Technical Appendix to Accompany
“Motivating Cost Reduction in Regulated Industries

with Rolling Incentive Schemes”

by Douglas C. Turner and David E. M. Sappington

This Technical Appendix provides detailed proofs of the formal conclusions in the text.

Lemma 1. When the firm operates under IRIS, it implements immediately any cost reduc-
tion it achieves.

Proof of Lemma 1. Under IRIS, if the firm first implements the achieved cost reduction
in period ¢ € {1,...,5}, then p; = ¢o for t = 1,...,t+1 and p;, = ¢ — A for t = ¢ +
2,...,6.) Suppose the firm achieves the A cost reduction in period t € {1,2}. If the firm
implements the cost reduction immediately, the discounted present value (PDV) of its profit
is A[Qi(co) + 0 Qur1(co)]. If the firm delays the implementation to period ¢ + [, the PDV of
its profit is ' A [Quii(co) + 0 Qipiz1(co)]. Therefore, the firm will implement the achieved
cost reduction immediately if:

A[Qi(co) + 0 Qui(co)] > 6" A[Qui(co) + 6 Qrrasa(co) ]

& Qulco) +0Qua(co) > 0 [Qria(co) + 0 Qryria(co) ] (1)
The inequality in (1) holds because Assumption D implies:
Qilco) > 0Qia(co) > ... > 6" Qu(co) forall 1e{1,....,6 —t}, and
6 Qui1(co) > 0% Qipa(co) > .. > 8 Quuysi(cy) forall le{1,...6—t—1}. A

Lemma 2. Suppose the firm operates under SR. If the firm achieves the cost reduction in
period 1, it implements the cost reduction immediately. If the firm achieves the cost reduction
i period 2, it implements the cost reduction immediately if

Qa(co) > 6[Q3(co) + 6 Qulco) ] (2)

and otherwise implements the cost reduction in period 3.

Proof of Lemma 2. The proof consists of three Conclusions (A, B, and C). Each Conclusion
pertains to the setting where the firm operates under SR.

Conclusion A. The firm always implements immediately a cost reduction achieved in

period 1.

IThe firm will not delay the implementation of an achieved cost reduction to period 6. The discounted
present value (PDV) of the firm’s profit from such a delay is 55 A Qg(cp). The PDV of the firm’s profit
from implementing the cost reduction in period 5 is 6* A[Q5(co) 4+ 6 Qs(co)] > 6° A Qg(co).



Proof. If the firm implements the cost reduction achieved in period 1 immediately, the PDV of
its profitism; = A[Q1(co) + 6 Q2(co) | because py = pa = ¢p and p3 = py = p5 = pg = co—A.

If the firm first implements in period 2 the cost reduction achieved in period 1, the PDV
of its profit is 1o = 0 A Q2(cg) because p; = pe = ¢g and ps = py = ps = pg = co — A. It is
apparent that 7o = m — A Q1(co) < 1.

If the firm first implements in period 3 the cost reduction achieved in period 1, the
PDV of its profit is 73 = 62 A[Qs(co) + 6 Qu(cy)] because p; = py = ps = py = ¢y and
ps = pe = co — A. Assumption D implies:

w3 = 0A[0Qs(co) + 07 Qulco) ] < 5 A[Qa(co) + I Qs(co)]

= A[6Q2(co) +6°Qs(co)| < A[Q1(co) +0Qa(co)] = 1.

If the firm first implements in period 4 the cost reduction achieved in period 1, the PDV
of its profit is 74 = 6> A Qu(cy) because p; = py = p3 = py = o and ps = pg = o — A. Tt is
apparent that 74 = 73 — 0° AQs(co) < w3 (< my).

If the firm implements in period 5 the cost reduction achieved in period 1, the PDV of
its profit is 75 = 0* A[Q5(co) + 0 Qs(co)] because p1 = ps = p3s = ps = P5 = Ps = Co.
Assumption D implies:

Ty = (53A[(5Q5(Co)+52Q6(00)} < (53A[Q4<Co>+5Q5(Co)]
= 52A[6Q4(C0)+52Q5(00)} < (52A[Q3(Co>+(5Q4(Co)] = T3 (< 7T1).

If the firm implements in period 6 the A cost reduction achieved in period 1, the PDV
of its profit is mg = 6° A Qg(co) because p; = py = ps = ps = ps = pg = Co. It is apparent
that mg = w5 — 54AQ5(C0) < T ( < 7T1). O

Conclusion B. The firm never delays beyond period 3 the implementation of a cost reduc-

tion achieved in period 2.

Proof. If the firm implements in period 3 the cost reduction it achieves in period 2, the
PDV of its profit is 7, = d A[Qs(co) + 6 Qs(co)] because py = ps = p3 = py = ¢o and
ps = pg = o — A. We will show that the maximum PDV of profit the firm can secure by
delaying the implementation of the achieved cost reduction beyond period 3 is always less
L.

If the firm delays to period 4 the implementation of the cost reduction achieved in period
2, the PDV of its profit is 6* A Q4(cy) because p; = py = ps = ps = ¢o and ps = ps = co — A.
It is apparent that 6* A Q4(co) < § A[Qs(co) + 0 Qa(co)] = 7.

If the firm delays to period 5 the implementation of the cost reduction achieved in period
2, the PDV of its profit is 6* A [Q5(co) 4 6 Qg(co)] because p1 = py = p3 = ps = ps = ps = Co.
Assumption D implies:

8 A[Qs(co) + 0 Qslco)] = 6 A [5625(00) +6° Qe(co)} < * A[Qulco) + 6 Qs(co)]



= 5A[5Q4(Co)+(52Q5(00)} < (5A[Q3(Co)+5@4(00)] = Ty . (3)

If the firm delays to period 6 the implementation of the A cost reduction achieved in
period 2, the PDV of its profit is 6* A Qg(co) because p; = py = ps = ps = ps = ps = co. It
is apparent that:

(54 A QG(CO) < (53 A {Q5(Co) + (5@6(00)} < 0A [Qg(C()) + 6 Q4(Co)] = 7. (4)

The last inequality in (4) reflects (3). O

Conclusion C. If the firm achieves the cost reduction in period 2, it implements the cost
reduction immediately if (2) holds, and otherwise implements the cost reduction in period
3.

Proof. If the firm implements the achieved cost reduction in period 2, the PDV of its profit
is A Qa(co) because p1 = py = ¢ and p3 = py = ps = pe = ¢o — A. If the firm delays the
implementation the achieved cost reduction in period 2 to period 3, the PDV of its profit is
dA[Q3(co) + 9 Qu(co)] because p1 = py = p3 = pg = ¢o and ps = pg = co — A. Therefore,
Conclusion B implies that the firm will implement the cost reduction immediately if the
inequality in (2) holds, and otherwise delay the implementation to period 3. [ Wl

Corollary to Lemma 2. Suppose Assumption G holds in the setting of Lemma 2. Then if
the firm achieves the cost reduction in period 2, it implements the cost reduction immediately
if and only if 0 = 0g < J = %[\/5—1] ~ (0.618.

Proof of the Corollary to Lemma 2. Define Qg = @Q1(cp). Then when Assumption G holds,
the inequality in (2) holds if and only if:

~2 o~

07Qo+0%°Qy < gQo & dg+6*¢* <1 & 6§ 406—-1<0

e 5 <t —1+\/1+4] -

. [\/5—1] ~ 0.618. W

1
2

Proposition 1. 0 < ¢§ < ¢h < 1.

Proof of Proposition 1. First consider the firm’s problem in period 2 of the NID setting after
no cost reduction is achieved in period 1. Under SR in this setting, the firm retains the full
benefit of a cost reduction that is achieved in period 2 only for that period. Therefore, the

firm’s problem is: Maximize ¢, A Qa(co) — Kao(y)

= Kj(¢5) = AQs(co) at an interior optimum. (5)

Under IRIS, if no cost reduction is achieved in period 1, the firm retains the full benefit
of a cost reduction achieved in period 2 during both period 2 and period 3. Therefore, the
firm’s problem in period 2 (in both the ID setting and the NID setting) is:
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Ma}%mize Py A[Q2(co) + 6 Qs(co) | — Ka(py)
= Ky(¢h) = A[Qs(co) +0Qs(co)] at an interior optimum. (6)

First suppose that ¢5 = 0. Then (5) implies that A Qs(co) < K3(0), which violates the
maintained assumption that K3(0) = 0. Therefore, ¢5 > 0.

Now suppose that ¢5 = 0. Then (6) implies that A[Qa(co) + 6 Qs(co)] < K5(0), which
violates the maintained assumption that K%(0) = 0. Therefore, ¢ > 0.

Next suppose that ¢5 = 1. Then (5) implies that K}(1) < A Qs(co), which violates the
maintained assumption that K3(1) > A[Qa(co) + 0 Qs(co)]. Therefore, ¢5 < 1.

Finally suppose that ¢5 = 1. Then (6) implies that K3(1) < A[Qz(co) + 6 Qs(co)],
which violates the maintained assumption that K4(1) > A[Q2(co) + d Q3(co)|. Therefore,
¢5 < 1.

Because ¢5 € (0,1) and ¢) € (0,1), (5) and (6) imply that Kj(¢2) > Kj(¢5) =
¢% > ¢5. The conclusion here reflects the convexity of Ks(-).

Now consider the firm’s problem in period 2 of the ID setting after no cost reduction is
achieved in period 1. Under SR in this setting, the firm delays to period 3 the implementation
of a cost reduction achieved in period 2. Therefore, the firm’s problem is:

Ma%gmize by 0 A[Q3(co) + 6 Qualco) | — Kao(ops)

= Ki(¢5) = §A[Qs(co) + 0 Qulco)] at an interior optimum. (7)

First suppose that ¢5 = 0. Then (7) implies that § A [Qs(co) + 6 Qa(co) ] < K4(0), which
violates the maintained assumption that K%(0) = 0. Therefore, ¢5 > 0.

Next suppose that ¢ = 1. Then (7) implies that K}(1) < 0 A[Qs(co) + 6 Qa(co)],
which violates the maintained assumption that K5(1) > § A [Q3(co) + d Q4(co) |. Therefore,
¢y < 1.

Because ¢; € (0,1) and ¢; € (0,1), (6) and (7) imply that Kj(¢;) > Kj(¢3) =
L > ng . The conclusion here reflects the convexity of Ky(-). B

Proposition 2. 0 < ¢! < gbf < 1.

Proof of Proposition 2. Under SR in the NID setting, the firm retains the full benefit of a
cost reduction that is achieved in period 1 both in period 1 and in period 2. Therefore, (5)
implies that the firm’s problem in period 1 under SR is:

Ma}gglmize D1 A[Q1(co) +0Qa(co) | +[1—¢y] 0 [¢§AQ2(CO) - K2(¢§)} — Ki(¢y). (8)

(8) implies that at an interior solution to this problem:

Ki(67) = A[Qi(co) +0Qa2(co)] — 6 [¢5 AQa(co) — Ka(d5)] . (9
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Under IRIS in both the NID setting and the ID setting, the firm retains for two periods
the full benefit of an achieved cost reduction, whether the reduction is achieved in period 1
or period 2. Therefore, (6) implies that the firm’s problem in period 1 under IRIS is:

Maximize 1 A [Q1(co) + 8 Qa(co)
+[1=¢1] 6 { b3 A[Qa(co) + 8 Qs(co) | = Ka(p) } — Ki(¢y)- (10)
(10) implies that at an interior solution to this problem:
Ki(61) = A[Qi(co) + 3 Qalco)] — 0 { d5 A[Qa(co) + 0 Qs(co) | — Ka¢3) } - (11)
Observe that:
¢35 A[Qa(co) + 0 Qs(co) | — Ka(¢h) = max {92 A[Qa(co) + 0 Q3(co) | — Ka(oy) }
> ¢5 A[Qa(co) +0Qs(co) ] — Ka(d3) > 05 AQa(co) — Ka(45) . (12)
The first inequality in (12) holds because ¢5 # ¢5, from Proposition 1.
(10) implies that ¢! > 0 in the NID setting if:
A[Qi(co) +Qa(co)] =0 [0 A(Qa(co) + 6 Qa(co)) — Ka(dz)] > Ki(0).  (13)
Because K (0) = 0 by assumption, the inequality in (13) holds if:
A[Qi(co) +3Qz(co)] > [y A(Qa(co) +8Qslco)) — Kalgs) |-
This inequality holds because Assumption D implies:
Q1(co) +0Qa(co) > 6 Qa(co) + 6 Qs(co)
= Qi(co) +0Qa(co) > 5 [6Qa(co) + 0% Qs(co) |
= A[Qi(co) +0Qs(c0)] > 55 A[Qs(co) + 6 Qs(co) ]
= A[Qi(co) +0Qa(c0)] > 6 [d3A(Qa(co) + 8 Qs(co)) — Ka(¢3)] -
(10) implies that ¢! < 1 in the NID setting if:
A[Qi(co) +8Qa(co)] — 0 { b3 A[Qa(co) +6 Qslco)] — Ka(dg) } < Ki(1).  (14)

A[Qi(co) +0Qz(co)] < Ki(1), by assumption. Furthermore, ¢5 A[Q2(co) + 6 Qs(co)] —
Ky(¢h) > 0 because ¢y = argmaxy { A [Qa(co) +0Qs(co)] — Ka(¢) } and K5(0) = 0.
Therefore, the inequality in (14) holds.

(8) implies that ¢7 > 0 in the NID setting if:
A[Q1(co) +6Q2(co)] — 6 [¢§AQ2<CU) - K2(¢§)] > K(0). (15)



K1(0) = 0 by assumption. Therefore, (15) holds if:
A[Q1(co) + 6 Qa(co)] — 0 [¢5 AQalco) — Ka(¢3)] > 0.
This inequality holds because:
Q1(co) +0Qa(co) > §Qalco) = Qulco) +Qa(co) > ¢ 0 Qa(co)
= A[Qi(co) +0Qx(c0)] =5 b5 AQs(co) > 0
= A[Qi(co) +6Qa(co)] = 6 [¢5 AQs(co) — Ka(g5)] > 0.
(8) implies that ¢7 < 1in the NID setting if:
A[Q1(co) + 6 Qa(co)] — 0 [65 AQaco) — Ka¢3)] < Ki(1). (16)

A[Q1(co) +6Qz(co)] < Ki(1), by assumption. Furthermore, ¢5 A Qy(co) — Ka(d5) > 0
because ¢; = argmax, { ¢ AQa(co) — Ka(¢) } and K5(0) = 0. Therefore, the inequality
in (16) holds.

To prove that ¢! < gb‘lg in the NID setting, observe that:
¢ = arg max {0 A[Q1(co) +0Q2(co) ]
+[1=¢] 6 [¢5A(Qaz(co) +3Qs(co)) — Ka(d3) ] — Ku(e) }

< arg;nax{ngA [Q1(co) + 0 Q2(co) ]

+ (1= 0] 0[5 AQa(co) — Ka(03) ] — Ki(9)} = 7.  (17)

The equalities in (17) reflect (9) and (11) since ¢; € (0,1) and ¢! € (0,1). The inequality
in (17) reflects (12) and the fact that the firm’s profit-maximizing choice of ¢, increases as
the firm’s expected profit following first-period failure to achieve a cost reduction declines,
holding constant the firm’s expected profit following first period success in securing a cost
reduction.?

(7) implies that the firm’s problem in period 1 under SR in the ID setting is:
Ma:fglmize O1 A[Q1(co) + 0 Qa(co) ]
+ [1— 01 [¢5 A (0% Qs(co) +6° Qulco)) — 8 Ka(5) | — Ki(ey)- (18)
(18) implies that at an interior solution to this problem:
Ki(¢7) = A[Qi(co) +0Qa(co)] =3 [d5 A (6Qs(co) + 62 Qulco)) — Ka(g3)] . (19)

(18) implies that ¢7 > 0 in the ID setting if:

2Formally, if ¢; € (0,1) = argmax {¢p A+ [1 - ¢]| B — K1(¢) }, then A—B = K (¢;) = % =— m <
¢
0.



A[Q1(co) + 6 Qa(co)] — [65 A (6% Qs(co) + 6° Qulco)) — I Ka(85) ] > K7(0). (20)
K{(0) = 0 by assumption. Therefore, (20) holds if:

A[Qi(co) +8Qa(co)] = [d5 A (62 Qs(co) +8° Qulco) ) — 6 Ka(g)] > 0.
This inequality holds because:
Q1(co) +0Qa(co) > 6% Qs(co) + 6° Qu(co)
= A[Qi(co) +6Qa(co)] > A6 Qs(co) + 6 Qu(co) ]
= A[Qi(co) +0Qa(co)] — ¢5 A[6°Qs(co) + 0 Qulco) ] > 0
= A[Qi(co) +5Qa(co)] = [¢5 A (8% Qs(co) +0° Qulco) ) = I Ka(¢5)] > 0. (21)

The first inequality in (21) holds because Assumption D implies that Q1(co) > d Q2(co) >
52 Qg(Co) and QQ(C()) > (5@3(00) > (52 Q4(CO)~

(18) implies that ¢ < 1in the ID setting if:
A[Q1(co) + 6 Q2(co) ] — [Cbég A (52 Qs(co) +8° Q4(Co)) - 5K2(¢§)} < Ki(1).  (22)

A[Q1(co) + 0 Qs(co)] < K}(1), by assumption. Furthermore, ¢ A [6% Qs(co)+6° Qalco) ]
— 0 K5(¢5) > 0 because ¢5 = argmaxy { ¢ A [5Qs(co) + 0> Qua(co) | — Ka(¢) } in the ID
setting (from (7)) and because K3(0) = 0. Therefore, the inequality in (22) holds.

To prove that ¢! < ¢ in the ID setting, first observe that:
d5 A [Qa(co) + 0 Qs(co) ] — Ka(dy) = max { &2 A[Q2(co) + 6 Q3(co) | — Ka(,) }
> 05 A[Qa(co) + 6 Qs(co) ] = Ka(93) > &5 A5 [Qs(co) +0Qulco)] — Ka(e3).  (23)

The equality in (23) reflects (7). The first inequality in (23) holds because ¢2 # ¢35, from
Proposition 1. The last inequality in (23) reflects Assumption D.

Now observe that:

of = argmax {68 [Qu(e) + 0 Qs(co)
1= 6] 3[04 A(Qalco) + 3 Qalco)) — Ka(@h)] — Ki(9) }
< argmax {68 [Qu(eo) + 5 Qalco)]
1 6] 5 [05 AT (Qalco) + 6 Quleo)) — Kn(65)] — Ki(6) }

= ¢7. (24)

The equalities in (24) reflect (10) and (18). The inequality in (24) reflects (23) and the
fact that the firm’s profit-maximizing choice of ¢, increases as the firm’s expected profit
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following first-period “failure” declines, holding constant the firm’s expected profit following
first period “success.” WM

Definition. & = ¢} +[1—¢]] ¢} for j € {S,R}. (25)

Lemma 3. Suppose Assumption G holds and Assumption K with v = 2 holds. Then:

i ; ! o GNP ; 0 in the NID setting; and

S > gl ID > Q. :

e = @ & G'7 = 0in the ID setting, where (26)
GNP = AQ, {[2+4Z§+(2§)2]k2—g[(1+5)3—1mQ0}—zm;Q and

G = AQo[1+3]{ (23 — (5Pl =3 [1+8] (1= (5]AQo } —2[1- 3]k T

Proof of Lemma 3. Define Q; = Q:(co) for t = 1,...,6. (5) and (6) imply that under the
maintained assumptions in the NID setting:

A A

b5 = ]{3_2@2 = k;_QgQO and
A A A )

6 = Blasan = Blaqrsra - Sitilg g
2 2 2

(9) implies that in the NID setting:

6 = T {B1Qi+5Qa)~ 5[5 AQ - Kalof)] }
= %{A[QO“'CSQQO]_5[¢§A9Q0_K2(¢§”}

o {A+09)Q0— 065 By Qu—Kale$)] }- (25)
(11) implies:
o = %{A[QHMSQQ]—5[¢§A(Qz+5Q3)—Kz(¢§)]}

— (A LQu+59Q0] ~ 5[5 A (9Qu+ 56 Qo) — Ka(0)] )

_ kil{A[H&g]Qo—a[qs;Ag(1+5g)QO_K2(¢m}_ (29)
(27) implies:
ky | A 2 A2 o2
Kalo) = 32[/@_5@0} = QkZ [Qo]”;



2 2 2
% MQO = £y [1+69])*[Qo]?.

Iy _
K2(¢2) - kg 2k2

(27) and (30) imply:

2 .2 A22

A
33 A Qa(co) — Ka(d3) = 77 Qo Mg Qo
(27) and (30) also imply:

Py A[Q2+ 0 Q3] — Ka(¢3)
Ag[l+dg] A2 ¢?

= SR QA [9Qo 59 Q) - 5 (1+69]%[Qo)*
2 2
— MQOAg[l—l—ég]Qo—ékg [14+369]%[Qo]?
2 2
B Ang 9 9
= S n+0g1* 1@,
(28) and (31) imply:
A 5 [ A2 g2 A oA g?
qﬁf = l{: [1—1—59]@0—]{—1{ }[QO] = k?o [14—59— 2]{5
(27) and (33) imply:
A2 (5A
& 65 = Wﬂ” o ][Qof.

(29) and (32) imply:

A § [ A?g?
o = L40glan - | G }[1%9]2[@012
A Qo

_ 5A92 2
= {1+5g— ok (1+dg9) QO].
(27) and (35) imply:

A?g[1+494 A g?
o1 0} = %{Hég— 2i, (1+09)° Qo][@o]Q-

(25), (27), (33), and (34) imply:

A Qo
ks

R R {H g

5A A
g ]4‘—9@0

A%g 5Ag
1
kllﬁ{ o9

1@,

g 2
@) = S

Qo | -

(30)

(31)

(32)



(25), (27), (35), and (36) imply:

ol =

AQ 5 A g? A
o1+ 0 — b1y = k1°[1+5g— i (1+5g>2¢20}+9[k—2@0

9 2
- Hgllrig) {14—59— 29 (1 45y QO] Qo)? . (38)

(37) and (38) imply that because § > 0:

o —

[l

Il

s

AQy[0Ag? 2 Ag
I _11_29 _
ol = T {2]@ Qo[(14+6g)" —1] b Qo[1+6g—1]
A29[1+59] 5A92 2 2
T{1+59— ks (1+09) Qo}[@o]
2 2
g 0Ag 2
or oo {1‘1‘59 % ks Qo][@o]
5 A? g2 ) o o1 Adg?
2key ko [Qo] [259+5 g ]— s Qo
A29 2 5A92 2
+k:1k2[Q0] {[1+5g]{1+59— % (1+0g) Qo}
SAg?
— [1—1—59— 2/{}2 Qo}}
52 A2 g 9 Adg?
2k1k2 [QO] [2+6g]_ QO
A2 S A g?
+ =2 Qo)2 S [1+6g][1+6g—1]+ L [1-(1+69)°] Qo
ki ko 2 ko
52A92Q0
2 =J %0719 _
ok [2+0g]—dg
A A g?
+ kQ°{59[1+5g]— %g [(1+5g)3—1}620}
1 2

AS2GQo (2469 ks —28gki ks +2ks AQoSg[1+6g]
_5A292[(1+59)3_1] [QO]2
AdgQo [2+0g]ks —2ki ko + 2k AQo[14 9]

— A?g[(1+69)°—1][Qo]”
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= AQo{dg[2+0glka+2k[1+0g]—g[(1+09)" —1]AQo} — 2k ke
= AQ{[6g(2+69)+2(1+059)Jhka—g[(1+09)* —1]AQo} — 2k ky
= AQy {[2+40g+(09)" [ ka—g[(14+69)° —1]AQo} — 2k ky. (39)

(7) implies that under the maintained conditions in the ID setting:
A5 [Qs(co) + 6 Qalco) ] _ AdQo[g*+d4°]
kZ k’g

_ AQuig*[1+0g] _ AQuigll+dg] _ AQud[1+34] (10)
k2 ka2/g ks ‘

When Assumption G holds and the ID setting prevails, the PDV of the firm’s profit in
period 2 when it achieves the A cost reduction in that period is:

5 = Ad[Qs(co) + 0 Qalco)] = Ad[g*Qo+04°Qo]

¢y =

= Ag*0Qo[1+0g]= AQogd[1+34]. (41)
(40) and (41) imply:
o375 - K(o5) = SLLIEN Ay B[147) - 22 | 22U L0)
2 2
_ 1 51451 p 1 _ 1 51+ o9
- i[AQo5(1+6)] [;;-2—%2} -z [AQM(H&)} [g 2]

g[aQui(1+5)]
= _ . (42)
2 ks

(19) and (42) imply:

o5 = ,}I{A[Ql(co) L5 Qu(c)] — 6 [0S 7S — K(¢9)] }

I 'A . 5g[AQ05(1+5)r
= ) A@lttog)- 2 Ty

( ~ ~ 2
ET JURS [AQ05(1+5)}
= k_1 Qo[1+d]—4dg 27{;2

\
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::-{AQd1+5y—fT[AQaﬂ1+Sﬁ2}

1—(@3AQM1+5)

¥ . (43)

(6) implies that under the specified conditions:

A[Q2(co) +0Qs(co)] _ AQolg+3g°]
kg k2

oy =

_ AQug[1+dg] _ AQll+dg] _ AQ[1+7] (44)

k2 k2/ g kg

(44) implies:

$aQug[1+5g] - K(sh) = 2RI Aqug147)- 2
2

AQo(1+0)

ks

_ ~ 12 2
A PNCACETI N
ks ] 2

AQo(1479)

ks

2

AQo(1470)

ks

- ~ 2 ~
:g’];2 AQoil—i‘(;) _gl{ig
P

2

_ ZLE@[AQ()(H@]Z. (45)

AQo(1+0)

ks

9E2
2

(11) and (45) imply:

¢{ = %{A[Ql(co)‘*'fst(Co)] _5[¢§A9Q0(1+95)_K(¢£)]}

:2%{AQM1+gM—5;%[AQM1+Sﬂ2}

1 50 1
— k_l{AQO[l—HS]_Z_%Q [AQo(l‘i‘é)} }

1——i—AQM1+5)

ks

AQo[1+4]

_ - . (46)

(40) and (43) imply:

12



s s _ 0[AQy(1+0)] _(5)?’A 5
¢1 ¢2 - k1E2 [1 2']‘{;2 QU<1+ ) . (47)
(44) and (46) imply:
ool = [BQU+I)] [1—LAQO(1+5) . (48)
k1 ko ko
(25), (40), (43), and (47) imply:
OF = o + 5 — 07 &5
AQu[1+06] |, () ~ AQoo[1+0]
= 1 QEQAQO(MF&) + 7
_SAQUED)P |, ()P ~
T [1 o Qo(1+3)]. (49)
(25), (44), (46), and (48) imply:
' = o1+ oy — 61 b
AQo[1+6]]. & < | L AQu[1+7]
= " 1 2E2AQ0(1+5) + E2
AP d 3
(49) and (50) imply:
S ol _ 0 12 ey AQ[146] o <
-l = o [AQUAD)] [1- (5Y] T 1]
[AQ (1 E)T [AQ (1 5)]3
o(l+ - o1+ S -
. (1-3]— — ~[1-(0)%]
12 1 2 2]{72
s 0 < sy 1-0
T AQo[1+6][1—(d)"] ™

- ~ [age1+5H] ~
LAQN+d)1-0) [ARUHI] 5 s
ky ko 2k (ks )

13



- squiud) { =P, 28 B

S _ - AQo[1+6] p — —=
2 k1 ko ks 2k ()2 Ol ]}

:AQ0[1+’5]{5[1_(5)]k2+2[ — 6]k =4 [1 (5)3]AQ0[1+5]}

— 2k ko [1—0]

vl

= AQu[1+8] {15 - (3 +2=23]k =3 [1+3][1- (3)°] AQu |
— 2k ka[1 6]
= AQy[1+4] {[2 _5 —(5)3]E2—5[1+5][1—(5)3]AQ0}

—2[1=6]kiky. W (51)

Proposition 3. Suppose Assumption G with g = 1 and Assumption K with v = 2 holds.
Then ®° > ®! in the NID setting if AQy > ki ks .

Proof of Proposition 3. When g = 1, the first term in G¥P (as defined below (26)) is

AQo[(2+40+6)ka— (34+36+6%)5AQ0]
> AQo[(2+46+6°)Q(1+0)A—(3+35+6%)0AQ] (52)
= [AQ ) [(2+46+6)(1+0)— (3+36+6%)0]
= [AQoP[2+46+6+ (2+46+6")6— (3+35+0%) 4]
= [AQo]*[2+46+ 8+ (—1+8)4]
= [AQ]*[2+46+6—0+0*] = A%(Qu)?[2+30+246]. (53)
The inequality in (52) reflects the maintained assumption that for t € {2,3}, Kj(1) = ky >

A[Qi(co) +0Qii1(c)] = A[14+0]Q0 = Qo < [ufﬁ' (53) and Lemma 3 imply that
o5 > Pl if:

2k ks
2+436+26"
The inequality in (54) holds if A Qy > v/ki ks because 2 + 35 +26° > 2.

A Qo) [2+435+28%] > 2kiky, & & AQy > ¢ (54)

Let ) denote )y in the ensuing analysis. Then Lemma 3 implies that when g = 1,
®° > ®! in the ID setting if:

14



A= [1+6]AQ{[2-0-0]k—A6[1+6][1-0°]Q}

The maintained assumption that K4(1) > max { A[Qa(co) + 0 Qs(co) |, A[Q3(co)+0 Qa(co)] }
implies that ) < “Jfﬁ in the present setting, which, in turn, implies:

A > [146]AQ{[2-6-0][1+6]AQ-A§[1+6][1-6]Q} —2[1—6]kiko

= [1446] 2[2 §—0"—0(1-6)] —2[1—=06]ki ke
= [1+0P[AQT[2— — 6+ 6] =2[1 0] kiky

= [1+61P[AQ)[2(1 53(1—5)} 2[1— 8] ki ko
= [1+6P[1-6][2~ 53} —2[1—=0]kiks

> 0 if [1+5]2[1—5][2—53][AQ12 > 2[1— 6]k ks

& [1+6)2[2-8][AQ) > 2kik

2k ko 2k ko
& Q> & AQ > . 56
? A2[1+6)%[2-6%] ? \/[1+5]2[2—53] (56)
Define ¢(0) 1467 [2—6%]. The conclusion in the Proposition follows from (55)

= |
and (56) if g(0) > 2 for all § € (0,1). Observe that:
6(0) = 2; (1) = 4; and

g©o) = =301+ +2[2-6][1+4]

= [14+6]{2[2-0°] = 38°[1+0]} = [1+0][4-30>-50"]

= ¢(0) = 4 and ¢'(1) = -8. (57)
(57) implies:
g"(0) = —[1+46][66+150°] +4—-36°—54°
= 4-38%-50"-66—-156"—66>—156° = 4—66 —246%—200°. (58)

(57) and (58) imply that: (i) g(0) = 2 < 4 = g(1); (ii) g(d) is increasing for small J;
and (ii) g(d) is decreasing for large §. Consequently, g(0) > 2 for all § € (0,1). W

Proposition 4. Suppose Assumption G with g = 1 and Assumption K with v = 2 holds.
Then ®° > ®' in the ID setting if g [1+ 952} < 1 and AQo[1+ gd] is sufficiently close

to ]{31 = ]{72.
15



Proof of Proposition 4. Lemma 3 implies that ®° > ® in the ID setting when k; = ky =

[1+6g]A@o{ (259 (59)°] %—Aga[lws] [1—<ga>3]Qo}

> 2[1—g§]k1% (59)
& kl{[z—(sg—(ag)?’]%—klg(s[1—(g5)3}} > 2;[1—g5][k1]2 (60)

o [2—ag—<5g>3]é[klf—wga[l—<ga>3} > 2§[1—ganw

o é[Q—ég—(5g)3—2(l—g5)][k1]2—[k1]295[1—(g(5)3] > 0

o 5[2—59—(5@3—2(1—95)]—gé[l—(g&)?’] > 0

& é[2—(59—((59)3—2+295}—95[1—(95)3} > 0

o %[59—(59)3}—95[1—(95)3’} >0

e =08 —gi+(gd)" >0 & 1-8¢—g+4¢*6 > 0. (61)

(60) reflects the assumption that k; = ko = AQo[1+ gd]. The last inequality in (61)
holds because 1 —§%¢> —g = 1—g [1 + 952} > 0, by assumption.

The inequality in (59) will continue to hold when k; = ks is increased marginally to
ensure that AQp[1+¢0] < min{ky, k2}. N

Proposition 5. E{W?9} > E,{W!} in the NID setting if ®° > &'.

Proof of Proposition 5. Under the specified conditions, when the firm operates under SR in
the NID setting: (i) p1 = pa = co; (ii) ps = ps = p5s = pPe = o if the firm never achieves a cost
reduction; and (iii) ps = py = ps = ps = co — A if the firm ever achieves a cost reduction.
Therefore, the PDV of expected consumer surplus under SR in this setting is:

Ed{WS} = W1(60>+5W2(CO)

+ q)S [52 Wg(Co - A) + 53 W4(CO - A) + 54 W5(C() - A) + 55 WG(CO - A)]
+ []_ - (I)S] [(52 Wg(Co) + 53 W4(Co) + 54 W5(Co) + (55 WG(CO)]

= Wl (Co) + 5 WQ(CO) + 52 Wg(Co) + 53 W4(Co) + 54 W5(Co) + 55 Wﬁ(Co)
16



+ (I)S (52 [Wg(CO - A) - Wg(Co)] + (I)S 53 [W4(CO - A) - W4(Co)]
+ <I>S (54 [W5(CO — A) — W5(Co)] + (I)S 55 [W@(CO — A) — W6(CQ)] . (62)

Under the specified conditions, when the firm operates under IRIS: (i) p; = pa = ¢o; (ii)
Ps = pe = Co if the firm never achieves success; (iii) ps = pg = co — A if the firm ever achieves
success; (iv) p3 = co — A if the firm achieves success in period 1; (v) ps = ¢g if the firm does
not achieve success in period 1; (vi) py = ¢o — A if the firm achieves success (in period 1
or period 2); and (vii) py = ¢ if the firm does not achieve success. Therefore, the PDV of
expected consumer surplus under IRIS in this setting is:

EA{W'} = Wi(co) + 8§ Wa(co) + ¢1 6 Walco — A) + [1 — @1 | 62 W(co)
+ OT P Walco — A) + 6 [1— @ | Waleo) + 76 Wi(co — A)
+ & [1—@"] Wi(co) + @0° We(co — A) +6° [1 — & | Wi(co)
= Wi(co) + 0 Walco) + 6% Waleo) + 6° Waleo) + 6* Wi(co) + 8° We(co)
+ ¢1 6% [Wa(co — A) — Wi(co) | + 0° ' [Waleo — A) — Wa(co) ]
+ YT [Wi(eo — A) — Wi(cg) |+ 6° @ [We(co — A) — We(eo)] - (63)
(62) and (63) imply:
EdW®} = EAW'} = [@° = ¢1] 6% [Wa(co — A) — Wa(co)]
+ [@% — @] {6 [Wilco — A) — Waleo) ] + 6" [Ws(co — A) — Ws(co) ]
+ 0° [We(co — A) — Wi(co) ] }- (64)
If @5 > &, then ®° > ¢!. Consequently, (64) implies that E;{IW°} > E;{IW'} when

®% > & (because § > 0, by assumption). W

Proposition 6. Suppose Assumptions G and K hold. Then E;{W?5} > E{WT} in the
NID setting if 6 [1+ g]ﬁ <13

Proof of Proposition 6. (6) and (7) imply that under the specified conditions:

) = g0 = o = [2R]T < [SR]T
2

ko (¢§)7_1 = A [9@0 +925Q0]

3Recall that 6 = g9.
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o AQOg 1+5 ] ) AQ0£1+5>]
ko
S gl = [145) [“ﬂ“ — 6514 8] (65)

When Assumption G holds, W;(p) = g Wi(p). Therefore, (64) implies:
EAWS} > BJW' if @5 — ¢/ + [0~ &[5 +5 45 ] > 0. (66)

First suppose that ®° > &, Proposition 2 implies that ®° > ¢!. Therefore, (66) implies
that E,{W5} > E,{W} when @5 > &',

Now suppose that ®° < ®!. (66) holds in this case if:
I S 115 .72, 3+
— 1+ [P =@ [6+6 +6 +0 +...] >0
o
1-4

& [05-¢l][1-3]+d[e5—a'] > 0

& % — ¢+ [ - D] > 0

& (18] [of + 05 (1-67) - o]
+ 5[67 + 05 (1-0f) — (i + o5 [1-61])] > 0
S 645 [1—¢7 ] — ol =0 [of + 65 (1—¢7) — o]
+ [0 +05 (1—¢7) — (ol + 5 [1-01])] > 0
S o+ [1—¢f]—gl—de5[1—01] > 0
& —[1-¢ ]+ [1-¢f]+1-¢l—063[1—0]] > 0
& [1-¢!] [1—5¢§]—[1—¢f}[1—¢§} > 0. (67)

Proposition 2 implies:
1—¢p > 1-¢7. (68)
(65) implies that when 6 [1 —Hﬂﬁ < 1:

1

> 0

65 —0ph = o5 — 5 [1+0]7T = @{ (1+5)

= ¢ > 0l = 1-0¢L > 1—¢5. (69)
18



(68) and (69) imply that the inequality in (67) holds. W

Corollary to Proposition 6. Suppose Assumptions G and K hold. Then E,{W9} >
E{W1} in the NID setting if v > 2.

Proof of the Corollary to Proposition 6.

The Corollary follows directly from Proposition 6 because 5[1 + S]ﬁ < 1 under the
specified conditions. This is the case because:

S[143]71 < 3[1+3] < 1.

The first inequality here holds because v > 2, by assumption. The last inequality here holds

because & = g& < 6 in the NID setting and because 6 [1+ 0] = 1, by definition. (Recall
the proof of the Corollary to Lemma 2.) W

Proposition 7. Suppose Assumption K holds, Assumption G with g = 1 holds, and § > J.
Then Eg{W!} > E{W*} when § is sufficiently large (in the ID setting).

Proof of Proposition 7. Lemma 2 implies that when the firm operates under SR in the
ID setting: (i) p1 = p2 = co; (ii) ps = ps = co if the firm never achieves success;! (iii)
ps = pe = co — A if the firm ever achieves success; (iv) ps = ps = ¢ — A if the firm achieves
success in period 1; and (v) p3 = ps = ¢ if the firm does not achieve success in period 1.
Therefore, expected consumer surplus under SR in this setting is:

Ed{WS} = W1<Co) + (5W2(Co) + (ﬁig [52 Wg(CO - A) + (53 W4(CO - A)}
+ [1= 7] [6°Wal(eo) +6° Waleo) | + [1 — @5 [6* Wi(co) + 0° We(co) ]

+ ©° [§* Wi(co — A) 4 6° We(co — A) ]
= Wi(co) + 0 Wa(co) + 6% Walco) + 6° Walco) + 6* Wi(co) + 6° We(co)
+ 0% 97 [Walco — A) — Walco) ] +6° 67 [Walco — A) = Wi(co)]
+ 0 0% [Was(co — A) — Wi(cp) | + 6° @° [We(co — A) — Wi(co) ] - (70)
(63) and (70) imply that in the ID setting:
EdW®} = EW'} = 8 [¢7 — ¢1 ] [Wa(co — A) — Wa(co)]

+ 8 [67 — @] [Waleo — A) — Wialco) ]

4The firm achieves “success” when it achieves the A cost reduction.
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+ 5[ 0% — @] [Wi(co — A) — Wa(co) ]
+ 8 [ 0% — @ | [We(co — A) — We(co) ]
= [0 —o1] [Waleo — A) = Walco)] + 0 [¢7 — @' ] [Wa(co — A) — Wa(co)]
+ 87 [ — @ | [Wi(co— A) — Wa(co) ] + 0° [@° — @' ] [We(co — A) — We(co)].  (71)

Define Qg = Q(cp). (6) implies that under the specified conditions:

) = AlgQu+aQ] = of = | SLIDEIDTT @y

(7) implies that under the maintained conditions:

2 =T
o (¢§)7—1 _ A5[92Q0+g35Q0} N ¢§ _ [AQo5gk2(1+g5)]
L [A §) 171 1
e i e R T (73)

1

Define ¢&"™ = (%) "' Then (72) and (73) imply that under the specified conditions:

as 0 — 1 and

o =(—AQ°“+“)”11 B

ks
Cbg = (AQO(S“—HS])WI — 5”” as 0 — 1
ks
= lim (¢, —¢3) = 0. (74)

1

. _ Lim _ Lim ~y—1
Define ¢l™ = 22 Q{24 kAlQO Hatos )]) . (9), (11), and (74) imply that under

the specified conditions:

o8 <AQ0[1+5]—5[¢§AQ05 (1+5)K2(¢§)]>;1

1 = kl

1

- <2AQ0— [205™ AQy — Ko 5”“)})“ C im

as 0 — 1;

ky -t

1

o (AQ0[1+5]—5[¢5AQ0 (1+5)_K2(¢§)]>w
Ky
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. <2AQ0— [%bgimAQo—Kz( glm)]>w _ . Lim

k1
= lim (¢ —¢y) = 0. (75)
(74) and (75) imply: (Slinl]_ (q)l _ q)S) __— (76)

(71), (75), and (76) imply:

611311 (Ed{W?} — E4(W"}) = (511_{111 &2 [(bf — o1 ] [Wa(co — A) — Wi(co) ]
+ lim §° [¢7 — @] [Walco — A) = Wa(co)]

+ lim &4 [@S — (PI] [Ws(co — A) — Ws(co) ]

d—1

+ lim 0° [®% — &' | [We(co — A) — We(co)]

d—1

= (Shi’nl (53 [qbf — (I)I] [W4(CO — A) - W4<Co)]
< lim 6° [@° — @' ] [Wa(co — A) — Wa(co)] = 0.

6—1

The inequality here holds because, from (25), ®° = ¢f + ¢ [1- gb{] >¢7 . A

Proposition 8. Suppose Assumption K holds, Assumption G holds, and 5 > 4. Then
EAWTY > E,{W?} for sufficiently large ky (in the ID setting).

Proof of Proposition 8. (75) implies that under the specified conditions:

lim ¢f = 0 and lim ¢! = 0. 77
1 1

k1 — oo k1 — oo

(71) implies that under the specified conditions:
EAWS} = Ef{W"} = 6% [ ¢} — ¢1] Dws(co, A) + 6° [¢7 — @] Dwa(co, A)
+ §*[@° — @' ] Dys(co, A) 4 6° [ % — @' | Dyg(co, A) (78)

where Dy(co, A) = Wi(cg — A) — Wi(eo) = ¢ Dywi(co, A) > 0 for t € {1,....,6}. (78)

implies:
E W5} — EZ{W'} = A(ky) Dw1(co, A)
where A(ky) = 0 [¢f — o] +0 [¢f —@!]+0 [05— 0]+ 5 [0 —a!]. (79)
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wwal—k(fom = 0. Therefore, (79) implies:

lim (Ef{W'} —E{W®}) > 0 if lim A(k)) < 0

k1 — o0 k1 — o0

(79) implies that limy, o A(k1) < 0if: (i) limg, — oo (gbf — ¢1) = 0; (ii) limy, — oo (gbf — 1)
< 0; and (iii) limy, oo (®% — ®') < 0. We complete the proof by showing that (i), (ii),
and (iii) hold.

(77) implies that limy, o (¢7 — ¢1) = 0.
(25) and (77) imply:

im (67 —®') = lim (¢ —é1—[1-¢1]d3) = — lm 63 = —¢) < 0,

k1 — o0

(25) and (77) also imply:
i (@5~ 97) = i (of + [1- 07165~ 0!~ [1- ] o))

k1—>00

— dim (65— 6l) — 65— of < 0.

k1 — o0

The inequality here reflects Proposition 1. W

Proposition 9. Suppose Assumption K with v = 2 holds and Assumption G holds. Then
E AW > EAW?®} when A Qq is sufficiently small or ky = ky = k is sufficiently large in
the 1D setting.

Proof of Proposition 9. Define ky = %2, 7 = 2% — 239 434 § = ¢4. (40) and (44)
g kg k2

imply that under the maintained assumptions:

AQog*0[1+gd]

o5 = - = 2g6[1+gd] = x0[1+4] and (80)
2

ol = AgQif+95]=;ﬂ1+5g]=;ﬂ1+5} (81)
2

(46) and (81) imply:

Al1+9g0]Qo—6[g(1+96)AQoeds — Ka(d)]
ky

A[1+g8]Qo—3 [k (61)” — & (6)°] A[”g‘”%_‘s{ : ]
ko k1
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Al1+¢8]Qo—6dg {'w(;ﬂéf}

- iy - kr 0%
_A[I45]Qo ke 5k [ (03)°
T e k| 2 |

(81) and (82) imply:

Cb{ = ¢2__5_

2
IkZ k2 (¢£) @st _5
Ky k2 ky 2 2
B o[ 3 .
—xk—l[l—i-é] 1——x(1+5>

(41) — (43) imply:

Al1+g6]Qo—6[g*0(1+g6) AQods — Ka(¢3)]

S _
¢y = i
A[1+8]Qo— 6 [k (65)° — % (65)°]
_ =
CA+dQu-s[B 2] AN+ -dg|%
B ki B ki
Al1+3]Qo=d %6 A1+5100 T~
— — _ 25z
]fl ]{;2 kl kl
_ fagie Rl s
— (1450 %1[2(%)}
R 2 TR [L5) 5 - g [1
(25), (80), (81), (83), and (84) imply:
" = ¢l +[1-01] 05 = %x[u?ﬂ 1—gx(1+?§)
1
- ) 5 .
+ 1—k—jx(1+5><1—§x[1+5]> z[1+96];
~ ~3 ~
@S:qsfﬂl—qsf}gbg:%x[ug] 5(12+5)x
1




1—%x<1+5) <1—53[1+5]x>

(71) implies that in the ID setting:

EAW"} — Ef{W®} = [¢] — 67 ] Dws +6 [®" — ¢7 | Dy

+

+ 02 [®" — @] Dys + 6° [ — &% ] Dyyg

where Dy = Wi(co — A) — Wi(cp) > 0. Assumption G implies that Dy,
Therefore, (87) implies:

EAW'} — E{W®} = [¢] —¢7] Dws+ g6 [® = ¢7 ]| Dis
+ (g6 [® — @] Dws +[g0]> [@" — %] Dy
=gl —¢7 +0 [0 — 7]+ 62 [0 — %] + 57 [0 — 7]
where & = §¢. (88) implies:
EAW"Y > E W5} if
ol — ¢+ [D — P +0 [# —05] 4+ [0 —35] > 0.

(83) — (86) and (89) imply that E,{W!} > E,{W*5} if:

l—gx<1—|—g)

(7 _ = _
+(5{k—1x[1+(5] 1—§m<1+(5>

ey . ez .

+ 1_7;;390(1@)(1_”;'41@]) N
—%x[ug] 1—5?’(1%5)95 }

5 +5}{%x[1m -0 (149)
el Re(ed) (- 3o 18] |etad

(86)

(83)
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—= - == )
" 5 x m x[140]
~ ~ ~ ~3 =
< 5~2 ~ 2 ~ 0 ~ 1{725 <1+5>
+5{§k_lx(1+5)+1k_lx(1+5)(1§x[1+5])+k_1 ),
~ ~3 Egg ~ %2 ~ g ~
2% 1- 240 1-22(143
+[6+5]{ k12x[+5]+ klx[+6] x(+)
~3 ~
P 5 7 §d |1+06
R A [1+3]
e $5[1—1x<1+5> (1 — = > 0
= (92)
(91) reflects the fact that x[1+ ] > 0.
Asz = AE—?’ — 0, the inequality in (92) becomes:
S+ [0 4d1[1-3] > 0. (93)

The inequality in (93) holds because Assumption G implies that 0 < 1. Therefore, E W} >
25



E{W?3} when A Qy is sufficiently small.

Finally, suppose ky = ky = k, so k2 = é As k — o0, x = — 0 and the inequality

in (92) becomes the inequality in (93) Because this inequality holds E AW} > E W5}
when £ is sufficiently large. W

AQQO

Proposﬂnon 10. Suppose Assumption K with v = 2 holds, Assumptzon G holds, ky < kl g,

and 0 > 5 Then E,{W5} > E{W'} when 0 is sufficiently close to 5 and w
sufficiently close to 1 (in the ID setting).

Proof of Proposition 10. Recall from the proof of the Corollary to Lemma 2 that § is the
value of g for which:

go[14+gd8] = (90)°+dg = 1. (94)

Initially suppose that 6 g = 0 and W = 1. Then (81) implies that under the
specified conditions: ~
1 AQog[l+7]

¢2 - L
2
(71) implies that under the specified conditions:

E W5 — Ef{W'} = Ap Dy

where Ap = [g0]" [¢7 — 1] +[g0] [¢7 — '] +[g6]" [8° — &']
+ (g6’ [@9 - '] and

— 1. (95)

Dy = W(CQ — A) — W(Co) > 0. (96)

We Will show that E,{W*} > E,{W!} by showing that Ap > 0 when M =1 and

dg = (5 The continuity of E W5} — Ed{WI } then ensures that Ez{W*°} > Ed{WI } when

AQog[1+3] -

7 is less than, but sufficiently close to, 1.

0 is sufficiently close to § and

(82) and (95) imply that under the specified conditions:

AQo[1+gd] -6 [t AQog(L+6g) — Ka(eh)]

¢ = P
_ AQo[1+g0]-6[AQug(1+dg) — Kr(1)]
ky
_ AQu[1+90]-0[AQug(L+g0)— 2]  AQu[1+gd][1—-gd]+d[%F]
]{31 kl
B {@1 AQo[1+gd][1—gd]+6[%]
a ]Cl k2
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_ [@] AQo[1+9d][1-g8] [lﬂg

iy o ki
k1 51 k1 6
- 2o =253 (97)

The penultimate equality in (97) follows from (95) because ¢ g = s, by assumption.

(80) and (95) imply that when 6 g = & under the specified conditions:

AQodg*[1+gd] N

¢y = = g = 0. (98)
ko

(84), (95), and (98) imply that when § g = 5 under the specified conditions:

o - AQo[1+5g]—6[d5AQug*S (1+g6) — Ka(e5)]
S
k1

_ {k_} AQo[1+90]-0[¢5AQudg*(1+90) — Ka(d3) ]
kl k2

kilg Ko

_ (1 6[¢§ Q04 (1+g5)—K2(¢§)}]

kilg ko

ko [1 6[0AQu0g*(1+g0) — 225%?] ]

k|1 000AQP (4] BIF] k[l o 50
kilg ko ko ki | g ka

mlg C9T3%9 g 2%
ks 1~
= 2 |1-= .
gkl[ 2(5)} <1 (99)

The inequality in (99) holds because 5 <1and gk_kQ1 < 1, by assumption.
(96) implies that when 5g:§andg:g(5:
Ap = ¢f — o1 +0[¢7 — @' ]+ 2[5 - ]+ 5% [05 - '] > 0
if @7 — g1 +0 ¢y — ']+ 62[¢f — @]+ 0% [¢f —@'] > 0
S ool +d[¢7 —1]+ 02 [¢f —1]+ 8 [¢7 —1] > 0. (100)
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The last equivalence here holds because ®' = 1 when ¢35 = 1 (from (95)).
Observe that when 6 g = o:
~ ~2 ~3
O — o+ o7 —1]+ 0 [o7 —1]+0 [6] —1]
& 135
~ ~t ~ J—
= =0l —0[1-97] > 0 = of -1 -3 [1-¢]] [ﬁ]
t=0 B

(1-3][0 +3+1]
1-46

= ¢) — ¢l — 0 [1— ¢ ]

~ ~2 o~ ~
= of =0l -0 [1-67] [T+ +1] = of —of—23[1-47]. (101)
The last equality in (101) reflects (94). (100) and (101) imply:
Ap > 0 if ¢ —¢l > 20 [1—¢7]

ke [1 1., ., (1 6 [ k(1 1.,
/€1{g 259 (92 >251k19259

~_Z 2 —_ =z
& 5 26g > 5{1@ (g 259

2 ko 2
5 1~ ~1 kg 1-3
Observe that:
g 1~3 ~ 1~3 5 13 ~11~3
i (0 19)] D tr a1
g 1~3 ~4 ~2 ~3 ~2 ~
& 5—55 >0 & 1-60 >20 & 1 >0 +29 . (103)

The last inequality in (103) holds because:

~9 ~

428 = 3 [143]40 =340 = [144d] < d[1+0] = 1.

The second and last equalities here reflect (94).

Because k; g < ky by assumption, (102) and (103) imply that Ap > 0 when ¢5 = 1 and
0g = 5. W
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Proposition 11. Suppose Assumption K with v = 2 holds, Assumption G holds, and 5 > 5.
Then E{W?5} > E,{W'} when ky is sufficiently large and Ak?o [1+4 0] is sufficiently close
to 1 (in the ID setting).

Proof of Proposition 11. Define ky = %2, r = Aifo = A%QO, and 6 = g§. Recall that
2

EAWS} > E{W'} if the inequality in (92) is reversed. Because z ks = AQq, the
inequality in (92) is reversed if:

AQo 3 [1+3] AQ T . =

" 2 o2 1T
- SAQO ~ A Qo ~ 5 - A Qo 53(14—5)
Fo -5 (14+3) +1- 5 (1+9) (1—§$[1+5]>+ . 5
+Fﬁ+§]{—é§“%ﬂ+ﬁ]+l—ﬁf%l+ﬁ 1—gx(r+®
1 1

~3 ~
AQo 0 [1+6] ~
+ i 5 0

1—Ak?° <1+Z§) <1—M:¢>] } < 0. (104)

T = AZQQO — 0 as kg — 00. Therefore, as ky — oo, the inequality in (104) holds if:

AQy S [1+3] AQyd ..  +

. 5 " §H+&
FF| -2 F) AR ), Al 53@;5)]
. Ak?o 53[12+5] _gll_ Aki?o (HE)] } < 0. (105)

Define y = Ak?o [1+46]. Then the inequality in (105) holds if:

~2

ylo —1]+0

N |

S~
1+§y((52—1) —y]

+ [747] 1_5+y§<52—1>—y<1—5>] <0
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e SylF 131yt Sy
+ [’52+53] {[1—5} [1—y]+yg[}§2—1]} <0
& gy[1—52] [1+5+Z§2+E§3}

~3 ~

~ 2
> {5+[5 +5][1—5]}[1—y]. (106)
Assumption G requires g < % = § = dg < 1. Therefore, the inequality in (106) holds as

yEAk—?O[l—f-g] — 1. N

Proposition 12. ¢! < gbf and ¢} > ¢§ i the setting with innovation persistence.

Proof of Proposition 12. Initially suppose the NID setting prevails, so the firm always im-
plements an achieved cost reduction immediately.

Under standard rebasing (SR) in this setting, the firm retains the full benefit of a cost
reduction that is achieved in period 2 only for that period. Therefore, the firm’s problem in
period 2, given that it implemented first-period success probability (bf but did not achieve a
cost reduction in period 1, is:

Ma%gmize [(;52 + oquf] A Qa(co) — Ka(y)

= Ki(¢5) = AQs(co) at an interior optimum. (107)

Under IRIS in this setting, the firm retains the full benefit of a cost reduction achieved in
period 2 during both period 2 and period 3. Therefore, the firm’s problem in period 2, given
that it implemented first-period success probability ¢{ but did not achieve a cost reduction
in period 1, is:

Maﬁimize [+ ongﬂ A[Q2(co) + 6 Q3(co) | — Ko(oy)

2

= Ky(#3) = A[Qa(co) +Q3(co)] at an interior optimum. (108)

Under SR, the firm retains the full benefit of a cost reduction that is achieved in period
1 both in period 1 and in period 2. Therefore, the firm’s problem in period 1 under SR in
the NID setting is:

Ma%glmize &1 A[Q1(co) + 9 Q2(co) |
+[1=¢1] 5[ (5 +ady) AQa(co) — Ka(e5) ] — Ki(y). (109)
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(109) implies that at an interior solution to this problem:
Ki(67) = A[Qi(co) +0Qalco)] = 0 [ (45 + ady) AQa(co) — Ka(3) ]
+oa[l—67] AQx(co). (110)

Under IRIS, the firm retains for two periods the full benefit of an achieved cost reduction,

whether the reduction is achieved in period 1 or period 2. Therefore, the firm’s problem in
period 1 under IRIS is:

Ma%glmize b1 A[Q1(co) + 0 Qa(co) ]
+ 1=y 0{ [¢5+ ] A[Qa(co) + 0 Qslco)] — Kalgh) } — Ka(ey). (111)
(111) implies that at an interior solution to this problem:
Ki(61) = A[Qi(co) +0Qalco)] =8 { [0+ ad] A[Qa(co) + 5 Qs(co) ] — Ka(¢3) }

+oa[l—¢1] AlQa(co) + 6 Qs(co)] (112)
(107) and (108) imply:

Ky(d) = A[Qafco) +0Qs(co)] > AQs(co) = Ki(¢3) = ¢35 > 5.  (113)
The implication (=) in (113) reflects the convexity of Ky(-).
To prove that gbf > ¢!, suppose that ¢! > gbf. Then:
[ 65+ o1 ] A[Qa(co) + 6 Qs(co) ] — Ka(y)
= max { [+ adi] A[Qa2(co) + 6 Qs(co)] — Ka(dy) }
> [¢2 +ad) | AlQa(co) +0Qs(co) ] — Ka(¢3)
> [<I5 +ady ] [Q2(co) + 6 Qs(co) ] — Ka(953)
[

95 +a ¢y | AQa(co) — Ko (e5) . (114)

The equality in (114) reflects (108). The first inequality in (114) reflects (113). The second
inequality in (114) reflects the maintained assumption that ¢l > ¢7.

>

Observe that:
¢1 = argmax {¢; A[Q1(co) + 6 Qa(co)]

61
+ [1—=¢]0{ [¢h+ad, | A[Qa(co) +0Qs(co)] — Ka(eh) } — Ki(¢y) }
< argmax { ¢; A[Q1(co) + 6 Qa(co) ]

1
+ (1= 16{[¢5 +ad, ] AQa(co) — Ka(d3) } — Ki(ey) } = o7 . (115)
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The first equality in (115) reflects (111). The inequality in (115) follows from (114) because
the value of ¢, that maximizes the PDV of the firm’s expected profit increases as the firm’s
expected profit following first-period failure declines.” The final equality in (115) reflects
(109).

The conclusion in (115) that ¢1 < ¢ contradicts the maintained assumption that ¢i >

#7. Therefore, by contradiction:
1 o > 0. (116)

Now suppose the ID setting prevails. Then when the firm operates under SR in this
setting, the firm delays to period 3 the implementation of a cost reduction achieved in
period 2. Therefore, the firm’s problem in period 2, given that it implemented first-period
success probability gzﬁf but did not achieve a cost reduction in period 1, is:

Ma}gmize [gzﬁz + agbf} A§[Qs(co) + 3 Qalco)] — Ka(gy)

= Ki(¢5) = AS[Qs(co) +0Qu(co)] at an interior optimum. (117)

The firm’s choice of second-period success probability under IRIS in the ID setting is as
specified in (108).

Under SR, the firm retains the full benefit of a cost reduction that is achieved in period 1
both in period 1 and in period 2. Therefore, (117) implies that the firm’s problem in period
1 under SR in the ID setting is:

Mayglmize b1 A[Q1(co) + 0 Qa(co)]
+ [1=6,] 6 [ (65 +ady) A (Qs(co) +0Qulco)) — Ka(5)] — Ku(dy) . (118)
(118) implies that at an interior solution to this problem:
Ki(67) = A[Qi(co) +0Qalco)] =6 [ (65 + adf) 6 A (Qs(co) + 0 Qulco)) — Ka(¢5)]
+da[1—¢7] 6A[Qs(co) + 0 Qulco)] (119)

The firm’s choice of first-period success probability under IRIS in the ID setting is as
specified in (108).

(108) and (117) imply:
Ky(¢y) = A[Q2(co) +3Qs(co) ]
> A6[Qs(co) +3Qu(co)] = K3(d5) = ¢ > 5. (120)

The inequality in (120) reflects Assumption D. The implication in (120) reflects the convexity
of K2 () .

>Formally, if gb{ € (0,1) = argmax {$p; A+[1—¢;]B—Ki(¢;)}, then A — B = Ki(¢{) = % =
o3

1
rren < O
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To prove that ¢ > ¢!, suppose that ¢! > ¢7. Then:
[+ d1] A[Qa(co) + 6 Qs(co) | — Ka(en)
= max {[g,+ ady | A[Qx(co) + 0 Qs(co) ] — Ka(dy) }
> [05 +adi] AlQa(co) +3Qs(co) ] — Ka(653)
> [¢5 +agy | A[Qz(co) + 6 Qa(co) ] — Ka(65)

> [¢5 + ey | Ad[Qs(co) + 6 Qulco)] — Ka(d5). (121)

The equality in (121) reflects (108). The first inequality in (121) reflects (120). The second
inequality in (121) reflects the maintained assumption that ¢{ > ¢1S. The last inequality in
(121) reflects Assumption D.

Observe that:

¢{ = argmax { ¢; A[Q1(co) + 0 Q2(co) ]

1

+ [1—=¢]0{ [d+ad, | A[Qx(co) +0Qs(co)] — Ka(eh) } — Ki(¢y) }
< argmax { ¢; A[Q1(co) + 6 Qa(co) ]

+ (1=, 16 { [0 +ady | AS[Qs(co) + 0 Qulco)] — Ka(85) } — Ki(ey) }
= 7. (122)

The first equality in (122) reflects (111). The inequality in (122) follows from (121) because
the value of ¢, that maximizes the PDV of the firm’s expected profit increases as the firm’s

expected profit following first-period failure declines. The final equality in (122) reflects
(118).

The conclusion in (122) that ¢! < ¢ contradicts the maintained assumption that ¢! >
¢f . Therefore, by contradiction:

¢7 > ¢p. W (123)

Proposition 13. Suppose Assumptions G and K hold. Then when the NID setting prevails,
EAWSY > E{W!} if §[1 +S]ﬁ < 1 in the setting with innovation persistence.

Proof of Proposition 13. (107) and (108) imply that in the NID setting:

k2(¢§)7_1 = AgQy = ¢ = [AZ;fO]W_l N {AE—QO}WH and
2

ko (65) = AlgQo+g* Q0]
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1

I AQgg(l—f—g) i AQO (1+g)
= ¢y = ’ = =
2 ]{2
— [143]7 [ANQO}“ — g5 [1+44]7
ka

(25) implies that in the setting with innovation persistence:
O = ¢y +[1-¢7] [¢5 +agl] for j e {5 I}
(64) implies that under the specified conditions:
E{W?®} > E,{W'} if
3" [ @5 — 6] [Soleo — ) — Solco) ]
+ [®5 — &7 [Solco— A) — Solco) [0 +8 +87] > 0

o ¢l 4[B! |[5+5 +0] > 0.

(124)

(125)

(126)

First suppose that ®° > ®!. (123) implies that ®° > ¢!. Therefore, (126) implies that

Eq{W?5} > E;{W'} when & > @',

Now suppose that ®° < ®!. (125) implies that (126) holds in this case if:

O — ¢ 4 [ — D) [6+0 40 40 +...] > 0

& %+ [0 — ] %g > 0

o (o5 -l [1-3]+3[@% 2] > 0
& [1-5] (67 + 65 (1-6f) +ads (1-0) - ]
+6 (67 + 05 (1—67) +ag; (1-¢f)
—(dit+a[1-d]tas [1-¢1])] > 0
& oo [1-d ] +ael [1-¢7] ¢y
=0 [0 +05 (1—¢7) +aef (1-9¢7) - ¢f]

+ 0 [o7 + 05 (1— 7)) +ag! (1-¢7)

—(¢1+d[1-¢1] +ad [1-¢1])] >0
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S Gy [1-¢7 | +ael [1-¢7] -1 065 [1- 9]
—ad¢l[1-¢l] > 0

& —[1-07] +o5 [1-0f] +aof [1- 6] +1-6] — 003 [1- o]
—adpl[1—¢l] > 0

& [1-0l][1-30i—adel| - [1-6{][1- 0§ —aoi] > 0. (127)

123) implies:
(123) 1—¢l > 1-¢7. (128)

Furthermore, (124) implies that when 0 [ 1 —i—g]ﬁ <1
_1
¢S — Sl = ¢S 545 [1+0]7T = 45 {1-5(1%)“} > 0. (129)
0 <1 because 6 [1 + 0] 77 < 1. Therefore, (123) implies:
o1 < 07 = agl < adi = adg < ady. (130)
Because ¢ + a ¢f < 1, by assumption, (129) and(130) imply:
1-6¢l—adgl > 1—¢5 —as¢d > 0. (131)

(128) and (131) imply that the inequality in (127) holds. W

Corollary to Proposition 13. Suppose Assumptions G and K hold. Then when the NID
setting prevails, E {W?9} > E,{W'} if v > 2 in the setting with innovation persistence.

Proof of the Corollary to Proposition 13. The Corollary follows directly from Proposition

13 because & [1+ g]ﬁ < 1 under the specified conditions. This is the case because:
S[1+40)71 < 5[1+40] < 1.

The weak inequality here holds because v > 2. The strict inequality here holds because
d = gd < ¢ in the NID setting and because §[1+ ] = 1, by definition. W
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