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Conclusion Al. Elly(¢y,,) > Ell(oy) if 3 92 > max {2.8 %K/(}O)}.

The proof of Conclusion Al relies upon the following finding.

Finding A1l. ¢(0) = 0 and g(¢y) > 0 for all ¢, € (0, ], where:

9(oy) = ng (r) — E (Yn) - (1)
Proof. The proofs of Findings 8 and 9 in the paper establish that:
il o 'y
Bulon) = s T @)
where
Ty = (0000 —0L) [T —2]* + 264 (00)° [0y — 0,) [T — 2]
3(ou)* 01 [0n — 0L [T — 2]+ 2(6y)° (00 — 01" [T — z]*; (3)
and  F'(¢y) = 2
" 2( ¢y (O —201) + 0]
where (4)
I'= (00)° 100 — 0] [T — 2]+ (¢)’ 00 — 20, [01 — 0,] (0.)* [T — 2]

3(dn)’ [0 — 001 (01)° [T — )" — 6y (02)° [0 — 0] [0 + 20, ] [T — z]* .

(2) and (4) imply:

_ ¢H9H[9H—9L] [z g]2f‘
70u) = 2( ¢y (0 —200) + 0.1 (205 (0 —01) + 0, (%)

where T' = 267 (0m)'+[9 — 16 ¢y | 65 (01)° 01 +0% (0r)” (01) [ 25 — 57 ¢y + 42 0% |
+ GO0 (00)° [22+ 6y (=81 + 966y — 44 0% ) |
+2[1_2¢H]2(9L)4[3+2(_2+¢H)¢H]-

Finding 9 in the paper establishes that: (i) E' (ng) 0; and (ii) E (¢y) is concave for

. Therefore, qu < %.

o < QGL — and convex for ¢ >

O 0+¢9

1



We now establish that:

f(by) = oyl —20L]+0, > 0 forall ¢ € [0 20,

N —. ]. (6)

To do so, observe that f(¢y) >0 if y = Z—’L’ > 2. If y < 2, then f(¢y) is a decreasing
function of ¢y. Furthermore:

20, 20,
_ Oy — 20,140
f(eH+9L) [eHwL}[H AR

. QL[2(0H_29L)+9H+‘9L] _ 39L[‘9H_6L] -~ 0

N Oy + 0y, O + 0y

(5) and (6) imply that g (¢5) and I' have the same sign for all ¢ € (O,EH}. We now

show that I' > 0 for all ¢, € [0, ¢ ]. To do so, it can be verified that:
T (¢g) = 6(00)" +2¢, (1105 —160.](0L)" + 63 (01)° 25 (0n)” — 8104 0 + 60 (01)* ]
+ 3¢50, 05 —40,)[30n —40,][0n —0,]

+ 264 [0n — 0] [0n — 40, ][04 — 20, ]

25 (%)2—81 (Z—ZI) + 60
coai ) [
a2

= 6+2¢,[11y —16] + ¢7 [25y> — 81y + 60 |

I'(on) [ (H_H)_ ] 2
= o = 6+20y | 1157 ) 16|+

+ 3¢y ly—41[By—4][y—1]+2¢5 [y — 11" [y —4] [y —2]. (7)
. T — F(CbH)
Define:  T'(¢y) = 00 (8)
It can be verified that:
25(y)* — 81y +60 = 25 [y —r1][y — 1] (9)

where r; = 1.14629 and r ~ 2.09371.



(7), (8), and (9) imply:

o) = 6426y |y- 11| +2 [y —nlly-nl
#9041 [y=3 |y -1+ 26 y-1Fly-allb-2]. (O

We now demonstrate that I (¢g) > 0 for all relevant values of y.
Case 1. y > 4.

(10) implies that I' (¢;;) > 0 in this case. A
Case 2. y € [rg, 4).

(10) implies that I' (0) > 0 in this case. Because E'(¢y) =0, (1) and Findings 9 and 10
in the paper imply that g(¢p) > 0. Therefore, (5) and (8) imply that I'(¢,) > 0.

Differentiating (10) provides:

f’(¢H) = 22 [y—%] +50¢yy—r1]ly —ra]

b ordhly-a1|y- 3| lv-1l+ 80k - 1Pl -alp-2. (v

(11) implies that I” (0) > 0 for all y € [ry, 4). Differentiating (11) provides:

T (py) = 50[y—7r1]ly—ro] + 540y [y — 4] [y—g] [y —1]

+ 2405 [y— 11" [y — 4] [y - 2]. (12)
(12) implies that I (0) > 0 for all y € [ry, 4). Differentiating (12) provides:

~ 4
F(6m) = stly—41[y=3 | lv-11+80n y=1FTy-ally-21. (13

(13) implies that I" (¢y) < 0 for all y € [ry, 4). Therefore, I (¢) is a decreasing
function of ¢, so I' (¢y) is either convex for all ¢ € [0, ¢p | or initially convex and then
concave on this interval. Consequently, I'(¢5) > 0 for all ¢5; € [0, ¢5 ] because I' (0) > 0,
IY(0) >0, and I'(¢y) >0. A



Case 3. y € [2, 12).

(10) implies that I (0) > 0 in this case. (11) implies that IV (0) > 0 in this case. (12)
implies that I'(¢y) < 0 for all ¢ € [0, ¢ ] in this case, so I' (¢5) is a concave function of
¢ Consequently, I' (¢5) > 0 for all ¢ € [0, ¢ ] in this case because I'(¢y) > 0. A

Case 4. y € [1.20635, 2).

(12) implies that I"(0) = 50[y—7r][y—rs] < 0. Therefore, h(0) < 0, where
h(oy) = I (dn).
Differentiating (13) provides:
W (op) = T (¢y) = 48[y—1]"[y—4][y—2] > 0. (14)

(14) implies that h (¢p) is convex in ¢5. Therefore, because h (0) < 0, if h(%H) <0,
then h (¢5) < 0 (and so I (¢5;) < 0) for all ¢, € [0, ¢y ]. Consequently, if h(py) < 0, then
I (¢p) is concave in ¢ for all ¢y € [0, ¢y and so I (¢p) > 0 for all ¢, € [0, ¢y ] (because
I'(0) > 0 and I'(¢y) > 0). We now proceed to complete the proof by demonstrating that

h(¢y) < 0 in this case.

(12) implies:

h@m:=5my—nuy—my+Man—4ﬂy——hy—u

+24(6)2 [y — 1P [y —4][y - 2] (15)

Solving E (o) = 0 provides:

5 = ZOat0) VO —0)0a70) _ — @tV DD o
"o 20 — 20, ] - 2[y — 2] '

Define ¢ (y) = h(¢y). Then (15) and (16) imply:

Y(y) = 50y —ri]ly—ro]

D+ V- +7) | 4

+54_ 20— 2) _[y—M[y—g]w—l]
)+ VDD | )

+24_ T _[y—u ly—4]ly—2].  (17)

Figure Al demonstrates that @(y) > 0 for y € [r, 1.20635) and J(y) < 0 fory €
(1.20635, 2). Therefore, ¥ (y) = h(¢y) < 0 for y € [1.20635, 2). A



Case 5. y € (71, 1.20635).

(12) implies that I (0) < 0. (14) implies that I"” (¢5) > 0, so I (¢n) 1s a convex
function of ¢,. Hence, either I' (¢,) is concave for all ¢, € [0, ¢ ] or F(qu) is ﬁrst
concave and then convex in this interval. We also know that I' (0) > 0 and I'(¢y) >
Therefore, T' (¢5;) > 0 for all ¢, € [0, ¢ ] if T"(dy) < 0. We now proceed to complete the
proof by demonstrating that I (5 7) < 0 in this case.

Define 3 (y) = I'(¢y). Then (11) implies:

W+ D+ -1 +7)
2(y—2)

¢@>zsm[y—§}+5o ly—n]ly—ra]

11

+ 27 _(erl);(\y/(_yQ_)l)(er?) [y—4][y—§}[y—1]
)+ V- | )
+ 8 D) =172 [y—4][y—2]. (18)

Figure A2 demonstrates that ¢ (y) < 0 for all y € (71, 1.20635). Therefore, I'(¢y) <0
if y € [ry, 1.20635]. A

Case 6. y € (1, 1]

(12) implies that I (¢y) > 0,80 T (¢p) is convex in ¢ . Also, r (0) > 0 an T(¢y) > 0.
) =

Therefore, T (¢) > 0 for all ¢ € [0,0,] if T"(¢y) < 0. Define k(y
(11) implies:

~WHHD+ V-1 +7)
2(y—2)

[y —r1][y —r2]

~ 1
k(y) = 22 [y—l—?]+50

-+ )+l -1)(y+7) 1
1+ 27 20— 2) [ —4][@/—5}[.@—1]
W+ +V/y-1)y+7) 2
+38 2y —9) [y —1]"[y —4][y—2]. (19)

Figure A3 reveals that k(y) < 0 for all y € (1, 7,]. Therefore, I' (¢;) > 0 for all
oy €10, ¢ | in the present case. A

Cases 1 — 6 imply that T (¢y) (and thus I' (¢y)) is strictly positive for all ¢ € [0, oul.
Therefore, g(¢y) >0 for all ¢ € [0, ¢ ]. Consequently, (1) and (5) imply that g (0 ) 0

and g(¢y) >0 for all ¢, € (0, ¢y ]. W



K'(
0.2742]

N =

Proof of Conclusion A1l. We first establish that ¢7;,, > % when 6, > )_

is determined by:

]2 . ¢*HM

8|

By (&) — K' (03) = 0 (20)

where E, (¢;) is defined in (2). The proof of Finding 8 in the paper establishes that
Ey (@) is concave in ¢, Furthermore, K (¢) is convex in ¢, by assumption. Therefore,
if £y, (3) > K'(3), then ¢}, > 3.

From (2):
~ 1 INY;
Ey(=) = 21
W3) = s @)
where I') is as specified in (3). (3) and (21) imply:
— 2 =
D e (22)
2 2(0n)
~ 1
where FM = HH(HL)Q—Fz[(gH—@L]Q [9H+29L] (23)
(22) and (23) imply:
~, 1 [QH—QL][E—QF[QH(HL)Z—{—%(QH—QL)Z (QH—I—QHL)}
By(i) = : NG
2 2 (0n)
Differentiating (24) with respect to g and simplifying provides:
OF}, (3) _ 7 2] [(0m)" = (On)" (00)" — 204 07 +6(01)" ] (25)

905 8(0y)*

It can be verified that the expression to the right of the equality in (25) is positive for
all 0y > 0, > 0. Therefore, EY,(3) is increasing in 6. Consequently, if £}, (3) > K'(1) at
O = 2.8 0y, then E, (%) > K'(%) for all 0 > 2.8 0;.

(24) implies:

E’ (1) C [m—z]P[280,—0,][(2860L) (6,) + 5 (2860, —6,)* (280, +26.)]
M2 e 2(2.86,)°
 [m—z]?0,[1.8][2.8+ 1(1.8)* (4.8)]
a 2(2.8)°
02142
~ 0027427 —z]” = 58 [T —2z]" 0g. (26)



Therefore, ¢j;,, > % for all 85 > 2.8 6; when

0.2742 9 1 2.8 K'(%) 10.212 K'(3)
T — Og > K'(= Oy > 2 = 2
25 [Tzlbn 2 K(5) & bn 2 {0.2742} Z—z) (Z—z]
O 10.212 K'(3)
0 — O [z—z]

We now establish that ETly(¢},,) > EI(¢}). The proof of Lemma 6 in the paper
establishes that:

" HM 2[ ¢t (0 —201) +00] (205 (0g —01) +0L]
where, for y = 9—’;:
I'= ¢y 120y — Oun | Oun On + [ — O + O | [ — Par + O (= 1+ 2050,) 101
= 0{ou (200 — Ouar) O ¥+ [Py — O 1 [0 (200 — 1) — Guar ] - (28)
(27) and (28) imply:
Elly(¢yy) = El(¢y) & T 0. (29)
Because ¢j;,, > 3, (28) implies:
F§01f¢*H§i. (30)
(30) holds because when ¢, < 1 and ¢}, >
1 1 1
Ou 20 — 1] — ¢y < Z[2¢ZM_1]_¢;{M = _§¢EM_4_1 <0
= [ Ouy —u)0n (2050 —1) — dpu] < 0. (31)
Furthermore:
1
20y < B < 9 = 20y —9dum < 0
= Oy l20y — PumlPumy < 0. (32)
(28), (31), and (32) imply that (30) holds.
(16) implies that when K (¢) = 0 for all ¢, € [0,1]:
— (O +0r) + /[0 — 0] [0 +70L] . (33)

O = 2[0y — 20y ]



33) implies that under the maintained assumptions that K (0) > 0 and K’ (¢) > 0:
H

- (‘9H+9L)+\/[HH_QL][QH‘f'?eL].

: 4
O < 3[04 — 20, ] (34)
(34) implies that ¢j; < 1 if:
— (O +01)+ /(0w — 0.1 [0 +70L] 1
2[0y —26,] !
— DAVl -1y +7] _ L (35)
2[y — 2] 4
When y > 2, (35) implies that ¢}, < i if:
—2[y+1]+2/[y—1][y+7] < y—2
& 2/ [y—1]ly+7] <3y & 4ly—1][y+7] < [3y)
& Ay +6y—T7] <9y & 5y*—24y+28 > 0. (36)

It can be verified that 5y? — 24y + 28 > 0 if y > 2.8. Therefore, (36) implies that
oy < }1 if y = Z—’Lf > 28 & Oy > 2860 Consequently, I' < 0 (from (28)) and so
Elly (o) > Ell(¢3) (from (29)) under the maintained conditions. W



