7(n_1>]+¢1zvifi1—73[n_1]]

=1

1 [ 2 d 2
1
= 5 —(I)1+(I)1 E Uizil] = —7[1—5 Ui?ill.

(66), (68), and (69) imply that the terms involving w; in (65) are:

2
P
—7[2+7(n—1)]w1+71 Zviwl

i=1

+ {v[2=7][2+7v(n—-1)]+*}

fin

_{1+72[n—1][2+7(n—1)]—73[n—1]_72_9

Dy

N 2[24+v(n—2)—~*(n

4

~D)][2+7(n—2)] Zf} o

q) 2
_7[24—’)/(71—1)]101—{—71 Zviwlfil

+ {7[2=7][2+7(n-1)]+7*}

2

2
d; Py
1 ru i J1
+(1)1 (I)l . vfl]wl

d
_7[2—}—7(71—1)]101—{—71 Z’inlfil

i=1

+ {y[2=7][2+7(n—1)]+*}

o 2
1+a3 (1—Zvifil>]w1
1 i=1

(69)
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2

e 2ty (A [2- ]2 47 (n—1)] +2) wﬁ—% > v fa

o 2
+ {v[2=7][2+7v(n—-1)]+*} QTT ll—zvifn] wy .
i=1
(67) and (69) imply that (70) can be written as:

(I) 2
—7[24'7(”—1)]7«014‘71 Zlviwlfil

1=

+ {r[2=7][2+7(n=1)]+~*}

.{HvQ[n—lHﬂw(n—l)}—wﬁ”[n—u—v_g

d 2
= - 71 [1—;%][@'1]101

+ {7[2=7][2+7v(n—=1)]+*} % ll_zvz’fﬂ]wl

2
= - % ll_zvifil

=1

o 2
7111—1-(134¢ﬁ3 ll—zvifu] wq
1 i=1

2
0% (1)1]
[ > fIHCI)l | w

(71) implies that (65) can be written as:

[2—7][2+7(n—1)]" w

[2—7][2+7(n—1)]2 [a-—cd]
2 1 7



2

_272+7[2—7][2+7(n—1)]i(a._cd)_%Zv-C”f~
— ’ 2 o

2 J
i=1

L 2=al249(n-D)P

[} fri+ 5 fai

2
Y2724+ 7(n-1)] &, ”
- 5 ;(C1f1j+czf2j)

+ {v[2=7][2+7v(n—=1)]+""}

Sn—1
o —cf] + T S (0, - )
j=1

_{_vz[n—l][zmn—m
b,

B 2[2+7y(n—=2) =7 (n=1)][2+7(n—2)] i’l}iCyfil

[2—7][2+y(n—-1)]

() fu1 + ¢y far ]

0
12924 7(n—1)] &, ”
- o, j;(cl Jij + ¢ ij)}' (72)

Now we simplify the coefficient on w; in (61). First consider the terms with ®; in the
denominator. (39) implies:

Pln-1][24+y(n=1)] - [n-1]-1* -0
3!

y22r(n=2) =t (n = D)2 4y (n=2)) g

4

=1

= — {7V [n-1]2+7v(n-1)]=7 [n—1]-[2=7][2+7(n—-1)][2+7(n —2)]

12247 (n-2) = (n-1)][24+7(n=2)] 3 v fu}

=1

= —{Y[n-1]2+y(n—-1)—7]=[2—7][2+7(n-1)][24+7(n—2)]

+2[2—|—7(n—2)—72(n—1)][2—1—7(71—2)} Z%‘fﬂ}

=1
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L 1] [2 7 (n=2)]—[2=4][2 47 (n—1)][2 47 (n—2)]

+2[2+y(n—2)—(n-1)][2+7(n-2) Zu fir}

—{[V?(n=1)=(2—=7)(2+~[n—-1])][24+7(n—2)]

Py
+2[2+y(n—2)—(n-1)][2+7(n-2) Zu fir}

3i%§iﬁhmﬂn—u—m—wu2+vm—1n
+2[2479(n—2)—7*(n-1) va}

2+vg?—%{2%pn—1}mﬂn—1}{2—7H2+7(n—1H
+2[2+7(n—2)—72(n—1)]ivifil}

%7:_2]{272[71—1]—72[n—1]—2[2+v(n—1)]+v[2+7(n—1)]
+2[24+7(n—2)—1*(n—1) val

2*@: 2]{272[71—1]—72[71—1}—2[2+v(n—1)]+27+72[n—1]

+2[2+7(n-2)—~"(n—-1) va }

2+fy[n—2]{[

272 (n—1)—2(2+~[n—1])+2~]

+2[24+7(n-2)—-~"(n—-1) va }

3i%§l5{2h%n—1%42+ﬂn—u>+ﬂ

o8



—2[¥*(n—-1)=2—7y(n-2)] szfu}

_ 2[2+7(n—=2)][*(n—1)—=2—7y(n—2)] ll—ivifu]

— _2[2—1-7(”—2)][2+7(n_2)_72(n_1)] ll_ivifﬂ]

2

o3
= all—;vzfﬂ]- (73)

The last equality in (73) reflects (66).

Now consider the terms with @5 in the denominator that multiply w; in (61). (60) and
(66) imply:

y2+y(n=D)]n-1]+7[n—-2] -7 [n-1]-Q
P

2[2+7(n—2)—*(n-1)][2+7(n—2)] ¢
— @2 izzlvi fil

Pln—1]—y[2—~][2+7(n—1)] &
_ 2@2 [n—l]z_zlvzfﬂ

245 (n=1)][n= 1]+ [n=2] = [n—1] -0
Py

d; (n—1)0; ] <
e ]zf (74)

(39) and (60) imply:

Y[247(n—=1)][n—=1]+9"[n—2] =7’ [n—-1] - Q

— y[247(n=1)][n—1]+1*[n—2] —~*[n—1]
~ [2-911247(n - 1)][247(n—2)] +7°
= v[247v(n=1)][n=1]+~7[n—1] =9 =+’ [n —1]

- [2=9][2+7(n-D)][2+7(n—-2)]+7°
59



(74) and (75) imply:

y[2+y(n=D)]n-1]+7*[n-2] -7 [n—-1]-Q
o,

2[24+y(n—=2)=~*(n—1)][2+~(n—2
- o, val

Pln—1]-y[2—7][2+7(n—1)] &
5B, [n—1] sz‘fﬂ

[1_7]7[n—1][i;—7(n—1)]+®2 + [%_ (n_l)q)l} Z'Uz’fil

D, 29,

[1—v]y[n—1][24+y(n—1)]+ 205 — ( ) @y
= —i—{ 2(1)2 ]Zv fil-

D,

Observe that:

[1—v]y[n—1][24+7y(n—1)]+ P,y _ _[2@3—(71—1)(1)1]
2 2 ®,
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& 2[1=9]y[n—=1][24+7(n—=1)]+2Py = —2P3+[n—1]D

& 2[1—79]y[n—-1][24+7(n—1)]+2P;+2P3—[n—1]D; = 0. (77)

(77) holds because (60) and (66) imply:
2[1=v]v[n—1][249(n—=1)]+2P2+2P3 — [n— 1] D,
= 2[1—7]y[n—1][24+y(n-1)]+2[2=7][2+7(n—-1)] =27 [n— 1] [1 -]
—4[249(n=2)—~*(n—=1)][2+7(n—2)]
+2[n—1]y[2+v(n—-2)—~*(n—-1)]. (78)
The last term in (78) holds because, from (60):
—[n=1]®1 = =’ [n—1+7[2—7][n—1][24+7(n—1)]
yin=11{[2=7][2+7(n-1)] =+*[n - 1]}

Yin—-1]{4+2v[n—-1]-27-24*[n—1]}

vin—1]{4+2v[n-2]-29"[n—1]}

= 2[n—1]7[24+7(n=-2)—7*(n—-1)]. (79)

Observe that the sum of the last two terms in (78) is:
2[n—1]y[2+7(n—=2) = (n—-1)] 4[24+ (n—-2) =7 (n—1)][2+7(n—2)]
= [247(n=-2)=7(n=1)][27(n—-1)-4(2+y[n-2])].

Therefore, (78) and (79) imply:
2[1—~]y[n—1][247(n—1)]+ 28, + 205 — [n— 1] B,
=2[1—q]y[n-1]2+y(n=1)]+2[2—7][2+7(n-1)] =27*[n - 1][1 -]

+[2(n—1)y—4(2+y[n-2D)][2+7(n-2) -7 (n—1)]
= 2[1-9]y[n—=1][24+7(n—1) =7]+2[2 =7 [2+7(n—1)]

+[2(n—1)y—4(2+v[n-2])][2+7(n-2) =" (n—1)]
= 2[1-9]y[n—1][24+7(n-2)]+2[2— 7] [2+7(n-1)]

+[2(n—1)y—4(2+~[n-2])][24+7(n—2) =7 (n—-1)] .



= 2[1—9]y[n—1][24+7(n-2)]+2[2- 7] [2+7(n-1)]
+[2(n=1)y—4(2+y[n-1]=7y)][2+7(n—2) =7 (n—1)]

= 2[1—v]y[n=1][2+7(n-2)]+2[2= 7] [2+7(n—1)]

M2+ (n—2)]

) [n—1]

= 2[1—7]y[n—-1][2+7(n=2)]+2[2= 7 [2+7(n—1)]

)

+[2(n—1)y—4(2+v[n—1]—

—[2(n=1)y—4(2+7[n—1]-

)
+[-2(n—1)y—4(2-7)][2+7(n—2)]
—[2(n=1)y=4(2+y[n-1]=7)]7*[n—1]

= [2(1=9)y(n—-1)=2(n—-1)y=4(2=7)][2+7(n—2)]
—[2(n-1)y—4(2+y[n-1] =) [n-1]+2[2 =] [2+7(n—1)]

= [-27(n-1)-4(2-")][2+7(n—2)]
—[2(n-1)y=42+y[n-1]=-7)][n-1]+2[2 =] [2+7(n - 1)]

= [-29%(n-1)—4(2—7)][2+7(n—2)]
—[2(n=1)y—4(2+y[n-2)]"[n-1]+2[2-7]"[2+7(n—1)]

= [-29%(n-1)—4(2-7)][2+7(n=2)]+4[2+7(n - 2)]+*[n — 1]
—[2(n=1)y] [n—1]+2[2=7][2+7(n—1)]

= [-27(n—1)-4(2-7)+47 (n—1)][2+7(n—2)]
—[2(n=1)y]?[n—1]+2[2=7][2+7(n—1)]

= [27*(n—1)—4(2—7)][2+~(n—2)]
—[2(n=1)7]7?[n—1]+2[2—7] [2+7(n—1)]

= [27°(n—-1)—4(2—-7)][2—7+~(n—-1)]
—[2(n=1)y]?[n=1]+2[2=7][2+7(n—1)]

= [29°(n-D)][2=7+7(n-1)]-4[2=7]"—4[2—7]7[n 1]

—[2(n=1)7][n—1]+4[2=7] +2[2 -] 7 [n—1]
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(292 (n=1)][2=7y+7(n—-1)]=4[2—7]y[n 1]

— 2= [n—1]+2[2 7]y [n 1]
J+2[(2=7)"=2(2=7) =7 (n—1)]y[n—1]
J+2[(2=7)(2=7v-2)=7(n—-1)]~v[n—-1]

29 [n—1][2-y+y(n—-1)]-27[2—v+y(n—1)]7[n—1]
)

J=29*[n—1][2=v+7y(n—-1)] = 0.

(76), (77), and (80) imply:

y[2+y(n=D)]n-1]++*[n-2] -7 [n-1]-Q
P,

224+ 9(n—=2)—~+*(n—1)][2+~v(n—2)] Zvifil

- Vg[n_l]_f}/[Q—’y][Q—i"Y(n—l)] [n_l] Zvifil

20;— (n—1)d 2
= — 3 Qq)Q :|[1_12::10sz1]

(73) and (81) imply that the coefficient on w; in (61) can be written as:

Pln=1]249(n=1)] =P [n-1] =~

(80)
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_ Py - 205 —(n—1)% ] 2
_ alll_izlvifﬂ]—{ 2 a, | ll—izvifﬂ]

. |:(1)3 2@3—(71—1

o, 25, } [1—Zv Ju | 2

(61) and (82) imply:

|:®3 2@3—(71—1

o, 2 ®, Hl—va]

“In=1]24+y(n=1)] ~y[2+v(n—=1)][n—1][1 1] q
_ {7 <I>17 el ol i ol }[

n

B {%1+27 +7[2—7H§:£27(n—1)]—27 }[n—uZ(aj—c‘?)

j=1

I [2_7][2+7(”_1)]2 i(ai_cg)

2 d, ~

+2[2+7(n—2)—72(¢nl—1)][2+7 n—2 Zvc fin

. {[2—m22+;2<n—1>12_[2—v1[227<n—1>ﬁ}[Cm“gfm]
N {[1—7][2—711)[22+7<n—1)]

n

s e DT

=1

—{42+v(n-2)=(n—-1)][2+7(n—2)]+7* [n—1]?

ZUC fi1
2D,

- v[2=7]2+7(n=1)][n—1]} =
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The first and third terms to the right of the equality in (83) can be written as:

“[n—1][2+y(n—1)] y[2+7(n—1)][n—1][1—1] d
{7 . A ’ }[al_cl]
¢ P S (o)
“[n—1][2+y(n—-1)] y[2+y(n—1)][n—1][1—7] d
_ {7 @17 Lozt 1 g }[al_cl]
# PRl 3 (et PR [ ]
INEEE|EETUESS) S
2P, !
‘[n—1][2+y(n—-1)] y[2+7(n—1)][n—1][1—7] d
B {7 & AR— : }[al_cl]
2-7][247(n—1) ¢ o [2=7]2+y(n-1)J d
- > (o) - 222 o — ]

_ {72[n—1][2+7(n—1)] La2ty(n=1)]n—1][1-7]
o, D,

Vn—1] 2y[n—1][1-y]-[2—v][2+~v(n—1)]
{ @y i 20 }

L2024y (n—1)] Z(%—C?)- (84)
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(83) and (84) imply:
D3 2B —(n—1) 2
{cITj_ 5w, 1} ll_lzvifﬂl o

= [24v(n—1)] [al—ccll]

Vn—1] 2y[n—1][1-y]-[2—v][2+~y(n—1)]
{ @y i 20 }

+ [2_7”2;@1(71_1)] Z(ai—czd)

i=1

3942 2—~]12 n—1)]—2~3 u
_{%IJF v+ v][z;;v( )] 7}[71—1];(04—

2[2+7(n—-2) = (n-1)][2+7(n—2) Zvc fa

+ o,

%_{D—WH2+vaJH2_D—WH2+7W—1H2
2 (I)g <I)1

} (e} fi1 + ¢ far]

[1-9][2=7][2+7 (n=1)]
+{ L

n

+ 7[2—7“2(;;'7(71—1)] } izl(c?fli_{—cgf?i)

—{4[2+v(n-2)=(n—-1)][2+7(n—2)]+7*[n—1]?

ZUC fi1
2D, '

- y[2=7]2+7(n=1)][n—1]} =

(60), (66), (67), and (85) imply:

(1>3 2@3—(71—]_
o >a, ]ll—zvf]

= [249(n—-1)] [al—cﬂ
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Pn—1] 29[n—1][1-v]-[2—7][2+y(n—1)]
{ & 2P, }

2@2 1
3 P, 4A2—2~3 n P .
- [%14‘ . ;(1)2 i ][ _1]j1(a3_0?)_ajzlvc fi1
_ _ B 12
+{[2 izt =D eollzeyins )] }[c%fll+c;f21]

[1-9][2=7][2+7 (n=1)]
+{ L

_|_

y[2=7][2+7(n—-1)] } Z( "

2
.Zvicgfil
+ (2P — D (n—1)] =L
(205 = @1 (n—1)] =50

= [249(n—-1)] [al—cﬂ

Vin—=1] 2y[n—-1][1—-y]-[2—7][2+7(n—-1)]
{ O] * 2P, }

+{[2—’Y][2+7(n—1)]2 70 —1]

2@2 q)l
[ @4+ (12—(1)227)][71—1] }j:1(aj_0?)_ % ;v & fi
# 2=z (- DF |55 - g | [+ ¢

n

. {[1—7][2—7][2+7<”—1)]+7[2_7H2+7<”_1)]}Z(cﬁ‘fﬁcgfzi)

1=1
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'{72[71_1] +27[n—1][1—7]—[2—7][2+7(n—1)1}

2P,

. {[2—7][2+7(n—1)]2_73[n—1]

2P,

Py

)

2@3-@1(7?,—1
20,

Py +~2(1-2 n—1 d
[ +’Y(2®27)H ]}Z(@j_cj)

1

+[2=9][249(n-1)] [2_(1)2—%1] el fin + ¢ far ]

n

#lz=nlz e - 0] | 2EST e TS e s o ). 6)
(67) implies:
O+ [1-27] = v[2=7][2+7(n—1)]+7* +7°[1 - 27]
= y[2=7][2+7(n-1)]+27*[1—~]. (87)
(87) implies that the coefficient on i (a; —¢?) in (86) is:
2-7][24+7(n—1) *[n—1] [®s+7*(1—-27)][n—1]
2(132 (131 2(1)2
224y (=) - [@a+ (1 -29)][n—1] P[n—1]
2(1)2 q)l
_ 2]+ y(n=1)P —y[2-9][2+7(n=1)][n—1] - 29*[1 =] [n 1]
2(132
7 [n—1]
31
_2=yll24y(n=D)][2+y(n—1)—v(n-1)]-29*[1—7][n—1] ~*[n—1]
2(1)2 @1
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[2—=7][2+7(n—=1)]=~*[1=7][n—1] ~*[n—1]
>, — 3, ) (88)

(86) and (88) imply:

2
— 1 — f
i e | S I

= [24v(n—-1)] [Ozl—c‘”

Pn—1] 29[n—1][1—v]-[2—7][2+y(n—1)]
{ & 2, }

[2=7][24+7(n=1)]=2[1=7][n—=1] P[n—-1] ¢ g
+{ >, - o, }jZI(Oéj_ ])
205 — D1 (n—1) B3]
[ 2 ®, _E};Uici fil
11
Fl2=al2 e (- DF | g - o | (e fu+ 6
b l2=nl(z e - 0] | 2EST L TS e s o ). (89
Definition. ¥ = [%—2(%_;;2_1)@1} ll—zvifﬂ]. (90)

(89) implies that if ¥ £ 0:

w, = 2

Y

PYn—1] 29[n—-1][1-v]-[2—-7][2+7y(n—1)]
{ & 2P, }

1 [[2=9][247(n—=1)]=*[1—=7][n—1] ~F[n—-1] ¢
+E{ ®, d, }

. 2
- Z%‘C?fil
L= > vifa 1=t

i=1
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LERIIESTUR;

2 —~1[2 n—1)]T2(1- u
—l-[ il —‘;7( )][ (2(1)27) ;I]Z(lefu-i-cgfm).

=1

2By By Oy — By D2
2@2@3-2@3@14—[”—1]@% .

Definition. ¢ =

Observe that:

q>4[%_&} PyPs Py 2Py P3—P?

o, 20, B o, 2 - 2%

By 283 —[n—1]®1 = 202P3—2P3P1 +[n—1]®F = 20rP3—2P3 Py +[n—1]P3
(o3} 2Py 2P oy 21 @o

2P, By by — By B2

T 23,05 2050, + n—1]02 T

(60) implies:
O = P n—1]+ [y -27][2+~(n—1)]

= 7 [n-1]+27"+9°[n—1] -4y 27" [n 1]

= 29 [n—-1]-27*[n-2] -4y = 27y[¥*(n—1)—y(n—-2) 2]

= —27[24+79(n=2)—~*(n—-1)].

To simplify the denominator of ¢ in (92), observe that (66) and (94) imply:

= —87[2+7(n=2)][2+7(n=2) =7 (n-1)]"

+4n—-1]2[247(n-2)—?(n—-1)]"
= [247(n=2)=7*(n=1)] {4[n—1]7" =87 [24+7(n—2)]}

= [249(n-2)—4*(n—-1)]*{4[n—1]4*=87[2—v+7(n—1)]}

= [247(n—-2)—2*(n—-1)]"[-47*(n—1) =87 (2—7)]

[2+7(n=2)=7*(n—1)]"[474*(n—1) =87 (n—1) —87(2—7)]

(91)

(92)

(93)

(94)
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= —dy[y(n-1+2(2=7)][2+7(n-2) =7 (n-1)]". (95)
(60), (66), and (95) imply that the denominator of ¢ in (92) can be written as:
20,3 — 203 P, + [n— 1] dF
= —4{2-7P2+7(n-1)] = [n-1][1-7]}
(247 (n=2) =7 (n=1)][2+7(n-2)]
—dy[y(n=1)+2(2=y)][2+7(n—2) =7 (n = 1)]"
= —4[2+79(n=-2)—7*(n—-1)]
{2=7P2+v(n-D)]2+7(n=2)] = [n-1][1-7][2+7(n—2)]
+yly(n=1)+2(2-7)][2+7(n-2) =9 (n—1)]}. (96)
(60), (66), (67), and (94) imply that the numerator of ¢ in (92) can be written as:
2By By by — Dy B2
= —4[247v(n-2)—7*(n—-1)][24+v(n—-2)]
A=l R2+v(n-1D)] = [n=1][1 =]} {r[2=7][2+7(n-1)]+7}
— 47247 (n=2) = (n-1)]°

{2=7P2+7(n=1)]=*[n—1][1—~]}. (97)

(60), (67), (94), (96), and (97) imply that after cancelingout —4[2+~(n —2) —~4*(n—1)],
the common term in the numerator and denominator of ¢, ¢ can be written as:

¥1
- (98)

o1 = [2+7(n—2)]
A=+ (=)= n=1][1 =7} {7[2=7][2+7(n-1)]+*}
+77[2+7(n=2) = (n—D]{[2=7[2+7(n—1)] =¥ [n—1][1—~]}
= {[2-97F[2+7v(n=-1)]=7*[n—-1][1 -]}

AR24+v(n=2)][v(2=7)(2+~[n—1]) ++?] .



+7 247 (n—=2) = (n-1)]}

- %{mv(n—z)mﬂfl}; (99)
ey = [2=9] 247 (n—1D)][247(n—2)]-7*[n—1][1—7][2+7(n—2)]

+yly(n=1)+2(2—-7)][2+7(n—-2)—7*(n—1)]
= {[2-7P[2+7(n-1)] = [n—1][1—7] } [2+7(n—2)]
+yly(n=1)+2(2-7)][2+7(n—=2)—9*(n—1)]

= (247 (n=2)] @ [y(n 1) +2(2- )] O (100)

Using (83) to derive an expression for w;, then substituting this expression into (72),
using (92) and (93), implies that for i € {2,...,n}:
[2—7][2+7(n—1)] w,

e

@1 (1)2

n

_90{%1+27 +7[2—7H§$27(n—1)]—27 }[n_l] S (ay— )

j=1

[2—7][2+7(n—1)]2i( )

2%, i=2

te

+@2[2+7<n—2>—wzg—w]wﬂ(n—z)] S et fy

+ 90{ [2_7”2;@1(”_1” - [2_””2;3(”_1” }[cyfnﬂ;fm]

ﬂo{ [1—7][2—71D[22+7(n—1)]

n

+ ’7[2—7][2(1)4;7(”—1)] } izl(c?fli+cgf2i)

—o{4[247(n-2) = (n = D] [2+7(n=2)] +9*[n - 1]
72



Aivw?fu
= v2=9]2 4y (n=1)][n-1]} S

[2—7][2+y(n—-1)] [

+y[24y(n—1D)][ar -]+ 5

a; —C;l]

2

272 +7[2—7][2+7(n—1)] < ( i P
_ a;—cl) - — v ¢ fin
2 jz_:l T 2 z_:l

L 2ol D

5 [} fri +¢5 fail

y[2=712+7(n=1)] N~ . '
- 5 2(01 fij+ ¢ fa5)

j=1

+{v[2=7][2+v(n=1)]+7*}

[Oél —Ccll} +

,{_%m—muv(n—m
D,

B 2[2+9(n—=2)-~*(n—=1)][2+7(n—2)] Zvicyfﬂ

N [2—7][2+~(n—1)) [ oyt 2 fon
O
1224 7(n-1)] ”
- o, ;(Q fij + ¢ f2j)}~ (101)

Observe that the first and third terms to the right of the equality in (101) can be written
as:

B L i
e SR
R e
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n

g BB 5 gy p Rl (1)
— [2—7][2+y(n—-1)] [Oél—cﬂ

2Py

YIn—=1]2+v(n=1)] ~[2+7y(n—=1)][n—1][1—17]
—@{ o, * P, }[

te

2(132 QCI)Q

i=1

Vin=12+~v(n=1)] v[2+y(n=1)][n—-1][1—-7]
SO{ (1)1 * <I)2

_D—7H2+70%—Uf}[ 3

2, “Ta

EECHEESTURSY It S

e 2®,

= p[2+7(n—1)][o1 —f]

Yln-1]  2y[n-1][1-9]-[2-9][2+7(n—1)]
{ D, * 2P, }

EECIEESTUEIYI ST

T 2 ®,

(101) and (102) imply that for i € {2,...,n}:
[2=7][2+7(n-1)] w
= p[2+7(n—1)][o1 — ]

.{vﬂn_u+2vm—1ur~ﬂ—m—vH2+ﬂn—1ﬂ}

q)l 2 @2

+ ¢

[2—7][2+~(n—1)
5%, Z a; —
=1

39242 2—~]12 n—1)]—2~° ~
_w{%l V4| 7][2;7( )] 7}@—1]2(&—

EREE U V) IR C el ERad Ut )y

[a1 —¢i]

[

a1 — C(li}

Oél—Ccll

|

(102)
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2[24+9(n=2) =9 (n—1)][2+7(n—2)] S

_|_
¥ o,

+ ¢{ 2oollztan = DE_2onllzenin= L) }[c%fmc;fm]

ﬂp{ [1—7][2—7!22+7(n—1)]

n

—e{d[247(n=2)=P(n—-1)][24~v(n=2)]++*[n—1]

szviczl-‘fﬂ
— y[2=7][2+7(n—-1)][n—1]} ’:12(1)2
Fyl2tq(n-1))[ar -]+ 2222 DE

2

292472yl 24y (=Dl =0y O -
- a‘—O)—— v; ¢ fan
2 2 (=) =5 2

L2024 (=D

() fri + ¢ fail

2
129247 (n—1)] & .
- 7 ;(le1j+c2f2j)

[2—7][2+7(n—1)] [

+ o,

¢t fi1 + ¢ for ]
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_7[2—7][2;7(7@—1 g clflj—l—c2f2])} (103)
(67) implies that the coefficient of [a; — ¢f | in (103) is
¢[2+7(n_1)]{72[gl—1] +2’Y[n—1][1—7]—2[§Q—VJ[Q+7(”—1)]}
24y (n=1)] = {7[2=7)(247(n-1)] 452y T 2RI ZD)
= [2+7(n—-1)]
.{9072[7;1—1]ﬂp27[%—1][1—7]—2[52—7][2+7(n—1)]+7
- {al2=alfz (o147 H A
= [2+7(n-1)]
.{(pQ'V[n—l][l—ﬂ—2[6132—7][2+7(n—1)]+7
+{p=rl2=allz4y(n-1)] -7} T
= [2+7(n—-1)]
.{¢27[7%—1][1—7]—2[52—7][2+7(n—1)]+7+’y2[n—1q11[90—<1>4]}' (104)
(67) implies that the coefficient of Xﬁ: (i — ) in (103) is

© +

2P, D,

2+ [2—9][24+9(n—1)]

5 +{v[2—~
[2—7][2+7(n—1)" ~*[n—1]
- ¥ 2 B, YT g,

2P,

[[24+7(n—1)]

[2—7][2+7(n—1)12_¢{7_3 2v2+7[2—7][2+7(n—1)]—2v3}[n_l]

n—l]

7
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{2 =)+ 22+ (n=1)]} [n—1]
7 2D,

_ 22024y (n=1)] | @40t [n—1]
2 @,

224 - {2971 -]+ [2—9][2 47 (n—-1)]} [n—1]
4 2, 4 2,

Pn—1lle =] 29 +7[2-7][2+y(n—1)]
) 2

[2—7][2+7(n—1)"=292[1—v][n—1]—y[2—7][2+y(n—1)][n—1]
14 2 @,

Pn-1lle =] 29 +7[2-7][2+y(n—1)]
) 2

o 2=]2+y(n=1)][24y(n=1)=y(n—=1)] =29*[1 —y][n—1]
- ¢ 2d,

Pn—1lle =] 29 +79[2-7][2+y(n—1)]
>, 2

_ [2—7][24+7y(n—1)] =7 [1=7][n—1] Pln-1][p—P] @s1+7°
®, o, 2

(105)

2
(66) and (67) imply that the coefficient of > v; ¢} fi1 in (103) is:
i=1

902[2+7(n—2)—vz(n—l)][2+7(n—2)]_E
(I)l 2

—2—@2{4[2+7(n—2)—72(n—1)] [2+7(n=2)]+7"[n— 1]

—v[2=7l2+y(n-1)][n—-1]}

- {7[2—7][2+7(n—1)]+72}2[2+7(n_2)_72(;_1)”2+7(n_2)]

— - R 2h P I 1P (2= 9] 24 (0= 1)) (- 1]} + By

7



= [P, go]q)l 5 2%[ 203479 (n—1)" = (®4—7")(n—1)]. (106)
(67) implies that the coefficient of [ ¢} fi11 + ¢4 fo1 ] in (103) is:

w{[2—7][2+7(n—1)]2 [2—7][2+7(n—1)]2}

2, D,

+ {v[2=7][2+~v(n-1)]+"} [2_7”2;7(71_1)]

= [2—7][2+7(n—1)]2{¢{L_L} +7[2—7][2+’y(n—1)]+fy2}

= [2—7][2+v(n—1)]2[90(2%2—(}%>+%1. (107)

(67) implies that the coefficient of > (¢} f1; + ¢4 fo; ) in (103) is:
i=1

[1—7][2=7][2+y(n=1)] ~y[2=7][2+7y(n-1)]
90{ d, * , }

_v[2=9][2+y(n—-1)

= [2—7][2+7(n—1)]{so(lqjjJrC}%)—%—g“}. (108)

(103) — (108) imply that for i € {2,...,n}:

[2—7][2+7(n—1)]" w,

= [24v(n—-1)] [041—06”

.{(p27[%—1}[1—7]—2[;)2—7][2+v(n—1)] +7+72[”—1][<P—q’4]}

+ Z(ai—cg)
i=1

_{(p [2—7][2+v(n—1)]=7?[1=9][n—1] +*[n—1][p— D] _<I>4+72}
(I)g (I)l 2




+Zvl “le{q)3 @4_90]_%_90[—2@3+’7 (n—lz)q)z—((I)4_fy )(n—l)} }

+ [C7f11+05f21][2—7][2+7(n—1)]2{¢{%{)2_(}%} +%}

L 2oal249(n-1)P

5 [} fri + ¢y fai

+ Z cf Jui+c5 fai) [2 = ][2+7(n—1)]{¢{1;j+%] —%—754}
+[2—7H2+7(n—1)] = ] (109)

2

Dividing all terms in (109) by [2 —~][2+~ (n — 1)]? implies that for i € {2,...,n}:

w = ! lar — ]
T [2-q]24q(n-D)] VT
.{¢27[7%—1][1—7]—2[52—7][2+’v(n—1)]+7+v2[n—1q11[90—®4]}
1 - d
R P & ()
{ [2—7][2+7(n—1)]—72[1—7][?%—1]_73[n—1][90—<1>4]_¢>4+72}
1 o, o, 2
1 ~
R o &
{<I>3[<I>4—so]_g_90[—2<I>3+73(n—1)2—(<I>4—72)(n—1)]}
o, 2 2d,
+ [} fi1 + & for] {@(E——>+%ﬂ+ %[Cﬁtfu-i—cgf%]

- 1—7y , 7 v oyl ] e
i ; A [ io(110
+2+7 n—1] D (e fut & fai) { ( o, +c1>1) 2 o, | T2 (110)

1=1
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II. Price Competition

Now consider the setting where downstream firms compete on price.

Summing (2) for all firms provides:

Z%-Z%—VZZ%—ZZ% =0

1=1 1=1 i=175=1 1=1
j#i
i=1 i=1 i=1 i=1
S aG—g-pit Yy 05— qu—v n—1]g—~v[n—1] Zq] > pj =0
i s G Yz

(2) and (111) imply:

DIED SIS SURIEEEPERITEID DI SR

A i=1 J=1 i=1 i=t
J#i J#i J# J#i J#i

& yln—1lg = Y (aj—pj)—[1+7(n-2) Z%
.7:1 j—l
j2i j£i

(2) and (112) imply that for i =1,...,n

vin=1lg = Z(Oéj—pj) [T+~ (n—2)]

v =
J#i
e e e ] D MG B SRR R
i

(111)

(112)
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o= p][147(n=2)] =7 X (a; =)
7 (113)

e = 1711t (n_1)]

(113) identifies Di’s output, given prices (p;, p—;)-

A. Vertical Separation. No downstream supplier is integrated with any upstream supplier

(4) implies that firm i’s profit is:
mi(pi,p—i) = [pi — g (114)

where ¢} is specified in (113).
Differentiating (114) with respect to p;, using (113), provides:

(o= p[14+7(n=2)]=7 3 (o, - p,)
J#i e =2)lpi—a]l _
T—A][1+7(n—1)] T—~][1+7(n—1)]

n

[ai —pi][1+7(n—2)] —~ Z(aj—pj) = [1+7(n—2)][pi — ]

VZ = 2[1+7(n—2)]p

¥ i (e —pj)

i? (115)

(115) implies:
[T+y(n=2)][ai+ca]—7 Zaﬂrv ij

2[1+~v(n—2)]p; =
1 =1
]j;éi %#i
5 1
= Yn = 2 rn-2)n -ty (-2l + Yy
ot Y Y j=1
= i#i

Summing (115) for all firms provides:

(116)
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n

n 1 n 7[n_1]i§1(ai_pi)
Z,lei - 5;(0‘”@)_ 21+~ (n—2)]

n

:¢p+§)]: slatal+3 Y (ot e) = sl o=
(%

n

v[n—1] [n—1]
N 2[1+7(n—2)]jzlo‘j+2[1+7 n—2) ij

J#1

b p”:[%‘zuf$@?zn}%+%Q

1 yin—1
v |5 - s ]Zaﬁ z%

J#

yin—1]-2[14+~(n—-2)
+{ 2[1+7(n—2)] }Zp]

= {2[1+7y(n=2)]—v[n—-1]}p = {1+v[n-2]-7[n—-1]} @

+[1+y(n=2)]¢g+{1l+~v[n—2]—v[n—1] Zaj

J?é

+[1+~(n—-2) ch—i— {v[n—1]=2[1+~(n—2) }ij

Jj= j=1
J# J#i

Observe that:

2[1+y(n—=2)]—v[n—=1] = 24 2yn—4y—yn+vy = 2+y[n—3]; and

l+y[n=2]—v[n—=-1] = 1—~.
(116), (117), and (118) imply:

[2+7(n=3)]p

(117)

(118)
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= [1—-7v]ay+ [1+7(n—2 Zaj [1+7~ n—2)]ch

J# JFi

= %[2+7(n—3)][7+2+27(n—2)]pi
_ %{7—72—1—[2+’y(n—3)][1+’y(n—2)]}ai

+—[1+y(n=2)][v+2+7(n—-3)]¢

-

n

[1+7v(n—2) Zaj [1+7 n—2)]ch.
=1
J¢ ?#i
Observe that:
Y=Y 247 (n=3)][1+y(n—2)]

= 7=V +24+2yn—4y+yn—-37+~* [0 —5n+6]

= 2+37n—67—|—72[n2—5n+5} = 2+37[n—2]+72[n2—5n+5}.

(119) and (120) imply:

1
[2+7(n=3)][2+7(2n-3)]

bi =

(119)

(120)
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. {{2+37[n—2]+72[n2—5n+5} } ai—7[1+7(n—2)]z%
1%

+[1+7(n—2)][2+7(n—2)]c@-+7[1+7(n—2)]zcj}- (121)

j=1
J#i

Observe that:
[T+v(n=2)][24+7v(n=2)] = [2+7(n—=3)][2+7(2n —3)]
= 2+y[n-2]+2y[n-2]++*[n—-2]"—4—-2y[2n 3]
—2y[n—-3]-+*[2n—3][n—3]
= —2+437[n—-2]-27y[3n—-6]+*[n*—4n+4—-2n"+9n —9]
= —2-3yn+6y—7*[n*—5n+5]

= —2-3y[n—-2]-*[n?—5n+5]. (122)

(121) and (122) imply:

1
b T Dy =3)][2+~(2n—3)]

i=1

: {{2+37[n—2]+72[n2—5n+5}}ai—7[1+y(n—2)]zaj
J#i

n

— [2—1—37(71—2)—1—72(712—572—1-5)]Ci+7[1+7(n—2)]ch}. (123)
7

(113) implies:

o 1+v[n—2]
R P S e (124

(114) implies that Di’s profit-maximizing price is determined by:

aq; dq;

[p C]ﬁpi_'_q q [p c]api (125)
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(123), (124), and (125) imply that for i = 1,...,n

. 1+7[n—2]
T M=+ (n—D) ]2+ (n—3)][2+7(2n-3)]

.{[2+37(n—2)+fy2(n2—5n+5)] —y[1+~v(n—-2 g a;
j=1
A

n

— [2—1—37(71—2)—1—72(712—571—1—5)]ci—i—’y[l—i-’y(n—Z)]ch}. (126)

i
B. Vertical Integration. D1 and Ul are vertically integrated.
(114) implies that unintegrated downstream firm Di’s problem is:
Maxpimize mi(pipoi) = [pi—wi—c}]q forie{2,..,n}, (127)
where ¢} is given by (113).
D1’s problem is:
Ma%mize m(p1,P-1) = [pl —wp — CCH q
+oo > [w —cl]thﬁvzz g (129)
i=1

where ¢} is given by (113).

(128) implies that firm 1’s profit-maximizing choice of p; is determined by:

G + [pl — w1 —CC” 0p11 + vy [wy ]fn -I—Uz[ —cy ] fa 8p11
a oq* - )
+Ulz[wi_czf]fliai+v22[ ]fzz ql =0
=2 P i=2
oq;
= Q1+[p1 wy — ¢ + o1 (wyr — ) fir +va (wy )f21}%
1
aq;
—|— Z 1)1 _Cl flz“l"UQ( )fgl] = 0 (129)

P1
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(113) and (129) imply:

lar—p][1+7(n—2)] =7 % (a;—p;)

A1+ (n-1)]

1+v[n—2]
Y1+~ (n—1)]

_ [pl—’wl—ccll ~|—Ul(w1—cﬁ‘)f11+vz(w1—cg)f21] [1_

# Bl tw = ft o) ol gy =

1+v[n—2] 1+~v[n—2]
- {H—VHLPNH—U]+H—7HI+NH—1H}m

ar[147(n=2)] =7 3 (o, —p)

[T=7][1T+y(n-1)]

1+~v[n—2]

— [ = (wy + ) +vy (wy — ) frr +vo (w1 — %) fonr
[— (w1 +ef) +o ( ) ot o T (n =1

n

il 1) fri +ve (w; — ¢4 ) fo
+[1—'y][1+7(n—1)]Z[Ul(wi_cl)fwr )

1 =2

= 2[1+7(n—-2)]p

n

= a[l+y(n—=2)]—~ Z(Oéj—pj)

— [ (wi+c)+v (w1 =) fu+va(wi—c5) far ] [1+7(n—2)]

+’YZ[Ul(wi—cﬁt)fqu%(wi—Cg)fzi]

n

_ Q1 g -
- = ?_2[1+7(n—2)]j22<0‘] pi)
_%[‘(wﬁrc‘f)+U1(w1—0’f)fu+v2(w1—cg)fgl]
gl - . .
" el (nmgy) gl At () £, (130)
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(115) implies that firm ¢’s reaction function is:

v 2 (aj—pj)
! 97
i = 5| i D for i 2,...,n}. 131
p 2[04 + w; + ¢ | S+ (n=2)] or i € { n} (131)

Summing (130) and (131) over all firms provides:

n

g
Z [1“(”_2)]2(%—?]')

=1 j=2

[_(wl""cil)+Ul(w1_Cit)fll‘i‘w(wl—cg)fm}

DN | —

n

v u u
+ 2[14_7(”_2)];[Ul(wi_Cl)fli"{"UQ(wi_Cg)fQi}

=2 j=1
J#i

1
- gi[ai+wi+cﬂ—2[l+7 ) Z Z

3

_ %jui:z%[ai+wi+c§]+%[w1+6ﬂ
- 2[1+7?n_2)] j;(ozj—ﬁj)_z[1+77(n—2)] 1:2 jz:;(aj_pj)
j#i
_%[mwl—cﬁfum(wl—c5>f21]
* 2[14—7?71—2)] é[vl(w BREEERR RS
_ ané ai+wi+0§1]_2[1+7Zn—2)] Ziji(%’—%)
i

1 u u
a 5[”1(“11—C1>f11+v2(w1_c2)f21]

n

v
+ 2[1+7(n—2)] ;[“1( i — o) fut v (wi —cy) fai
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n n

o l ' ' A 7[71_1] o,

— il?[az—l—wz—irci] 2[1—|—7(n—2)]i1(% pi)
_%[vl(wl—cy)f11+v2(w1—c5)f21]

B "1 v[n—1] v[n—1] -

= ﬁ1§P%+“W+d]_2U+q/n—2 E:% lﬁﬂ%n—ﬂ]g;m
—%[vl(wl—cqf)f11+02(w1—cg)f21]
+ v Z[Ul(wi_df)fli‘i‘?b(wi_Cg)f%]

2[1+7y(n-2)] =

- [t o

1 d v[n—1]
;5 oh—l—wi—kci]—2[1+7 (n—2 ZO”

B %[Ul(wl_Cllb)f11+v2(wl_cg)f21]

n

Y u u
+ 2[1+’7(7’L—2)] ;[Ul(wi_cl)f1i+v2(wi_c2)f2i]- (132)

The coefficient of Y p; in (132) is:

1=1

_ vin—1] _ 2[14+~v(n—2)]—7[n—1]
2[1+7(n-2)] 2[1+7(n—2)]
C2[1=y4+y(n—-1)]=v[n—-1]  2[1—-y]+7y[n—-1]
N 2[1+~v(n—2)] T 21+~ (n-2)] ° (133)

(132) and (133) imply:

2[1—v]+~v] n—l
2[1+7(n sz
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1 —1
25 az—l—wi—i-cﬂ—2[l+$n_2 Zaz
—%[v1(w1—C?)f11+vz(w1—63)f21}
+2[1+7Zn_2)];[m(wi—C?)f1i+v2(wi—c;‘)f2i]
- B 1+7[n—2] u v[n—1] -
M T i P LG R T e EiT e PO

- L+7ln—2] vy (wg —cf vy (wy — ¢
2[1_,},]_1_7[”_1][1( 1 1) fin+v2 (wn 5 ) for1]
2 - ' u
+2[1—7]+7[n—1];[Ul(wi_cl)fliJrU?(wi_Cz)fm']
~ 1+7[n—2] - vln—1] n
D L i s e e ey D S G R ey ey rey DO
1+~[n—2]

~ ST AT o1y (=) e (0 = ) )

’y n
* 2[1—v]+v[n—1];[vl<w_Cl)fh”Q( i—ep)ful o (134)
and for i € {2,...,n}:
_ 1+v[n—-2 v[n—1] n
ij IR TR "—1 Z_: ¥t d) 2[1—7]+7[n—1]jz—:1aj
1752
L+~v[n—2]

~ ST [ (e ) fu e (wn = )

n

Y R L Vg ws — ¥ 5 1.
+2[1—’y]—{—7[n_1]jz_:2[vl(w7 1)f]+ ( J Q)f]] (135)

(130) and (134) imply:

"o 2[1+7 Zp] 1+7 Za”
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[— (w14 ¢f) +or (wi —¢f) fir +va (w1 — ¢5) for ]

N | —

n

1 — 1) fut v (w; —cy) fo
2[1+7(n—2)]i2[vl(w1 1) fri 4 w2 ( 5 ) fai

+

v 1+~v[n—2 ~

g
= — + al+wl+c
P i+ (n—2)] 2[1— 4] +7] n—l Zzzl

2[14+~v(n—2)]

_ Y vln—1] o
2[1+v(n=2)] 2[1=7]+7[n—1] ; l

2 1+7[n_2] — o (W — ¥
2[1+~v(n—2)] 2[1—~]+~[n—1] [v1 (w1 — ¢} ) fi1 +v2 (w1 — €5 ) for]

gl g & . .
2[1+v(n—-2)] 2[1=v]+~[n—1] D (o (wi =) fri+va (wi = ¢5) fos]

1=2

+

n

y
+2[1+7(n—2)]i22[vl(w_Cl)f“—i_%( i —¢5) fail

_ Y v n N

- 2[1+’y(n—2)]p1+2[2(1_7)+7(n_1)]Z( i w; o+ )

i=1

N gl v[n—1] o
2[1+7(n=2)] 2[1=~]+~[n—1] ; l

: 1 —c3 ) far
22(1= 1)+ (n1)] (@)oo =) fal

n

gl gl

T (n—2)] 2[T— 7]+ [n—1] ;[vl(wi_CilL)f”Jr”?(wi_Cg)fzz']
a; 1
+3 g lurd] - g Z%

— %[vl(wl—cqf)fnﬂva(wl—Cg)le]
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Y - u v
+ 2[1+v(n—-2)] Z[Ul(wi—Cl)f1i+v2(wi_cz)f2i]

n

1
2[2(1—7)+7(n—1)] ;(ai+wi+cf)+§[a1+wl+cﬂ

_ Y ¥
T Tt q(n—2 "

n

g v[n—1]
_2[1+7(n—2)]2[1—7]+7[n—1];ai 2[1—1—7 (n—2) ZO‘J

i 1 . )
B [2[2(1—7)+7(n—1)]+§][”l(wl_cl)f11+U2(w1—02)f21]
i g
Tt (n-2)] [1+2(1—7)+7(n—1)1
’Z[Ul(wi_cqf)fli‘f‘%(wi—Cg)fm]- (136)

Observe that:

g L1 at2(t g 4y(n 1]
2[2(1=v)+v(n=1)] 2 2[2(1-9)+y(n—-1)]

24+ v[n—2]

BRI R ERIC e
gl _2[1—y]4qn—-1]4+y _  2+7[n—2]
1+2[1—7]+7[n—1] T 2[1=A]+y[n—1]  2[1—A]+~y[n-1]" (137)

(136) and (137) imply:

.
”2[1+v<n—2)1]“

n

_ gl i 4 ws + 4 la wy + ¢
" IR e & (e lanrn ]

n

g v[n—1]
_2[1+7(n—2)]2[1—7]—|—7[n—1];ai 2[1+7 (n—2) Zo"

_ 2+7[n—2] v (W — 0o (wr — &
2[2(1—7)+~v(n—-1)] [v1 (w1 —¢f) fur +v2 (w1 —¢5) far]
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n

Y 2+ v[n—2] N F o (e — ) Fo
t T2 2T a] e 1] 2 [ (D i (wi— ) fal.

(138)
The coefficient of p; in (138) is:
vy 2[4+ y(n—=2)]+y  2—79+27y[n—1]
ST o] T 2ita(n=2)] _ 2iis(n-2) 139

(138) and (139) imply:

2—v+2y[n—1]
2[14+~v(n—2)]

b1

1
- : S (it wi+ )+ 5 [ag+wy +cd]
=1

2[2(1=7)+v(n—-1)]

gl v[n—1]
_2[1+’y(n—2)]2[1—7]+’y[n—1];ai 2[1+7 (n—2) ZO‘J

B 2+v[n—2]
2[2(1=7)+7v(n—-1)]

[v1 (w1 —¢}) fi1 +va (w1 —¢5) for]

n

v 2+7[n—-2] Y e (e — ) fo
* 2[1+v(n—2)]2[1—7]+7[n—1];[“l(wz 1) fri+ vz (wi = ) fail

- Q[I—V]jv[n—l] {%Z(O‘i—i_wi‘i‘cg)"_%[2(1_7)"‘7(”_1)][041+7~U1+C(H

n

v [n—1] S e F[2(1 =) +7( n—l ZO‘J

T 21ty (n-2)] &1 2[1+~(n—2)
- w [v1 (wy —¢}) fir +va (w1 — 5 ) for ]

T2+ (n=2)] ¢ . .
Jr2[1-%7(71—2)] ;[Ul(wi_Cl)f“JFU?(wi_cz)f%]}
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.{7[1+7(n—2)] Z(oai+wi+0?)
+[1+v(n=2)][2(1=7)+7(n—1)] [o1 + w1+ ¢f]

[n—1] Zaz )+v(n—1) Zaj

—[1+v(n=2)][2+7v(n—=2)][vi (w1 —¢) fur +va (w1 — c5) for]

+7[2+7y(n-2)] Z[Ul(wi—Cﬁb)flmLUz(wi—Cg)fzi]}- (140)

=2

(131) and (135) imply that for i € {2,...,n}:

Zoz] 1+7 n—2 Zp]

l ai—l—wi—i—cﬂ—

2[ 2[1+7 (n—2)

—3)] 2=

j=1
J#i

B Y - v v[n—1] o
2[1+y(n-2)]" 2[1+7<n—2)]2[1—7]+7[n—1];]

n

Y 1+v[n—-2] o
T b T e rEsy P I G )
g 14+~v[n—2] y o
N 2[1+v(n—=2)] 2[1—=~v]+~[n—1] [v1 (w1 =€) fir + w2 (w1 = ¢3) fn ]
. ! 3 1) frj 2 (w; — 3 fo
ey e DI R R R ]
_ 1 d
- oot ] gy
J#
Y ' Y yin—1] iw

T2l (n-2)] T 2T (n=2)] 2[1 -]+ [n—1] &
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gl 7 Z[vl(wj—qu)f1j+v2(wj_cg)f2j]

N
= |14 )
21+ (n—2)] 7"

I SV B v .
__2[ar+Uh+CJ 2[1+7(n_2)]g;aj

B y v[n—1] o
2[1+y(n=2)] 2[1=7]+7[n—1] ; ’

n

1 4w,
+2[2(1—7)+7(n_1)]2(a7+ i+ ])

Jj=1

Y u —cy) far
TRyt (nny) @ e (o= d) fal

n

’y ’y U U
Ty (n-2)] 2[1—7]+7[n—1]JZQ[“(“’”'_Cl)f1j+“2(wj_c2)f2j]'
(141)
(139) and (141) imply that for i € {2,...,n}:
2—y+2y[n—-1]
2[1+~(n—2)]
N N g ~
= glatut ‘] 2[1+7y(n—2)] 2.0

T o) 1oty @) fut (o - a) fa
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v i U . Vs w: — c¥ 9
+2[1+7(n—2)] 2[1—7]+7[n—1]Z[Ul(wj_cl)flﬂ+ (w; =) fo]

1 1
T 21—+ [n—1] {5[2<1—7>+7<”—1>1Mﬁwﬁcﬂ

21 =9)+v(n-1)] ZO“

2[l+7(n-2)] =
J#i
Pln-1] ¢ RN
_ 2[1+7(n_2)];aj—i—g;(a]an]—i—cf)

— %[vl(wl—sz)f11+vz(w1—cg)f21]

g Z[Ul(wj—qu)flj+v2(wj—05)f2j]}

T ATy (n-2)] &

1
2(1=y)+y(n=1)][2=7+27(n—-1)]

*

~{7[1+7(n—2)] Z(aj+wj+c?)

+[1+y(n=2)][2(1=7)+v(n—1)] [e;+w;+c]

2[71—1]204]- —y[2(1=7y)+v(n—-1) Zaj

ji=1 j=1
Jj#i

—y[1+v(n—=2)] [vi(wi —cf) fur +v2 (w1 —c5) for]

+7° Z v ( 1) J1j + v (w; Cg)fw]}- (142)

j=2

Optimal Collusive Input Prices under Vertical Separation (and Price Competition)

Now consider the input prices U; and U, set when they collude under vertical separation
and downstream firms compete on prices.
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(126) implies:

1+ -2
qQ = % [24+37(n—=2)+~+*(n*—=5n+5)] oy —y[1+~(n—2 ZO‘J
= =1
i
— [2437y(n=2)+~*(n*—5n+5)] [cgleri]
+”y[1+7(n—2)]2[c?+wj} (143)
=1
i
where
E=[1—-9][l+v(n=1)][24+7(n=3)][2+~v(2n—3)]. (144)
When they collude under VS, U; and U, choose input prices w; to:
H}UaX Z _Cl fleZ+Z f2z%
‘ =1 =1
= ITlanX Z[wz— CIIL fli_cg fZi]qi7 (145)
=1
where ¢; is as specified in (143).
Differentiating (145) with respect to w; provides:
a% U 8(] .
g+ [wi — ¢t fri — ¢ fai] "‘Z wj = ¢} f1j = ¢ f2) (9;1}() =0 (146)
j=1 !
J#i
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—_—
—
—

i

n

— [ 1+y(n=2)]> (wj—c fiy =5 fr)} = 0
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o # [243y(n=2)+7* (R =5n+5)]a;—v[1+7(n=2)])> aj
= et
i

—[243v(n—2)+~+*(n*=5n+5)] [} + w;]
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J#Z
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j#i
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Summing (147) provides:

n

sz = —Z ;= ¢ + & fu+ & for

i=1

n

Y[1+y(n—=2)]> > (O‘J‘_C?‘*'quflj‘l'cgfzj)

i=1 j A
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n
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n
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\V)

(147) and (148) imply:
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1
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1
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- 5{1+[2+37(n—2)+72(n2—5n+5)} } Lo = el e i 65 far

S

[Oéi — C?—FCilL fli +C; fgz] . (149)

@
N —

(26) and (149) imply that under vertical separation, the input prices U; and U, set when
they collude are the same under price competition and quantity competition.

Optimal Collusive Input Prices under Vertical Integration (and Price Competition)

Now consider the input prices U; and U, set when they collude in the setting where
downstream firm D1 is vertically integrated with upstream supplier Ul and downstream
firms compete on prices.

(142) implies:

n . 1
;pi 2=y +y(n=D][2=7+27(n-1)]

-{fy[n—l][1+’y(n—2)] Z(aﬂrwfrcg)

1y (n=2)][2(1 =) +y(n=1)] ] [ 4 w; + ¢ ]

= n=1P Y =y [2(1=7)+a(n=1D)] D0 > e
Jj=1 1:2?;1

—yn=1][1+~v(n=2)] [vi (w1 —¢f) fi1 +v2 (w1 — ¢35 ) for]

+7%[n—1] Z[Ul(wj—C?)f1j+v2(wj—03)f2j]}» (150)

j=2

and for i € {2,...,n}:

~ 1
,;pk 20 -y)+y(n-D][2=y+27(n—1)]
kA7

~{7[n—2][1+7(n—2)] > (o +wi+¢f)

j=1
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N7
—’y?[n—l][n—Z]Zaj —y[2(1=7)+~v(n—-1) ZZO@
= k7 7k
—y[n=2][1+~v(n=2)] [vi (w1 —¢f) fi1 +v2 (w1 — ¢35 ) far]
+72[n—2]Z[Ul(wj—Ci‘)flﬂrvz(wj—cg)fzj]}- (151)

(113), (140), and (150) imply:

a[1+v(n—=2)] -7 izaj 14+~[n—2]

T = i1 Tt q(a-1] "
+[1—7][1+7 n—1) Z_:
o [1+7(n-2)]-7 ¥ o,
T [Tty (n-1)]
1+v[n—2]

LIty (n=D]2(1 =)ty (n=1)][2=7+27(n—1)]

.{7[1+7(n—2)] Z(ai—l—wi—i-cf)

=1

+ 1y (n=2)][2(1=y)+v(n—1)][a1+w +cf]

n

—fyz[n—l]zai—’Y[Q(l—’Y +v(n—-1) Zaj

—[1T+~v(n=2)][2+7(n—=2)][vi (w1 —¢f) fu1 +va (w1 — 5 ) for ]
+y[2+7(n—2)] Z[m(wi—C’f)fquvz(wi—cg)fgi]}

N Y
[T=7l[1+y(n=D)][2(1=7)+v(n-1)][2=7+27(n—1)]
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~{'y[n—1] l+y(n—2 Z Ozj—l—w]jtc

n

+[1+y(n=2)][2(1=7)+v(n—-1)] Z(aﬁwﬁ'ﬁ)

—72[n—1]22aj —v[2(1=7)4+~v(n—-1) ZZO@
j=1

—2]
J;ﬁ

—yn=1][1T+~v(n=2)] [vi (w1 —¢f) fi1 +v2 (w1 — ¢35 ) far]

+ 97 [n =11 (v (w — ) fij + va (w; Cg)f%]}

Jj=2

or[1+7(n=2)]-7 ¥ o,

[T=7][T+y(n-1)]

1

T (- 2(l=) +r(n—D)] 2=+ 27 (n—1)]

~{72[n—1][1+7(n—2)] Z(%erﬂrc?)

+y[1+y(n=2)]1[2(1=7)+7(n—-1)]>_ (o +wi+c})

i=2
—73[n—1]220zj—v2[2 —v)+7(n-1) ZZO@
i=1 i=2j=
J?é

— P n=1][14+7(n—=2)] [vr (w1 —¢}') fir + v2 (w1 — ¢ ) for ]

+ 70 =11 ) o (wy = &) fuy + 02 (w; — &) fo ]

Jj=2

n

_7[1+7(n—2)]22(ai+wi+c‘f)

i=1

—[1+y(n=2)P[2(1 =) +v(n—1)] [a1 +wi + ]

+9*[n—1][1+~v(n-2 Za
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+y[l4+y(n=2)][2(1=7)+~v(n—1) Zaj
+ L+ (n=2)P[2+~(n—2)][vi (w1 —¢}) fir +v2 (w1 — &) fn]

=1+ (n=2)][2+7(n-2)] Z[vl(wi—CE‘)fquva(wi—Cé‘)fm]}

or[14+7(n-2)]-7 ¥ a

[1=7][1+y(n-1)]

1

T - D 2(l—) +r(n—D)] 2= 27 (n—1)]

-{7[1+7(n—2)][v(n—l)—(1+7[n—2])] Z(aj+Wj+C?)

J

n

+y[l+y(n=2)][2(1=7)+7(n—1)] > (i +wi+c})

=2

—[1+y(n=2)P[2(1 =) +7v(n—1)] [a1 +w + ]

+ 73 n—-1][1+v(n—-2)—~v(n-1) Za]

+[1+7(n=2)][(1+7y[n-2])(24+7[n—-2])=2*(n—-1)]
o1 (wy =) fin +va (w1 —¢y) far ]

+y [V (n=1)=(1+7[n-2])(2+7[n-2])]

Y (v (wy =) fij +v2 (wy — &) fo]

j=2
— 7 2(1=7)+~(n—1) ZZ%
=2
1%

+[1+v(n=2)][2(1=7)+v(n—-1)] Z%}

j=2

104



or[14+7(n=2)]-7 ¥ a,

1711+ (n—1)]

1
T (-] 2(=)Fr (-] [2=7+27(n—1)]

n

-{v[1+7(n—2)][7—1] Z(aj+wj+6?)
+yll+y(n=2)][2(1=y)+7(n=1)] Y (i +w;+c})

1=2

—[1+y(n=2)P[2(1—7)+7v(n—1)] [ar +w + ]

+72 n—l Za]

+[1+7(n=2)][(1+7[n-2])(24+7[n—-2])=~*(n—-1)]
vr (wy =t ) fin +va (w1 —¢y) far ]
+y [ (n=1)=(1+v[n—-2])(2+~[n—-2])]

n

Y (v (wy =) fij+ 2 (wy — &) fo]

—72[2(1—7)+7(n—1)]220@
+y[1+7(n=2)][2(1=~)+7(n—1) Zaj}. (152)

Observe that the last two terms in {-} in (152) can be written as:

n

—Y2(1=7)+v(n—=1)] ) > aj+y[1+v(n=2)][2(1—=7)+7(n—1) Z%

i=2 j=1
J#£i

= —72[2(1—7)4—7 n—1) ZZ% v —7)+v(n—-1) ZO‘J
i=2 j=
J#
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qQ =

+7[2(1=9)+v(n=1)]> aj+y[l+y(n=2)][2(1-7)+7(n—1)] ) o

n

j=2 j=2

—P2(1=7y)+y(n—1) ZZ%

J#

+y[2(1 =) +v(n—1)][y+1+7(n—2) Za]

n

—[2(1=y)+7(n=1)][n—1] > ay

j=1

+y[2(1=9)+v(n=1)][v+1+v(n—2) E:%. (153)

(144), (152) and (153) imply:

or[1+7(n=2)] =7 3 o,

[1=7][1+~(n-1)]

[1]] —

{7H+q(n— }: %%w%+c

n

+y[l+y(n=2)]1[2(1=7)+v(n—-1)] Y (ai+w;+¢)

1=2

[ty (n=2)P[2(1 =) +7(n—1)][ar+w +f]

+ v [n—1] Ez:a]

+[1+9(n=2)][(1+7y[n=2])(24+7[n-2])=~*(n-1)]
Jvr (wy —¢f ) fu +va (w1 — ¢y ) far ]

+y [ (n=1) = (1+v[n-2])(2+7y[n-2])]

Y Lo (wy =) fij+ w2 (wy — ¢ foy]
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—Y[2(1=7)+~(n—=1)][n—1] Z%
+y[2(1=7y)+v(n—=1)][y+1+v(n-2 Z%}

a[1+y(n—2)] -7 izaj

[1=7][1+y(n-1)]

+

[1]| —

{7[1+’Y(“—2)][7—1]Z(Oéj+wj+c§l)

n

+[1+y(n=2)][2(1=7)+7(n-1)] ;(ai+wi+6§l)

[+ (n=2)P[2(1 =) +7(n—1)] [ar +wr +¢f]

+7[n=1][1=y—=(2[1=~]+7y[n—-1] Z%

+[1+y(n=2)][(1+v[n-2])(2+7[n-2]) =" (n—1)]
v (wr = o) fu + vz (w1 = ¢5) fon ]

+y [ (n=1)=(1+y[n—2])(2+~[n—2])]
Y o (wy =) frj+ w2 (wy — ) foy]

+y[2(1=7)+v(n=1)][y+1+~(n-2 Z%}

ar[1+y(n-2)]-7 e

[1=7][1+7(n-1)]

+é{7[1+7(n—2)][7—1] > (aj+wj+¢f)

= =1

n

+y[14y(n=2)][2(1=7)+7(n—=1)] > [as+wi+c]

1=2
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[Ty (n=2)P[2(1—7) +7(n—1)] [ar +wr +¢f]
— ¥ n—1][1+~(n—-2) Za]

+[1+7v(n=2)][(1+7[n—-2])(2+7[n—-2])=2*(n—-1)]
Jvr (wy — ¢} ) fu +ve (w1 — ¢y ) far ]

+y [P (n=1)=(1+7[n-2])(2+v[n—2])]

Y (v (wy— ) fij + v (wy — &) fa])

i=2

+y[2(1=y)+y(n=1)][v+1+7(n—-2) Zaj} (154)

The first three terms in {-} in (154) can be written as:

n

Y1+ (n=2)) [y =11 Y (o5 +w; + )

n

+y[1+7v(n—2)][2(1=79)+7(n—1)] Z[aﬁwﬁé’}
—[1+y(n=2)P[2(1 =) +v(n—1)] [ar +w +f]

n

= [y (n=2)][v=1] 3 (a5 +w;+cf)

+y[1+79(n=2)][2(1=7)+7v(n—1)] Z(ai+wi+0§1)
+y[l+y(n=2)][2(1=7)+v(n—1)][ar+w +f]
—y[1+vy(n=2)][2(1=7)+v(n—1)] o1 + w1 + ]

L4y (n=2)P[2(1=7y)+7(n—1)][ar +w +¢f]

= y[1+v(n=2)1[7y=1] > (a;+w;+¢)

j=1
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+y[1+79(n=2)][2(1=79)+7v(n—1)] Z(ai+wi+05)

—y[l+y(n=2)][2(1=7)+7(n—1)][e1 +w; +cf]

— [Ty (n=2)P[2(1=7) +7(n—1)] a1 +wi +f]

= y[1+v(n=2)][y=1+2(1=7)+7(n=1)] > (o +w;+cf)

j=1

—[1+7(n=2)][1+7(n=2)+7][2(1=7)+7v(n—1)][oq +wi +¢]]

= Y147 =2)] 1747 (= 1)] Y (o +uy+ )

—[1+v(n=2)][14+v(n=1)][2(1=7)+7(n—1)] [ar + w1 + ¢{]

= v[1l+~v(n—-2) i aj+w]+c
—[T+y(n=2)][1+y(n=1)][2+7(n=3)] [ar +wi+cf]. (155)

The fourth and last terms in {-} in (154) can be written as:

y[2(1=7)+y(n=1)][y+1+7(n-2) Z%
— Y [n—-1][1+~v(n-2) Za]

= 7[2(1=y)+y(n=D)][y+1+7(n -2 Z%

+y2(1=7)+y(n=D)][v+1+7(n—=2)]m

—y[2(1=7)+y(n—D)][v+1+7v(n—-2)]a

— ¥ [n—1][1+v(n-2 Zaj

n

= y[2(1=9)+v(n=D][y+1+v(n=2)] > aj

j=1
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—v2(1=7)+r(n=D)][v+1+7(n=2)]a

— ¥ n—1][1+~v(n—-2 Zaj

= {I2+7(n=3)][1+7(n-1)] =y[n-1][1+7(n—=2)]} Yo

—y247(n=3)][1+7(n—1)]as. (156)
The fifth and sixth terms in {-} in (154) can be written as:
[1+y(n=2)][(1+v[n=2])(2+y[n—2]) =" (n—1)]
o (wi = o) fu vz (w1 = 63) for]

+y[(n=1) = (T+v[n-2])(2+7[n-2])]

'Z[Ul(wj—C?)f1j+vz(wj—03)f2j]
= [1+y(n=2)][(1+7[n=2])(2+~[n—2])—~*(n—1)]
o (wy — ) fin +v2 (wy — ¢ ) for ]
+7 [P (n=1)=(1+~[n-2])(2+~v[n—2])]

.Z[Ul(w —cf) fij +va (wy — cy) fo5]

+y [ (n=1)=(1+v[n-2])(2+7[n-2])]
o (wr =) fu 42 (w1 = ¢3) far ]
—7 [y (n=1)=(1+7[n-2])(2+7[n—2])]
o (wr =€) fu 02 (w1 — ) fn ]
= [1+y(n=2)][(1+7[n-2])(2+7[n—-2]) =" (n—1)]
o (wr =) fu+ v (wr = ¢5) fan |

+y[Y(n=1)=(1+y[n=-2])(2+~7[n-2])]
Y [vn (wy =) fij+ va (wy — &) fo]

j=1
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— [ (n=1)=(1+vy[n-2])(2+v[n—-2])]
Jor (wy =€) fu + g (wr —¢5) for ]
= {[1+y(n=2)][(1+7[n=-2])(2+7[n-2]) =7*(n—1)]
—v [V (n=1)-(1+v[n=2])(2+7[n-2])]}
o (wr =) fu + o2 (w1 — ) far]

+y [V (n=1)=(1+v[n-2])(2+7[n—2])]

n

'Z[Ul(wj—C?)f1j+v2(wj—03)f2j]
= {[1+v(n=2)P[247(n—2)] =7 [n—1][1+7(n—2)]
—¥ln—1]+y[1+y(n-2)][2+7(n-2)]}
v (wr —cf) fu + oo (wr —¢5) for]

+y [y (n=1)=(1+7[n-2])(2+y[n—2])]

n

D o (wy =) frj+va (wy — ) foy]

= {[1+v(n=2)][24+v(n=2)][1+~v(n—-2)+7]
— VP [n—-1][14+7(n—-2)+~]}
o (wr =) fir F 2 (wr —¢5) for ]

+y[(n=1)=(1+v[n-2])(2+7y[n—2])]

n

> Lo (wy =) frj+va (wy — ) foy]

= {[1+v(n-2)][2+v(n—=2)][1+y(n—1)]
— Y [n—1][1+~v(n—-1)]}
o1 (wy — ¢t ) fir +va (w1 —¢y) far ]

+y[7(n=1) = (1+v[n-2])(2+7y[n-2])]

n

Y [vn(wy =) fij+ va (wy — &) fo]

j=1
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= [T4+y(n-D){[1+v(n=2)][24+7(n-2)] =" [n—-1]}
o (wy =) fin +v2 (w1 — ¢y ) far

+y[(n=1)=(1+v[n-2])(2+7[n-2])]

n

Y [on (wy— ) fij+va (wy — ) fay]. (157)

j=1

(154), (155), (156), and (157) imply:

[Ty (n=2)][1+y(n=1)][2+7(n=3)] [o1 +wi +cf]

{247 (n=3)][1+y(n=1)]=7[n—=1][1+7(n—-2)]} )«

— 2+ (n=3)][1+y(n—-1)]

+ 1+ (n-1)]{[1+7(n=2)][2+7v(n—-2)]—*[n—1]}
Jop (wr — ¢} ) fir +va (w1 =€) for ]

+y[v(n=1)=(1+v[n-2])(2+7[n-2])]

'Z[Ul(wj—c?)f1j+v2(wj—Cg)fzj]}- (158)

j=1
(113), (140), (142), (144), and (151) imply that for i € {2,...,n}:

aill+7(n=2)]-7 3 q

iAo 1+v[n—2] .
[1—=v][1+y(n—1)] [1—v][1+y(n-1)] "

8l

ATy (n—1)]

Pr

ol
-
S
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a[1+7(n=2)]=7 3 a

_ ?7;1 B 1+v[n—2] o
[1—7][1+~v(n—1)] [1=~][1+~v(n-1)] "

Y *
+[1—7H1+7 Zp’“ A 1+y(n-1)"
7&

a[l+v(n—=2)]—v Z @
J#
[1=7][1+y(n—1)]

1+v[n—2]
[L=y][T+y(n=1)][2(1=7)+7(n-1)][2—=7+27(n—1)]

.{7H+7(n—2ﬂ§:(%+mg+ﬁ)

+ 14y (n=2)][2(1 =) +v(n—=1)] [+ w; + ¢ ]

— P n=-1]) a —y[2(1-7)+7y(n-1) Z%
j=1

375

—y[1+v(n—=2)] [vr (w1 —¢f) fir +va (w1 — c3) for]

+ 7 Z v1 ( 1) fij+ v (w —Cg)f%]}

N

T - D2 =) (n—D] 2=+ 27 (n—1)]

'{v[n—zmﬂm—mwa’“?)

j=1

+ [T+ (n=2)][2(1=7)+7(n=1)] > [an +wp + ]

k=2
kA
—7*[n—1] ZO‘J — v —y)+vy(n—1) ZZO@
i¢2§¢k

—y[n—=2][1+~v(n—2)] [vi(wr =) fu1 +v2 (w1 —cy) far]
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n—2 Z ’Ul _01 fl]+v2( Cg)f%]}

v

T (D 2(l=) +r(n—D)][2=7 127 (n—1)]

.{7[14—7(71—2)] Z(Ozi+wi+c§)

+[1+v(n=2)][2(1=7)+7(n—1)][o1 +w +¢f]

—72[n—1]zai—7[2 —7)+v(n—-1) Z%
—[T+v(n=2)][2+7v(n—=2)][vi (w1 —¢) fu1 +va (w1 — c5) for]
+7[2+’y(n—2)]Z[v1(wi—C?)flﬂrvz(wi—cg)fgi]}

ai[1+y(n—=2)] -~ Z a;
J#
[1=7][1+~v(n-1)]

B 1+~[n—2]
[T=7l1+y(n=D)][2(1=7)+v(n=-1)][2=7+27(n—-1)]

-{7[1+7(n—2)] > (o +wi+¢)

j=1

+ 14y (n=2)][2(1 =) +v(n—=1)] s+ w; + ¢ ]

—72[71—1]2% —v[2(1=7)+~v(n—-1) Za]
j=1

J#

—y[1+v(n=2)] [vr (w1 —¢f) fir +va (w1 — c5) for]

+ 7 Z vr ( 1) f1j + vz (w; C?)fm’]}

8]
[T=7yl[1+ry(n=D)][2(1=7)+rv(n=1)][2=7+27(n—1)]

+
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~{fy[n—2] 1+7y(n—2 Z a]+w]+c
j=1

n

+y[l+y(n—2)] Z(aﬁwﬁ@’)

+ 14y (n=2)][2(1=7)+v(n—=1)] > [k +wp + ]
i

+[1+y(n=2)][2(1=y)+v(n—=1)][a1 +w;s + ]

— ¥ [n—1]] Z% —y[2(1=79)+7(n—1)]

NE
2

(S,
Tl
ol

[n—1] Za —v] )+v(n—1) Zaj
—vln=2][1+~y(n=2)] [or (wr —¢f) fir + 02 (w1 — 5) fon ]

—[T+y(n=2)][2+7(n=2)][vr (wi = ¢F) fu + 02 (w1 = &5) far]

+ 77 [n=2] Y [vi (w; =) fij +va (w; — &) fo ]

Jj=2

+y[2+7(n—2)] Z[m(wi—C§‘)f1,-+v2(w¢—cg)f2¢]}

wll47(n=2))=7 & o
I
[1=7][1+~(n-1)]

B 14+~v[n—2]
[L=7l[T+y(n=D)][2(1=7)+v(n=1)][2=7y+27(n—1)]

'{V[1+’Y(n—2)] Yo (g +w+¢f)

+ 1+ (n—=2)][2(1=7)+7(n—1)] [a; +w; +c}]

—72[71—1]20@- —7[2(1=7)+~v(n—-1) Zaj
j=1

J#
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—y[1+v(n—=2)] [vr (w1 —¢f) frr +va (w1 — c5) for]

+ 77 Z o1 ( 1) f1j + vz (w; Cg)fm']}

v

T (- D2 =) 47 (n=D)][2—7+27(n—1)]

'{m—muwn—m 2 {0yt w+cf)

j=1

+ 147 (n=2)][2(1=7)+v(n=1)] Y [ax+uwp +¢f]

k=1
k#i
—’f[nm—l][n——l]E:(%»——7[2 —v)+7(n—-1) 2: E:C%
j=1 k=2 j=
k#1 J#k

—v[2(1=9)+v(n—1) Z%
—[T+y(n=2)][2+2v(n—=2)][vi (w1 —¢f) fu1 +v2 (w1 — 5 ) for]
+7[2+27(n—2)]Z[Ul(wj—c?)flj+U2(wj—03)f2j]}

ai[l+y(n—=2)] -~ Z a;
J#
[1=7][1+7v(n-1)]

|
A+ (n=1)][2(1 =) +y(n-D)][2—v+27(n—1)]

-{7[1+7(n—2)]zZ(ij+wj+0?)

+1+y(n=2)P[2(1—7v)+v(n—1)] [ai+w; + ]

— Y [n—=1][1+7y(n—2 Z%
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—y[2(1=7)+y(n—-1)][1+v(n—-2) Z%
J#

—y[14+v(n—=2)1 [vi (w1 — ¢} ) fir +v2 (w1 — ¢ ) far ]

n

+ P [y (n=2)] Y Tor (wy =) fiy + vz (w; = &5) foy ]

j=2
— ¥ [n—1][1+~v(n—2 Z aj +w; + )

— [y (n=2)][2(1 =)+ (n=1)] > [ +wy+ci]

ol
S =

n n

+ n=1][n=11> oy +[2(1=7)+v(n=1)] > > a

+*[2(1=7y)+7(n—1) Z%
+y[1+y(n=2)][24+2v(n—=2)][vi (w1 —}) fuir +v2 (w1 — 5 ) far ]

— 7 [24+27(n—-2)] Z[Ul(wj—C?)f1j+vz(wj—05)f2j]}

—7[1+y(n=2)][2(1=7)+~(n—1)] Z g + wi + cf |

k=1
ki
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— ¥ n—1][1+~v(n—-2)—y(n—-1) Zaj

—7[2(1=y)+y(n-1)][1+7(n-2) Z%
J?é
+97[2(1=7)+7y(n—1) Zzaﬁv —y)+7(n-1) Z%

k=2 j=
k#i J#k

+y[1+y(n=2)][1+~v(n—=2)][vi (w1 —c}) fir +va (w1 —5) fou ]

P[4y (n=2)] Y Tor (wy =) fiy + vz (w 05)f2j]}- (159)

j=2

The first three terms in {-} in (159) can be written as:

n

Y[1+y(n=2)][1+7(n—-2)—v(n—1)] > (a;+w;+c?)

j=1

+1+y(n=2)P[2(1 =)+~ (n—1)] [ai +w; + ]

—y[1+y(n=2)][2(1=y)+7y(n—1)] Y [ow+wy+cf]

ol
S

n

= y[1+y(n=2)][1+y(n—-2)=y(n—-1)] Z(%erﬂrc?)
+ 14y (n=2)P[2(1—7)+y(n—1)][a; +w; + ] ]
+y[l+y(n=2)][2(1=7)+7(n—1)] [os+w; +c}]

—y[1+7(n=2)][2(1=7)+7(n—1)] [; + w; + ]

—y[1+y(n=2)][2(1 =) +y(n=1)] }_ [ean+wp+ci]

T
Py

= v[l+v(n—=2)][1+9(n—2)—~v(n—1) Z aj +w;+ )
14y (n=2)P[2(1 =) +7(n—1)] [ +wi+cf]
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+[l+v(n=2)][2(1=7)+7(n—1)] [a;i+w;+ ]

1y (n=2)][2(1 =) +y(n=1)] Y [an+wy +cf]

= y[1+v(n=2)[{1+v[n-2]-vy[n—-1]=2[1-v]—7y[n—-1]}
~Z(Ozj+wj+c;l)

+[1+y(n=2)][2(1=7)+v(n—1)][1+v(n—2)+7]

= v[1+v(n=-2)][-1+y(n—2—n+1+2—n+1)] Z aj—i—wj—i—c

+[1+7(n=2)][2+v(n=3)][1+~v(n—1)] [a;+w; +c]
= —y[1+7(n=2)][1+7(n—-2)] Y (a;+w;+})

Jj=1

F {14y (n=2)] {14y (n—1)][247(n—3)] [ +uw+¢].

Define a_j, = Z a;. Then for i € {2,...,n}:
=1
J#h

Z Z Qj = Qg+ a3+ ... FO_(i-1) T Q_(i41) T ... T Oy

k=2 j=1
AT

= [n—2]ag+[n—2]a; + E aj = ar+ao;+[n—3] E aj. (160)
=1
J#%

(160) implies that the fourth to seventh terms in {-} in (159) can be written as:

— ¥V [n—-1][1+v(n—-2)—y(n—-1) Zoz]
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—v[2(1=7)+y(n=1)][1+~v(n—2)] Z%

i%i
+7*[2(1=y)+y(n—1)] |en+a; +| Z%
+7[2(1 =) +y(n—1)] Z%

n

= =Y [n=1][1+7(n-2)=v(n-1)] > ay

j=1

—7[2(1=7)+r(n=1)][T+7y(n—-2)] Z%
iz

—y[2(1=7y)+y(n=1)][1+7v(n—-2)] o

+y[2(1=y)+v(n=1)][1+v(n-2)] o

+ 221 =)+ (n—1)] | a1 +a; +| Za;

+¥[2(1—7)+y(n—1) Zaﬂ

+ 7 2(1=7)+7(n—1)] oy

~212(1=7) 41 (n=1)] oy
= —Y[n—-1][1+9(n—-2)—7(n-1) Z

—y[2(1=y)+y(n=1)][1+~v(n—-2) Z%

+y2(1=7)+v(n=D)][T+y(n—=2)]

+ 9 [2(1=7)+7v(n—1)] |1+ o+ [n—3] 2%
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+7[2(1=7)+v(n—-1)] ) o

j=1

—[2(1=79)+7v(n—1)] o

Pl =11y (n=2) =7 (n-1)] Y a

+ 7 [2(1=7)+~(n—-1)] Z%

—¥[n—-1][1+9(n-2)—v(n—-1) Za]

n

—y[2(1=-)+r(n=1)][1+7(n=3)=7(n=3)] ) a

Ji=1

+y[2(1=y)+v(rn=1)][1+v(n=2)+7] o

— ¥ [n—1][1- Zaj—v 24+~v(n—-3 Zoz]

‘77

24y (n=3)][1+7(n-1)] «
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n

= (-1 (1= +2+7(n-3)] q

j=1

+r[2+v(n=3)][1+~(n-1)]q

The last two terms in {-} in (159) can be written as:

Y[1+v(n=2)][1+7(n=2)][vi (w1 =) fi1 +v2 (w1 — 5 ) for]
+ 2 [T+ (n—=2)] [v1(wr =€) fir +va (w1 — ) for ]

— 1+ y(n—=2)] [vi(wy — ) fi1 +v2 (w1 — ) for]

— Y [1+7(n—-2)] Z[vl(wj—CY)f1j+v2(wj—c§‘)f2j]
= y[l+v(n—=2)][T+7(n—2)+7y][vi (w1 — ¢ ) fu1 +va (w1 — ¢4 ) for]

n

— VP [14+7(n-2)] Z[Ul(wj—C?)f1j+v2(wj—05)f2j]
= y[l+y(n=2)][1+7(n—1)][vi (w1 —¢f) fu1 +va (w1 — c5) for]

n

— [Ty (n=2)1> o (w;— ) frj +va (w; — c) fog ]

i=1

These conclusions and (159) imply that for i € {2,...,n}:

ai[l+y(n=2)]—~ Z%
J#Z
[1=7][1+~7(n—1)]

n

{—7[1+7(n—2)] 1+~ (n—2 Z aj 4 w; + ¢ )

J=1

[1] —

+[1+7(n=2)][1+v(n=1)][24+7(n—=3)] [ai +wi +¢]]
—y[y(n=1)(1=v)+2+7(n-3 Z%

+y[24+v(n=3)][1+~v(n—-1)]q
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+y[1+y(n=2)][1+~y(n—=1)][vi (w1 —c}) fir +va (w1 — ) for ]

— 7 [14+7(n—2)] Z[Ul(w;’—C?)fljJrUz(wj—Cg)fm]} : (161)

j=1
U, and U, choose input prices w; (for i =1,2,...n) to:

max Z[ w; — cf flez+Z wi— ) fagi+ [PL—wi—cf @

s H%Uaxz —cf fui — Cgf2i]qz'+[P1—w1—Cc1l]Q1

& max Z —cf fri—¢ failai + [P1 — cil —cf fi1— ¢ f21} qi - (162)

where P is as specified in (140), ¢; is as specified in (158), and ¢; is as specified in (161) for
1=2,..n.

(140) implies that p} can be written as:

1
2(1=y)+y(n=1)][2=7+27(n—1)]

*

Py =

-{7[1—1—7(71—2)] Z(ai+wi+6f)

=1

+[1+v(n=2)][2(1=7)+v(n—1)] [ar+w + ]

=11 ai=y[2(1=7)+7(n-1) ZO@
—[T+v(n=2)][2+7(n—=2)][vi (w1 —¢) fi1 +va (w1 — c5) for]
—v[2+y(n—=2)][vi (w1 —cf) fi1 +v2 (w1 — 3 ) for]

+y[2+7(n—=2)][vi (wy —cf) fii +v2 (w1 —c3) for ]

+7[2+7(n-2)] Z[Ul(wi—cqf)flﬂrvz(wi—Cg)fzi]}

1
2(1=y)+v(n=1)][2=7+27(n-1)]
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n

-{’y[l—i—’y(n—Q)] (i +w;+cf)

=1

+[1+y(n=2)][2(1 =)+~ (n—1)] [a1 +w +¢f]
[n—1] Zaz )+v(n—1) Zaj
—[1+v(n=1)][2+v(n=2)][vi (w1 — ) fi1 +v2 (w1 — 3 ) for ]

+y[2+7(n—-2)] Z[vl(wi—C?)flﬁvz(wi—cg)fzi]} : (163)

=1

Differentiating (162) with respect to w; provides, for i = 2, ...n:

OP (- . . Oqy (- ) ) dai(-
! a;}(i)—i_[Pl_C?_leu_%fm} 8;w<i)+qi+[wi_clfu—02f2i] 81152)
n a "
i=2 i

(144), (158), (161), and (163) imply that for i, j € {2,..n} (j #i):

OPi(-)  v[1+y(n—=2)]+7[2+7(n—2)][vifii +vafa]

ow; [2+v(n—=3)][2+~7(2n—3)] ’
) Ly (n-2P
+y [V (n=1)=(1+vy[n=2])(2+v[n—=2])] [vifu+vafal};
) LAl (= 2P = [y (n = 2)] [ fu ]
Fl1tr(n=2)][1+y(n-1)][247(n—3)]};
W Ll (=) = 21 (= 2) [ fuvaful}
y[1+7(n—-2)]

[1+v(n—2)+7(vifii +vafa)]. (165)
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(144), (158), (161), (163), and (164) imply that for i € {2,...,n}:

ar[1+y(n-2)]-7 2o

. _ 9A0)
Ow;  [1=7][1+7(n—-1)]

—i—ag;)(i)E{”y[l—!—’y(n—Q JZ a; +w; + cf )
—[I+y(n=2)][1+y(n=1)][2+7(n—3)] [ar +wi +cf]
+y{[2+7(n=3)][1+7(n=-1)]=7[n—-1][1+7(n—2) Z%
-2+ (n=3)[[T+7y(n-1)]a
+ 1ty (n=1){[1+y(n—-2)][2+7(n—-2)]=+*[n—1]}

o (wr =) fu+ v (w1 — 3 ) far ]
+y [ (n=1)=(1+vy[n-2])(2+~[n-2])]
-zn:l[vl(wj—c7f)f1j+vz(wj—03)fzj]}
+(9q1(~) - 1

ow; [2(1=7y)+v(n=1)][2=v+2y(n—1)]
.{7[1+7<n—2)] Z(oai+wi+6§l)

+l+y(n=2)]2(1 =)+~ (n—1)] [a1+w1+0f]

—[T+v(n=1)][2+v(n—=2)][vi (w1 —¢) fi1 +va (w1 — c3) for]

+7[2+7(n—-2)] Z[vl(wi—c¥)f1i+v2(w¢—cg)f2i]}
ai[l1+y(n=2)] -~ Z a;
J?é%
[1=7][1+7(n—=1)]

+
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[1]] —

{ Y[14+7y(n—-2) Z aj +w; + )
+ 14y (n=2)][1+y(n-1)][2+7(n=3)] [ +wi+ ]
—y[y(n=1)(1—v)+2+7y(n-3 Z%

+y[2+y(n=3)][1+v(n—-1)] o

+y[1+y(n=2)][1+~y(n—=1)][vi (w1 —c}) fir +va (w1 —5) four ]

— Y [14y(n=2)] > o (wy = ¢}) foj +v2 (w C?)f%]}

=1
" " Oqu (- u w1 9ai(:
- [C?+C1f11+02f21] azi)‘ﬂwi—ﬁ f1i — ¢ fai W(z)
. (-
+ Z Cl f].j Cgfgj) ;zlg) . (166)

J?él
For i € {2,...,n}, (166) can be written as:
ar [T+ (n=2)]=7 > «

0 — 0P (+) j=2
w;  [1=A][T+y(n-1)]

+8§;(Z) 7[1+7(n—2)]22(aj+wj+c?)

(1] —

j=2
J#i
+y[l+y(n=2)P [ar+wr+cf ]+ [T+ (n—2)][a;+w; +cf]

—[1+v(n=2)][1+v(n—=1)][24+v(n—3)] o1 +w + ]
+y{[2+7(n=3)][1+7(n=-1)]=7[n—-1][1+7(n—2) Z%

—7[2+v(n=3)][1+v(n—-1)]a
+[1+v(n=1)]{[1+7(n=2)][2+~(n—2)]—1*[n—1]}

v (wr = ¢ ) fu +ve (w1 —cy) fa
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+y [ (n=1)=(1+~v[n—-2])(2+~v[n—-2])]
o (wr —¢f ) fun + 2 (wr —¢y) far]

+y [V (n=1)=(1+y[n-2])(2+~7[n—-2])]
Jvr (wi =) fri +va (wi — ¢ ) fai]

+y[7(n=1) = (1+v[n-2])(2+7y[n-2])]

n

S Lo (wy = &) frj +v2 (wy — ) foy ]

a611(') 1
ow; [2(1—=v)+y(n—-1)][2=y+2y(n—1)]

n

AT =2)] 3 (o5 +wy+ )
171

+y[l+y(n=2)[ar+wi +cf ] +7[1+7(n—2)] [ +wi+c]]

+[1+y(n=2)][2(1=7y)+v(n—1)] a1+ ws +¢f]

[n—1] Za —v] )+v(n—1) Zaj
—[1+y(n=1)][24+v(n—2)][vi (w1 —¢f) fur +v2 (w1 —c5) four ]
+y[2+7(n—=2)][vi (wy —cf) fi1 +v2 (w1 — 3 ) for ]

+y[2+v(n—=2)] v (wi—cf) fri +v2 (Wi —c3) fai]
+y[2+7(n—2)] Z[Ul(w —cf) fritva (wy —cy) fai]
12
au[147(n=2)] =7 X o

]Ai,
J#i

T A (n—1))
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YTy (n=2) 3 (a5+w; + )
rr
YT+ y(n=2)[ar+wi+cf] =y [1+7(n—2)]" [+ wi+ ]

[11] —

+[14+y(n=2)][1+~v(n=1)][2+7(n—3)] [ + w; + ]

Z%

—v[y(n=1)(1=7)+2+7(n-3

+y[24+7(n=3)][1+7(n—-1)] @
+y[1+y(n=2)][T+y(n—1)][vi(wr —cf) fur +va (w1 —cy) for ]
YI[1+v(n—=2)][vi (w1 —¢) fin +v2 (wy — 5 ) for]

— 1+ (n=2)] v (w; — ) fri +v2 (w; — €& ) fai]

V{14 (n=2)] > [ (wy —cf) fij +v2 (w; — ¢ fy]
7
- [Cil+c¥f11+cgf21} 3(;];5) + [wi — ¢} fri — 5 fai] _8;21())
Q) (167)

+ Z — ¢ fij — ¢ fa5) 0.

J#z

where agsu(_'), 8;;(_'), 65;(), and qﬂ() are as specified in (165).
For i € {2,...,n}, (167) can be written as:

(K1 + K2 (v1 fir + 02 for ) Jwr + [K3 + Ka (V1 fri + 02 for)]

+ > Lrs+rg (o1 fij +vs fo;)Jwy + € = 0
j=2
J#i

where:
[1+7(n=2)][1+y(n-1)][24+y(n—-3)]

_ OP() vty (n—-2)) - 2.

K1 =
8wi

(168)
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)

o) y[1+v(n=2)]+[1+y(n—2)][2(1=7y)+v(n—1)]
dw; 2(1=y)+y(n=1)][2=7+27(n—1)]

+

{[1+7(n=D]([1+7(n=2)][2+7(n=2)] =" [n—1])

_on() 1
T ow; =
+y [ (n=1)=(1+v[n-2])(2+~[n—-2])]}
Op() —[1+y(n=1D)][2+v(n=2)]+7[2+7(n—2)]
w; [2(L=v)+v(n=1)][2=7v+27(n—1)]
_7[1+7(n—2)][1+7(nﬁ—1)]—72[1+’V(n—2)]
10! 7[1+7(n—2)]2+8qi(-)
3 ow = ow;
L 9a0) Y[1+~v(n—-2)]
ow; [2(1—=y)+v(n=1)][2=7v+27y(n—-1)]
—%{—7[1+7(n—2)]2+[1+7(n—2)][1+7(n—1)][2+7(n—3)]}
- on() [P (n=1) - (1+7[n=2])(2+7[n—-2])]
4 aw, =
L () v[2+7(n—-2)] +v2[1+7(n—2)],
ow; [2(1=7)+y(n—-1)][2—=7+27(n—1)] = ’
10/ [1+7(n—2)]2+3ql(-) Y[1+~v(n—-2)]
° Ow; = ow; [2(1=y)+y(n—=1)][2=7+27y(n—-1)]
+ﬂ1+7(:n—2)]2+8§£)
o on() [P (n=1) - (1+7[n-2])(2+7[n—-2])]
6 8w, =
L 9a() v[2+7(n—-2)] +v2[1+7(n—2)],
ow; [2(1=7)+v(n—-1)][2=7v+27(n—1)] = ’
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. oP () ap[1+~y(n— =,
T A IESTCE=s)
N STERTCEE) S DICIRRC)
=

+y[l+y(n=2)P [ar+ et ] +y[1+7(n—2)][a;+ ]

— [Ty (n=2)][1+y(n=1)][2+7(n=3)] [a1+ ]

+7{[2+’Y(n—3)][1+7(n—1)]—V[n—l][1+7(n—2)]}Z%’

—v2+7(n=3)][1+y(n-1)]m
+[1+y(n=D){[1+7(n=-2)][2+7(n—-2)]=9*[n—1]}

Jui(=¢) fuu+va(=cy) fa
+y [ (n=1)=(1+v[n-2])(2+y[n—-2])]
o (=) futva(—=c3) fa]
+y [ (n=1)=(1+v[n—-2])(2+7[n—-2])]
or (=) fritva(—c5) fai
+y [y (n=1)=(1+v[n-2])(2+~[n-2])]

n

'E:?m(—ﬁ)ﬁf+w(—$)ﬁﬂ
i%
1

+0Q1(')
dw; [2(1-7)+7(n-1)][2—7+27(n—1)]

n

Qv (n=2)1 3 (o5 +¢)
oo
+y[1+y(n=2)] [ar +ef ] +y[1+7(n—2)][ai+]]

+[1+y(n=2)][2(1=7)+7(n—1)][a1+c]]

130



—72[n—1]i041—7[2 )+v(n—1) Zaj
i=1

—[T+v(n=1)][2+v(n—=2)][vi (=) fuu +v2(—c5) far]
+y[2+v(n=2)][vi(—¢f) fuu+va(—c5) fau]

+y[2+7(n=2)][vi(—¢f) fri+va(—cy) fai]

+v[2+v(n—2)] Z[Ul(—cqf)flﬂrvﬂ—cg)fzi]
7
ai[l+y(n—-2)] -~ Z a;

J#
T ICES))

|
[11] —

—v[1+~v(n-2 Z a; +¢f)
iz

—y[1+v(n=2)Plar+cf ] —v[1+7(n—2)]*[as + ]

+[14+v(n=2)][1+~v(n=1)][24+v(n—=3)] [a; + ]
— [y (n=1)(1=y)+2+7(n-3 Z%

+7[24+y(n=3)][1+7(n-1)] a;
+y[l+y(n=2)][T+y(n—=1)][vi(=cf) fii+v2(—c3y) fau]
— V147 (n=2)][vs (=) fir +v2(—c5) far]

— P14+ y(n=2)][vi (=) fri+v2(—c5) fai

— P [1+7(n-2)] Z[Ul(—c?)f1j+v2(—03)f2j]

— [+ fu+ 6 far 81{5i)+[_clf1i_62f2i] ('31(52)
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£ Y (et iy - ) SB. (169)
B

[

Differentiating (162) with respect to w; provides:
oq () OPF (-
al) ORC) g (170)

Z[wz’_01 Jii — ¢ f2i]aT(1)+[P1_Ccll_cl fu—d f21] ow, Jw,

=2

(144), (158), (161), and (163) imply:

a;;fl') = _é{—7[1+7(n—2)]2+'y[l—l—’y(n—Q)][l—l—'y(n—l)][v1f11+v2f21]
(145 (0= 2)] [ fur vt
) _ Ll -2 P-4y (=) [y (n = D)) [247 (- 3)
F (=] { [ (0= 2)] 245 (0= 2)] =7 [0 = 1]} [oafor + vafn]
F [ =) = (L ln—2]) (24 y[n—2])] [ofu +nfan ]}
P () _ |
dw 201 7) 47 (n- D)2 7527 (n—1)]

Ay[T+r(n=2)]+ [1+7(n=2)][2(1 =)+~ (n—1)]

— [T+y(n—=2)][2+y(n—2)][vifi1 +vafa]}- (171)

(140), (158), and (170) imply:

n az . a |
0 = ;[wi—cqffli—cgf%] gllj(l)_[c‘f+ci‘f11+c§‘f21]ng(l)
I () 1
+ 811)1

2(1=7)+y(n=1)][2=7+27(n—-1)]

=1

-{wuﬂn—z)]Z(aﬁwﬁc?)
[y (n=2)][2(1 =) +7(n—1)] [as +wy + ]
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—72[71—1]204@-—7[2 )+v(n—1) Zozj
—[T+y(n=1)][2+v(n=2)][vi (w1 — ) fu1 +v2 (w1 — 3 ) for ]
+7[2+7(n—-2)] Z[vl(wi—cqf)flﬁrvz(wi—cg)fzi]}

o [1+7(n-2)]-7 X o,

dP ()
ooy LAl +7(n=1)]
+0§;U(1')é{7[1+7 n—2 Z Oé]—f—w]—i-c

— [Ty (n=2)][1+y(n—=1)][2+7(n=3)] [o1 + w1 +f]

+y{[2+v(n=3)][1+v(n=1)]=7v[n—=1][1+y(n—-2 Z%
—v[2+y(n=3)][1+v(n—1)]a
+[1+7(n—1){[1+7(n=2)][2+7y(n—-2)] =~ [n—1]}

o (wr = ¢f) fu 2 (w1 —cy) for]

+y [ (n=1)=(1+v[n-2])(2+7[n—2])]

'i[vl(wj—ff?)fwvz(wj—C’z‘)fzj]}- (172)

j=1

(172) can be written as:

0 = Z[wj—c1f1j_02f2j]ng(l)jL[wi_clf”_CQf%]W(l)
i
— [+ ¢ fi1+ 65 for] ﬁ(l)
I () L

T w R ta(n-D][2-7+27(n-1)]
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n

YL+ (n=2)] ) (o +w;+ct)

i=2

j#i
+y[l+y(n=2)][aa+wi+ ] +7[1+7(n—2)] [ +wi+ ]
d

Z%

+[1+y(n=2)][2(1=v)+7(n—1)][ar +w +cf]

)+v(n—1)

[n—1] Za -]

[T+ (n=1D)][2+7(n—=2)][vr (w1 = ¢f) fir + 02 (w1 — ¢5) fon ]

+y[2+7(n—2)][vr (wr —cf) fir +va (w1 —¢y) four ]
+y[24+v(n—=2)][v (wi —cf) fri +v2 (wi — 3 ) foi]

+y[24+7(n=2)] D o1 (wi =) fri+va (wi — &) fas]

j=2

Jj#i
oP, () a1[1+7(n—2)]—7j§2%‘
dwr  [1—7][1+7(n—1)]
F 2D L 2P Y (0 g )

i
+y[l+y(n=2)]" [ar+wi + ] +7[1+7(n—2)] [ +wi + ]
[T+y(n=2)][1+y(n—=1)][2+7(n—=3)][o1 +w + ]
Z%

vy[n—=1][1+7vy(n—2

+y{[2+y(n=3)][1+v(n—-1)]
y[2+9(n=3)][1+y(n—-1)]
—7*[n—1]}

+[1+y(n—1)]{[1+7(n—-2)][2+~(n—2)]

[v1 (w1 —¢}) fi1 +va (w1 —¢5) for]
(1+v[n=2])(2+~[n—-2])]

+7[7(n-1)
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Jvr (wy — ¢t ) fir +va (w1 —¢cy) far ]
+ [P (n=1)=(1+7[n-2])(2+~[n—2])]
o (w =) fri v (wi — ¢ ) for ]

+y[(n=1)=(1+v[n-2])(2+y[n-2])]

n

> o (wy =) frj+va (wy — ) foi] ¢ (173)
j=2
i

where ag;(l-), 8;;(1'), and ag;(l-) are as specified in (171).

(173) can be written as:

[T14+ 72 (v1 fin +v2 for) Jwi + [ 73 + 74 (01 fri + 02 foi ) | w;

+ i[TBJFTG(Ulfu+U2f2j)]wj+§z =0 (174)
rE
where
o _ 90 () [ty (n=2)]+ [1+y(n=2)][2(1=7) +7(n—1)]
b ow [2(1=7)+y(n=1)][2=7+27(n—1)]
OP () y[1+y(n=2) = [1+7(n=2)][1+y(n-1)][2+7(n-3)]
8’11}1 = )
oo 9a() —[1+y(n-1)][2+y(n-2)]+7[2+7(n—2)]
T 9w [2(1-y)tr(n-1)][2-7+27(n—1)]
= 2D L (= D1 (11 (0= 211249 (0= 2)] =2 [ = 1])
+ [ (n=1)=(1+v[n=2])(2+7[n-2])] }
s 960) 90 () Y[1+v(n—2)]
’ dwy,  owy [2(1—7)+y(n—1)][2—7+27(n—1)]
0P () v[1+7(n—2)]"
3w1 = ’
Y 9q: () Y[2+7(n—2)]

owy [2(1_7)+7(n—1)][2—7+27(”_1)] 135



OPL () v[v*(n—=1)=(1+~[n—
owy =
_ 94,0)  9n() Y[1+7(n—2)]
’ dw, ow; [2(1=7v)+y(n-1)][2—=v+2y(n—-1)]

Gwl

o 9a() v[2+y(n—-2)]
T 0w [2(1-9)+y(n-1)][2=7+27(n—1)]
OP () v[*(n—=1)=(1+7y[n=2])(2+7[n—2])]
(‘9w1 =
§ = Z[—quflj_cgf%]agzﬂ(lt)Jr[—lefli—Cgfzi]—agiﬂ(l.)_[ccllJFC?fllﬂLCgfﬂ} 8;;(;)
7
+8q1(-) 1
ow; [2(1—=7)+y(n—1)][2=7y+27(n—-1)]

n

Y1+v(n=2)] 3 (o5 +¢)
i

+y[l+y(n=2)][ar+c]+7[1+y(n—2)][a;+ ]
+[1+y(n=2)][2(1—=y)+vy(n—1)] a1+ ]

[n—1] Za—’y )+v(n—1) Zaj

—[T+y(n=D)]2+7(n=2)][vi(=c) fu+v2(=c3) fa]

+r[2+y(n=2)][o (=) fu+o (=) fa]

+y[2+v(n=2)][vi(—¢) fri+va(—cy) fauil

n

+7[247(n=2)] 3 [
=

—cf) fri+v2 (—cy) foi
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+y[l+y(n=2) [ar+cf ] +7[1+7(n—2)]" [+ ]

—[1+y(n=2)][1+y(n=1)][2+7(n=3)] a1+ ]

+7{[2+7(”—3)H1+7(n—1)]—7[7%—1][1+7(n—2)]}20@

—v2+r(n=3)][1+y(n-1)]m

+[1+y(n=D)]{[1+y(n=2)][2+7y(n—-2)]—7*[n—1]}
o (=cf) fir Fva(—c5) far]

+y [ (n=1)=(1+vy[n-2])(2+~[n-2])]
o (=) fuFoa (=) far]

+y [ (n=1)=(1+v[n-2])(2+~[n-2])]
o (=) fuF v (= c5) fail

+y [P (n=1)=(1+y[n—2])(24+~[n—2])]

n

: Z[Ul(—(ﬁi‘)ﬁfr%(—cg)fzj]

) (175)
Jj#i
Define:

1 = K1+ ke |vrfin+uvafal; o = Kg+ Ra[vr fri + 02 foi];

Sz = ks +Kg v fij +v2foj]; ca =

T1+ T2 [01 f11 + V2 for ]

S5 = Tg+Ta[v1 fri+v2fal; <6 =

75 + Te (V1 f15 + V2 fo5] - (176)
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(168), (174), and (176) imply that for ¢ € {2,...,n}:

§1w1+§2wi+2§3wj+§1 = 0 and (177)
j =2
%

n
<4w1+§5wi+2§6wj+£2 =0
i=2
J#i

& awit Y wi+& = 0, (178)

j=2

The equivalence in (178) follows from (176) because 73 = 75 and 74 = T4, from (175).?

30bserve from (171) that 2%0) — %Lw(l') for all 4,5 € {2,...,n}.

811}1
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