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Equations and Definitions from the Text

Gi—pr—min{tz, t[l—2]+ K1} > Go—py—min {t[1—x],tx+ Ky }. (1)
1 K
tM—z]+K <tz < x> -4—. (2)
2 2t
1 K
1 K 1 K
o= é[rL+rH]—2—t1[rH—rL]; ry = 5[7«L+7~H]+2—§[7«H—m > 7. (4)
1
A = g[G2+TH—CQ—(G1+TL—Cl)]. (5)

Additional Lemmas

The following lemmas (Lemmas A1l — A18) are employed to prove the formal conclusions in
the text.

Lemma A1l. A user who buys a phone from Firm 2 will change the default setting on the

phone if and only if the user is located in [0, 1 — £2).

Proof. If a user located at x buys a phone from Firm 2, the user will change the default

setting on the phone if and only if:

K.

Go—tx—Ky > Gy—t[l—2z] & t[l1-2z] > K & 1—-2x > 72
& 2z < 1 oz < o
T - — T - — —.
2 2t

Lemma A2. A user who buys a phone from Firm 1 will change the default setting on the

phone if and only if the user is located in ( % + %, ).

Proof. If a user located at x buys a phone from Firm 1, the user will change the default

setting on the phone if:



K
Gi—t[l—z]—-K, > G-tz & t[1-2z2] < —K, & 1-2z < —71

K1 1 Kl
&2 > 1+— & > —+—. 1
T + y z 5 + TR
Lemma A3. A user located in [% — %, % + 2—1} will not change the default setting on the

phone she purchases.

Proof. The proof follows directly from Lemmas Al and A2. W

Lemma A4. Suppose a user located at zy € [z — I;— 1 K

2 2+ 1] is indifferent between buying

1
2

a phone from Firm 1 and from Firm 2. Then: (i) all users located in [0, zo) will buy a phone
]

from Firm 1; and (ii) all users located in [xg, 1] will buy a phone from Firm 2.

Proof. Lemma A3 implies that because the user at xq is indifferent between buying a phone
from Firm 1 and from Firm 2:

Gi—txg—p1 = Ga—t[1—z0] —p2

& t[1—2x] = Go—G1+p1 —
1
& 2xy = 1—|—¥[G1—G2+p2—p1]

1
S xp = ﬂ[t+G1—G2+p2—p1]' (6)

K>
2t

(6) and Lemma A3 imply that a user located at = € | xo) will buy a phone from

1
2
Firm 1 because:

Gl—tl’—pl > Gg—t[l—l’]—pg

& t[1—2x] > Go—Gy+p1 —
& 2 < 1+ - [G1 G+ p2 — 1]

1
= T < E[t"—Gl_GQ‘i_pQ_pl] = Xy.

(6) and Lemma Al imply that a user located at € [0, — £2) will buy a phone from

Firm 1 because:

Gl—tl’—pl > GQ—tSL’—pQ—KQ

1
& G—Go+po—p1r > — Ky & E[G1—G2+p2—p1] > =



1
+E[G1—G2—|—p2—p1] > ——— & Ty > - — —.

N | —

=

(6) and Lemma A3 imply that a user located at = € (zo, 3 + 51] will buy a phone from

Firm 2 because:
Gy—t[l—x]—ps > Gi—tz—p

= t[1—2x0] < Gy—G1+p1—p2
1
® 20> 14+ -[Gi=Gtp—p]

1
< T > E[t‘i‘Gl—GQ‘f—m—pl] = Tg-

(6) and Lemma A3 imply that a user located at z € (1 + £1,1] will buy a phone from

Firm 2 because:

GQ—t[l—l’]—pg > Gl—t[l—x]—pl—Kl

1 K
& Gi—Gi+tpp—m < K1 & E[G1—G2+p2—p1] < 2—;
1 1 1 K 1 K
& -+ =G -G - < - +—= & < -+—. N
y TlGimGetpmm] < oo SRy
Lemma A5. Suppose a user located at x; € [0,% — [2(—?) is indifferent between buying a
phone from Firm 1 and from Firm 2. Then: (i) all users located in [0, 4 — £2] are similarly
indifferent; and (ii) all users located in (4 — £2,1] will buy a phone from Firm 2.
Proof. Lemma Al implies that when a user at x € [0, % — % ) is indifferent between buying
a phone from Firm 1 and from Firm 2:
Gl—tl‘—pl = Gz—t$ _p2_K2
< pp = pr+G— G — K. (7)
(7) implies that when the user located at z; € [0, — £2) is indifferent between buying
a phone from Firm 1 and from Firm 2, the same is true of all users located in [0, 3 — I;—f ).

Lemma A3 implies that when (7) holds, the user at 7 = 1 — £2 is indifferent between

buying a phone from Firm 1 and from Firm 2 because:
Gi—tx—p = Gy—t[1-2]—po

& p—(pm+G—G) = —t[1-27] & — K, = —t[1-27]



@K—l 2~<:>~—1 K
t v T T 9y

Lemma A3 implies that when (7) holds, a user located at z € (3 — £2,1 4 £2] will buy
a phone from Firm 2. This is the case because when (7) holds:

Gg—t[l—l’]—pg > Gl—tl'—pl

S p—(p+G—G) < —t[1-22] & — K, < —t[1-22]

K, 1 K
S — > 1-22 & > -——.
t 2 2t
Lemma A2 implies that when (7) holds, a user located at z € (4 + 51, 1] will buy a
phone from Firm 2 because:
Gg—t[l—l’]—pg > Gl—t[l—x}—pl—Kl
= p2<p1+G2—G1+K1. (8)

(7) ensures that (8) holds. W

Lemma A6. Suppose a user located at xy € (% + %, 1] is indifferent between buying a

phone from Firm 1 and from Firm 2. Then: (i) all users located in [1 + 51, 1] are similarly

indifferent; and (ii) all users located in [0,  + % ) will buy a phone from Firm 1.
Proof. Lemma A2 implies that when a user at = € (4 + £1,1] is indifferent between buying
a phone from Firm 1 and from Firm 2:

Gi—t[l-z]-p— K = Ga—t[l—z]—po
& pp=pt+G -G+ K. 9)

(9) implies that when the user located at x5 € (3 + +,1] is indifferent between buying a

2t
phone from Firm 1 and from Firm 2, the same is true of all users located in ( % + %, ].

Lemma A3 implies that when (9) holds, the user at Z = 1 + £ is indifferent between

buying a phone from Firm 1 and from Firm 2 because:

Gi—tx—p = Go—t[1—-2]—po

S p—(m+G—G) = —t[1-27] & K, = —t[1-27]
P S ¢
i ARV
Lemma A3 implies that when (9) holds, a user located at z € [1 — &2 1 4 L1 will buy

a phone from Firm 1. This is the case because when (9) holds:
4



Gl—tl‘—pl > Gg—t[l—l‘}—pg
S p—(pm+G—G) > —t[1l-2z] & K > —t[1-2z]

= Kl>2 1 < <1+K1
— T — T -+ —.
t 2 2t

Lemma A1 implies that when (9) holds, a user located at = € [0, 3 — £2] will buy a phone
from Firm 1 because:

Gl—tl‘—pl > Gg—th‘—pQ—Kg
<~ pg—(p1+G2—G1) > — K. (10)

(9) ensures that (10) holds. W

Lemma A7. If p; > ps+G;—Gy+ Ko, then all users located in [0, %— [2(—? ) (weakly) prefer

to buy a phone from Firm 2 than from Firm 1. The preference is strict if the inequality
holds strictly.

Proof. Lemma Al implies that a user located at € [0,1 — £2) (weakly) prefers to buy a
phone from Firm 2 than from Firm 1 if:
Gl—t{E—pl SGQ—tx—pQ—KQ < N 2p2+G1—G2+K2. (11)

It is apparent from (11) that the preference is strict if the inequality holds strictly. W

Lemma A8. If p; > ps+G1—Gs+ Ky, then all users located in | % — I;—f, 1] (weakly) prefer

to buy a phone from Firm 2 than from Firm 1. The preference is strict if the inequality
holds strictly.

Proof. Lemma A3 implies that a user located at x € [ — %, + %] (weakly) prefers to

N[
N =

buy a phone from Firm 2 than from Firm 1 if:
Gi—ter—p < Gy—t[l—x]—po
& opr 2 pg—f-Gl—Gg—i—t[l—QI]. (12)

The maintained assumption ensures the inequality in (12) holds if:

1 K.
K, > t[1-2z] < ‘”25_272' (13)
(13) holds for all users located in |4 — £2 14 1] Furthermore, it is apparent from (12)

2t
and (13) that all users located in [% — %, % + &} strictly prefer to buy a phone from Firm

2 than from Firm 1if p; > py + G1 — G2 + Ko.
5



Lemmas Al and A2 imply that all users in (% + %, 1] strictly prefer to buy a phone
from Firm 2 than from Firm 1 if:

Gi—t[l—z]—-p— K1 < Ga—t[l—z]—po

S pr > pp+G -Gy — Ky (14)

The maintained assumption ensures the inequality in (14) holds. W

Lemma A9. If py > p; +Gy— G+ Ky, then all users located in (% + %, 1] (weakly) prefer
to buy a phone from Firm 1 than from Firm 2. The preference is strict if the inequality

holds strictly.

Proof. Lemma A2 implies that a user located at = € (3 + £1,1] (weakly) prefers to buy a

phone from Firm 1 than from Firm 2 if:
Gl—t[l—l’]—pl—Kl Z Gg—t[l—l’]—pg <~ P2 Z p1+G2—G1+K1. (15)

It is apparent from (15) that the preference is strict if the inequality holds strictly. W

Lemma A10. If p; > p; + Gy — Gy + K3, then all users located in [0, % + %] (weakly)
prefer to buy a phone from Firm 1 than from Firm 2. The preference is strict if the inequality

holds strictly.

Ko
2t

N =

+ &1 | (weakly) prefers to

Proof. Lemma A3 implies that a user located at x € [% — oF

buy a phone from Firm 1 than from Firm 2 if:
Gl—tl’—pl Z Gg—t[l—l’] — P2
& D2 2p1—|—G2—G1—t[1—2x]. (16)
The maintained assumption ensures the inequality in (16) holds if:
1 K
< -4 —. 17
-2 * 2t (17)

(17) holds for all users located in [% — K :+ —1] Furthermore, it is apparent from (16)

and (17) that all users located in [§ — 52 1 + £21 strictly prefer to buy a phone from Firm

1 than from Firm 2 if py > p; + Gy — G1 + K.

Lemmas Al and A2 imply that all users in [0, % — %) strictly prefer to buy a phone from
Firm 1 than from Firm 2 if:

Gi—tx —p1 > Gy—tx —py— Ko

& pp > p+G -G — K. (18)



The maintained assumption ensures the inequality in (18) holds. W

Assumption 1. K; € [0,t), Ko € [0,¢), and (K, Ky) # (0,0).

Lemma A11l. Suppose Assumption 1 holds. Then in any equilibrium in which p; — py €
(G — Gy — K1,G1 — Gy + Ky): (i) all users located in [0, — £2) strictly prefer to buy a

12 T 21
phone from Firm 1 than from Firm 2; (ii) all users located in (% + %, 1] strictly prefer to
buy a phone from Firm 2 than from Firm 1; and (iii) some user located in [1 — £2 14 1]

is indifferent between buying a phone from Firm 1 and from Firm 2.

1

5 — %) strictly prefer to buy

Proof. Lemmas Al and A2 imply that all users located in [0,
a phone from Firm 1 than from Firm 2 if:

Gi—tx —p1 > Gy—tx —py— Ky

= p1 < p2+G1—G2+KQ & pr—p2 < Gl—G2+K2. (19)

K

5+, 1] strictly prefer to buy

Lemmas Al and A2 also imply that all users located in (% +
a phone from Firm 2 than from Firm 1 if:

Gl—t[l—l’]—pl—Kl < Gg—t[l—l’]—pz
= p2 < p1+GQ—G1+K1 < p1—p2 > Gl—GQ—Kl. (20)

(19) and (20) imply that conclusions (i) and (ii) in the lemma hold.

To prove conclusion (iii), first suppose all users located in [% — %, % + %} strictly prefer
K

to buy a phone from Firm 1 than from Firm 2. Then the user located at % + 51 weakly

prefers to buy a phone from Firm 1 than Firm 2. Consequently, Lemma A3 implies:

1 K 1 K
Gl_t|:_+_1:| = G2—t[———1} — P2

2 2t 2 2t
1 K 1 K
& —p < G-G—-t|l-+——|z——
P1—DP2 > 1 2 {2—1—% (2 275)]

S pr—p2 < Gy —Gy— K;.

(20) implies that this inequality cannot hold. Therefore, it is not the case that all users
1 Ky 1 Ki

located in [5 — 52,5 + 51| strictly prefer to buy a phone from Firm 1 than from Firm 2

when py —py € (G1 — G2 — K1,G1 — Ga + K).

Now suppose all users located in [% — %, % + %] strictly prefer to buy a phone from
Firm 2 than from Firm 1. Then the user located at % — [2(—5 weakly prefers to buy a phone

from Firm 1 than Firm 2. Consequently, Lemma A3 implies:



1 K, 1 K,
| 2= > 4|22
1 K, (1 K
o — > Gy —t | 22222
p—p 2 Gi=Go l2 21 (2+2t)]

& pr—p2 > Gy —Gy+ K.

(19) implies that this inequality cannot hold. Therefore, it is not the case that all users

located in [1 — [2(—?,% + %] strictly prefer to buy a phone from Firm 2 than from Firm 1
when p; —pe € (G1 — Gy — K;,G; — Gy + K3). Consequently, it must be the case that some
user located in [ — £2, 1 + 21 ] is indifferent between buying a phone from Firm 1 and from
Firm 2. W

Lemma A12. When Assumption 1 holds: (i) ¢; — ry is the lowest price that Firm 1 can
profitably charge when all users buy a phone from Firm 1; and (ii) ¢y — s is the lowest price

that Firm 2 can profitably set when all users buy a phone from Firm 2.

Proof. Lemmas A1l — A3 imply that when Assumption 1 holds, Firm 1’s profit when all users
buy a phone from Firm 1 at price p; is:

_ [ N ] 1+K1 +[ N ] 1 K

T = |P1T77Tp—C 9 9t P1T™TH —C 5 21
- n 1+K1 n 1 K B N
= pP1—CTTL 5 91 TH 5 2t = pP1r—CGTn

= m >0 & p1 > €4 —T1.

Lemmas Al — A3 also imply that when Assumption 1 holds, Firm 2’s profit when all
users buy a phone from Firm 2 at price p, is:

T2 = [p2+ ) Y )
T2 = [P2TTH —C2 5 91 D2 T7TL—C 5 97
= T e e ) +
= P2 —CTTH 5T 97 L 5 9| T P2 — C2 1 T2

=>ﬁ220(:>p2202—7’2..

Lemma A13. Suppose Assumption 1 holds. Then ¢;—r; > ¢;—1r1 and co— 1y < ca—7Ta.

Proof. (4) implies:

K
cL—7Tp > -1 & rp <1 & §[TL+TH]—2—;[7‘H—TL > rp



1 K 1 K
= §[TH—T'L]—2—;[7"H—T‘L]>O = |i§—2—t1}[TH—TL]>O. (21)

The last inequality in (21) holds because K; € [0,1).

(4) also implies:

1
Co—Tg < C—Ty <& Tg > Ty <= §[TL+’I“H]+2—§[7”H—TL]<TH
1 K 1 K.
= i[TH_TL]_Z_;[TH_TL] >0 & [5—2—5}[7’]{—7]]] > 0. (22)

The last inequality in (22) holds because Ky € [0,¢). W

Lemma A14. Suppose Assumption 1 holds. Then: (i) setting p; < ¢; — r1 is a weakly
dominated strategy for Firm 1; and (ii) setting py < ¢y — 7y is a weakly dominated strategy

for Firm 2.

Proof. We first prove that setting p; < ¢; — r; is a weakly dominated strategy for Firm
1. We do so by showing that Firm 1 can always secure at least as much profit by setting
p1 = c¢1 — 1. The proof proceeds by analyzing Cases 1A — 1E, which consider five distinct
regions for ps.

Case 1A. ps < ¢ —1p + Gy — G — Ks.

First suppose p; = ¢; — r. Lemmas A7 and A8 imply that all users buy a phone from
Firm 2 in this case. Therefore, Firm 1’s profit is 0.

We now show that Firm 1’s profit is non-positive if it sets p; < ¢; — ry. There are five
subcases to consider. (Lemma A13 implies that p; < ¢; — r7 in each subcase.)

Case 1A(i). ps < p1+ G2 —G1 — Ky. Lemmas A7 and A8 imply that all users buy a phone
from Firm 2 in this case. Therefore, Firm 1’s profit is 0.

Case 1A(ii). py = p1 + Gy — G; — Ks. Lemmas A7 and A8 imply that in this case: (i) all

users located in [0, 2 — £2] are indifferent between buying a phone from Firm 1 and from

2 2t
1 K>

Firm 2; and (ii) all users located in ( 5 — 52,1] buy a phone from Firm 2. Therefore, Lemma

A2 implies that Firm 1’s profit is:

—1[+ ]1K2<0 (23)
7r1—2p1 rL 612215 .

The inequality in (23) holds because p; < ¢; — .

Case 1A(iii). py € (p1+ G2 — Gy — Ky, p1 + G5 — G1 + K;). Lemmas A3, A4, and All
imply that Firm 1’s profit in this case is:

T = [pr+ro—clr <0 (24)



where 29 > 0 is defined in (6). The inequality in (24) holds because p; < ¢; — 7.

Case 1A(iv). py = p1+ G2 — Gy + K;. Lemmas A9 and A10 imply that in this case: (i) all
users located in (1 4+ &1,
Firm 2; and (ii) all users located in [0, 3 + 51 ] buy a phone from Firm 1. Therefore, Lemma

A2 implies that Firm 1’s profit is:

1] are indifferent between buying a phone from Firm 1 and from

1 K 111 K
™ = |:§+2_;‘|[p1+TL—C1]+§|:§_2_;:|[p1+TH_Cl] < 0. (25)

The inequality in (25) holds if p; +rg —¢; < 0 because p; < ¢; — r. The inequality in
(25) holds if p; + 7y — ¢; > 0 because in this case:

1 K 1 K

m < {54'2—]5}[p1+7"L—C1]+[5—2—t}[p1+7“f1—61] < 0.

The last inequality here follows from Lemma A12 because p; < ¢; — 7.

Case 1A(v). ps > p1 + Gy — G + K;. Lemmas A9 and A10 imply all users buy a phone
from Firm 1 in this case. Therefore, Lemma A2 implies Firm 1’s profit is:

[1 K, 1 K

§+2—t}[p1+7“L—C1]+{5—2—t}[191+m—01] < 0. (26)

The inequality in (26) follows from Lemma A12 because p; < ¢; — ry.
Case 1B. P2 = C1 —TL —|—G2 — Gl — Kg.

First suppose p; = ¢; — r. Lemmas A7 and A8 imply that in this case: (i) all users

located in [0, 3 — [;—f) are indifferent between buying a phone from Firm 1 and from Firm
2; and (i) all users located in [ — 52, 1] buy a phone from Firm 2. Therefore, Lemma A2
implies Firm 1’s profit is:

111 Ko 111 K,

2[2 21&}[“4”” al 2[2 2t][cl ot —al 27)

Now suppose p; < ¢; — r;. There are three subcases to consider: (i) ps € (p1 + G2 —
G1— Ky, pr + Gy — G+ Ky); (ii) po = p1+Go— G+ Ky and (iii) py > p1+ G2 — G+ K.
Firm 1’s profit in these subcases is as specified in (24), (25), and (26), respectively. Each of
these profits is negative.

Case 1C. D2 c (Cl—TL+G2—G1—K2, Cl—TL+G2—G1+K1).

If p; = ¢; —rg in this case, then (6) and Lemmas A3, A4, and A1l imply Firm 1’s profit
is:
[pr+rp—clzg = [ee—rp+rp—clz = 0.
If Firm 1 sets p; < ¢; — rq, there are three subcases to consider: (i) ps € (p1 + G2 —
G1 _KQ, p1+G2—G1+Kl); (11) P2 = p1+G2—G1+K1; and (111) P2 > p1+G2—G1+K1.
Firm 1’s profit in these subcases is as specified in (24), (25), and (26) respectively. Each of

10



these profits is negative.
Case 1D. py = 1 —rp + Gy — Gy + K;.

If p1 = ¢; — rp in this case, then Lemmas A9 and A10 imply that: (i) all users located
in (% + %, 1] are indifferent between buying a phone from Firm 1 and from Firm 2; and
(ii) all users located in [0, 1 + 51 ] buy a phone from Firm 1. Therefore, Lemma A2 implies

Firm 1’s profit is:

1+K1[+ ]+11Kl[+ ]
P1TTL—C 5179 9t P1TTTH —C

2 2t

_ L, m), . R R . |

= |31 3; cl—Trp+rp—c 212 97 C1—=TLTTg—C
111 K

—5[5—5][TH—TL] >0

If Firm 1 instead sets p; < ¢; —r1, then py > p; + Gy — G+ K;. Firm 1’s profit in this
case is as specified in (26). This profit is negative.

Case 1E. py > c1 —rp + Gy — G + K.

If p1 = ¢; — r, in this case, then Lemmas A9 and A10 imply that all users buy a phone
from Firm 1. Therefore, Lemma A2 implies that Firm 1’s profit is:

1+K1 [ + ]—I— 1 K [ n ]

5 9t pP1T7TL—C 5 2t P1T+TH —C

B 1+K1 [ n ]+ 1 K [ n ]

= |51 3; C1—TL+7rp—0C Y C1—=TLT7Tg—C
1 K

= |:§——2;:|[TH—TL] > 0.

If Firm 1 instead sets price p; < ¢; — 71, then py > p; + Gy — G; + K;. Firm 1’s profit
in this case is as specified in (26). This profit is negative.

We now prove that setting ps < co— ry is a weakly dominated strategy for Firm 2. We do
so by showing that Firm 2 can always secure at least as much profit by setting ps = co —7rg.
The proof proceeds by analyzing Cases 2A — 2E, which consider five distinct regions for p.
Case 2A. p1 < o —ry+ Gy — Gy — K.

If po» = c3 — ry, then Lemmas A9 and A10 imply that all users buy a phones from Firm
1 in this case. Therefore, Firm 2’s profit is 0.

If Firm 2 instead sets py < ¢ — ry, there are five possibilities to consider.
11



Case 2A(i). p1 < po+G1— Gy — K;. Lemmas A9 and A10 imply that all users buy a phone
from Firm 1 in this case. Therefore, Firm 2’s profit is 0.

Case 2A(ii). p1 = p2+G1— Gy — K. Lemmas A9 and A10 imply that: (i) all users located

in (5 + I;—;, 1] are indifferent between buying a phone from Firm 1 and from Firm 2; and (ii)
all users located in [0, % + %] buy a phone from Firm 1. Therefore, Lemma A1l implies that
11 K

{5—2—”[]?2%”7“11—02] < 0. (28)

Firm 2’s profit is:
2
The inequality in (28) holds because py < ¢ — ry.
Case 2A(iii). p1 € (p2+ G1 — Gy — Ky, po + Gh — G2 + K5). Lemmas A3, A4, and All
imply that Firm 2’s profit in this case is:
[po+rm—c2][1—20] < O (29)
where xy € (0,1) is as specified in (6). The inequality in (29) holds because py < ¢y —1rp.

Case 2A(iv). p; = ps + G1 — G2 + Ks. Lemmas A7 and A8 imply that in this case: (i) all

users located in [0, 3 — £2] are indifferent between buying a phone from Firm 1 and from
Firm 2; and (ii) all users located in ( % — I;—tz, 1] buy a phone from Firm 2. Therefore, Lemma

A1l implies that Firm 2’s profit is:

1 1 K, 1 Ky
§[p2+TL—02]{5_5}+[p2+TH_02][§+2_t} (30)
< 1[ + ] LK + + ] L, K

9 Co —THg 7L —C2 9 2t Co —TH TTH —C 5 2t

1 1 Ky

The first inequality in (31) holds because py < c3 — ry.

Case 2A(v). p1 > ps + G1 — Gy + K3. Lemmas A7 and A8 imply all users buy a phone

from Firm 2 in this case. Therefore, Lemma A1 implies that Firm 2’s profit is:
1 K2 1 K2

To = [pe+7L —Co] {5—%}4—[])2—1-7“;1—02} [§+E] < 0. (32)

The inequality in (32) follows from Lemma A12 because py < ¢y —ryg < co — 1o (from
Lemma A13).

Case 2B. P11 = CQ—TH+G1—G2—K1.

If Firm 2 sets ps = ¢y — ry in this case, Lemmas A9 and A10 imply that: (i) all users

located in (1 + £1 1] are indifferent between buying a phone from Firm 1 and from Firm

12



2; and (ii) all users located in [0, % + %} buy a phone from Firm 1. Therefore, Lemma A1l
implies that Firm 2’s profit is:

11K1[+ ]_11K1[ . | — o
9|2 g |P2TTET QLT oy Ty |l ET e el = U

If Firm 2 instead sets price ps < ¢y — 7y, there are three possibilities to consider: (i)
P11 € (pg + G — Gy — K1, po + G — Gy +K2>; (11) pP1 = p9 + Gy — Gy + Ko and (11)
p1 > pe+ Gy — Ge+ Ks. Firm 1’s profit in these cases is as specified in (29), (30), and (32),
respectively. Each of these profits is negative.

Case 2C. p; € (ca—rgp+ Gy — Gy — Ky, co —ryp + G — Ga + K)).

If po = ¢y —ry in this case, (6) and Lemmas A3, A4, and A1l imply that Firm 2’s profit
is:
77'2 = [p2+TH—CQ][1—.CL'0] = [CQ—TH+TH—CQ][1— l‘o] = 0
If Firm 2 instead sets py < ¢y — 7y, there are three possibilities to consider: (i) p; €
(p2 +G1— Gy — Ky, pp+G1 — Gy + Ka); (ii) pr = p2 + Gi1 — Gy + Ky; and (iii) py >
pe+G1— G+ Ky, Firm 1’s profit in these cases is given by (29), (30), and (32), respectively.
Each of these profits is negative.

Case 2D. P1 = Co —TH+G1 —G2+KQ.

If Firm 2 sets py = ¢ — ry in this case, Lemmas A7 and A8 imply that: (i) all users

located in [0, 1 — £2] are indifferent between buying a phone from Firm 1 and from Firm
2; and (ii) all users located in (§ — £2,1] buy a phone from Firm 2. Therefore, Lemma Al
implies that Firm 2’s profit is:
_ 1 [ps+ ] 1 K Flpat ] 1 N K,
= = rp—c)| = —— ry—c) | =+ —
T2 9 D2 L 2l 5 7 9y b2 H= Gl 5T 57
1 [ . | L K], [ . | L, I
-9 Co—THTTL—C2 9 9¢ Co—THTTH—C2 9 91
1 1 K,
= Z[r,— S22 0. 33
y T 7“H1[2 2t]< (33)

If Firm 2 instead sets price py < co — ry, then p; > ps + G — Go + K5. Therefore, as
in (32), Firm 2’s profit is:

_ [ n ] 1 K5 +[ + ] 1+K2
g = |[P2 7T —C2 9 97 P2 TTHg — Co 5 2t
< | + ] L _ K + | + ] L, K
Co—TH TTL —C 5 9t Co—TH TTH — Co 9 9t
1 Ky 1 1 Ky _
fry — _— - - -~ = . 4
e TH][z 2t | < 3l rH][z 2t] e (34)

13



The first inequality in (34) holds because p; < ¢ — ry. The last inequality in (34) holds

because [r, —ry] [ —52] < 0.

Case 2E. Suppose p1 > co —ryg + Gy — Go + Ks.

If Firm 2 sets py = ¢ — ry in this case, Lemmas A7 and A8 imply that all users buy a
phone from Firm 2. Therefore, Lemma A1l implies that Firm 2’s profit is:

B _[ n ] 1 Ky "‘[ n ] 1+K2
T = |P2 77T —C2 B 2t P2 T TH — C2 5 Y
_[ n ] 1 Ky +[ n ] 1+K2
= |G —THgHTTL—C 9 2t Co —TH TTH —C 5 9t
1 K
I — [5_2_;} < 0. (35)

If Firm 2 instead sets py < ¢y — ry, then p; > py + G; — Go + K. Therefore, Firm 2’s
profit is 7o, as specified in (32). Inequality (34) establishes that m < 7. B

Lemma A15. Suppose Assumption 1 holds. Then an equilibrium does not exist in which

p1 > pa+ Gy —Gy+ Ky and py > ¢ — 1.

Proof. First suppose that p; > ps + G; — Go + Ky > ¢; — rz. Then Lemmas A7 and A8
imply that all users strictly prefer to purchase a phone from Firm 2 than from Firm 1. Firm
1 earns 0 profit. If Firm 1 reduces its price to p; = ps+ G — G2+ Ko, then (7) and Lemma
A5 imply that: (i) all users located in [0, 2 — £2] are indifferent between buying a phone

12 T 2
from Firm 1 and from Firm 2; and (ii) all users located in (1 — ]2(—?, 1] buy a phone from
Firm 2. Therefore, Lemma A2 implies that Firm 1’s profit is:

o= ot ) RS >

™ = 5 p1+7rL—C 5 T ecause pi C1—7Tp.

Because Firm 1 thereby strictly increases its profit, an equilibrium in which p; > py + G —
G + Ky > ¢y — 11, does not exist.

Now suppose that p; > ¢; —rp > ps + G; — G + K5. Lemmas A7 and A8 again imply
that all users strictly prefer to purchase a phone from Firm 2 than from Firm 1. Firm 2 can
increase its profit by increasing its price to ensure py + G7 — Gs + Ky = ¢; — rp. Therefore,
no equilibrium exists in which p; > ps + G — Gy + Ky and p; > ¢ —rp.

Finally, suppose that p; = ps + G7 — G5 + K3 and p; > ¢; — rg. Then (7) and Lemma

A5 imply that: (i) all users located in [0, 3 — f—f] are indifferent between buying a phone
from Firm 1 and from Firm 2; and (ii) all users located in (§ — £2,1] buy a phone from

Firm 2. Therefore, Lemma A2 implies that Firm 1’s profit is:
14



= KQ} > 0. (36)

- 1
T = §[P1+7"L—C1]{5—2—t

The inequality in (36) holds because p; > ¢; — rp. If Firm 1 were to reduce its price

marginally to p; — e; where €; > 0, all users located in [0, % — [2(—?] would purchase a phone
from Firm 1. Consequently, Firm 1’s profit would be at least:
[ N ] 1 K,
= —_— —_— c —_—— —
T b1 —¢e1T7TL 13 2t
-~ 1 K ~ i
= T+ 7T —€1 [5 — 2—;] > 7 for e; sufficiently small.

Because Firm 1 could increase its profit by reducing its price marginally, an equilibrium does
not exist in which p; = po + Gy — Gy + Ky and p1 > ¢ —r;. R

Lemma A16. Suppose Assumption 1 holds and Gy — G; + ¢; — ¢o — K5 # 0. Then an
equilibrium does not exist in which p; = po + G1 — Go + Ky and p1 = ¢; — ry.

Proof. We assume p; = ¢; — r;, throughout the ensuing proof. If p; = ps + G1 — Go + Ko,

then:
pr = i +G—Gi—Ky = pp = c—rp+Gy— G — Ky

(7) and Lemma A5 imply that when py, = p; + G2 — G7 — Ks: (i) all users located in

[0, — £27 are indifferent between buying a phone from Firm 1 and from Firm 2; and (ii)

2 2t
all users located in (3 — I;—f, 1] buy a phone from Firm 2. Therefore, (37) and Lemmas A1,

A3, and A5 imply that Firm 2’s profit is:

I P ——. {1—(1—@>] —i—[pg—l—TL—cQ]l{l—é]

2 2t 212 2t
1 K 111 K
= [p2+rE — 2] {§+2—§} +t3 {5—2—5} (G2 —Gi+er—ca— Ka].  (38)

First suppose that Gy — G171+ ¢ — o — K3 < 0. Further suppose that Firm 2 increases its
price to py, = p1+Go—G1—Ka+ey, where g5 > 0 and p1—p, € (G1—Go— K1, G1—Ga+ Ky).
Lemma A4 implies that in this case: (i) there is a user located at zo € [4 — £2 1 4 f1]
who is indifferent between buying a phone from Firm 1 and Firm 2; (ii) all users located
in [0, z9) buy a phone from Firm 1; and (iii) all users located in (¢, 1] buy a phone from

Firm 2. Therefore, Lemmas Al and A3 imply that Firm 2’s profit is approximately:

Ty = pl2+7“H—C2 [1—x9] = [p2+ruw—ca+ea|[1—u0]. (39)

15



(6) and (39) imply that because p, = p; + Gy — G1 — Ko + e

2t —t — Gy + Go + p1 — Dy

Ty = [po+7u —c2+ 6] 97
1
= [pQ"’TH_CQ‘i‘gQ]ﬂ[t_G1+G2+G1_G2+K2_62]
1
= [p2+TH—Cg+€2]E[t+K2—€2]

t KQ €2
= — 4+ — [p2+TH—CQ+€2]——[p2—|—TH—CQ+€2]

2t 2t 2t
1 K ~
= lim m = |=+ — [po+71H —Co] > Ta . (40)
€2 — 2 2t

The inequality in (40) follows from (38), given the maintained assumption that Gy —
Gi1+c1 —co — Ky < 0. (40) implies that Firm 2 could increase its profit by increasing py
marginally above ¢; — r;, + G — G; — K,. Consequently, an equilibrium does not exist in
which p1 = po+ G —Go+ Ky, p1 = ¢1 —rp,and Gy — G +¢1 — o — Ky < 0.

Now suppose that Go — G + ¢ — g — K5 > 0. Lemmas A7 and A8 imply that if Firm
2 reduced ps below ¢; — 1, + Gy — G; — K3 by €3 > 0, it could induce all users to purchase
a phone from Firm 2. (38) and Lemma Al imply that Firm 2’s corresponding profit would
be:

1 KQ 1 K2
Ty = [p2+rL— 2 — &3] 5 91 +[p2 + 71y — c2 — &3] 5—1‘%
R | L, Ky - ]1 1 K,
= P21 TH—C ST b2 7L —C2 5197 97
gt ]1 1 K,
D2 7TL—C2 519~ 97 €3
- L[k
= T2 P2 T7TL—C2 5127 9% €3
. 11 K
:72+§{§—2—§}[GQ—G1—02+01—K2]—53
> Ty for e3 sufficiently small. (41)

The last equality in (41) holds because p; = ¢; —r and py = p; + Go — G; — K. The
inequality in (41) follows from (38) because Ky < t and Gy — G1 +¢; — o — K3 > 0, by
assumption. (41) implies that Firm 2 could increase its profit by reducing p; marginally
below ¢; — rp, + Gy — G7 — K5. Consequently, an equilibrium does not exist in which p; =

16



p2+G1—G2+K2, 1 ZCl—TL,and GQ—G1+01—CQ—K2 >0. N

Lemma A17. Suppose Assumption 1 holds. An equilibrium does not exist in which

p1r =p2+G —Gy+ Ky and py < ¢ —1y.

Proof. Lemma A14 implies that setting p; < ¢; — r; is a dominated strategy for Firm 1.
Therefore, by assumption, Firm 1 never sets price p; < ¢; — 71 in equilibrium.

If py = po+G1 —Ge+ Ks and p; = ¢ — 1, then (7) and Lemma A5 imply that: (i) all

users located in [0, 1 — £2] are indifferent between buying a phone from Firm 1 and buying
a phone from Firm 2; and (ii) all users located in (% — [2(—?, 1] buy a phone from Firm 2.

Therefore, Lemma A2 implies that Firm 1’s expected profit is:
11 K 11 K
T = 5 |:§—2—;:| [Cl—Tl—l—TL—Cl] = 5 |:§—2—z:| [TL—Tl] < 0. (42)
The inequality in (42) holds because Ky € [0,t) and r < rq, from (21). (42) implies that
an equilibrium does not exist in which p; = po + G{ — Gy + Ky and p; = ¢y —7r;. R

Lemma A18. Suppose Assumption 1 holds. Then an equilibrium does not exist in which

p2 > p1+ Gy — G+ Ky and py # co —ry.

Proof. Lemma A14 implies that p, < c3 —rpy is a dominated strategy for Firm 2. Therefore,
by assumption, Firm 2 never sets price ps < ¢y — rg.

Consider a putative equilibrium in which ps > p; + Go — G; + K;. Lemmas A9 and
A10 imply that all users purchase a phone from Firm 1, so Firm 2 secures 0 profit in
this putative equilibrium. (9) and Lemma A6 imply that if Firm 2 reduces its price to
pe = p1 + Gy — Gy + Ky, then: (i) all users located in [% + I;—tl, 1] are indifferent between
buying a phone from Firm 1 and from Firm 2; and (ii) all users located in [0, 3 + £+) buy

a phone from Firm 1. Therefore, Lemma A1 implies that Firm 2’s profit is:

7 — 1[p2+rH—cz]{1_ﬁ]. (43)

2 2 2t
If po > ¢y — ry, then the expression in (43) is strictly positive (because K; € [0,1)).
Therefore, Firm 2 strictly increases its profit by reducing ps. Consequently, the original
putative equilibrium in which ps > p; + Go — G; + K7 cannot be an equilibrium.

Now consider a putative equilibrium in which p; = p; + Gy — G; + K;. Then (9) and
Lemma A6 imply that Firm 2’s profit is 7y, as specified in (43).

Again, by assumption, Firm 2 does not set price ps < ¢ — rg because, as implied by
Lemma Al4, it is a dominated strategy.
17



If po > ¢o —ry, then ™ > 0. If Firm 2 were to reduce its price to ps — &4 where g4 > 0,

all users located in [§ + &1,

2’s profit would be at least:

1] would purchase a phone from Firm 2. Consequently, Firm

1 K
Ty = [p2—es+rH —C2] 5 9t
~ o~ 1 K ~ .
= Mo+ Ty — &y 5" 5¢ > 7o for g4 sufficiently small. (44)

(44) implies that Firm 2 could increase its profit by reducing its price marginally below

p1 + Go — G + K;. Therefore, the original putative equilibrium cannot be an equilibrium.
|

Formal Conclusions in the Text

Lemma 1. Suppose the default PD setting cannot be changed and t > |Al|. Then in

1

equilibrium: (i) the consumer located at ro = 5 — 2% € (0,1) s indifferent between buying a

phone from Firm 1 and from Firm 2; (ii) all consumers located in [0, zq) buy a phone from
Firm 1; and (iii) all consumers located in (o, 1] buy a phone from Firm 2. Furthermore:

pr=c—rp+t—A; pp =co—rg+t+A; ™ = i[t—A]z; and Ty = i[t—i—A]z.
Proof. The proof follows from the following lemmas (Lemmas A1.1 — A1.6).

Lemma A1.1. Suppose the default privacy setting cannot be changed. Then: (i) all users
buy a phone from Firm 1 if ps —p1 > Gy — G1 +t; and (i) all users buy a phone from
Fzrm?zf P2 —p1 < GQ_Gl_t.

Proof. All users buy a phone from Firm 1 if, for all z € [0,1]:

Gi—tx—p > Ge—t[l—z]—p & t[1-22] > Go—G1—p2+p

1 1 1
s 1—-2x2 > z[Gg—Gl—p2+pl] = T < §+2—t[G1—G2—p1+p2]. (45)

(45) holds for all = € [0,1] if:

1 1 t 1
1 < c+=[Gi—G—p+p] & — < —

Gy — Gy —
2 " 2t 37 < g7lG1— G2 pritp]

S t < Gi—Gy—pi+p & p—p1 > Ga—Gi+t.
All users buy a phone from Firm 2 if, for all z € [0,1]:

Gg—t[l—ﬂf]—pg > Gl—tx—pl <~ t[l—?l‘] < GQ—Gl—p2+p1
18



1 1 1
& 1-2x < ;[Gg—Gl—pg—‘r—pl] =~ T > §+E[G1—G2—p1+p2]. (46)

(46) holds for all = € [0,1] if:

1 1
0> —+—[Gi—Gy—p1+p:] <

t+ Gy — Gy — <0
5 T 5y + Gy 9 — P1+ P2

1{
2t
= pr—p1 < GQ_Gl_t. O

Lemma A1.2. Suppose the default privacy setting cannot be changed and ¢ > 3 | A|. Then

no equilibrium exists in which one firm serves all users.

Proof. First suppose Firm 1 serves all users. Then Lemma Al.1 implies that for all p, that
generate nonnegative profit for Firm 2:

P < pp+ G —Gy—t. (47)
(47) holds for all such py if:

P < co—rg+ Gy —Gy—t. (48)
Firm 1’s profit when it serves all users at a price that satisfies (48) is:

m =mt+rr—c < co—rg+G —Gy—t+r,—c

= Gi+rp—c—(Ga+rg—c)—t < 0 when t > 3|A]. (49)
(49) implies that no equilibrium exists in which Firm 1 serves all users.

Now suppose Firm 2 serves all users. Then Lemma A1.1 implies that for all p; that
generate nonnegative profit for Firm 1:

p2 < p1+Ge—Gr—t. (50)
(50) holds for all such p; if:
p2 < aa—rp+Ge—Gi—t. (51)

Firm 2’s profit when it serves all users at a price that satisfies (51) is:

o = p2+7’H—02 S Cl—TL+G2—G1—t+TH—CQ

= Go+rg—co—(Gi+rp—c)—t < 0 when t > 3A. (52)

(52) implies that no equilibrium exists in which Firm 2 serves all users. [
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Lemma A1.3. Suppose the default privacy setting cannot be changed and p; — p; € [Gs —
Gy —t, Go — Gy +t]. Then: (i) a user located at zg = 3 [t + G — Gy +po —p1] € [0,1]
is indifferent between purchasing a phone from Firm 1 and from Firm 2; (ii) if 2o > 0, all
users located in [0, ) buy a phone from Firm 1; and (iii) if xy < 1, all users located in

(zo, 1] buy a phone from Firm 2.

Proof. A user located at x is indifferent between purchasing a phone from Firm 1 and from
Firm 2 if:

Gi—ter—p1 = Ga—t[l—a]—p & t[l-2z2] = Go—G1—p2+p

1 1 1
= 1—21’:;[G2—G1—p2+p1] ~ $:§+¥[G1_G2_pl+p2]

1
= T = Q_t[t+G1—G2+p2—p1] = Io

€[0,1] & t+G—Gy+p2—p1 € [0,2¢]
& pe—p1 € [Go—Gy—t, Go— Gy +1].
If zy > 0, then a user located at x € [0, x¢) buys a phone from Firm 1 because:
Gi—tex—p > Gy—t[l—a]—po
& t[l—2x] > Go— Gy +p1—po

1
® 20 < 14+-[Gi=Gtp—p]

1
< Tr < Q_t[t+G1_G2+p2_p1] = Ip.

If zy < 1, then a user located at x € (zy, 1] buys a phone from Firm 2 because:

GQ—t[l—lC]—pg > Gl—tl'—pl
= t[l—Ql’o] < GQ—G1+p1—p2

1
& 21 > 1+¥[G1—G2+p2—p1]

1
= T > 2—t[t+G1—G2+p2—p1] = x9. U
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Lemma A1.4. Suppose the default privacy setting cannot be changed and ¢t > 3 | A|. Then
in equilibrium, there exists a zo € [0,1] such that: (i) a user located at x( is indifferent
between buying a phone from Firm 1 and from Firm 2; (ii) all users located in [0,z )
buy a phone from Firm 1; and (iii) all users located in (zg,1] buy a phone from Firm 2.
Furthermore: py = ¢ —rp +t—A; pp = co—rg+t+A; m = i [t—A]Z; and
Ty = 55 [t + AT

Proof. Lemma A1.2 implies that Firm 1 and Firm 2 both serve some users in equilibrium.
Therefore, Lemma A1.1 implies that p, — p; € [Gs — G —t, Gy — G; — t]. Consequently,
Lemma A1.3 implies that a user located at

1
0= 5[+ G =Gyt pa—pi] € [01] (53)

is indifferent between purchasing a phone from Firm 1 and from Firm 2. Furthermore, all
users located in [0, ¢ ) buy a phone from Firm 1, and all users located in (xg, 1| buy a phone
from Firm 2. Therefore, (53) implies that Firm 1’s profit is:

1
[t+ G —Ga+p2—p1]. (54)

T = [p1+TL_Cl]2_t

The unique value of p; that maximizes m; in (54) is given by:

0
a_gl =0 & —[pt+r—cal+t+G —Go+pr—p =0
1
1
< pL= §[t+01—7“L+G1—G2+p2]- (55)

(53) and Lemma A1.3 imply that Firm 2’s profit is:

1
[t+ G2 — G1+p1 —Dp2]. (56)

Ty = [P2+7’H—C2]E

The unique value of p, that maximizes w5 in (56) is given by:

0
T2 0 & —[prtrg—co)+t+Go—Gitpi—ps = 0
Op2
1
& P2 = §[t+62—7‘H+G2_G1+p1]- (57)

(55) and (57) imply:

1 1
P11 = §[t—|—01—TL+G1—G2]+Z[t+CQ—T’H+G2—G1+p1]

3 1
= Zpl = Z[2t+201—27’L+2G1—2G2+t+CQ—TH+G2—G1]
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[3t+2c1+co+G1—Gy—2r, —ry]

[3t—|—G1+7’L—Cl—<G2+TH—CQ)—3TL+301]

Wl Wl Wl

[3t—3A43(c1—rp)] = ao—rp+t—A.

(57) and (58) imply:

1 1
D2 = 5[t—i-Cz—?“H-l—GQ—G1]+6[3t+201+02+G1—G2—27“L—T‘H]

1

= 6[3t+302—37"H+3G2—3G1—|—3t+261+02+G1—GQ—QTL—TH]
1

= 6[6t+462+201+2G2—2G1—47‘H—2TL]
1

= g [3t+G2+TH—(G1+7’L—Cl>—3T’H+3CQ]
1

= §[3t+3A+3(CQ—TH)] = CQ—TH+t+A.

(58) implies that Firm 1’s profit margin is positive because:

pt+rr—c =t—A > 0.

(59) implies that Firm 2’s profit margin is positive because:

Po+TH —C = t+A > 0.

(58) and (59) imply:

[62—01+2G2—2G1+7"L—T’H].

W =

P2 —p1 =
(58), (62), and Lemma A1.3 imply:

1
™ = g [3t+201+02+G1—G2—2TL—TH+37’L—3CI]

1 1
. 2_'[; t+G1—GQ—I—5(02—01+2G2—2G1+TL—TH)

1
= @ [3t+62—61+G1—G2+T’L—7"H]

- [3t+3G1 —3Ga+ca—c1+2Gy—2Gy + 1 —ry |

(58)
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1
= — [3t+02—01+G1—G2+7‘L—’/‘H]2

18¢
1 2
= @[3t+G1+7’L—Cl—(G2+TH—CQ>]
1 2 1 2
= — [3t—3A]" = — [t—A|".
18t[ ) Zt[t ]

(59), (62), and Lemma A1.3 imply:

1
Ty = g[3t+202+01+G2_G1_2TH_TL+STH_3C2]
1 1
o7 t+G2—G1+5(01—C2+2G1—2G2+7’H_7“L)
1
= @[3t+01—02+G2—G1+TH_7’L]
- [3t+3Gy—3G1+c1—ca+2G —2Gy+ry — ]
1
= @ [3t+Cl—CQ+G2—G1+TH_TL]2
1 2
STy [(3t+ Gy +ry—co—(Gy+7rp—c1)]
_ ! [3t+3A) = ! [t+A]*. O
18t 2t '

Lemma A1.5. Suppose the default privacy setting cannot be changed, A < 0, and
t € (|A],3]A|). Then at the unique equilibrium, both firms sell phones, Firm 1’s profit is
T o= 57 [t — A]? > 0 and Firm 2’s profit is my = = [t+ A > 0.

Proof. First suppose that an equilibrium exists in which all users buy a phone from Firm 2.
Then because the user located at 0 buys a phone from Firm 2:

Go—pa—t > Gi—p1 & p2 < pr+Gy—Gy—t. (63)
(63) must hold for all p; for which Firm 1’s profit margin is positive. Therefore:
pp < aca—rp+G—Gi—t = ps. (64)
Firm 2’s profit when it sets a price marginally below p; is nearly:

Ty = ﬁQ—"TH_CQ =c—1r.+G, -G —t+ry —cy

:G2+TH_C2_(G1+TL—01>—t:3A—t<0. (65)



(65) implies that an equilibrium in which all users buy a phone from Firm 2 does not
exist under the specified conditions.

Now suppose that an equilibrium exists in which all users buy a phone from Firm 1.
Then because the user located at 1 buys a phone from Firm 1:

Gi—pi—t > Gy—py & p1 < pp+G—Gy—t. (66)
(66) must hold for all p, for which Firm 2’s profit margin is positive. Therefore:
P < co—rg+G —Gy—1t = pr. (67)
Firm 1’s profit when it sets a price marginally below p; is nearly:

m =p+rr—c = c—rg+G —Gys—t+r,—a1
= Gi+rp—c—(Ga+rg—c)—t = =3A—t > 0. (68)

If a user located at « € [0, 1] is indifferent between purchasing a phone from Firm 1 and
from Firm 2, then:

Gi—tr—p = Gy—t|l—z|—py & t[1-2z] = Go—G1—pa+p

1 1 1
<~ 1—2x:¥[G2—G1—p2—|—p1} ~ x=§+¥[G1—G2—p1+p2]

= T = t—|—G1—G2+p2—p1]‘ (69)

57 |
(69) implies that when py = co —ry and p; € (p1, p1 + 2t), users located in [0, 7o ) purchase
a phone from Firm 1 and users located in (7o, 1| purchase a phone from Firm 2, where:

. 1
Tog = ﬁ [t+G1—G2+CQ—TH—p1] € (0,1)

Firm 1’s corresponding profit is:
1

2t[t—|—G1—G2+02—7”H—P1]- (70)

mi(p1) = [p1+rr—c]
Differentiating (70) provides:

1
T (p1) = 27 [t+G1—Ga+co—rg—p1—(p1+710—c1)]

1 1
= 7 t+CGi—Goto—ru—rta-2pm] = 7ilp) = -2 < 0. (T])

(67) and (71) imply:
1
TP = = 27 [t+Gi—Getoa—rg—rp+a—2(ca—ry+G — Gy —t)]
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1
= 5 [3t—Gi1+Ga—co+rg —7L+c1]

1
= ﬂ [3t+G2+TH—CQ—(G1+TL—Cl)]
= Lstasa) = S eva] >0 (72)
Y Y '

(71) and (72) imply that when p; = ¢3 — rg, Firm 1 will increase p; above py, thereby
ensuring that both firms sell phones. Consequently, the analysis in the proof of Lemma
A1.4 implies that at the unique equilibrium, both firms sell phones, Firm 1’s profit is m; =

%[t—AF > 0 and Firm 2’s profit is my = i[t%—A]Q > 0. O

Lemma A1.6. Suppose the default privacy setting cannot be changed, A > 0, and
t € (|A],3]A|). Then at the unique equilibrium, both firms sell phones, Firm 1’s profit is
T = o5 [t — A]* > 0 and Firm 2’s profit is my = = [t+ A]* > 0.

Proof. First suppose that an equilibrium exists in which all users buy a phone from Firm 1.
Then because the user located at 1 buys a phone from Firm 1:
Gi—p1—t > Gy—py & p1 < pp+G—Gy—t. (73)
(73) must hold for all py for which Firm 2’s profit margin is positive. Therefore:
< ca—rgp+G—Gy—t = pr. (74)
Firm 1’s profit when it sets a price marginally below p; is nearly:

m™ = ﬁ1+TL—Cl = CQ—TH+G1—G2—t+TL—Cl
= Gi+rp—ca—(Ga+rg—c)—t = =3A—t < 0. (75)

(75) implies that an equilibrium in which all users buy a phone from Firm 1 does not
exist under the specified conditions.

Now suppose that an equilibrium exists in which all users buy a phone from Firm 2.
Then because the user located at 0 buys a phone from Firm 2:

Go—pa—t > Gi—p1 & pr < pr+Gy—Gy—t. (76)
(76) must hold for all p; for which Firm 1’s profit margin is positive. Therefore:
pp < ca—rp+Gy—Gi—1 = pa. (77)
Firm 2’s profit when it sets a price marginally below p, is nearly:
Ty = pot+rg—c = c1—rp+Go—Gy—t+rg—co
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:G2+TH—CQ—(G1+TL—01)—t:3A—t>O. (78)

(69) implies that when p; = ¢; — rp and ps € (Dpa, po + 2t), users located in [0, 7 )
purchase a phone from Firm 1 and users located in ( Zg, 1] purchase a phone from Firm 2,
where: 1

Ty = ﬂ[t+G1—G2+p2—C1+7‘L} € (0,1).

Firm 2’s corresponding profit is:
ma(p2) = [p2+rg —c2][1— To]

1

= Z_t[p2‘|’7‘H_C2][t+G2—G1+C1—TL—p2]~ (79)

Differentiating (79) provides:

To(p2) = t+Go—Gi+ci—rp—pe— (pe+7ru—c2)]

57 |

1 1
E[t+G2—G1—|—Cl—TL—TH+CQ—2p2] = 71"2/(]?2) = —g < 0. (80)
(77) and (80) imply:

1

7T,2<p2)|p2:52 = Q_t [t—"Gz—Gl‘l‘Cl—TL—TH—f—CQ—Q(Cl—TL+G2—G1—t)]

1
= ﬂ [3t-G2+G1—Cl+TL—TH+CQ]

1
= ﬂ [3t—|—G1+7‘L—Cl—(G2+TH—02)]

1 3
= —[3t—-3A] = —[t—A] > 0. 81
- [30-34] = = [t 4] (31)
(80) and (81) imply that when p; = ¢; — r, Firm 2 will increase p, above py, thereby
ensuring that both firms sell phones. Consequently, the analysis in the proof of Lemma
A1.4 implies that at the unique equilibrium, both firms sell phones, Firm 1’s profit is m; =
5 [t — A]> > 0 and Firm 2’s profit is 7, = 2 [t+ AP >0. OM

Lemma 2. Suppose Ki = Ky = 0. Then in equilibrium, all consumers purchase a phone
from Firm 1 if G1 —c; > Go—co. In contrast, all consumers purchase a phone from Firm 2
if Go—co > G1—c1. Consumers located in |0, %) implement the privacy setting on the phone
they purchase, whereas consumers located in (%, 1] implement the disclosure setting. When

all consumers purchase a phone from Firm i, the firm’s profit is (nearly) G; —¢; — (G, — ¢;)
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fori,je{1,2} (j #1).

Proof. The proof follows directly from the following lemmas (Lemmas A2.1 — A2.4).

Lemma A2.1. Suppose K; = K, = 0. Then: (i) a user located in [0, 1) will change the
default setting on the phone she purchases if and only if she purchases the phone from Firm
2; (ii) a user located in (3,1] will change the default setting on the phone she purchases if
and only if she purchases the phone from Firm 1; and (iii) a user located at % will not change

the default setting on the phone she purchases.

Proof. The conclusions follow directly from the proofs of Lemmas Al — A3. [

Lemma A2.2. Suppose K; = Ky = 0. Then: (i) all users buy a phone from Firm
1if po > p1 + G5 — Gy; (ii) all users buy a phone from Firm 2 if py < p; + Gy — Gy;
and (iii) all users are indifferent between buying a phone from Firm 1 and from Firm 2 if
p2 = p1+Go — G

Proof. Lemma A2.1 implies that a user located at z; € [0, %) will buy a phone from Firm 1

if:
Gi—taxr—p1 > Ga—tozi—p2 & p2 > pi+Go =Gy

Lemma A2.1 also implies that a user located at x5 € (1,1] will buy a phone from Firm
1 if:
Gl—t[l—l’g]—pl > Gg—t[l—ﬂ?g]—pz = p2 > p1—|—G2—G1.

Lemma A2.1 further implies that a user located at % will buy a phone from Firm 1 if:

1 1
G1—§t—p1 > G2—§t—p2 & p2 > pr+Gy =G

The proofs of the remaining conclusions are analogous, and so are omitted. [J

Lemma A2.3. Suppose K; = Ky = 0 and Gy — ¢o > G1 — ¢;. Then in equilibrium, all
users purchase a phone from Firm 2 at a price just below ¢; — % [rg + 1]+ Ge — Gy. Firm

1’s profit is 0. Firm 2’s profit is (nearly) Gy — co — (G1 — ¢1).

Proof. Lemmas A2.1 and A2.2 imply that for 5 > 0, Firm 2’s expected profit is:

0 it po > p1+Ge— Gy
Ty = %[p1+%+G2—G1—C2} if po = p1+Gy— Gy (82)
p1+%+G2_G1_C2_55 ifp2=p1+G2—G1—55-

Firm 1 must secure nonnegative profit in equilibrium. Therefore, in any equilibrium
in which all users either strictly prefer to purchase a phone from Firm 1 or are indifferent
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between purchasing a phone from Firm 1 and Firm 2, it must be the case that p; > ¢; —
2 [ru 4+ rr]. Consequently, in any such equilibrium:

L+ TH
2

p1+ +G2—G1—CQZG2—CQ—(G1—01> > 0. (83)

(82) and (83) imply that for 5 sufficiently small, Firm 2 secures strictly higher profit by

setting po = p; + G — G — e5 than by setting po > p; + Go — G1. Therefore, in equilibrium,

Firm 2 will set p, just below ¢; — %[TH + 7] + Gy — G7 to ensure that Firm 1 cannot

profitably attract any users. Consequently, Firm 1’s profit is 0 and Firm 2’s profit is nearly:

1 1
Cl—E[TH+TL]+G2—G1+§[TH+’I“L}—Cz = Gg—Cg—(Gl—Cl). |

Lemma A2.4. Suppose K; = Ko = 0 and Gy — ¢; > G5 — ¢3. Then in equilibrium, all
users purchase a phone from Firm 1 at a price just below p; = ¢y — % [rg + 1]+ G — Ga.

Firm 2’s profit is 0. Firm 1’s profit is (nearly) Gy —c¢; — (G2 — ¢2).

Proof. Lemmas A2.1 and A2.2 imply that for ¢ > 0, Firm 1’s expected profit is:

0 if pr > pa+G1— G
=4 5 [P+ T A G Gy~ if pr=p2+G1—Ge (84)
p2+'TL—J§TH+G1—G2—Cl—€6 if pr = pat+Gr—Gy—cs.

Firm 2 must secure nonnegative profit in equilibrium. Therefore, in any equilibrium
in which all users either strictly prefer to purchase a phone from Firm 2 or are indifferent
between purchasing a phone from Firm 1 and Firm 2, it must be the case that ps > ¢ —

2 [ru + r.]. Consequently, in any such equilibrium:

rL +or
p2+%+G1—G2—C1ZGl—Cl—(GQ—Cg) > 0. (85)
(84) and (85) imply that for ¢ sufficiently small, Firm 1 secures strictly higher profit by
setting p; = ps + G1 — Gy — gg than by setting p; > ps + G — G5. Therefore, in equilibrium,
Firm 1 will set p; just below c; — %[TH + 7] + G; — G5 to ensure that Firm 2 cannot

profitably attract any users. Consequently, Firm 2’s profit is 0, and Firm 1’s profit is nearly:

1 1
02—§[TH+TL}+G1—G2+§[TH+TL]—01 =G-a—(G—c). ON
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Condition 1A. ¢ > max {ry —ca— A, rp, —c1 + A}.

Condition 1B. [t—A] > —2A4+ 582t 4 ry —rp] if A< 0;
L [t+ A > 2A+ 522t — (rg— 1) ] f A> 0.

Proposition 1. Suppose: (i) |A| < t; (ii) K2 € (A, t) if A > 0; and (ii) K, € (|A],t)
if A < 0. Further suppose that Conditions 1A and 1B hold. Then an equilibrium exists in
which the outcomes identified in Lemma 1 all prevail and no consumer changes the default

setting on the phone she purchases.

Proof. (6) and Lemmas A2 — A4 and A1l imply that in any equilibrium with the identified
properties, Firm 1’s profit is:

1
T = [p1+7“L—C1]E[t+G1—G2+p2—p1]- (86)

The unique value of p; that maximizes 7 in (86) is given by:

0
am =0 & —[p1+rL—cl]+t+G1—G2+p2—p1 =0
Op
1
S opr= §[t+cl—TL+G1—G2+p2]- (87)

(6) and Lemmas A1, A3, A4, and A1l imply that in any equilibrium with the identified
properties, Firm 2’s profit is:
1

2t[t+G2—G1+p1—p2]- (88)

To = [pa+71H —Ca]

The unique value of py that maximizes w5 in (88) is given by:

0
T2 0 & —[petrm—ca]+t+Go—Gitp—ps = 0
Op2
1
& py = §[t+Cz—TH+G2—G1+p1]- (89)

(87) and (89) imply that in any equilibrium:
1 1
P11 = §[t+cl_TL+G1_G2]+Z[t+c2_TH+G2_G1+p1]

3 1
= —p1 = Z—l[2t+201—27’L+2G1—2G2+t—|—62—7’H+G2—G1]

[3t+201+CQ+G1—GQ—27"L—7"H]
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[3t+Gi1+rp—c1— (Ga+ryg —co) —3r,+ 3¢ ]

W= Wl

[3t—3A+3(C1—TL)] :Cl—TL+t—A. (90)

(89) and (90) imply:

| —

1
P2 = —[t+CQ—TH+G2—G1]+6[3t+201+02+G1—G2—27"L—7"H]
[3t+302—3T'H+3G2—3G1+3t+261+02+G1—GQ—ZTL—’FH]
[6t+402+201+2G2—2G1—4’)“H—2TL]

[3t+202+01+G2—G1—27’H—TL]

[3t+G2—|—TH—(G1+TL—61)—3TH+3CQ]

[3t4+3A+3(ca—rg)] = co—ryp+t+A. (91)

Wl Wl Wk o= O

(90) and the maintained assumptions imply that Firm 1’s profit margin is positive be-

cause:
pr+r,—c =t—A > 0.

(91) and the maintained assumptions imply that Firm 2’s profit margin is positive be-

cause:
po+rg—co = t+A > 0.

(90) and Condition 1A imply that p; > 0 because:
pp >0 & 3t+2c;1+c+G —Gy—=2rp—rg > 0

~ G2+TH—CQ—(G1—2T‘L+201) < 3t

<~ G2+TH—CQ—(Gl+TL—Cl) S 3t—3TL+301

&S A = Go+rg—co—(Gi+rp—c)] < t—rp+c. (92)

3!
(91) and Condition 1A imply that p, > 0 because:
pp >0 & 3t+2c+ci+G—G1—2rg—rp >0
& Gy—2rg+2c—(Gi+rp—c) > 3t

& Got+rg—c—(Gi+rp—c) > 3rg—3cy— 3t
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s A= [G2+TH—CQ—(G1+TL—61)] > rg—c—t. (93)

W

(90) and (91) imply:
1
P2 —p1 = 5[02—C1+2G2—2G1+TL—7“H]. (94)

(6), (5), and (94) imply that the user who is indifferent between purchasing a phone from
Firm 1 and Firm 2 is located at:

1 1
Tog — 2_t t+G1—G2+5(62—01+2G2—2G1+7"L—TH>

1
— &[3t+3G1_3G2+C2_01+ZG2_2G1+TL—TH]
1
= a[Bt‘FGl—GQ—FCQ—Cl_{_TL_TH]
11 1 A
= 5 glCrtmm—a—(Gitr—a)]l = 5o (95)

(95) and the maintained assumptions imply that zo € (3 — £2,1 + £1) 50 no user changes

the default setting on the phone she purchases (from Lemmas Al — A4).

(95) and (90) imply:

t—A 1
M= Inre-alan = [0-A]| 5] = g e-al (90
(95) and (91) imply:
t+ A 1
t 2t
(94) implies:
pr—p2 > G —Gy— K
1
~ 5[01—02—2G2+2G1—T’L+7”H] > Gl—GQ—Kl

<~ 61—02—2G2+2G1—T’L+7’H > 3G1—3G2—3K1
S o cp—cp—rp+rg > G —Gy—3K;
1
s K> g[Gl—Gg—f—Cz—Cl—f—T’L—T’H] = —A. (98)

(94) also implies:
p1—p2 < Gi—Gy+ Ky
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1
<~ 5[01—02—2G2+2G1—TL+7“H] < Gl_G2+K2

=4 01—62—2G2—|—2G1—TL+7“H < 3G1—3G2+3K2
& cp—Cc—rr+rg < Gl—G2+3K2
1
<~ K2 > g[GQ—Gl—f-Cl—CQ—f—TH—T’L] = A. (99)

(98), (99), and the maintained assumptions imply:
p1— P2 € (Gl—GQ—Kl,Gl—G2+Kg). (100)

The foregoing analysis and Lemma A1l imply that the identified putative equilibrium
is unique among equilibria in which (100) holds. It remains to verify that neither firm can
increase its profit by unilaterally changing its price so that (100) does not hold. We first
show this is the case for Firm 1.

Lemmas A7 and A8 imply that if Firm 1 sets p; > ps + G1 — G5 + K>, then no users

purchase a phone from Firm 1. Therefore, Firm 1’s profit (0) is less than the profit specified
in (96).

If Firm 1 sets p; = p2 + G1 — G2 + K, when py is as specified in (91), then:

= P+ G —Go+ Ky = co—rgp+t+A+G —Gy+ Ky

= Gi+rp—ca—(Ga+rg—cy)+e—rp+t+ A+ Ky

= —3A+01—TL+t+A+K2 = Cl—’/’L—2A+t+K2
> 1 — T = t+K2_2A > 0.

The last inequality holds here because ¢ > A and Ky > A, by assumption. Because p; =
po+G1—Go+ Ko and p; > ¢ — rp,, the proof of Lemma A15 implies that Firm 1 can increase
its profit when p, is as specified in (91) by choosing p; to ensure p; —ps € (G1—Go— K1, G1—
G2 + Ks). Therefore, Firm 1 cannot increase its profit above the profit specified in (96) by
setting p; = pa + G1 — G2 + K5 when ps is as specified in (91).

Lemmas A9 and A10 imply that if Firm 1 sets p; < py + G; — G2 — K7, then all users
purchase a phone from Firm 1. (4) and (5) imply that the maximum profit Firm 1 can
secure by setting such a price when p, is as specified in (91) is nearly:

=G —c—(Ga+rg—c)+A+t+r — K,
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= Gi+rp—c—(Go+rg—c)+A+t+r—rp — Ky

1 K
= _3A+A+t+§[TL+TH]_?;[TH_TL]_TL_Kl
1 K
— —2A+t—K1+§[TH—TL]—2—;[TH—7‘L]
— t—K
= oA+t K + LR K] = —2A4+ L2t try—rr]. (101)

2t 2t

(96) and (101) imply that Firm 1 cannot increase its profit by setting p; < ps + G —
Go — K1 when py is as specified in (91) if Condition 1B holds.

If Firm 1 sets p; = p2+ G — G2 — K7 when ps is as specified in (91), then (9) and Lemma

A6 imply that: (i) all users located in [% + %, 1] are indifferent between buying a phone

from Firm 1 and from Firm 2; and (ii) all users located in [0,1 + £1) buy a phone from
Firm 1. Therefore, Lemma A2 implies that Firm 1’s profit is:

= —al]| =+ == S [ i 102
1 [p1+TL cl][2+2t]+[p1+7”1{ 01]2|:2 275} (0)
< [p+ ] L, K + [+ ] l_ A
P17 —C 5 Y PrTTH —C 5 Y
1
:pl—l—rl—cl = mp < Q—t[t—A]Z (103)

The first inequality in (103) holds because p; + ry — ¢; must be strictly positive if Firm 1 is
to secure positive profit in this case. The last inequality in (103) reflects (101) and Condition
1B. (96) and (103) imply that Firm 1 will not set p; = ps + G; — Gy — Ky when p, is as
specified in (91).

Now we show that Firm 2 cannot increase its profit by unilaterally changing its price so
that (100) does not hold when p; is as specified in (90).

Lemmas A9 and A10 imply that if Firm 2 sets py > p; + G2 — G1 + K3, then no users
purchase a phone from Firm 2, so Firm 2’s profit (0) is less than the profit specified in (97).

If Firm 2 sets ps = p1 + G2 — G1 + K; when p; is as specified in (90), then:
p=p+G-G+K =c—rp+t—A+G— G+ K
= Go+rg—ca—G —rp+c+t—A+Ki +co—ry
= 3A+t—A+Ki+co—rg = 2A+t+Ki+co—1rg > ¢ —TH.

The last inequality holds here because K; > — A and t > — A, by assumption. Because
po =p1+ Gy — Gy + Ky > ¢o —ry when p; is as specified in (90), the proof of Lemma A20
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implies that Firm 2 can increase its profit by setting ps to ensure p1—py € (G1—Gy— K1, G1—
G2 + Ks). Therefore, Firm 2 cannot increase its profit by setting ps = p; + G2 — G + K;
when p; is as specified in (90).

Lemmas A7 and A8 imply that if Firm 2 sets py < p; + Go — G1 — K>, then all users
purchase a phone from Firm 2. (4) and (5) imply that the maximum profit Firm 2 can
secure by setting such a price when p; is as specified in (90) is nearly:

Top = p1+Go—G1—Ko+ro—cy = c1—rp+t—A+Gy—G1— Ka+13— 09
= GQ—CQ—<G1+TL—01)—A+t+T2—K2
= Got+rg—c—(Gi+rp—ca)—A+t+ry—rg — K

= 3A—A+t+7’2—TH—K2

1 K
= 2A+t+§[7"H+7’L]+2—t2[TH—TL]—TH—K2

1 K
= 2A+t—K2—§[TH—7’L]+—2[TH—TL]

2t
1
= 2A+t—KQ—2—t[T‘H—TL][t—K2] (104)
1 t— K.
= 24+ [t =K, ] |1= o (ru =) | = 24+ 2t2[2t—rH+rL]. (105)

(97) and (105) imply that Firm 2 cannot increase its profit by setting ps < p; + Gy —
G1 — K5 when p; is as specified in (90) if Condition 1B holds.

If Firm 2 sets py = p; + G5 — G; — K3 when p; is as specified in (90), (7) and Lemma A5

imply that: (i) all users located in [0,1 — £2] are indifferent between buying a phone from
Firm 1 and from Firm 2; and (ii) all users located in (4 — £2 1] buy a phone from Firm 2.
Therefore, (37) and Lemmas Al, A3, and A5 imply that Firm 2’s profit is:
- |22 S e e 1
o [p2—|—7’H CQ][2+2t}+[p2+TL Cg]2|:2 Qt} (06)

If po = p1 + Gy — G; — K3 and p; is as specified in (90):
ptrg—c = pt+Gy— G — Ky+rg — ¢
=c—1r.+t—A+G, -G —Kog+rg—coy
= Go+rg—c—G —rp+c+t—A—- Ky

= 3A+t—-A—-Ky = 2A+t—- K, (107)
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= p2+T’L—02 = p2+TH—CQ—TH+TL = 2A+t—K2—TH+TL. (108)

(107) implies that if Firm 2 is to secure positive profit under the presumed deviation, it
must be the case that 2A +¢ — Ky > 0.

Initially suppose py + 7, —cg = 2A+t— Ko —ry + 1y > 0. Then (104) — (108) imply:

1 K, 11 K,
T = [pptrg—cl|lz+—|+[pt+trr—c|l=|z—=—

2 2t 212 2t
1 K2 1 KZ
< [p2+TH—CQ] §+2—t +[p2+7“L—02] 5—2—{;
1 K 1 K
= [2A+t—KQ][§+E}+[2A+t—K2—rH+rL][ﬁ—ﬂ}
1 K
= 2A—|—t—K2—[7”H—7“L]|:§—2—;:|
1 1 )
= QA—l-t—KQ—Q—t[TH—TL][t—KQ] = Top < Q_t[t+A] . (109)

(109) implies that Firm 2 cannot increase its profit by undertaking the proposed deviation
in this case.

Now suppose ps + 71, —ca = 2A+t— Ky —ry + 1y, < 0. (106) implies that Firm 2’s
profit is maximized in this case when ps +7r;, —cy = 2A+t— Ky —ryg+ 7, = 0. (106) and
(107) imply that Firm 2’s maximum profit in this case is:

1 K 1 K
T2 = [p2+TH_02]|:§+2_§:| = [2A+t_K2]|:§+2_t2:|

1
Observe that:

1

1
2t[t+A]2 > o [2A+ 1= K[t + K]

& PH2At+ A > 2At+1 — Kot +2A Ky + Kot — KJ
& A?-2AK,+K? >0 & [A-K,)* > 0. (110)

(97) and (110) imply that Firm 2 cannot increase its profit by undertaking the proposed
deviation in this case. W
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Condition 2A. ¢, > ry. Condition 2B. Q; = J[ry —r,]-3A— L[t —A] > 0.

Condition 2C. Kl S %_’_fﬁ Ql- Condition 2D. Kl < c—TrrL— 3A.
Proposition 2. Suppose K; € (0,t), Ky € (0,t), A <0, and Conditions 2A — 2D hold.

Then an equilibrium exists in which all consumers purchase a phone from Firm 1. At this

K

5L, 1] (and only these consumers) change the

equilibrium, all consumers located in (% +

default setting on the phone they purchase. Furthermore, py is marginally below c¢; — ry —

3A—K1>0,’ P2 = CQ—T‘H>O,' T ~ % [TH—’I“L]—sA—K1>O,'CLTLd T = 0.

Proof. We first show that the identified p; maximizes Firm 1’s profit when py, = ¢ — 7p.

Lemmas A9 and A10 imply that if p» = ¢3— rg, then among all p; < ps+G;— Gy — K,
the profit-maximizing p; for Firm 1 is marginally below:

CQ—TH—l—Gl—Gg—Kl = G1+TL—01—(G2+’I“H—CQ)+01—TL—Kl
= Cl—TL—3A—K1 > 0.

The inequality here reflects Condition 2D. Lemma A2 implies that Firm 1’s corresponding
profit is approximately:

[py + ]1+K1+[+ ]1K1
= — — _— T —_ —_— —
1 Pr+=7L—C 9 9t b1 H—CQ 5 Y
B N 1+K1 N 1 K
B PR R Y
- 2l = ot v =]
=D~ G 27’L TH 2t TH —TL
1 K
:Gl—G2+CQ—TH—K1—61+§[7"L+7“H]—2—;[TH—7’L]
1 2t +ryg —r
:Gl—G2+C2—Cl——[TH—TL]—K1 ST HT L (111)
2 2t
1 Ty — 1T
:Gl"‘TL_Cl_(G2+TH_02)+§[TH_TL]_Kl_Kl|:H2t L}
t— K
— |: 2t1:|[7"H—7“L]—3A—K1.
The expression in (111) is strictly positive because K; < %Jjﬁ ; (from Condition
2C), and because Condition 2B implies:
1 1
Gl_G2+02_Cl_§[TH_TL] = G1+TL—C1—(G2+TH—02)+§[TH—TL]
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[TH—T’L]—SA > Ql > 0.

N —

We now show that Firm 1 cannot increase its profit by setting p; € (p2 + G1 — Gs — K7,
p2+G1— Gy + Ky) or p1 > pa+ Gy — Ga+ Ky when py = cp — 7g.

(87) implies that when p; € (p2+ G1 — Go — Ky, po + G1 — G2 + K3), the price that
maximizes Firm 1’s profit when py = ¢y — ry is:

1 1
p1o= §[t+cl—rL+G1—Gz+p2] = §[t+G1—G2+Cl+C2—7“H—7"L]- (112)

(86) and (112) Firm 1’s corresponding profit is:

1
[t+ Gy — Gy +ps —p1]

7T/1 = [P1+7“L—Cl]ﬂ

[t+G1—G2+01+CQ—7‘H—TL+27‘L—261]

N —

1
. E[Qt—i—QGl—2G2—G1+G2—61+CQ—T’H+TL—t]

1
= &[t"{'Gl_GZ‘i‘CZ_Cl_TH‘i‘TLP- (113)

(111) and (113) imply that Firm 1 cannot increase its profit by setting p; € (p2 + Gy —
Go — K1, po + G; — G5 + Ks) because:

! 1 2t+ry — 7
2T S GI_G2+C2—C1—§[7’H—TL]—K1[#}
1 2
Z g[t—FGI_GQ_'—CQ—Cl—TH—FTL]
s K < 2t [G1— Gy + 1(r r)
Y — Cy—C — — —
= 2t+T’H—TL ! 2 2 1 2 H L
1
— g (t+Gi=Grto—a—ry+r)’]
2t
< YL 114
b= 2t+TH—7“L ! ( )

Lemmas A7 and A8 imply if Firm 1 sets price p1 > ps + G1 — G5 + Ka, it will sell no
phones, and so will make 0 profit. Therefore, among all p; > py + G; — Go + Ks, the price
that maximizes Firm 1’s profit is p; = pa+ G1 — Ga+ K. When py = ¢ — 1y, this price is
pr=co—ry+G1—Go+ Ky, (7) and Lemma A5 imply that when p; = py + Gp — Go + Ks:

(i) all users located in [0, % — I;—f] are indifferent between buying a phone from Firm 1 and
from Firm 2; and (ii) all users located in (3 — £2,1] buy a phone from Firm 2. Therefore,

Lemma A2 implies that Firm 1’s profit is:
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T = 5 br—=7rp—C 5 2t
1 1 K
= §[G1—G2—01+CQ—TH+TL+K2]|:§—2—t2}. (115)

If Gi—Gy—c14+co—ryg+rp+ Ky <0, then %1 < 0. Therefore, Firm 1 will never set
p1 > po+ G — Gy + Ky when py = ¢ — ry in this case.

If Gi—Gy—c14+co—ryg+r,+ Ky > 0, then '7~?1 > 0. In this case, if Firm 1 were to
reduce its price to p1 = ¢ —rg + Gy — Gy + Ko — e7 where €7 > 0, all users located in
[0, 1 — £2] would purchase a phone from Firm 1. Consequently, Firm 1’s profit would be at

19 T 9t
least:
( N ] 1 K
T = —er4rp—c - — =
1 b1 7 L 1 9 2t
1 K
= [Gi—Gas—c1+co—rg+rp+ Ky —eq] S
2 2t
1 Kg 1 K2
= [G{ — Gy — = K . — g
(G4 2—Ct+c—rg+rp+ 2][2 2t] 57[2 2t]
~ ~ 1 Ky ~ )
= T+ 7T — &y 5" 5 > m; for sufficiently small . (116)

(116) implies that Firm 1 could increase its profit by reducing its price marginally below
po+G1—Go+ Ky when py = co— ry. Therefore, Firm 1 will never set p; > po+G1 —Gao+ Ko
when py = ¢y — ry.

In summary, we have established that when p; = ¢ — rg, Firm 1 maximizes its profit
by setting p; marginally below ¢, —ry + G1 — Gy — Kj.

We now show that when Firm 1 sets p; marginally below ¢; —ryg + G; — Gs — Ky, Firm
2 maximizes its profit by setting ps = co — ry. Lemmas A9 and A10 imply that when Firm
1 sets p; marginally below ¢; —ry + G; — G5 — K1, Firm 2 attracts no users (and so secures
no profit) if it sets p; = ¢y — ry. Firm 2 continues to attract no users (and so continues to
secure no profit) if it sets ps > ¢ —ry. Firm 2 incurs negative profit if it sets ps < co —7g.
Therefore, Firm 2 cannot increase its profit by setting p, # c¢o — ry when Firm 1 sets p,
marginally below c; — rg + G; — Gy — K;.

Finally, Lemma A2 implies that all users located in the interval [% + %, 1] (and only

these users) change the default setting on the phone they purchase from Firm 1. B
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Condition 3A. ¢; > r;. Condition 3B. Ky < Go—G1+c¢; —11.

Condition 3C. K, [ 22| < Oy (py)

forall py € [¢y — 1y, min {c; —rp, 1 —r + K1+ Ky },
where Qs(p1) = pr+Gs — G — o + % 7y 4+ 71| — z2(p1), and

Ta(p1) = %[t+G2—G1—CQ+TH+p1]2 > 0.

Proposition 3. Suppose K1 € (0,t), Ky € (0,t), A > 0, and Conditions 34 — 8C hold.

Then a family of equilibria exist in which all consumers purchase a phone from Firm 2.

In each of these equilibria, all consumers located in [0, % — %) (and only these consumers)

change the default setting on the phone they purchase. Furthermore, p; € [c1—r1, min{c;—
rp, 1 —r1+ K1+ Ks} ] > 0; pe is marginally below p; + Gy — Gy — Ko > 0; m; = 0; and

o %p1—CQ+G2—G1—KQ+%[TH+TL]+%[TH—TL] > 0.

Proof. Lemmas A7 and A8 imply that if p, is marginally below p; + G — G; — K>, then all
users buy a phone from Firm 2. Therefore, Firm 1’s profit is 0.

Among all values of p, below p; + G5 — G; — K», the value of py that is most profitable
for Firm 2 is marginally below:

p2 = p1+ G2 — G — K. (117)

We first show that if Firm 2 sets ps marginally below p;+Go—G1— K5, then Firm 1 will set
p1 € [er —r, min {c¢y —rp, ¢ —r1 + Ky + Ks }] in equilibrium. We do so by first explain-
ing why it cannot be the case that p; < ¢;—ry or p; > min {¢; —rp, ¢p —r1 + K1 + Ko } in
equilibrium. Then we explain why, when p; € [¢; — 1y, min {¢; —rp, 1 —r1 + Ki + Ko } ]
and Firm 2 sets py is marginally below p; + Gy — G; — K5, Firm 1 cannot strictly increase
its profit by setting a different price.

Lemma A14 implies that setting p; < ¢; — r1 is a dominated strategy for Firm 1.

Consider a putative equilibrium in which p; > ¢; — r1 + K1 + K5 and Firm 2 sets p,
marginally below the ps in (117). (117) implies:

p2 > Cl—T1+K1+K2+G2—G1—K2 = GQ—G1+K1+01—T1. (118)

Lemmas A9 and A10 imply that if Firm 1 sets p; marginally below py + G7 — Gy — K7,
all users will purchase a phone from Firm 1. Consequently, (117) and (118) imply that Firm
1’s profit will be nearly:

T =p+ri—c = p+G -G —Ki+r—a

> GQ—G1+K1—|—61—T1+G1—G2—K1+T1—Cl = 0.
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Because Firm 1 can secure strictly positive profit by deviating from its strategy in the
putative equilibrium, the putative equilibrium cannot be an equilibrium.

Next, consider a putative equilibrium in which p; > ¢; —rp and Firm 2 sets p, marginally
below the py in (117). (117) implies:

p2 > ¢ —r +Gy— G — Ky, (119)

Lemmas A7 and A8 imply all users buy a phone from Firm 2 when (119) holds. Therefore,
Firm 1’s profit is 0.

Suppose Firm 1 reduces its price to:

p/1 = p+G -G+ Ky > c1—r,+Go—G — Ko+ Gy —Gy+ Ky = ¢ — 1.

(7) and Lemma A5 imply that when Firm 1 sets price p}: (i) all users located in [0, 1 —£2]

are indifferent between buying a phone from Firm 1 and from Firm 2; and (ii) all users located

in (1 — £2 1] buy a phone from Firm 2. Therefore, Lemma A2 implies that Firm 1’s profit

2 2t
1S: 1 1 K2

T, = é[p’l—H“L—cl]{é—z—t] > 0 (because p| > ¢; — 7).

Because Firm 1 can secure strictly positive profit by deviating from its strategy in the
putative equilibrium, the putative equilibrium cannot be an equilibrium.

We now show that when p; € [¢; — 1, ¢ — 1] and Firm 2 sets ps marginally below the
po in (117), Firm 1 cannot increase its profit by setting a price p] € (p2+G1— Gy — K1, po+
G1— G2+ K;). Lemma All implies that when Firm 1 sets such a price: (i) all users located

1 K

in [0, 5 — 52 ) strictly prefer to buy a phone from Firm 1 than from Firm 2; (ii) all users

located in (4 4 £1,1] strictly prefer to buy a phone from Firm 2 than from Firm 1; and (iii)

2t
some user located in [% — %, % %] is indifferent between buying a phone from Firm 1 and

from Firm 2. Furthermore, Lemmas A3 and A4 imply that Firm 1’s profit is:
w1 = [py+r.—c]xe < 0, where zg is given by (6). (120)

The inequality in (120) holds because p| < ¢; — r and because (6) implies that zo > 0
in the present setting. (120) implies that Firm 1 cannot secure strictly positive profit by
setting p} € (pa + G1 — Gy — K1, p2 + G1 — Gy + K3 ) under the maintained conditions.

Next we show that Firm 1 cannot increase its profit by setting a price p| < po + Gy —
G5 — K. Observe that under the maintained conditions:

a—1r+Ki+Ky > p1 > p+G -G+ Ky (121)

= C1—T1 > p2+G1—G2—K1 (122)

The weak inequality in (121) holds because p; € [¢1 —r1, min{ec; —rp, e;—rm+ K1+ Ky }].
The strict inequality in (121) holds because p, is marginally below p; + Gy — G — K. (122)
implies that p| < ¢; —ry if Firm 1 sets p] < ps + Gy — G2 — K;. Lemma A14 implies that
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this is a dominated strategy for Firm 1.

Now we show that Firm 1 cannot increase its profit by setting a price p| > ps + G1 —
Gy + K5. Lemmas A7 and A8 imply that no user will purchase a phone from Firm 1 in this
case. Consequently, Firm 1’s profit is 0.

It remains to show that Firm 1 cannot increase its profit by setting a price p| = ps +
G1 — Gy + K. Because Firm 2 sets p, marginally below the py in (117):

Pp~ p+G—G—Ky+G -G+ Ky, = pr. (123)

Lemmas Al, A2, and A5 imply that when Firm 1 sets p| = ps + G1 — G2 + K, all users

located in [0, 1 — I;—f | are indifferent between buying a phone from Firm 1 and from Firm 2,

whereas all users located in (% — %, 1] purchase a phone from Firm 2. Consequently, (123)
implies that Firm 1’s profit in this case is:

]_ ’ 1 K2 1 ]- KQ
= - a2 &~ = —all=--22 <o. 124
T 2[p1+7“L 01]{2 2t} 2[]91+7”L Cl]{2 22&} = (124)

The inequality in (124) holds because p; < ¢; — 7.

In summary, we have shown that if Firm 2 sets ps marginally below p; + Gy — G; — Ko,
then Firm 1 will set p; € [¢; — 11, min {¢; —rp, 1 —r1 + Ki + K3 }] in equilibrium.

We now show that Firm 2 maximizes its profit by setting p, marginally below p; + Gy —
G1— K3 when Firm 1 sets p; € [¢; — 11, min {¢; —rp, g —r1 + K1 + K3 }]. Observe first
that this value of py is positive because:

p+Ge—Gi—Ky > ci—r+Gy—Gi— Ky > 0.
The inequality here reflects Condition 3B.

When Firm 2 sets p, marginally below p; + G5 — G — K», all users purchase a phone
from Firm 2. Lemma A1l implies that Firm 2’s profit is:

[ps + ] L, Ko +[ps + ] 1_ K
= rg —C -4+ = r; —c - — —
T2 b2 H 2 5 9t D2 L 2 9 9t
B R R (<% IO O
T RTeT T T oy | T YT gy
- F o lrpra]+ 22 |
= P2 —C2 5 L TTH 2t TH —TL
1 Ky
%p1+G2—G1—K2—02+§[7’L+7’H]+§[7’H—7“L]- (125)

In equilibria in which p; € [¢; —r1, min {¢; —rp, ¢t — 11 + K1 + Ky } | and Firm 2 sets

po is marginally below p; 4+ G5 — G — K5, Firm 2 secures the least profit when p; = ¢ — 1.
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Consequently, (4) and (125) imply that Firm 2 earns positive profit in all such equilibria if:

A 1 K.
Ty = Cl_Tl‘l‘GQ—Gl_K2_02+§[TL+TH]+2_§[TH_TL]
1 K
= Go—Gi+er—z[ro+ru)+ = [ra—71]
2 2t
1 K
— K2—62+§[TL+TH]+2—;[TH—TL]
K+ K
=G2—G1+01—C2—K2+{# [re — 7]
K 2t — (rg —r
= GQ—G1+61—CQ+—1[TH—TL]—K2 <H L> . (126)
2t 2t
(4) and Condition 3C imply that when p; = ¢; — 7q:
1
Ty = Q[t‘f‘GQ_Gl_CQ‘f‘TH‘f'Cl_rlF
L G Ghm ey trm e — S () + DL 1
= — —Gi—cy+r ¢ ——=(r r —(rg —r
37 | 2 1= G T o (TH T 57 \TH = TL
_ lhiia-a+ (L By )2 (127)
= 8t_ 2 1 C1 Co 9 2¢ TH rL :
(4) and Condition 3C imply that when p; = ¢; — ry:
1
QQ() = 01—7’1+G2—G1—62—|—§[7‘H+7’L]—xg
1 K 1
= Cl_5[rH‘i‘TL]+2_t1[rH_TL]+G2_G1_C2+§[TH+TL]_372
K
= GQ_G1+01_62+2_;[TH_TL]_$2. (128)
(126) — (128) imply that when p; = ¢; — r; and Condition 3C holds:
. K
Ty > GQ—G1+01—02+2_;[TH_TL]_QQ
K
= GZ_G1+C1—02+2—;[TH—7‘L]
Ky
- GQ_Gl—f—Cl_CQ_’_E[TH_TL]_I'Q = I3 ZO (129)
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We now show that Firm 2 cannot increase its profit by setting p, € (p1 + G2 — G1 —
Ky, pr + Gy — Gy + Ky) or ps > p1 + Go — Gy + Ky when Firm 1 sets p; € [¢; —
ri,min {cy —rp, ¢ —rp+ K+ Ko }.

(89) and Lemma A1l imply that when py € (p1 + Gy — G1 — Ky, p1 + G2 — G + K3),
the price that maximizes Firm 2’s profit is:

1
p2 = §[t+CQ—TH+G2_G1+p1]- (130)

(88) and (130) imply that Firm 2’s corresponding profit is:

1
[t4+ G2 — Gy + p1 — 2]

7T,2 = [p2+7“H—C2]E

1
= |:§(t+02—TH+G2—G1+pl)+TH_C2

1 1
5y {t+G2—G1+p1—§(t+62—7’H+G2—G1+p1>

1
- g[t‘i‘Gz—Gl—CQ—i‘T[—[‘i‘pl]Q. (131)

(129) and (131) imply that Firm 2 cannot increase its profit by setting p, € (p; + G2 —
G1 — K5, p1 + Gy — G + K7 ) when Condition 3C holds because:

/ 1 K
Ty 2> Ty <= p1+G2—G1—K2—62+—[7"L+7“H]+—2[7"H—7“L]

2 2t
1 2
> g[t+Gz—G1—Cz+TH+p1]
2t —rg +r 1
K2|:$:| §p1+G2—G1—Cg+§[TL+7“H]

1
— g[t+G2—G1—Cz+TH+P1]2 = (.

Lemmas A9 and A10 imply that if Firm 2 sets p, > p; + Gy — G + K3, it will sell no
phones and so will secure 0 profit. Therefore, po = p;+Go— G+ K is the profit-maximizing
price for Firm 2 among all ps > p; + Gy — G + K;. (9) and Lemma A6 imply that when
pa = p1 + Gy — Gy + Ki: (i) all users located in [% + %, 1] are indifferent between buying
a phone from Firm 1 and from Firm 2; and (ii) all users located in [0, 3 + 51 ) buy a phone
from Firm 1. Therefore, Lemma A1l implies that Firm 2’s profit is:

1 1 K 1

Ty = §[P2+7’H—C2]{§—%
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1 1 K
= §[P1+G2—G1+K1+7’H—Cz] [5—2—;} > 0. (132)

The inequality in (132) holds because (4) implies that the minimum value of ,, which occurs
when p; = c¢; —rq, is:

"o 1 1 K
7T2mm — §[Cl_T1+G2_Gl+K1+TH_02]|:§_2_2:|
1 1 Ky 1 K
= — — — K -+ — — - — — . 1
5 Gy —Gi+c—co+ 1+(2+2t)(7“}] T’L):| |:2 27 > 0 (33)

The inequality in (133) holds because: (i) £ < 1, by assumption; and (ii) the term in the
first square brackets in (133) is positive. (ii) holds because Condition 3B ensures this term

exceeds: 1 K,

K2+K1+|:§+ﬂ1[TH—T’L] > 0.

(133) ensures that (132) holds.

If Firm 2 were to reduce its price to ps = p; + Gs — G1 + K1 — g where g > 0, all users
located in [1 + £2 1] would purchase a phone from Firm 2. Consequently, (132) implies

YR
that Firm 2’s profit would be at least:
[ n ] 1 K
= —egtrg—c | = ——
T2 P2 8 H 21157 97
1 K
= [P +G—Gi+ K —es+rg—c] |z — —
2 2t
1 K1 1 Kl
— _ K _ Sttt A (R et
[P+ G =G+ Ky +1g 02][2 Zt} 58|:2 2t]
" " 1 K1 " .
= Ty + Ty — €3 3T 9| T ™ for sufficiently small eg . (134)

(134) implies that Firm 2 could increase its profit by reducing its price marginally below
p + Gy — G1 + Kq. Therefore, Firm 2 will never set ps > p; + Gy — G7 + K; when
p€[aa—ri,min{c—rp, 1 —rm+ K+ Ky}

In summary, we have shown that when p; € [¢; —ry, min {c; —rp, 1 —r1 + Ky + Ky },
Firm 2 maximizes its profit by setting ps marginally below p; + Gy — G; — K.

Finally, Lemma A1l implies that all users located in the interval [0, 3 — [2(—?) (and only

these users) change the default setting on the phone they purchase from Firm 2. B

44



aﬂ'1 ‘9771 ()

Proposition 4. (i) < 0 and = 0 in the MD1 equilibrium characterized in

Proposition 2; (ii) 8”2 () Z 0 rg—rL E 2t and 82}(') > 0 in the MD2 equilibria
. s (- 7rs . .
characterized in Proposztzon 3; and (1ii) = awl() = a;}l(i) = 8&2((2) = 8&2((1) = 0 wn the MS

equilibrium characterized in Proposition 1.

Proof. Conclusion (i) follows from Proposition 2, which implies that:

1 2t +rg —r
7TlD1(') ~ Gl—G2+CQ—Cl—§[TH—TL]—K1 {%}
t
orPL(.) TH —TL o' ()
= — — — - . 1
oK, [ 57 } < 0 and oK, 0 (135)
Conclusion (ii) follows from Proposition 3, which states that:
D2 1 K,
() = 01—7”1—CQ+G2—G1—K2+E[TLvLTH}-I—Q—t[TH—T‘L]
orP2 (") TH—TL > >
oK, -1+ 57 =2 0 & ryg—ry = 2t; and (136)
87?52(-) 87“1 1
— = —— = — 0. 1
0K, oK, el (137)

Conclusion (iii) follows directly from Lemma 1 and Proposition 1. W

Definitions.

Al, = 2t—V3E+2tA. |Al, = 2t+V3E+2LA.
A2L = 2t-\/3t2—2tA A2H = 2t+\/3t2—2tA

by = A+2[A|— /3] AP+4]A| A+ A%ty = A+2]Al+/3]A] +4]A] A+ A2,

ta, = 2A-A—V3A2—4AAN+NA2 . toy = 2A-A+V3A2 -4 AN+ A2, (138)

Lemma 3. Suppose the conditions in Proposition 1 hold. Then w5 > 7P1(0,0) if t > t1x,
whereas ™7 < 7wP1(0,0) if t € (Ky,tiyy). Furthermore, if t > 2 A, then w7 > 7P1(0,0) if
|A| < |A|,,, whereas w7 < 7P1(0,0) if |A] € (|A],,,t). If t < 2A, then 7 < 7P1(0,0)
for all |A| € (0,t).

Proof. From (5): A < 0 = Gi+rp—c > Got+ryg—cy
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= Gi—a—(Gy—cy) > ry—r, > 0.
Therefore, (5) and Lemma 2 imply:
aP10,0) = Gi—c1— (Ga—cy) = Gi4rp—c1— (Gy+ryg —cy) +rg — 711
= _3A+A. (139)

(139) and Proposition 1 imply:

1
m = 7'(0,0) < ﬂ[1&+|A|}2 Z 3|Al+A

& CH2t|A|+ AP Z 6t|A|+2tA

& -2[A+2]A]t+|A]? 2 0. (140)

(138) implies that the (“t”) roots of the quadratic equation in (140) are given by:

¢ %{2[A+2|A|] i\/4[A+2|A|]2—4|A|2}

— A+2]A] £/ [A+2]A| AP

— A+2[A] £ \/3|APT4[A] A+A2 € {tip it} (141)

t1z, the smaller root in (141), satisfies the maintained assumption that ¢ > | A| if and
only if:

iy > [A] & A+2]A|— \/3[AP+4[A] A+A2 > |4

& A+|A] > \/3[AP+4]A] A+ A2
& A4 2|A| A+ AP > 3|APH+4|A|A+A? & 2[AP+2|A|A < 0. (142)
This inequality does not hold.

(138) implies that ;4 satisfies the maintained assumption that ¢t > | A | because:

b > [A] & A+2]A|+ \/3|AP+4|A] A+A2 > |4

& A+|Al+ \/3]AP+4]A|A+A2 > 0. (143)

- imply that because ¢t > y assumption, 77 — ,0) is: (1) negative
140) — (143) imply that b t>|A|b ti ¥ —xPY0,0) is: (i ti
for t < t1y; and (ii) positive for ¢ > t;5. Formally:
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> 7PM0,0) if t > tiy and w7 < 7PY0,0) if t € (Ky,tiy) . (144)

The lower bound on ¢ in the second conclusion in (144) (i.e., K7) reflects the maintained
assumption that K < t.

(139) and Proposition 1 imply:
1

[t+ A =3]A|-A. (145)
(145) implies:

O (my — wP(0,0)) 1
t

_ _ A, <
14| [t+|A]]-3 = ; 220 & |[Al < 2t

0 (mf — m1(0,0))
d|A|

= < 0 forall [A| < t. (146)

The expression in (140) can be written as:

AP —4t|A|+—2At 2 0.

(138) implies that the (“| A|”) roots of the associated quadratic equation are:

1
Al = 3 [4t:l: V1682 —4t[t—2A] } — 2t 4 /AL L[t—2A]
=2t £ V3t2+2tA € {|Al|l,, A} (147)

(138) implies that:
Al >0 & 2t > V32+2tA & 41 > 3P +2tA

& > 2tA & t > 2A. (148)
(138) further implies that | A|;; < £ because:

t t 3
Al < 5 © 2t — V324 2tA < 5 & 5t < V3t2+2tA

9
& th < 3P +2tA & £ +2tA > 0. (149)

A~ w

(138) also implies that | A|,;; > ¢ because:

|Al,y >t & 2t +V3t2+2tA >t & t+V3t2+2tA > 0. (150)

(140) and (146) — (150) imply that 77 — 7P1(0,0) is a decreasing function of |A| for
|A| < t. Furthermore, this function is: (i) positive when |A| < |A];; (which can occur
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if and only if ¢ > 2A); and (ii) negative for |A| € (|A|,;,t) (because t > |A|,;, by
assumption). Formally:
> 7P10,0) if [A] < |A|,

If t > 2A, then 77
< 7P10,0) if |[A| € (JA],,,1).

If t <2A, then 77 < 72%(0,0) for all |A| € (0,¢t). M (151)

Lemma 4. Suppose the conditions in Proposition 1 hold and A > A. Then: (i) 75 >
7P2(0,0) if t > tog or A< Agp ;and (i) w5 < wP?(0,0) if t € (Ky, tag) or A € (Agp, t).
1

g[GQ—FTH—CQ—(Gl—l-TL—Cl)] > A
= G2+TH—CQ—(G1+7’L—61> > 3 A

Proof. From (5): 4 > A =

= GQ—CQ—(Gl—Cl) > 2A > 0.
Therefore, (5) and Lemma A2.3 imply:
7T2D2(0,0) = GQ_CQ_(Gl_Cl) = GQ+7”H—CQ—(G1+TL—61>—(TH—7”L)

= 3A-A. (152)
(152) and Proposition 1 imply:

1
s > D 2 >
& P+2tA+ AT Z 6tA-2tA
>
& P-2[2A-AJt+ A% 2 0. (153)

(138) implies that the (“¢”) roots of the quadratic equation in (153) are given by:

t = %{Z[QA—A] i\/4[2A—A]2—4A2}

—2A-A+y/[24-A7 - 22

= 2A—A +£V3A2 4AANF A2 € {ty, toag } . (154)

The roots in (154) are real because, since A > A by assumption:
3A?—4AA+ A% = [3A—- A][A- A] > 0.
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(138) implies that ¢y, the smaller root in (154), does not satisfy the maintained assump-
tion that ¢t > A because:

ta, < A & 2A-A < V3AZ_4AA+A2 4+ A
& [A-A] < 3A7—4AAN+ A’ & A2 —2AAN+A? < 3A%2 —4AN+ A
& 247 -24AA >0 & A > A. (155)

(138) implies that top, the larger root in (154), satisfies the maintained assumption that
t > A because:

tog > A & 2A-A+V3A2—4AA+A2 > A

& V3A2Z_4AAN+A? > A—A. (156)

The last inequality in (156) holds because A — A < 0, by assumption.

(153) — (156) imply that for ¢ > A:

> wP2(0,0) if t >t
s { > (0.0 “ (157)

< WQDQ(O,O) if t E(KQ, t2H)

The lower bound of the open interval in (157) (i.e., K3) reflects the maintained assumption
that Ky < t.

(153) can be written as:

w5 = w%(0,0) & AP—4tA+t[t+2A] 2 0. (158)

(138) implies that the (“A”) roots of the quadratic equation in (158) are given by:

A = % [4ti \/16t2—4t[t+2A]] — 2t + /A2 _t[t +2A]

= 2+ V32 —2(A € { Ay, Aoy} . (159)
The roots in (159) are real because:
2
3t2 > 2tA & t > gA. (160)

The inequality in (160) holds because the maintained assumptions that Ky < ¢, Ky > A,
and A > A imply: 9
t>K2>A>A>§A. (161)

(138) implies that Ay, > 0 because:

Ay >0 & 2t—V3t2—-2tA >0 & 2t > V32 -2tA
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& 412 > 32 —2tA & 2P+2tA > 0.

(138) implies that Ay < ¢ because:

Ay <t & 2t—V3E2-2tA <t & t < V3t2-2tA

& P <3P -2tA & 2P -2tA >0 & t > A. (162)
(161) implies that the last inequality in (162) holds.

(138) implies that Asy > ¢ because:
Aoy >t & 2t+V382—-2tA >t & t+V3t2—-2tA > 0. (163)

(158) — (163) imply:
5 { > 7D2(0,0) if A < Ay
T2

(164)
< 7.‘_2D2(070) if A€ (AQL,t). [ |

The following Corollaries to Lemmas 3 and 4 explain how the range of settings in which
default-switching costs increase the profit of an advantaged firm by inducing a MS equilib-
rium varies with model parameters.

‘gﬁf' > 0 and dfl% > 0, so the range of t realizations for which default-

switching costs increase Firm 1’s profit in the setting of Lemma 3 (i.e., t > t1y) contracts

Corollary 3.1.

as |A| increases or as A increases.

Proof. From (138):

1 _1
ﬁf‘ = 24 [3IAP +4]A] A+ 2% H[6]A] +44] > 0 and
dt]_H o 1 2 2—%
N 1+§[3|A| +4[A| A+ A 2 [4]A|+2A] > 0. W

Corollary 3.2. % < 0. Furthermore, % >0 A< % Therefore, the range of
| A| realizations for which default-switching costs increase Firm 1’s profit in the setting of

Lemma 3 (i.e., |A]| < |A|,;): (i) contracts as A increases; and (i) expands as t increases
if A<i.

Proof. From (138):

d]Aly,

_1
A —t[3t7+2tA] 2 < 0 and
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d|Al, 6t+2A ]
= 2— = 4V 3t2+2tA — (6t+2A
dt 24/ 3t2+2tA ( )

Z 2V312+2tA —(3t+A) = VI2L22+8tA —VI2 + 61 A + A2

A
>0 & 3P42tA-A* >0 & [3t—A][t+A] >0 & t > 3

The last inequality here holds because t > 2 A, by assumption. l

Corollary 4.1. dt?H < 0 and dtzH > 0, so the range of t realizations for which default-

switching costs increase Firm 2’s proﬁt in the setting of Lemma 4 (i.e., t > tay ) expands as

A increases or as A declines.

Proof. From (138):

dtQH o 9 9 _%
A 1+2[3A —4AAN+ A P [2A -4 A]
— _1-[3A2—4AA+A?] ?[24—A] < 0 and
a5, 1 [3A2 LAN+A2] 2 [6A—4A]
dA 2

—24+3[3A2_4AA+A2]? [A—%A] > 0.

Both inequalities hold because A > A, by assumption. W

Corollary 4.2. dA2L > 0 and dAzL > 0, so the range of A realizations for which default-
switching costs mcrease Firm 2’s proﬁt in the setting of Lemma 4 (i.e., A < Asp) expands

as t increases or as A increases.

Proof. From (138):

dAsr, 2 -3

A = t[3t?=2¢tA]* > 0 and

dAsy, 1. s 1 6t—2A
= 2—-[37—2tA] 2[6t—2A] = 2—

dt 2[ ] | 2V312 —2tA

Z 4312 -2tA —(6t—2A) = 2V 312 —2tA —(3t—A)

= V12122 —8tA —VIt2 —6tA + A2
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Z 317 —2tA—-A? = [3t+A][t—A] > 0.

The inequalities here reflect the maintained assumptions that ¢ > A and A > A. R

Proposition 5. Suppose: (i) Go —co > Gy —¢1; () max { A, rg —co—t} < A <
min {¢, t +c; —rp };' (i6i) t > toy; and (i) Ky = 0. Then Firm 2 and Firm 1 both secure
strictly greater profit in equilibrium when Ky € (A, t) than when Ky = 0.

Proof. (5) and condition (i) in the proposition imply:
1

3

Therefore, K1 > — A when K; = 0. Furthermore, condition (ii) ensures that ¢t > |A| = A
andry —co—t < A < t+c;—rp. Therefore, all the maintained assumptions in Proposition

1 hold if Ky € (A, t).

1 1
A= glGtrm—a-(Gitn-a)]l = glG-a-(Gi-a)l+glrm—r] > 0.

Lemma A2.3 implies that when K; = Ky = 0, Firm 2’s profit is nearly:

oA — G2—02—<G1—Cl) = GQ"‘TH—CQ—(G1+TL—01)—(TH—7’L)

=3A—(rg—rL). (165)
Proposition 1 implies that when K, € (A, t), there exists an equilibrium in which Firm
2’s profit is:
Top = % : (166)
(165) and (166) imply:
Top > Toa & % > 3A—(rg—rL)

<~ t2+2At+A2 > 2t[3A—(TH—TL)]
=4 t2—4At+A2+2t[T’H—TL] > 0
& P4 2t[rg—rp—2A]+ A% > 0. (167)

The roots of the quadratic equation associated with (167) are:

1

tr = 5 {—Q[TH—TL—QA]:E \/4[7“H—7‘L—2A]2—4A2}

IRecall that A = rg —rp > 0.
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= 2A—<7“H—TL) + \/[TH—TL—QA]Q—/p

= 2A—(TH—7”L) + \/[TH—TL]Q—ZLA[TH—T‘L]+4A2—A2

= 2A—(T’H—’I“L) + \/3A2—4A[TH—TL]—|—[7“H—TL]2

= 24A-A+[3A-A][A-A]. (168)

Condition (ii) ensures that A > A, which implies 3 A > A, so the roots in (168) are real.
(138), (167), and (168) imply that mop > mos if t > 2A—A+ \/[3A —A][A—-A] = tay.

Finally, Lemma A2.3 implies that Firm 1’s equilibrium profit is 0 when K; = Ky = 0.

Firm 1’s profit in the equilibrium identified in Proposition 1 is —[3t — A]*> > 0 when

181
Ki=0and Ko € (A, t). 1

Proposition 6. Suppose: (i) A < 0; (ii) rg —co—t < A < t+c —rp; (i) |A] < t;
(iv) t > tig; and (v) Ky = 0. Then Firm 1 and Firm 2 both secure strictly greater profit in
equilibrium when Ky € (|A|, t) than when K; = 0.

Proof. Condition (i) implies that K > A when Ky = 0. Therefore, conditions (i) — (iii)
ensure that all the conditions in Proposition 1 hold if K; € (| A], ).

Lemma 2 implies that when K; = K; = 0, Firm 1’s profit is nearly:

ma = Gi—a—(Gy—c) = = [Go+rg—ca—(Gi+rp—ca)]+rg—rp
= rg—r+3|A]. (169)

Proposition 1 implies that when K; € (| AJ, t), there exists an equilibrium in which
Firm 1’s profit is:
1B 57 .
(169) and (170) imply:
[t+] Al

mB > Ti1A < 2—t > TH—TL+3‘A‘

o P4 2[A|t+|A]P > 2t[rg—rp+3|A]]
o tP—4|A|t+A*-2t[rgy—7rL] > 0
& P —2t[rg—rp+2|Al]+ 4% > 0. (171)
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The roots of the quadratic equation associated with (171) are:

1
f{ = 5 {2[7’H—TL+2‘AH:E \/4[7’H—TL—|—2|A|]2—4A2}

— g+ 2| Al £ [ - 2] AP - A2

— = 42| Al £ [ = P A A [ — ]+ 442 — A2

= TH—TL+2|A| + \/3A2+4|A|[TH_TL]+[TH—TL]2

= A+2|A| £ /3A2+4]A|A+A2. (172)

(138), (171), and (172) imply that if t > A+2|A| £ \/3A2+4|A|A+ A2 = {5,
then mp > m4.

Finally, Lemma 2 implies that Firm 2’s equilibrium profit is 0 when K; = Ky = 0. Firm
2’s profit in the equilibrium identified in Proposition 1 is -+ [3¢ — | A| ]* > 0 when K, = 0
and K € (|A|,t) |

Proposition 7. Suppose: (i) (K7, K3) are such that conditions (ii) and (iii) in Proposition
1 hold; (ii) t > | A|; (i1i) Condition 1A holds; (iv) Condition 1B holds when K; = Ky = 0;
and (v) A < 2t. Then (K{, K3), along with py = ¢y —rp+t—A and pp=co —rg +t+ A

constitute an equilibrium in the setting with endogenous K.

Proof. The proof proceeds by showing that neither firm can increase its profit by unilaterally
changing its default-switching cost, regardless of the nature of the ensuing equilibrium.

To begin, observe that the proof of Proposition 1 establishes that the prices identified in
the present Proposition are the unique prices that arise in a MS equilibrium. Furthermore,
the equilibrium profits identified in Proposition 1 (77 > 0 and 75 > 0) do not vary with K
and K. Therefore, Firm i € {1,2} cannot increase its profit by choosing K; # K} if the
resulting (KZ-, K7 ) default-switching costs induce a MS equilibrium.

Next suppose that Firm ¢ € {1,2} chooses a K; # K such that the resulting (Ki, K ]*)
default-switching costs induce a MDj equilibrium (where j # i, 7,5 € {1,2}). Then Firm i’s
profit will decline to 0. Consequently, Firm ¢ cannot increase its profit by setting K; # K
if the resulting (Ki, K ]*) default-switching costs induce a MDj equilibrium.

Now suppose that Firm 1 sets K # K7 such that the resulting (K7, K3) default-switching
costs induce a MD1 equilibrium. The proof of Proposition 1 establishes that the maximum

profit Firm 1 can secure in a MD1 equilibrium is
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t— K,

—2A+ [2t+A] < —2A+%[2t+A}.

Condition (ii) in the present Proposition ensures that Firm 1’s profit in the MS equilibrium
identified in Proposition 1 exceeds —2 A + 1 [2¢+ A]. Therefore, Firm 1 cannot increase
its profit by setting K; # K7 if the resulting (K, K3) default-switching costs induce a MD1
equilibrium.

Finally, suppose that Firm 2 sets a K5 # K such that the resulting (K7, K,) default-
switching costs induce a MD2 equilibrium. The proof of Proposition 1 establishes that the
maximum profit Firm 2 can secure in a MD2 equilibrium is

t — K.
2A+ 2

20— A] < 2A+%[2t—A].

The inequality here reflects condition (iii) in the present Proposition. Condition (ii) in this
Proposition ensures that Firm 2’s profit in the MS equilibrium identified in Proposition 1
exceeds 2A + 5 [2t — A]. Therefore, Firm 2 cannot increase its profit by setting Ky # K3
if the resulting (K7, K3) default-switching costs induce a MD2 equilibrium. W

Proposition 8. Suppose A < 0, G1 — ¢; — (G2 —¢2) > max{ %5, 5 [t + IAI]PY, ¢ >

%[T’L +ry], and ¢; > r. Then in the setting with endogenous K, there exists a MDI
equilibrium in which: (i) K1 = Ky = 0; (it) po = co—3 [ +ru]; and (iit) p1 is marginally
below co — ryg + G1 — Gs.

Proof. The proof proceeds by showing that neither firm can increase its profit by unilat-
erally increasing its default-switching cost above 0, regardless of the nature of the ensuing
equilibrium.

We first show that Firm 1 cannot strictly increase its profit by setting K; > 0 if the
resulting (K;,0) default-switching costs induce a MD1 equilibrium. The logic employed in
the proof of Proposition 2 implies that Firm 1’s profit in a MD1 equilibrium, given K; > 0
and K9 > 0 is:

A 2t+ A
7T1D1(K1,K2) = Gl_G2+C2_Cl_E_K1|: 9t :|
orPL(.) A
m = Lo <0 (173)

(173) implies that Firm 1 cannot strictly increase its profit setting K; > 0 if a MD1 equi-
librium ensues.

(173) further implies that when K; = Ky = 0, Firm 1’s profit is:

A
7T1D1(0,0) = Gl —C1 — (GQ — 02) — E > 0. (174)
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Firm 1’s profit is 0 in any MD2 equilibrium. Therefore, (174) implies that Firm 1 cannot
increase its profit by setting K7 > 0 if the resulting (K, 0) default-switching costs induce a
MD2 equilibrium.

Proposition 1 establishes that Firm 1’s profit in a MS equilibrium when A < 0 is 7§ =
L[t +]A[]>. Therefore, (174) and the maintained assumptions ensure that 72*(0,0) > 75.
Consequently, Firm 1 cannot increase its profit by setting K7 > 0 if the resulting (K, 0)
default-switching costs induce a MS equilibrium.

To initiate the demonstration that Firm 2 cannot increase its profit by unilaterally in-
creasing K5, observe that Firm 2’s profit is 0 in all MD1 equilibria. Consequently, Firm 2
cannot increase its profit by implementing a Ky > 0 that induces a MD1 equilibrium.

Next we establish that a MD2 equilibrium does not exist when K; = 0 and A < 0. To
do so, suppose such an equilibrium exists. Then the consumer located at 0 prefers to buy a
phone from Firm 2 than from Firm 1. Consequently:

Gy—po—min{ Ky, t} > Gi—p1 = p2 < p+Gy— Gy —min{ Ky, t}. (175)

(175) reflects the fact that the consumer located at 0 who purchases a phone from Firm 2
will change the default PD setting on the phone if and only if K, < ¢.

Rather than serve no customers, Firm 1 will reduce its price at least to ¢; —r. Therefore,
(175) implies that, to attract all consumers, Firm 2’s price must satisfy:

pe < ¢ —rp+ Gy — Gy —min{ Ky, t}. (176)
In any MD2 equilibrium in which (176) holds, Firm 2’s profit is:
T < q—rp+Gy— Gy —min{ Ky, t} —co+ry
<c—rp+Gy—Gi—cp+ry
= Gy+rg—co— (Gi+rp—c1) = 3A <0. (177)

The first inequality in (177) reflects the fact that Firm 2’s revenue from advertisers cannot
exceed ry. The second inequality in (177) holds because K3 > 0 (and ¢ > 0), by assumption.
The last inequality in (177) holds because A < 0, by assumption. (177) implies that a MD2
equilibrium does not exist under the maintained assumptions because Firm 2 must secure
nonnegative profit in a MD2 equilibrium.

Finally, we establish that a MS equilibrium does not exist when K; =0 and A < 0. To
do so, suppose a MS equilibrium exists. Then there exists a consumer located at zy € (0,1)
who is indifferent between purchasing a phone from Firm 1 and purchasing a phone from
Firm 2. Furthermore, the proof of Proposition 1 implies:

pr = c—rp+t—A, pp = co—ry+t+ A, and (178)
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1 A 1
= —_ - = —. 1

The inequality in (179) holds because A < 0, by assumption.

Because oy > % and K; = 0, the consumer located at xy will change the default PD
setting on the phone he purchases if and only if he buys the phone from Firm 1. Therefore,
because the consumer located at x is indifferent between purchasing a phone from Firm 1

and purchasing a phone from Firm 2:

Gl—pl—t[l—l‘g] = Gg—pg—t[l—l‘o]

= p2—p1 = Ga—Gy. (180)

(178) implies:
pp—p1 = ca—cr—rg+rp+2A. (181)

(180) and (181) imply:
Go—Gy = co—cp—rgp+rp+2A

= G2+TH—CQ—(G1+TL—01) = 2A
= 34 =24 = A=0. (182)

(182) cannot hold because A < 0, by assumption. Therefore, by contradiction, a MS equi-
librium does not exist when ; =0 and A < 0. W

Proposition 9. Suppose A > 0, Gy — c3 — (G1 — 1) > 2—1t[t—{—A]2, co > rg, € >

%[TL +rygl], and A < 2t. Then in the setting with endogenous K, there exists a MD2

equilibrium in which: (i) K1 = Ko = 0; (i) py = ¢1 — 2 [rp 4+ ry); and (i) ps is marginally

below ¢; — % [rp+ 1y ]|+ Gy — Gy

Proof. The proof proceeds by showing that neither firm can increase its profit by unilat-
erally increasing its default-switching cost above 0, regardless of the nature of the ensuing
equilibrium.

We first show that Firm 2 cannot strictly increase its profit by setting Ky > 0 if the
resulting (0, K3) default-switching costs induce a MD2 equilibrium. The logic employed
in the proof of Proposition 3 implies that Firm 2’s profit in a MD2 equilibrium in which

P =1 — % [rr + 7y is nearly:

A 871'2 A
= ¢ — Go—G— Ko+ Ko— = —— = —-14+4— < 0. 183
Up’ 1 — 2+ G 1 2 + 25 0K, +2t (183)
The inequality in (183) holds because A < 2t, by assumption. (183) implies that Firm 2
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cannot strictly increase its profit by setting Ky > 0 if a MD2 equilibrium ensues.
(183) further implies that when K; = K5 = 0, Firm 2’s profit is:
7T2D2(0,0) = G2 — Cy — (Gl — Cl) > 0. (184)

Firm 2’s profit is 0 in any MD1 equilibrium. Therefore, (184) implies that Firm 2 cannot
increase its profit by setting K5 > 0 if the resulting (0, K3) default-switching costs induce a
MD1 equilibrium.

Proposition 1 establishes that Firm 2’s profit in a MS equilibrium when A > 0 is 75 =
= [t + A]?. Therefore, (184) and the maintained assumptions ensure that 722(0,0) > 5.
Consequently, Firm 2 cannot increase its profit by setting Ky > 0 if the resulting (0, K>)
default-switching costs induce a MS equilibrium.

To initiate the demonstration that Firm 1 cannot increase its profit by unilaterally in-
creasing K, observe that Firm 1’s profit is 0 in all MD2 equilibria. Consequently, Firm 1
cannot increase its profit by implementing a K7 > 0 that induces a MD2 equilibrium.

Next we establish that a MD1 equilibrium does not exist when A > 0. To do so, suppose
such an equilibrium exists. Then the consumer located at 1 (weakly) prefers to buy a phone
from Firm 1 than from Firm 2. Consequently:

Gi—pr—min{ Ky, t} > Go—ps = p1 < ppo+G —Gy—min{ Ky, t}. (185)
(185) reflects the fact that the consumer located at 1 who purchases a phone from Firm 1
will change the default PD setting on the phone if and only if K; < ¢.

Rather than serve no customers, Firm 2 will reduce its price to co — ry. Therefore, (185)
implies that, to attract all consumers, Firm 1’s price must satisfy:

m < co—rg+G—Gy—min{ Ky, t}. (186)
In any MD1 equilibrium in which (186) holds, Firm 1’s profit is:
m < co—rgp+ Gy —Gy—min{ Ky, t} —c; +ry
<+ G —Gy—c = Gi—cp—(Ga—c3) < 0. (187)

The first inequality in (187) reflects the fact that Firm 1’s revenue from advertisers cannot
exceed ry. The second inequality in (187) holds because K7 > 0 (and ¢ > 0), by assumption.
The last inequality in (187) holds because the maintained assumptions include G; — ¢; —
(Ga—c) < — 55 [t+ A]> < 0. (187) implies that a MD1 equilibrium does not exist
under the maintained assumptions because Firm 1’s profit must be nonnegative in a MD1
equilibrium.

Finally, we establish that a MS equilibrium does not exist when Ky =0 and A > 0. To

do so, suppose an MS equilibrium exists. Then there exists a consumer located at zq € (0,1)
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who is indifferent between purchasing a phone from Firm 1 and purchasing a phone from
Firm 2. Furthermore, the proof of Proposition 1 implies:

pr = ¢ —rp+t—A, po = cg—ryg+t+ A, and (188)
1 A 1
= - < - 1
T 979 T ) (189)

The inequality in (189) holds because A > 0, by assumption.

Because zy < % and Ky = 0, the consumer located at zy will change the default PD

setting on the phone he purchases if and only if he buys the phone from Firm 2. Therefore,
because the consumer located at x( is indifferent between purchasing a phone from Firm 1
and purchasing a phone from Firm 2:

Go—pr—tzg = Gi—p1—tzg = po—p1 = Ga—Gh. (190)

(188) implies:
pp—p1 = ce—ca—rp+rp+2A. (191)

(190) and (191) imply:
Go—Gy = co—cy—rg+rp+2A
= Got+rg—c—(Gi+rp—c) = 2A
= 34 =24 = A=0. (192)

(192) cannot hold because A > 0, by assumption. Therefore, by contradiction, a MS equi-
librium does not exist when Ko =0 and A >0. W

Supplemental Findings

The following supplemental findings (Lemmas A19 — A27 and Propositions A1 — A2) are
employed to prove Proposition 10 (below).

Lemma A19. Suppose K; = K, = 0. Then: (i) a user located in [0, ) will change the
default setting on the phone she purchases if and only if she purchases the phone from Firm
2; (ii) a user located in (3,1] will change the default setting on the phone she purchases if
and only if she purchases the phone from Firm 1; and (iii) a user located at % will not change

the default setting on the phone she purchases.

Proof. The proof parallels the proofs of Lemmas A1 — A3. B
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Lemma A20. Suppose K; = Ky = 0. Then: (i) all users buy a phone from Firm
1if po > p1 + G5 — Gy; (i) all users buy a phone from Firm 2 if py < p; + Gy — Gy;
and (iii) all users are indifferent between buying a phone from Firm 1 and from Firm 2 if
p2 = p1+ Ge — Gy,

Proof. Lemma A19 implies that a user located at z; € [0, %) will buy a phone from Firm 1

if:
Gi—txy—p1 > Ga—tri—p2 & p2 > pi+Gy— Gy
Lemma A19 also implies that a user located at 5 € (3, 1] will buy a phone from Firm 1
if:
Gl—t[l—l’g]—pl >G2—t[1—1’2]—p2 = P2 >p1—|—G2—G1.

Lemma A19 further implies that a user located at % will buy a phone from Firm 1 if:

1 1
G1—§t—p1 > G2—§t—p2 & py > pr+Gy -Gy

The proofs of the remaining conclusions are analogous, and so are omitted. W

Lemma A21. Suppose K; = Ky = 0 and G5 — ¢ > G1 — ¢q1. Then in equilibrium, all
users purchase a phone from Firm 2 at a price just below ¢; — % [ry + 1]+ Ge — Gy. Firm

1’s profit is 0. Firm 2’s profit is (nearly) Go — ca — (G1 — ¢1).

Proof. Lemmas A19 and A20 imply that for g > 0, Firm 2’s expected profit is:

0 if po > p1+G2— Gy
T = %[%4’%4—@2—@1—02} if pp = p1+Gy—Gy (193)
P+ 4 Gy — Gy — ey — €9 if pp = p1+G2—Gr—¢.

(193) reflects the fact that when K; = Ky = 0, each consumer perceives the two phones
to exhibit no horizontal product differentiation. Consequently, in equilibrium, either: (i) all
consumers strictly prefer to purchase a phone from Firm 1; (ii) all consumers strictly prefer
to purchase a phone from Firm 2; or (iii) all consumers are indifferent between purchasing a
phone from Firm 1 and purchasing a phone from Firm 2. Therefore, if Firm 1 sells any phones
in equilibrium with strictly positive probability, it secures nonnegative expected profit only

if pr > ¢ — % 7y + r]. Consequently, in any such equilibrium:

L +TH

P11+ +G2—G1—CQ ZGQ_CQ_(Gl_Cl) > 0. (194)
(193) and (194) imply that for &g sufficiently small, Firm 2 secures strictly higher profit

by setting ps = p; + G2 — G1 — €9 than by setting po > p; + Gy — G;. Therefore, in
equilibrium, Firm 2 will set p, just below ¢; — % [rg + 1]+ G2 — G to ensure that Firm 1
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cannot profitably attract any users. Consequently, Firm 1’s profit is 0 and Firm 2’s profit is
nearly:

1 1
Cl—§[TH+TL]+G2—G1+§[TH+TL}—Cg = GQ—CQ—(Gl—C1>. [ ]

Lemma A22. Suppose min{K7j, Ko} > t. Then no user changes the default setting on

the phone she purchases.

Proof. A user located at x will change the default setting on the phone she purchases from
Firm 1 if and only if:

Gl—t[l—x]—pl—Kl > Gl—tx—pl =4 t[l—Qﬂ?] < —K;

K K
& 1-2z < —71 & 2z > 1+71 & x> -4 — >1. (195

(195) implies that no user located in [0, 1] will change the default setting on a phone she
purchase from Firm 1.

A user located at = will change the default setting on the phone she purchases from Firm
2 if and only if:

Gg_tx_pQ_K2>G2_t[1_$}_p2 = t[1—2l’] > Ky

K. K 1 K
& 1—2x>72 & 2ZL’<1—TQ & 1< -—-—2<0. (196)

(196) implies that no user located in [0, 1] will change the default setting on a phone she
purchase from Firm 2. W

Lemma A23. Suppose min{Kj, K>} > t. Then: (i) all users buy a phone from Firm 1 if
pe—p1 > Gy — G1+t; and (ii) all users buy a phone from Firm 2 if po —p; < Go— G —t.

Proof. Lemma A22 implies that no user changes the default setting on the phone she
purchases. Therefore, all users buy a phone from Firm 1 if, for all x € [0,1]:

Gi—tex—p > Gy—t|l—z]—py & t[1-22] > Go—Gy—p2+p1

1 1 1
& 1—-2x2 > ;[Gg—Gl—pg—i—pl] = T < §+E[G1—G2—p1+p2]. (197)
(197) holds for all z € [0,1] if:
1<1+1[G—G—+](:>t<1[G—G—+]
5T 97 1 2 — P11 P2 21 2t 1 2 — P11 P2

S t < G —Gy—p1+p & pp—p1 > Go—Gr+t.
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Similarly, because no user changes the default setting on the phone she purchases (Lemma
A22), all users buy a phone from Firm 2 if, for all z € [0,1]:

Gg—t[l—x]—pg > Gl—tx—pl <~ t[l—?l‘] < Gg—Gl—p2+p1

1 1 1
S 1-2x < ;[GQ—Gl—p2+pl} =~ T > §+2—t[G1—G2—p1+p2}. (198)

(198) holds for all z € [0,1] if:

1 1 1
0 > §+E[G1_G2_pl+p2] & ﬂ[t+G1—G2—p1+p2]< 0

< pP2—p1 < GQ_Gl—t. |

Lemma A24. Suppose min{K;, Ko} > ¢t > 3| A|. Then no equilibrium exists in which

one firm serves all users.

Proof. First suppose Firm 1 serves all users. Then Lemma A23 implies that for all ps that
generate nonnegative profit for Firm 2:

p1 < ppt+Gi—Gy—t. (199)
(199) holds for all such p, if:
pr < ca—rg+Gi—Ga—t. (200)

Firm 1’s profit when it serves all users at a price that satisfies (200) is:
m =p+rp—ca < c—rp+G —Gy—t+rp—c1
= Gi+rp—c—(Gy+rg—cy)—t < 0 when t > 3 |A]. (201)
(201) implies that no equilibrium exists in which Firm 1 serves all users.

Now suppose Firm 2 serves all users. Then Lemma A23 implies that for all p; that
generate nonnegative profit for Firm 1:

P2 S p1+G2—G1—t. (202)
(202) holds for all such p, if:
p2 < a—rp+Ga—Gr—t. (203)

Firm 2’s profit when it serves all users at a price that satisfies (203) is:
g = Pot+rg—co < c1—1r,+Gy—G1—t+1rg— 0o

= Ga+rg—ca— (Gi+rp—c)—t < 0 when t > 3A. (204)
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(204) implies that no equilibrium exists in which Firm 2 serves all users. W

Lemma A25. Suppose min{K;, Ky} > ¢t and p, — p; € [Gy — Gy — t, Gy — Gy + t].
Then: (i) no user changes the default setting on the phone she purchases; (ii) a user located
at xg = % [t+G1— Gy +p2—p1] €[0,1] is indifferent between purchasing a phone from
Firm 1 and from Firm 2; (iii) if zo > 0, all users located in [0, 2o ) buy a phone from Firm

1; and (iv) if 2o < 1, all users located in (g, 1] buy a phone from Firm 2.

Proof. Lemma A22 implies that no user changes the default setting on the phone she
purchases. Therefore, a user located at x is indifferent between purchasing a phone from
Firm 1 and from Firm 2 if:

Gi—tr—p = Gy—t[l—a]—p & t[l-2z] = Go—G1—p2+m

1 1 1
&S 1-2z = z[Gz—Gl—pz‘i‘pl] < T = §+Z[G1—G2—P1+p2]

1
= T = Q_t[t+G1—G2+p2—p1] = o

€[0,1] & t+Gi—Gy+p—p1 € [0,2¢]
& po—p1 € [Go—Gy—t, Go— Gy +1].
If o > 0, then a user located at x € [0, x¢) buys a phone from Firm 1 because:
Gi—tx—p > Gy—t[l—x]—po
& t[1—2x] > Gy — Gy +p1—po

1
& 2z < 1+¥[G1—G2+p2—p1]

1
= T < E[t"—Gl_GQ‘i_pQ_pl] = Xy.

If 2y < 1, then a user located at = € (zg, 1] buys a phone from Firm 2 because:

Gg—t[l—l']—pg > Gl—tl’—pl
& t[l—Qmo] < Gy —G1+p1—pe

1
& 2z > 1+Z[G1_G2+p2_p1]

1
= T > ﬂ[t+G1—G2+p2—p1] = Xy. [ |
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Lemma A26. Suppose min{K;, Ko} > t > 3| A|. Then in equilibrium, no user changes
the default setting on the phone she purchases. Furthermore, there exists a zo € [0, 1] such
that: (i) a user located at zy is indifferent between buying a phone from Firm 1 and from
Firm 2; (ii) all users located in [0, 2y ) buy a phone from Firm 1; and (iii) all users located in
(zo, 1] buy a phone from Firm 2. In addition, p; = ¢; —rp+t—A; po = co—rg+t+A;

T = 3 [t —A]% and 7y = = [t+ A

Proof. Lemma A22 implies that no user changes the default setting on the phone she
purchases. Furthermore, Lemma A24 implies that Firm 1 and Firm 2 both serve some users
in equilibrium. Therefore, Lemma A23 implies that p, — p; € [Gy — G —t, Gy — G1 — t].
Consequently, Lemma A25 implies that a user located at

1
Ty = Q—t[t+G1—G2+p2—p1] c [0,1] (205)

is indifferent between purchasing a phone from Firm 1 and from Firm 2. Furthermore, all
users located in [0, ¢ ) buy a phone from Firm 1, and all users located in (zg, 1] buy a phone
from Firm 2. Therefore, (205) implies that Firm 1’s profit is:

1
m = [p1+TL—Cl]Q—t[t+G1—G2+p2—p1]. (206)
The unique value of p; that maximizes m; in (206) is given by:

(97T1

e 0 & —[m+rp—cal+t+G —Ga+pa—p1 =0
1

[t+Cl—TL+G1—G2+p2]. (207)

DN | —

< D1 =
(205) also implies that Firm 2’s profit is:
1

T2 = [P2+7’H—C2]E[t+G2—G1+p1—p2]. (208)

The unique value of py that maximizes w5 in (208) is given by:

0
SAL I 0 & —[p2+rg—c]+t+G—Gi+pi—p =0
Opa
1
= P2 = §[t+CQ—TH+G2_G1+p1]- (209)

(207) and (209) imply:

1 1
P11 = §[t+01_7"L+G1—G2]+Z[t+CQ—TH+G2—G1+p1]

3 1
= Zpl = Z[2t+201—2TL+2G1—2G2+t+CQ—TH+G2—G1]
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p1 o= [3t+2c1+co+G1—Gy—2r, —ry]

[3t—|—G1+7’L—Cl—<G2+TH—CQ)—3TL+301]

Wl Wl Wl

[3t—3A+3(c1—711)] = co—rp+t—A.

(209) and (210) imply:

%[t+02—rH+G2—G1]—|—é[3t—|—261+02+G1—GQ_QTL_TH]
[3t4+3c—3rg+3Gs—3G1+3t+2c1+co+G1—Gy—2r, —ry]
[6t+4co+2c1+2Gy—2G, —4ryg — 271 ]
[B3t+2co+c1+Go— Gy —2rg — 1]

[3t+G2—|—TH—(G1+TL—61)—37“H+302]

[3t—|—3A+3(Cg—’f’H)] = CQ—’I“H—i-t—l—A.

Wl Wl W~k O+~ O

210) implies that Firm 1’s profit margin is positive because:
g

pr+rp—c = t—A > 0.

211) implies that Firm 2’s profit margin is positive because:
g

P2 +THg —C = t+A > 0.

(210) and (211) imply:

[02—01+2G2—2G1+TL—TH].

W

b2 —p1 =

(210), (214), and Lemma A25 imply:

T

[3t+201+CQ+G1—GQ—QTL—TH+3TL—301]

Wl =

1 1
E t+G1—G2+5(02—61+2G2—2G1+TL—TH)

1
= E [3t+62—01+G1—G2+TL—TH]

(210)

(211)

(212)

(213)

(214)
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. [3t+3G1—3G2—|—CQ—Cl+2G2—2G1+TL—TH]

1
= — [3t+e—c+Gi—Gy+r,—ry)

181
1

= @[?)t—f-Gl—i-TL—Cl—<G2+TH—CQ>]2
1 2 1 2

(211), (214), and Lemma A25 imply:

g = [3t+202+01+G2—G1—QTH—TL+3TH—3CQ]

W

1 1
. Q_t t+G2—G1+§(Cl—CQ—|—2G1—2G2+7"H—TL)

1
= @ [3t+01—02+G2—G1+TH_TL]
[3t4+3G2—3G 14+ —c2+2G, —2Gy+ry — 1]

1
= — [3t+e—ca+Go—Grtry—r]

18¢
1
= @ [3t+G2+TH—CQ—(G1+TL—01>]2
_ ! [3t+3A) = 1 [t+A]*. &
18t 2t '

Lemma A27. Suppose K; € [0,t) and Ky > ¢. Then: (i) a user who buys a phone
from Firm 1 will change the default setting on the phone if and only if the user is located

in (14 51,1]; and (ii) a user who buys a phone from Firm 2 will not change the default

setting on the phone.

Proof. Result (i) follows from Lemma A2. Result (ii) follows from Lemma A24. W

Proposition A1 refers to the following assumptions.

Assumption Al.1. K; € [0,t) and Ky > t.
Assumption A1.2. K; > — A.

Assumption A1.3. ¢t > |A|.
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Assumption A1.4. t > max {rg—co— A, rp—c1+A}.
Assumption A1.5. [(t—A] > —2A+ 58 2t 4 ry—r, ] ifALO.

Proposition Al. Suppose Assumptions Al.1 — A1.5 hold. Then an equilibrium exists in

which all users located in [0, z) purchase a phone from Firm 1, and all users located in

(o, 1] purchase a phone from Firm 2, where xy = % — % € [% — %, % + %] Furthermore,

no user changes the default setting on the phone she buys. In addition, p; = ¢y —rp+t—A,
pe=co—rg+t+A, m = i[t—A]a and my = %[t—i—A]?

Proof. It is readily verified that in any equilibrium with the identified properties, Firm 1’s
profit is:

1
T = [p1+7rL— ] 27 [t+G1—Ga+pa—p1]. (216)
The unique value of p; that maximizes m; in (216) is given by:
on
a—pl =0 & —[p1+rL—c1]+t+G1—G2+p2—p1 =0
1

& pro= Z(t+a—r+Gi—Gy+pa]. (217)

DO | —

It is also readily verified that in any equilibrium with the identified properties, Firm 2’s
profit is:

1
T2 = [p2+7TH — 2] 27 [t+ G2 —Gi+p1—pa]. (218)
The unique value of py that maximizes my in (218) is given by:
on
L - 0 & —[p2+7’H—62]+t+G2—G1+p1—p2 =0
Ip2
1
= P2 = §[t+CQ—TH+G2_G1+p1]. (219)

(217) and (219) imply that in any equilibrium:

1 1
pmo= =[t+e—r+G—Gol+=-[t+ca—rg+Gy—G1+p1]

2 4
3 1
= lel = Z—l[2t+201—27’L+2G1—2G2+t+CQ—TH+G2—G1]
1
= p1 = g[3t+201+02+G1—G2—2TL—TH]
1
=3 [3t+G1+rp—c1—(Gay+rg—c2)—3rp+ 3¢ ]
1
= §[3t—3A+3(Cl—TL)] = ¢ —rp+t—A. (220)



(219) and (220) imply:

1 1
P2 = 5[t+CQ—TH+G2—G1]+6[3t—|—261+02—|—G1—GQ—QTL—T‘H]
[3t+302—37"H+3G2—3G1+3t+261+CQ+G1—GQ—QTL—’I"H]

[6t+402+201+2G2—2G1—4TH—2TL]

[3t+202+01+G2—G1—27’H—7’L]

[3f}+G2—|—TH—(G1+TL—01)—3TH+3CQ]

[3t+3A+3(02—TH>] = c—rg+t+A. (221)

Wik Wl W= o~ 3

(220) and Assumption A1.3 imply that Firm 1’s profit margin is positive because:

mt+rr—c =t—A > 0.

(221) and Assumption A1.3 imply that Firm 2’s profit margin is positive because:
po+rg—co = t+A > 0.
(220) and Assumption A1.4 imply that p; > 0 because:
pm >0 & 3t+2c+c+G —Gy—2rp—ryg > 0

= G2+TH—02—(G1—2TL+201) < 3t

& Got+rg—c—(Gi+rp—c) < 3t—=3rp+3¢

1
& A= §[G2+7”H—02—(G1+7’L—01)] S t—rpta. (222)

(221) and Assumption A1.4 imply that p, > 0 because:
j22) >0 < 3t+202+01+G2—G1—27"H—7“L >0
<~ G2—27"H—|—202—(G1—|—7’L—01) > 3t

& Got+rg—c—(Gi+rp—c) > 3rg—3cy— 3t

1
& A= g[GQ‘f‘TH_CQ_(Gl"‘TL_Cl)] > rg—Cy—t. (223)

(220) and (221) imply:
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1
P2 —Pp1 = 5[02—C1+2G2—2G1+TL—7”H]. (224)

(5) and (224) imply that the user who is indifferent between purchasing a phone from
Firm 1 and Firm 2 is located at:

1

1
Ty — E t—i-Gl—G2—|—§(Cg—61+2G2—2G1+TL—TH)

1
= —[3t+3G, —3Gy+cy—c1+2Gy —2G +rp — 78]

61

1
= a[3t+G1—G2+02—C1+TL—TH]

1 1 1 A
:E—E[GQ—FTH—CQ—(Gl"‘TL_Cl)]:i_ﬂ- (225)

(225) and Assumption A1.2 imply that zo € [0, + £1), so no user changes the default
setting on the phone she purchases.

(220) and (225) imply:

t—A 1
T o= [p+r—ca)z = [t—A] |:2—t:| = 27 [t—A]2. (226)
(221) and (225) imply:
t+ A 1
(224) implies:
pr—p2 > Gy —Gy— K
1
<~ g[cl—CQ—QGQ—{—QGl—TL—FTH] > Gl—GQ—Kl

~ Cl—C2—202+2G1—TL+TH >3G1—3G2—3K1

& g—c—rpt+rg > G —Gy—3K;
1
s K o> g[Gl—GQ—i‘Cz—Cl—{—TL—’I“H] = —A. (228)

(224) also implies:
pr—p2 < Gi—Gy+t

1

= 5[61—02—2G2+2G1—TL+TH] <G1—GQ+t

~ 61—62—2G2+2G1—TL+TH<3G1—3G2+3t
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S q—c—rpt+rg < Gy —Gy+ 3t
1
&St > g[GQ_G1+Cl_CQ+TH_TL] = A. (229)

(228), (229), and Assumptions A1.2 — A1.3 imply:
P1— P2 c (Gl—GQ—Kl,Gl—G2+t). (230)
The foregoing analysis implies that the identified putative equilibrium is unique among
equilibria in which (230) holds. It remains to verify that neither firm can increase its profit

by unilaterally changing its price so that (230) does not hold. We first show this is the case
for Firm 1.

If Firm 1 sets p1 > ps + G; — Go + t, then no users purchase a phone from Firm 1.
Therefore, Firm 1’s profit (0) is less than the profit specified in (226).

If Firm 1 sets p; < pa + G1 — G5 — K7, then all users purchase a phone from Firm 1. (4)
and (5) imply that the maximum profit Firm 1 can secure by setting such a price when p,
is as specified in (221) is nearly:

Tip = P2+ G —Ge—Ki+r—c = co—rg+t+A+G -G —Ki+r—a
= G —a—(Go+rg—c)+A+t+nrn — K,

= Git+rp—ca—(Get+rg—co) +A+t+r —rp— K

1 K
= —3A+A+t+§[TL+TH]_?;[TH_TL]_TL_Kl
1 K
= _2A+t_K1+§[TH_TL]_2_;[TH_7”L]
— t— K
= oA+t K+ LR K] = —24+ L2ty —rp].  (231)

2t

(226) and (231) imply that Firm 1 cannot increase its profit by setting p; < ps + G1 —
Go — K1 when py is as specified in (221) if Assumption A1.5 holds.

If Firm 1 sets p; = ps + G; — Go — K7 when p, is as specified in (221), then: (i) all users

located in [ + 51, 1] are indifferent between buying a phone from Firm 1 and from Firm 2;

and (ii) all users located in [0, 3 + £1) buy a phone from Firm 1. Therefore, Firm 1’s profit

1S:
1 K 11 K
™ = [p1+TL—Cl][54—2—;}“‘[1014-7"}1—61]5{5—2—;} (232)
< [p+ ] L, M +p+ 1E Ky
Pr+7L—C B 51 p1+TrH—C 3 57
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1
= pr+tri—c = mp < ﬂ[t_AP (233)

The first inequality in (233) holds because p; + 75 —¢; must be strictly positive if Firm 1 is to
secure positive profit in this case. The last inequality in (233) reflects (231) and Assumption
A1.5. (226) and (233) imply that Firm 1 will not set p; = ps + G; — Gy — K when ps is as
specified in (221).

Now we show that Firm 2 cannot increase its profit by unilaterally changing its price so
that (230) does not hold when p; is as specified in (220).

If Firm 2 sets ps > p1 + Go — G1 + K1, then no users purchase a phone from Firm 2, so
Firm 2’s profit (0) is less than the profit specified in (227).

If Firm 2 sets ps = p1 + G2 — G1 + K; when p; is as specified in (220), then:
pr =P +G—Gi+ Ky = c—rp+t—-A+G,— G+ K,

= G2+TH_CQ_G1_TL+CQ+t_A+K1+CQ_TH
= 3A+t_A+K1+CQ—TH = 2A+t+K1+CQ—TH > Cp—TH.

The last inequality holds here because K; > — A and t > — A, by assumption. Because
pe =p1 + G — Gy + K1 > ¢y — ry when p; is as specified in (220), Firm 2 can increase its
profit by setting ps to ensure p; — ps € (G; — Gy — K1,G; — Gy + K3). Therefore, Firm 2
cannot increase its profit by setting ps = p; + G2 — Gy + K7 when p; is as specified in (220).

If Firm 2 sets py < p; + Gy — G1 — t, then all users purchase a phone from Firm 2. (4)
and (5) imply that the maximum profit Firm 2 can secure by setting such a price when p;
is as specified in (220) is:

Top = p+G—Gi—t+rg—c = c—rp+t—A+Gy— Gy —t+rg—co
= Got+rg—co— (Gi+rp—c1)—A =3A—-A = 2A. (234)
(234) implies:
T > Tap & %[t+A]2> 2A & tP42At+ A% > 4 AL
e t2—24t+ A2 >0 & [t—A)P > 0. (235)

(235) implies that Firm 2 cannot increase its profit by setting ps < p; + G2 — G7 — K5 when
p1 is as specified in (220). B
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Proposition A2 refers to the following assumptions.
Assumption A2.1. K; € [0,t) and Ky > t.
Assumption A2.2. ¢; > 1.

Assumption A2.3. t < Go—Gy+c1—1y.

Assumption A2.4. 2L=TLETL < Oy (py)

for all py € [¢1 — 7y, min {c; —rp, 0 — 11 + Ky +¢}].2

Proposition A2. Suppose Assumptions A2.1 — A2.4 hold. Then a family of equilibria exist
in which all users purchase a phone from Firm 2. In these equilibria, no user changes the
default setting on the phone they purchase. Furthermore, p; € [¢; — 71, min{c; —rp, ¢1 —
ri+Ki+t}] > 0; po = p1+Ge—G1—t > 0; mp = 0;and w1y = p1+ryg—co+Gy—Gr—t
> 0.

Proof. If p = p; + G5 — G — t, then all users buy a phone from Firm 2. Therefore, Firm
1’s profit is 0.

We first show that if Firm 2 sets po = p1 + Go — G; — t , then Firm 1 will set
p1 € [eg —ry, min {c; —rp, ¢ —r + Ky +t}] in equilibrium. We do so first by explaining
why it cannot be the case that p; < ¢; — 71 or p1 > min {c; —rp,c1—rm+ Ky +t} in
equilibrium. Then we explain why, when p; € [¢; — 1, min {¢y —rp, cp —r1 + Ky +t}]
and Firm 2 sets py = p; + Gy — G — t, Firm 1 cannot strictly increase its profit by setting
a different price.

Recall that setting p; < ¢; — r; is a dominated strategy for Firm 1.

Consider a putative equilibrium in which p; > ¢; — ;1 + K; +t and Firm 2 sets p; =
p1 + Go — G1 — t. In this case:

P2 >Cl—T1+K1+t+G2—G1—t:GQ—G1+K1+01—’F1. (236)

If Firm 1 sets p; marginally below ps + G; — G2 — K3, all users will purchase a phone
from Firm 1. Consequently, when ps = p; + G2 — G1 — t, (236) implies that Firm 1’s profit
will be nearly:

T =p+rm—c =p+G -G —K +r—a

> GQ—G1+K1+01—7’1—|—G1—G2—K1+’F1—01 = 0.

2Recall that Q5 (+) is defined in Condition 3C.
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Because Firm 1 can secure strictly positive profit by deviating from its strategy in the
putative equilibrium, the putative equilibrium cannot be an equilibrium.

Next, consider a putative equilibrium in which p; > ¢; — rp and Firm 2 sets p, =
p1 + Gy — Gy — t. This implies:

p2 > a—rL+Gy—Gr—t. (237)
All users buy a phone from Firm 2 when (237) holds. Therefore, Firm 1’s profit is 0.
Suppose Firm 1 reduces its price marginally below p| where p] is equal to:
P = p+G -G+t > c—10+G—G —t+G —Gy+t = ¢ —rp.
Firm 1’s profit in this case is nearly:
= [pi+rr—c] > 0.

This inequality holds because pj; > ¢; — rp and zo > 0 (since p} — p2 < t + G1 — Gs).
Because Firm 1 can secure strictly positive profit by deviating from its strategy in the
putative equilibrium, the putative equilibrium cannot be an equilibrium.

We now show that when p; € [¢; — 71, ¢; — rr ] and Firm 2 sets p, = p1 + G2 — G — ¢,
Firm 1 cannot increase its profit by setting a price p}j € (pe+G1—Go— Ky, po+G1—Ga+t).
When Firm 1 sets such a price, all users located in [0, z9) buy a phone from Firm 1 and

Firm secures profit: ,
m™ = [p1+TL—Cl]$0 < 0. (238)

The inequality in (238) holds because p; < ¢; — r and because xy > 0 in the present
setting. (238) implies that Firm 1 cannot secure strictly positive profit by setting p) €
(p2 + G1 — Gy — K1, po + G1 — Gy + t) under the maintained conditions.

Next we show that Firm 1 cannot increase its profit by setting a price p} < ps + Gy —
G5 — K. Observe that under the maintained conditions:

Cl—T1+K1+th1 :p2+G1—G2+t (239)
= ¢ -1 > p2+G1—G2—K1. (240)

The weak inequality in (239) holds because p; € [¢; — 11, min{c; —rp, e —r1+ Ky +t}].
The equality in (239) holds because ps = p; + Go — G1 —t. (240) implies that pj < ¢; —ry if
Firm 1 sets p} < po+ Gy — Gy — Ky and ¢; — 1y # pa+ G — Gy — K;. This is a dominated
strategy for Firm 1.

Now we show that Firm 1 cannot increase its profit by setting a price pj > pa+G1—Gao+t.
No user will purchase a phone from Firm 1 in this case. Consequently, Firm 1’s profit is 0.

In summary, we have shown that if Firm 2 sets po = p; + G2 — G — ¢, then Firm 1 will
set p1 € [¢1 — 11, min {c¢; —rp, ¢ — 1 + Ky + K3 } ] in equilibrium.
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We now show that Firm 2 maximizes its profit by setting po = p; + G2 — G; — ¢ when
Firm 1 sets p1 € [¢; — 71, min {¢y — 71, ¢p — 71+ K1 +t}]. Observe first that this value
of ps is positive because:

p1+G2—G1—t > 01—7“1+G2—G1—t > 0.
The inequality here reflects Assumption A2.3.

When Firm 2 sets p» = p1 + Go — G; — t, all users purchase a phone from Firm 2, and
Firm 2’s profit is:

Ty = po+rg—ca = p1+Ga—G1—t—co+rp. (241)

In equilibria in which p; € [¢; —ry, min {¢; —rp, c; — 1+ Ky + ¢} ] and Firm 2 sets
pe = p1+ Go— G1 —t, Firm 2 secures the least profit when p; = ¢; — ;. Consequently, (4)
and (241) implies that Firm 2 earns positive profit in all such equilibria if:

Wg%m = Cl—T1+G2—G1—t—CQ+TH

1 K
= GQ—G1+61—§[TL+TH]+2—;[TH—7‘L]—t—Cg-{-TH

1 K
= G2—G1+C1—02—t+§[TH—TL]+—1[TH—7”L]

2t
K 2t — (rg —r
= GQ—G1+01—CQ+—1[TH—TL]— (H L) . (242)
2t 2
(4) and Condition 3C imply that when p; = ¢; — ry:
1
Ty = g[t+G2—G1—02+TH+C1—T1]2
1T 1 K 2
= %7 _t—i-Gz—Gl—CQ—i-TH—i-Cl—§<TH+TL)+2—;(TH—TL):|
LGt (1K ( )2 (243)
== — — -+ — -7 .
st | 2 1T C —C2 5 2t TH L
(4) and Condition 3C also imply that when p; = ¢; —7q:
1
QQ() = Cl—T1+G2—G1—CQ+§[7‘H+TL]—1’2
1 K 1
= Cl—é(TH—FTL)—Fz—tl(TH—TL)—FGQ—Gl—CQ+§[7’H+7’L]—132
K,
= GQ—G1+01—02+2—t[TH—TL]—$2. (244)
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(242) — (244) imply that when p; = ¢; — r; and Assumption A2.4 holds:

. K
ﬂ_gun > GQ—G1+01—CQ+—1[TH—TL]—Q2

2t
K
= GQ—G1+01—62+2—;[TH—7“L]
Ky
- Gg—Gl—FCl—CQ—{-Z—t[TH—TL]—l‘Q = x5 > 0. (245)

We now show that Firm 2 cannot increase its profit by setting ps € (p1 + G2 — G1 — t,
p1+Ge— G+ Ky) or po > p1+ Ge — Gy + Ky when Firm 1 sets p; € [¢; — 71, min{c; —
rp, e —r+ Ky +t}

(219) implies that when ps € (p1+ Gy — Gy —t, p1 + Gy — Gy + K), the price that
maximizes Firm 2’s profit is:

1
p2:§[t+CQ—TH+G2_G1+p1]. (246)

(218) and (246) imply that Firm 2’s corresponding profit is:

1
[t4+ G2 — Gy +p1 — 2]

Ty = [p2+7“H—C2]E

1
= |:§(t+CQ_TH+G2_G1+p1)+TH_CQ:|

1 1
. Q—t |:t+G2_G1+p1—§(t+62—7’H+G2_G1+p1):|

1

= @[t+G2—G1—Cz+T‘H+p1]2- (247)

Observe that:

Ty = p1+7'H—C2+G2_G1—t

1 1
= p1+TH+§[TL+7"H]_§[TL+TH]_C2+G2_G1_t

1 1
:P1+§[TL+TH]+G2—G1—02—t+§[7“H—7"L]- (248)

(245) and (248) imply that Firm 2 cannot increase its profit by setting p, € (p1 + G2 —
Gi1—t,p1+Gs — G1 + K;) when Assumption A2.4 holds because:

/ 1 1
Ty 2> My < p1+§[7"L+7“H]+G2—G1—C2—t+§[TH—7“L]
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1
Z Q[t+G2—G1—CQ+TH+p1]2

1
< p1+G2—G1—C2+§[TL+7’H]

— %[t+G2—G1—Cz+TH+p1]2 = .

If Firm 2 sets py > p1 + Go — G1 + K, it will sell no phones and so will secure 0 profit.
Therefore, p» = p; + Go — G1 + K; is the profit-maximizing price for Firm 2 among all
pe > p1+Gy— G+ K. When py = p1+ Gy — Gy + Kt (i) all users located in [%+ ]2(—;, 1]
are indifferent between buying a phone from Firm 1 and from Firm 2; and (ii) all users
located in [0, % + %) buy a phone from Firm 1. Firm 2’s profit in this case is:

" 1 1 K
Ty, = slp2+re—cl|ls—

2 2 2t
1 1 K
= §[p1+G2_G1+K1+7’H—C2] {5—2—;] > 0. (249)

The inequality in (249) holds because (4) implies that the minimum value of 7, which occurs
when p; =c¢; —rq, is:

" 1 1 K
7T2mzn = 5[01—7’1+G2—G1+K1+T’H—CQ]|:§—2—t1:|
1 1 K 1 K
= 5 GQ_G1+01_CQ+K1+(§+2_;)(TH_TL):| |:§—2—t1:| > 0. (250)

The inequality in (250) holds because: (i) K < t, by assumption; and (ii) the term in the
first square brackets in (250) is positive. (ii) holds because Assumption A2.3 ensures this
K,

1
t+ K1+ |:§+2—t:| [’I"H—TL] > 0.

term exceeds:

(250) ensures that (249) holds.

If Firm 2 were to reduce its price to py = p; + Gy — G+ K —e19 where 19 > 0, all users

located in [% + %, 1] would purchase a phone from Firm 2. Consequently, (249) implies

that Firm 2’s profit would be at least:

_[ L ] 1 K
g = [P2 — €10 T TH —C2 B 2t
1 K
= [p1+G2—G1+K1—510+7~H—c2][5—2—;]

1 K 1 K
= [p1+G2—G1+K1+TH—Cz]{§—2—;}—510[5—2—;}
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1" 1" 1 K 1"
= My + Ty — €10 [5 — 2—;} > 7, for sufficiently small £4 . (251)
(251) implies that Firm 2 could increase its profit by reducing its price marginally below
p1 + Gy — Gy + K. Therefore, Firm 2 will never set ps > p; + Gy — G; + K; when

p € [ar—ri,min{c—rp, e —rm+ K +t}].
In summary, we have shown that when p; € [¢; — 71, min {c; —rp, c; —r1 + Ky +t}],

Firm 2 maximizes its profit by setting p, = p; + Gy — Gy — t.

Finally, observe that no user changes the default setting on the phone they purchase from
Firm 2 in the present setting. W

Proposition 10. Suppose: (i) K1 =0 and Ky = K5 > t; (ii) Condition 3A holds; (iii) t <
Go—G1+c1—ry; (W Qt;A < Qo(py) forallp, € [er —ri,min {cy —rp, e1 —r1 + Ky +t}]7
(v) Gy — ca > Gy — ¢1; and (vi) A > 2t. Then in the setting with endogenous K, (0, K)

and (p1, pa) prices such that py € [c; —ry, min{cy —rp, ci —r1 +t}] and ps is marginally

below p; + Go — G1 — t constitute a MD2 equilibrium.

Proof. The proof proceeds by showing that neither firm can strictly increase its profit
by unilaterally changing its default-switching cost, regardless of the nature of the ensuing
equilibrium.

First consider Firm 2. Under the specified conditions, Firm 2’s profit in the MD2 equi-
librium identified in Proposition A2 is:

T, = pitrg—c+G -G —t > 0. (252)
It is apparent from (252) that this profit does not vary with Ky when K, > t.

Proposition 3 implies that if Firm 2 reduces K, to K, € (0,t) and a MD2 equilibrium
prevails, then Firm 2’s profit is nearly:

!

ﬁ[T’H—TL}. (253)

! ! 1
Ty = p1—02+G2—G1—KQ+5[TH+7’L]+2t

(252) and (253) imply:
7T§—7T,2 = p+rg—c+G—G—t

! 1 /A
_<p1_02+G2_G1_K2+_[TH+TL]+K2 )

2 2t
| A
= T‘H—t+K2—§[TH+TL]—K22—t- (254)

3Recall that Q5 is defined by Condition 3C.
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(254) implies:

<* ,> 1[ . A A A 0 and

— =rg—=lrgt+ry]—-— = ———= = n

B P T L T B a

9 (m3 — ) A

VR 12 . 2
0K, T (255)

(255) implies that 75 > 7, for all K, € (0,¢). Therefore, Firm 2 cannot strictly increase its
profit by setting K5 € (0,t) if a MD2 equilibrium prevails.

Lemma A21 implies that if Firm 2 reduces K5 to 0, its profit in the resulting MD2
equilibrium is nearly:

7Tg = GQ—CQ—(Gl—Cl). (256)
(252) and (256) imply:

> T e prtrg—ct+ Gy —Gi—t > Ga—co— (G —c)
& prtrg—t > . (257)

Proposition A2 implies that when K; = 0, the lowest price that Firm 1’s will set in a

MD?2 equilibrium is ¢; — 1 [ry + 71 ]. Therefore, (257) implies:

1 1
s > w9 if cl—§[rH+rL]+rH—thl & §A2t & A > 2t (258)

The last inequality in (258) holds, by assumption. Therefore, (258) implies that Firm 2
cannot increase its profit by reducing Ks to 0 (which induces a MD2 equilibrium when
K1 = (0 and G2—62 >G1—Cl>.

Firm 2’s profit is 0 in any MD1 equilibrium. Therefore, Proposition A2 implies that Firm
2 cannot increase its profit by setting a Ks for which the resulting (0, K) default-switching
costs induce a MD1 equilibrium.

Finally, the proof of Proposition A2 establishes that Firm 2 cannot increase its profit by
setting a Ky # K5 that induces a MS equilibrium under the specified conditions.

To initiate the demonstration that Firm 1 cannot increase its profit by unilaterally in-
creasing Ky, observe that Firm 1’s profit is 0 in all MD2 equilibria. Consequently, Firm 1
cannot increase its profit by implementing a K; > 0 that induces a MD2 equilibrium.

Next we establish that a MD1 equilibrium does not exist when G, — ¢y > G1 — ¢;. To do
so, suppose such an equilibrium exists. Then the consumer located at 1 (weakly) prefers to
buy a phone from Firm 1 than from Firm 2. Consequently:

Gi—pr—min{K;,t} > Go—p» = p1 < pp+G —Gy—min{ K, t}. (259

(259) reflects the fact that the consumer located at 1 who purchases a phone from Firm 1
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will change the default PD setting on the phone if and only if K; < ¢.

Rather than serve no customers, Firm 2 will reduce its price to co — ry. Therefore, (259)
implies that, to attract all consumers, Firm 1’s price must satisfy:

m < cg—rg+G—Gy—min{ Ky, t}. (260)
In any MD1 equilibrium in which (260) holds, Firm 1’s profit is:
m < cg—rgp+ Gy —Gy—min{ Ky, t} —c; +ry
<+ G —Gy—c = Gi—cp—(Ga—c2) < 0. (261)

The first inequality in (261) reflects the fact that Firm 1’s revenue from advertisers cannot
exceed ry. The second inequality in (261) holds because K7 > 0 (and ¢ > 0), by assumption.
The last inequality in (261) holds because Gy — c2 > G1 — ¢1, by assumption. (261) implies
that a MD1 equilibrium does not exist under the maintained assumptions because Firm 1’s
profit must be nonnegative in a MD1 equilibrium.

Finally, we establish that Firm 1 cannot increase its profit by setting a K; > 0 that
induces a MS equilibrium when Ky > t and Gy — ¢ > G7 — ¢;. In a MS equilibrium, a
consumer located at zo € (0,1) is indifferent between purchasing a phone from Firm 1 and
purchasing a phone from Firm 2. The proofs of Lemma A25 and Proposition Al imply that
at this equilibrium:

P11 = Cl—’f‘L—Ft—A, P2 = CQ_TH+t+A, and (262)
1 A 1 s 1 )
= -2 <= = —[t—AP. 2
Zo 5737 < 3 and 77 2t[t ] (263)

The inequality in (263) holds because A > 0 when Gy — ¢3 > G1 — ¢1.

Because ry < % and Ky > t, 29 < % + % when K7 > 0. Therefore, Lemma A26 implies
the consumer located at zy will not change the default PD setting on any phone he purchases.
Consequently, because the consumer located at xq is indifferent between purchasing a phone
1_A.

from Firm 1 and purchasing a phone from Firm 2, and because rg = 5 — 3;:

Gi—pr—tag = Ge—pa—t{l—ag] = pr—p1 = Go— G —t+1tag

1 A
= pp—p = Ga—Gr—t+t {———]

2 2t
t A
= pp—m = Go—Gr—5— 5. (264)
2 2
(262) implies:
pp—p1 = ca—ca—rg+rp+2A. (265)

(264) and (265) imply:
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t A
GQ—G1—§—§ :CQ—Cl—TH+TL+2A
t A
= Got+rg—ca—(Gi+rp—c) = §+§+2A
t 5 A t
= 3 2+2 = 5 5 = (266)

(263) and (266) imply that 77 = 0 at this equilibrium. B

Proposition 11. Suppose (i) A < 0; (i) t < |Al; (iti)) G1 — a1 — (G2 — ¢2) > 5 (iv)
Conditions 2A and 2B hold; (v)t < c; —rp —3 A; (vi) and (vii) t < LL 0. Then a

2t4+ryg —1r
MD1 equilibrium in which K1 > 0 and Ky > 0 does not exist in the setting with endogenous

K.

Proof. First consider a putative MD1 equilibrium in which K; € (0,¢) and Ky > 0.
Arguments analogous to those employed in the proof of Proposition 2 reveal that Firm
1 can increase its profit by reducing K; marginally. Therefore, the putative equilibrium
cannot constitute an equilibrium.

Next consider a putative MD1 equilibrium in which K; > ¢t and Ky > 0. It is readily

verified that Firm 1’s profit in this equilibrium is 7P! = —3 A — t. Proposition 2 implies
that if Firm 1 reduces K, below ¢, it can secure a profit of nearly 77 pe % A—-3A-K;.
Observe that when K € (0,¢):
, t— K
Pt s P o ztlA—3A—K1>—3A—t
t— K A A
& —[t-K] < A & -1 < = & —+1>0. (267)

2t 2t

Because the last inequality in (267) always holds, (267) implies that the putative equilibrium
cannot constitute an equilibrium. W

Proposition 12. Suppose (i) Ga—co—(G1 — 1) > 5 (i) 2t > A (iti) ey > % [ry +rL);
()t < Go—Gi+c1—3 [ry +11]; (v) Condition 3C holds if t < K»; and (vi) 1 [2¢ — A] <
Qo(p1) for all py € [cy —ry, min {cy —rp, e — 1+ Ky +t}] ift > Ky Then a MD2
equilibrium in which K; € [0,t), Ky > 0, and py = ¢; — 11 does not exist in the setting

with endogenous K.

Proof. First consider a putative MD2 equilibrium in which K € [0, ¢) and K5 € (0, t), p1 =

1Recall that € is defined in Condition 2B.
"Recall that Q5(p;) is defined in Condition 3C.
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c1—7r1, and po is marginally below ¢; —r;+Go—G1— Ks. The expression for 75 in Proposition
3 implies that Firm 2 can increase its MD2 equilibrium profit by reducing K, marginally.
Consequently, the identified putative equilibrium cannot constitute an equilibrium under the
maintained conditions.

Now consider a putative MD2 equilibrium in which K; € [0, t), Ky > t, p1 = ¢ — 11,
and py is marginally below ¢; — r; + G5 — G; — K. Arguments analogous to those employed
in the proof of Proposition 3 reveal that Firm 2’s profit in this equilibrium is 7% = ¢; —
ri +rg — ¢ + Gy — G1 — t. Proposition 3 implies that if Firm 2 reduces K5 below t, its
profit is nearly 7% = ¢; —r; — o+ Go— G1 — Ko+ 4 [ry + 71+ 52 A. Observe that that
when K, € (0,¢):

7T52 < W?Zl S g —ritrg—ct+Gy—G -t

1 K
< Cl—Tl—02+G2—G1—K2+§[7’H+TL]+2—;A

1 KQ A ](2
& rp—t < —Ky4= A & Tt < —Ky+ A
TH < 2+2[TH+TL]+2t 5 < 2+2t

A
& E[t—Kg] <t—-Ky & 2t > A. (268)

The last inequality in (268) holds, by assumption. Therefore, (268) implies that the identified
putative equilibrium cannot constitute an equilibrium under the maintained conditions. W

Proposition 13. Suppose (i) Go — co > Gy — 15 (i) A > 2t; and (iii) Conditions 3A —
3C hold. Then a MD2 equilibrium in which K, € [0,t), Ky € [0,t), and py = ¢1 — 11 does

not exist in the setting with endogenous K.

Proof. First consider a putative equilibrium in which: (i) K3 € [0, t) and K5 € [0, t), where
( Ky, Ks) # (0,0); (ii) p1 = ¢1 —1; and (iii) pe is marginally below ¢; — 7 + Gy — Gy — K.
The expression for 75 in Proposition 3 implies that Firm 2 can increase its MD2 equilibrium
profit by reducing K5 marginally. Therefore, the identified putative equilibrium cannot
constitute an equilibrium.

Now consider a putative equilibrium in which K1 = Ky = 0, p1 = ¢; — 1, and py =
cl—% (7L + rr | +G2—G;. Arguments analogous to those employed in the proof of Proposition
3 reveal that Firm 2’s profit in this equilibrium is nearly 72? = Gy — ¢y — (G1 — ¢1).

Proposition 3 implies that if Firm 2 increases K5 marginally and reduces its price to ps =
c1 — % [rp + 71y ]+ G — G1 — €11 (where €17 > 0 is arbitrarily small), then its profit would

be nearly 9% = Gy — G+ ¢1 —cy — 11 + S A. Observe that:

’ €
71'2D2 < 7'('?2 =4 GQ—CQ—(G1—01)< Gz—Gl‘{'Cl—CQ—EH—FiA
€11 A
& —511+2—tA>0 & 2_t>1 s A > 2t (269)
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The last inequality in (269) holds, by assumption. Therefore, (269) implies that the identified
putative equilibrium cannot constitute an equilibrium under the maintained conditions. W
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