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The buyer’s problem [BP] is:

B
Minimize /ﬁ p(B)AF () 1)
subject to:  u(8|8) >0 forall 8€[B,0],and (2)
u(B|8) > u(B|B) forall 8,3 ¢€[B,5], (3)
where  u(B|8) = p(B) — [B — e(B)] — C(e(BIB), B) , and (4)
B—e(BlB) =B —e(B) (5)

Define [BP]’ to be this same problem except that the global incentive compatibility (GIC)

constraints (3) are replaced by the local incentive compatibility constraints (m| 35 =0

ap
for all 5 € [ﬁ , E) which simply ensure that the supplier will not misrepresent his innate cost
locally.
Differentiating (5) with respect to  provides:
de(f de(f
1— % =0, which implies e(d@m l3=g = 1. (6)
Define u(f) = u(5]5). Assuming u(f|3) is differentiable almost everywhere, (4) and (6)

!/

imply that the rate at which the supplier’s utility increases with 3 at the solution to [BP]

dC(e(318), B)

ul(ﬁ) = _T‘B:ﬁ = _[Cl<€75) + 02(675)]' (7)

Recall Assumptions 1 - 3:

:5]762 where § < 3.

=

J

Assumption 1. C(e,8) = K [

|

Assumption 2. K > [B— "L

Assumption 3. -2 <~y < —1.

The text considers the special case of Assumption 1 in which 3 = . The proof proceeds
here for the more general case where 3 < 3 because some of the conclusions reported in the

text reflect this more general analysis.



Unless otherwise noted, Assumptions 1 - 3 are assumed to hold throughout the ensuing

analysis. Assumption 1 implies:

. .

cuam:aK[%E%]e; @@xnzgﬁ% %{%]eQ, ®)

Cn() = 2K l%l L O() = 2%}% [% : ()
~T

0111(') = O, and 0112<') = % [%] . (10)

The structure of the solution to [BP| depends on the sign of «/(/3), which is considered

in Lemma 1 .

Lemma 1 «/(f) <0 and e(8) < 5 — B forall B e [Q,B] at the solution to [BP)'.

Proof of Lemma 1 . From (7), /(8) < 0 for all 8 € [3, B] is ensured if Cy (e, 8)+Cs(e, 8) >

0 for all 5 € [, 3]. From (8), when Assumption 1 holds:

CMQ@+(MQWZO<¢K1£:£reP+ “L]zo
50 57
4:)2—|7—’e~20<:>e(6)§w (11)
BB il
To prove u'(8) < 0 for all 3 € [$, ], we consider any feasible contract, and construct an
alternative contract that has lower expected payment and satisfies e(5) < [5 — 5] < ngT_lB]
for each innate cost realization, 3 (and so u'(3) < 0 for all 3 € [3, 8], from (11)).
First recall that when Assumption 1 holds, the first-best effort level is:
7 -1
e*(p) = argmin{f — e+ C(e, 5)} = [2[( [E;?] ] . (12)
Therefore, because K > [3 — 8]~ and |y| > 1 from Assumptions 2 and 3, (12) implies:
1 [ g g] lyl-1 N B
2e(8) = — < |=——= [B-B]<B-5. (13)
e



(13) implies:
B<p—2(5). (14)
A contract is a set of cost-payment pairs. For each individually rational contract {(c;, p;)
| i € I}, consider a new contract {(3,5) | 8 € [3,B]} U{(ci,p;) | pi < B,ci > B,i € I}.
Assume that when multiple (¢, p) pairs deliver the same expected utility to the supplier
under the new contract, the supplier selects the pair that he would choose under the original
contract. The new contract is individually rational because when his innate cost is 3, the
supplier can always secure non-negative utility by choosing effort level 0 and cost level j3.

When the buyer offers the supplier the new contract, one of three possibilities arise:

e The supplier always chooses the same (¢, p) pair under the new contract that he would
choose under the original contract. In this case, there is no change in realized payment

under the new contract.

e The supplier with innate cost 5 chooses (cg, pg) under the original contract and (3, 3)
under the new contract. We will now show that pg > 3 in this case, and so the buyer

will pay the supplier the same amount or less under the new contract.

Because (cg,pg) is not chosen under the new contract, it is not available under this
contract. Consequently, either py > 8 > 3, or ¢g < B Since pg > [ in the former
case, we need only consider the latter case. In this case, py > ¢y + C(5 — ¢o, §) because
the supplier chooses (cg, pg) under the original contract, and so secures non-negative

utility by doing so.

(12) implies that when Assumption 1 holds:

. g8l s-3117° 1 [s-B]"
C(2e (ﬁ),ﬁ):K[—] [21( [—” :E[i]

B-p B-p B—p
eq -1
iy [2[( l%i ] —2e°(B) . (15)
Because ¢y < 5 in the case presently under consideration, (14) implies:
¢ <5< B—2e°(B). (16)
Hence:
po = co+C(B —co, B) > B —2e7(B) + C(2e7(B), ) = 6. (17)
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The weak inequality in (17) reflects the case presently under consideration. The strict
inequality in (17) holds because ¢ + C(5 — ¢, 3) is a convex, quadratic function of ¢
that achieves its minimum at 5 — e*. Therefore, because ¢ is less than § — 2¢*(3)
which, in turn, is less than 5 — e*(/3), it must be the case that ¢y + C(8 — o, 5) >

(B —2e*(B)] + C(2e*(5),B) (> B —e*(B) + C(e*(5),F)). The equality in (17) follows
from (15). Consequently, py > .

The supplier with innate cost 5 chooses (g, po) under the original contract, and (cq, py)
under the new contract. We will now show that py > p; in this case, and so the buyer

will deliver either the same or a smaller payment under the new contract.

Because (cg,pg) is not chosen under the new contract, it is not available under this
contract. Consequently, either py > 5 > p1, or ¢y < E (B > p1 because the (c1,p;)
pair is chosen under the new contract.) In the former case, pg > p;. Therefore, it only

remains to consider the latter case. In this case:

po—[co+C(B—co,B)] >p1—[c1 +C(B—c1,P)] . (18)

(18) holds because the supplier chose (cg,pg) rather than (ci,p;) under the original
contract when both pairs were available. Also notice that ¢; > E because (c1, p1) is one
of the pairs offered in the new contract. In addition, since e(/3) > 0 for all 3, ¢; < f.

In summary, since ¢y < [ in the case presently under consideration, we have:

60<Bgcléﬁ. (19)

Since ¢+ C(f — ¢, §) is a convex, quadratic function of ¢ that achieves its minimum at

B —e*, (19) implies:

(B=e)—ar| < max{|(B—e) =B, [B—(B—e)}
= |(B=e) =Bl <|(B—e)—col . (20)

(20) implies ¢o + C(8 — ¢, B) > ¢1 + C(B — ¢1, 8) (since ¢+ C(S — ¢, 5) is a convex,
quadratic function of ¢ that achieves its minimum at §—e*). Consequently, (18) implies
po > p1- (Otherwise, the supplier would secure a higher utility by realizing cost ¢; —

which entails lower total production cost for the supplier — and receiving the higher

payment p;)



Therefore, in all three cases, the buyer makes the same or a smaller payment under the

new contract. Consequently, we can assume without loss of generality that «'(5) < 0 for all

B € (8, 5] when Assumptions 1 - 3 hold. B

When /() < 0 for all g € [, ], it is optimal to set u(f) = 0 in order to satisfy (2).

Therefore, from (7), u(f) = ff[C’l(e, B')+Cy(e, 8')]df’, and so the supplier’s expected utility

under the optimal contract is:

Eu =u b_ 5u' u = ' e e M
/ﬁ (B)AF(8) = w(B)F(B)[] /ﬁ (B)F(8)du = /ﬁ Cr(e.B)+Cale B) 57 4P (A)- (21)

(The first equality in (21) follows from integration by parts. The second equality in (21)
holds because u(5)F (ﬁ)g = u(B)F(B) — u(B)F(8) = 0 under the maintained assumptions.)

Since the supplier’s utility is the difference between the payment he receives and the costs

he incurs:
p(B) =B —e(B) + Cle(B), B) + u(p). (22)
(22) implies the expected payment to the supplier is:
B B
p E/ p(B)dF(5) :/ (8 —e(B) + C(e(B),B) + w(B)dF(B) - (23)
B B

Substituting (21) into (23) provides the following expression for expected payments to

the supplier under the optimal contract:
B
P :/ R(e(B))dF(B) , where (24)
B

R(e(B)) = B —e(B) + C(e(B), B) + [Cule, ) + Cz(e,ﬁ)]% '

The buyer seeks to minimize (24). To identify the optimal level of induced effort, differ-

(25)

entiate (24) with respect to e(3). Doing so reveals that under the optimal contract:

B =1+ Cile) + Cnles ) + Cule 15 205 =0 (20)
Differentiating (26) with respect to e() provides:
o°P F6)

— = Ch(e, B) + [Crii(e, B) + Craa(e, B)]

Oe? (27)



(8) — (10) imply that when Assumption 1 holds, the expressions in (26) and (27) can be

written as:
0 o [PE O [T [ O g
P 142K - ] f(ﬂ)—l— 2K[6—6] 1+ 55 78 , an (28)
i B-5 [ [ ) }F(@)}
— =2K |—/——= 1 —— | |- 29
g = [ﬁ_ﬁl T -5l 16 .
Observation 1 e(8) = 0 at the solution to [BP]" if and only if —1 4+ 2K [g g] % > 0.

Proof of Observation 1 . Recall from Lemma 1 that «/(8) < 0 and e(8) < § — B for all
B € [8,8] at the solution to [BP]" when Assumptions 1 — 3 hold. For a fixed 3, the term

in (29) is independent of e. If this term is non-positive, expected payment is a concave
function of e under the optimal contract. Consequently, the optimal e is achieved at a
boundary: either zero or g — E (Although e < 0 is feasible, the supplier always delivers
non-negative effort. Negative effort increases final production cost at least as rapidly as it
increases the payment from the buyer, and so is not advantageous for the supplier.) We
need to check whether zero or 8 — 3 induces a lower value for R(e) (defined in (25)) when

8- £(8)
QKI@A P+( 5] <o.

(25) and (8) reveal that when Assumption 1 holds, R(e) is a quadratic function of e with
R(0) = 8 and

’ ﬁ ﬁ F(3)
R'(0) = — K 30
(0) 142 - f(ﬁ) (30)
The inequality in (30) holds because, by assumption in the case presently under consider-
ation, 2K [/3 /3] [1 + 676 Z;((B))} < 0. Therefore, 1+B Bf((ﬁ)) < 0, which 1mphes M ?((6)) > 1.
Consequently: .
88| F©® B-5]"F®
142K —>—-1+42 31
+ —=| 5 2 +2(3 - [B—ﬁ 74 (31)
.1
— = |B=B| F(B) v F(B)
—1 — W D) =14+ >0, 32
2 —1+hl[5 - A [5_5 9 5370 (32)

The inequality in (31) holds because K > [B — 3]}, by Assumption 2. The weak
inequality in (32) holds because |y| < 2 by Assumption 3, and because 3 —B > 38— for all

B.



Since R'(0) > 0 and R(e) is a quadratic function of e, we can conclude that R(0) <

R(B — B) if R(-) achieves its critical point on [=2) 75), (8 — B)] instead of [0, L= 5)]. Notice
1—2K[§*§]7M

B—B

from (28) that R'(e) =0 at e = ;

. Therefore, we seek to show:
B-8 g—p’ I ( )]
K [H] 1+ 2]
Notice that:
_B E 7+1
1< [K(B-B) |=—= 34
6Bl | 5 @] (31)
C e _
o 1<2k |228) | UZD)
B-8] | 2
5-B8]"[B=5) v F®), F®)
= =TS e R e &
- 3] F(8) @—B”(@—B)l 72 F(B)
12K |m/——=| —< <2K |——= 1+ —-|——|—+=
© [5_5 ) = [5_5] > "2l )
_317 -
Ll =11 AT
= s-51" a2 (36)
2K [E5] [1+ ()73
(34) holds because K[ — 3] > 1 from Assumption 2 and because Q € [0,1), and so

B8
y+1
[gig } > 1, since v+ 1 € [—1,0] from Assumption 3. (35) holds because % > 0 since
|v] < 2, from Assumption 3. The direction of the inequality in (36) follows from the fact

ideri 831" 1 \EB)
that we are considering the case where 2K [373] [1 + (,Bfﬁ) 7| <0

In summary, we have shown that if the term in (29) is negative, e is 0 at the solution to

[P]'. Therefore, 2& = —1 4+ 2K [ ] ?(ﬁ) > 0, from (26) and (28).

If the term in (29) is positive, expected payment is a convex function of e under the
optimal contract. In this case, if the expression in (28) is non-negative at e = 0, then e is

optimally 0. Again, then, 2&& = —1 + 2K [ ] ?(ﬁ) > 0, from (26) and (28). In contrast,

if the expression in (28) is negative at e = 0 (so —1 + 2K [B B] ?((g) < 0 ), then effort is
optimally positive.

Therefore, effort is optimally 0 if and only if —1 4+ 2K [g—;} £ > 0. m



B=817 F(B)\+ _
(1_2K[E—B] () : 8 F(B)\+
Lemma 2 ¢y(5) = zK[ NV[H( Y ] at the solution to [BP]', where (1—2K [B_ﬁ] m)
B—B -B’ 1B
max{0,1 — 2K [ﬁ g} Ray

. B} f((ﬁ)) < 0. Observation

=17
1 also implies that if 1 — 2K [g%g] % > 0, the optimal e is the value of e at which the

expression in (28) is zero. This value is as specified in the Lemma. B

Proof of Lemma 2 . From Observation 1, e = 0 if 1 — 2K [

Lemma 3
1— 2K [8=8]" E@)y+
eo() = ( - 7[5 = } fw)F( EERAGE i _ forallBe[8.B]. (37)
2K | 5] 1+ (25) 73 2K | ]

Proof of Lemma 3. From Observation 1, ey(f) = 0if 1 — 2K [L] % < 0. Therefore,
eo(B) < €*(3) when 1 — [ } PO <

~

When 1 — 2K[ ] "@ > o,
~17
B=pB| F(B) { gl }F(ﬁ)
eolB) <e"(f) & 1—9o2K |22 2V g || 22 38
~17
& 2K [f;? >l (39)
p—=0 B—p
(39) holds because: (1) K > [ — 5]~ by Assumption 2, and so K [ﬁﬁ mﬂf > [@—2]7 :
~77+1
and (2) [g%gr >1> % since v+ 1 < 0 and |y| < 2 by Assumption 3. B
Observation 2 3 — e*(3) is monotonically increasing in (3 on [f3, BAl.
. */ _ 1 ﬂ |_
Proof of Observation 2. ¢"(3) = —QK[ T 5 5 Also, 2K [6 B} > EaE from (39).

Therefore, ¢”(3) < 1 and so 5 — e*(/3) is monotonically increasing in 5. B

Lemma 4 If ¢)(8) < 1 for all 3 € [3,5] at the solution to [BPY, then ey(B) is the effort
supply at the solution to [BP].



Proof of Lemma 4. We will show that under the maintained conditions:

du(B|5) du(B|5)
e 0f

>0 for #<f and

<0 for B>5 (40)

at the solution to [BP]. If (40) holds, the GIC constraints will be satisfied at the solution
to [BP], and so this solution will constitute the solution to [BP].
First consider 3 < 3. From (7):

u(B|B) _ ouBlB) 7 OPu(BIBy) 4o _ [° PulBlBy)
) é G%ﬂd%_é 0303 il )
. g _820(6(3‘50)7@)) . g —06(3%) 801@(6’50)750)
_ /Q L, —-/Q s s,
= [1 - 6,(3)]01(6(B|50)a 50)|§ . (43)

0l > 0, (43)

Because e,(8) < 1 (by assumption), 1 — ¢’ (B) > 0. Therefore, to prove = 3

implies we need to show C(e(3|5,)), 60)|@ > 0. From (8):

a@@MM6M5>W@ﬂ¥F_§](mm—ﬂVﬁ_g](mﬁzo (a4)
87 b7 8-8]" .

- = - 0. 45

L ﬁ] (3 - L ﬁ]<m [5 A 84> (15)

(45) follows from (44) because e(3|8) = e(3) + 5 — 3 (and so e(3|3) = e(3)) from (5).
Because § < 3 and v < 0, the expression in (45) is decreasing in e(3). Since e(3) < e*(f)
by assumption, (45) will hold if:

B=B| . (B=5 B—p
0, 46
EE 1 IR () PR
1] 1]
- [g_g] RESNIE m[g_g] )

gy R . 2 =177 1
(47) is derived from (46) by dividing all terms by [g%g]v e*(6) (= [M]’Y [2}( [ﬂ] V]
from (37)). Because 3 < 8 and K > [B — ]!, (47) will hold if:

Il o]
nmzlg_g ~1+28 - BB - A [? ﬂ >0 (49)

9



Notice that J(5) = 0. Furthermore:
hlB-B _2B-Bh _
(8= BN B—pht
The inequality in (49) holds because |y| < 2, B—pB<B—B,and ly| > 1. Because J'(3) < 0
and J(5) = 0, we know (48) holds for all 3 < 3. Therefore, Cl(e(B|50)),BO)|g > 0.
Now suppose 5 > (3. In this case, (7) implies:

J'(B) =

(49)

ou(BlB) _ ou(BlB) (" Pu(BlBy) o _ 7 PPu(BlB)
o 0P /B om0 /fa opop 0)
[P PC(e(BIB). Bo) L, 7 De(BIBo) OC(e(BIB0). Bo)
S A e T
= —[1=B)Ci(e(BIB). Bl - (52)
Because ¢)(3) < 1 (by assumption), 1 — ¢/(3) > 0. Therefore, to prove 8“(;%"8 ) <0, (50)
implies we need to show Cy(e(3|5,)), ﬂo)ﬁ > 0. From (8):
Cu(eB1B). By} > 0 & 2K [5 - 51 (BB - 2 [g - g] BH =0 (59
B-5 B-5 B-5 ;
B+ |=—= —p]<0. 54
o [ - [ i =2 - o

(54) follows from (53) because e(3]8) = e(3) + 5 — § (and so e(3|3) = e(3)) from (5).
Because 3 > 3 and v < 0, the expression in (54) is increasing in e(B). Since
e(B) < e*(B) by assumption, (54) will hold if:

-8 . [B-B] . 8P
- |== (& , 55
T ) R 15
A =7 — =Ml
I = I 56)
(56) is derived from (55) by dividing all terms by [g%g]we*(ﬁ) (= [%]7[2[( [%H_l
from (37)). Because 3 > 8 and K > [3 — 5]7%, (56) will hold if:
& N
B—0 p—p
J = = —1+2 <0. 57
(5) [5_5] +208 - BB - B [ﬁ 5] < (57)

10



Again, since J() = 0 and J'(3) < 0 (from (49)), we know (57) holds for all 5 > f.
In summary, we have shown that (40) holds. Consequently, the GIC constraints are

satisfied at the solution to [BP] under the identified conditions. H

We can now prove Findings 1 - 3.

Proof of Finding 1. Recall that in the setting of Finding 1: (i) 8 = f; (ii) f(f) = B+;
(iii) v = —2; and (iv) K = 2[8 — ]!

Because Assumptions 1- 3 are satisﬁed Lemma 1 ensures u'(3) < 0 for all 8 € [3, f].

(s

Furthermore, F'(5) = = an d =B —pforall g e B0
_92 7
Notice that 2K [BTB] [1+(ﬁ+§)%§)>} — 92K [5 ﬁ} 1-2 = —2(5)[616][2 ) =
56-4)

—sEaE < 0 in this setting. Therefore, (29) implies that expected payment is a concave

function of e. Consequently, as shown in the proof of Observation 1, e(/3) is optimally 0 for

all g € [@ ,B]. That is, cost reimbursement is optimal in this setting, so the supplier will

optimally provide zero effort. Furthermore, it is readily verified that the GIC constraints are

satisfied at this solution, so it is indeed the solution to [BP]. B

Proof of Finding 2. Recall that in the setting of Finding 2: (i) B = B; (ii) v = —2; (iii)
3(8-B)* 2 _

f(ﬂ)_(ﬁﬁ)?)?and() :i[ﬁ_é]l

By Lemma 1, v/(8) < 0 for all 3 € [3,5]. Also notice that F(8) = (ﬂ)?’, and

E=]

% = % Furthermore, from (29), expected payment is a convex function of e in this

setting, because 1 + 5 B[I;((g))] =1 —% > (0. In addition, 1 — 2K [B ﬂ] % >0 &
ﬁ 8

Therefore, Observation 1 implies that at the solution to [BP)": (i) no effort is optimally
induced on [3, 23 + 14]; and (ii) the optimal effort on [23 + 13, 3] is:
1-355)
38— 18— 81721 - §
69— 62 —5B-HIB—8 _ 68— AP
3

- 503 — 3] “sp_g 2 (58)

However, the GIC constraints are not satisfied at this solution to [BP]. To see why,

eo(B) =

notice that the local second order condition is:

11



A

32
WGPl

~

9p
Recall that at the solution to [BP]"

B=8

ou(B|B)

o =0 forall B €[B,0] .

B=8

Because (60) holds for all 3 € [3, B]:

A

9 [au@w)] _ PuBle)|  _ _uBp)|

ap B B=p 832 B=p 0695 p=p
(61) implies that (59) holds if and only if:

ou(B18) o PCEBB.B|
0p0B |, CEC T
The equivalence in (62) follows from (4). Notice that:
0C(BIB.B) _ (1 2P)  ana
op op
92C(e(B|8), B) _ Cl(')g(ae(.)) . de() [Cﬂ.)ae(ﬁlﬁ) +012(~)] .

03083 B 9B op op

Since e(3|8) = 8 — 5 + e(B) from (5), it follows that:
0eBIB) _ de(BIB) _ 0 [0e()] _
W—e(ﬂ)—l, W—l,and%[ A:|—0

Substituting from (64) into (63) provides:

0*C(e(B|B), B)
oBos

B=5
From (10):
q¢@m+4h@¢ﬁ:2Klﬁiﬁr[1_lﬂi]>o
p—-p B—-p

The inequality in (66) holds because when e(5) = ey(5):

12

<0 & [011<€,ﬁ) + Cm(€,ﬁ)][€,<ﬁ) — 1] <0.

(59)

(60)

(61)

(62)

(64)

(66)



6(8—5)?° (8-5)°

B—B—hle = B-B- |7|[ 5 G- 5) - B=-pB)]=I[8- ﬁ][lﬂvl]——lvl G=p)
_ ap_ g 120887 g 12
= 3[3 -] - 5 (G0 236-pl-FB-p1>0 (67)

The first equality in (67) follows from (58). The last equality in (67) holds because v = —2

Ile
B—B

holds. Therefore, we need ¢'(3) < 1 for all 8 € [B, 5] to ensure (65) is satisfied.
(58) implies that at the identified solution, for 5 € (%ﬁ + %B, A):

2lp-g 1>EH—1:1.
5[3-4 5 16
(66) and (68) imply that (65) does not hold at the identified solution in this setting.

in the setting under consideration. (67) ensures 1 — > 0, and so the inequality in (66)

¢(8) = (68)

To derive the optimal contract, we consider the following alternative formulation of the

buyer’s problem, called [AF].

F(B)
M'wz(zﬁmzze / {8 —e(B)+Cle(B),B)+ [Cile, B) + Cz(e,ﬁ)]m}dp(ﬁ) (69)

subject to: 5, —e(By) < By — e(fy) for all B, < fs. (70)

Constraint (70) implies that realized cost, ¢(8) = f — e(f3), is (weakly) increasing in (3 at
the solution to [AF].

We now characterize the solution to [AF] and prove it is a solution to [BP] in the present
setting. The proof proceeds in two steps. Step 1 demonstrates that for any feasible solution
to [BP], there is a solution to [AF] that ensures lower expected payment for the buyer. Step
2 solves [AF] and demonstrates that the solution to [AF] satisfies the GIC constraints.

Step 1. For each effort function é(f3) satisfying the GIC constraints, we will construct an
effort function é(3) such that: (1) 5 — é(53) is weakly increasing in 3, and (2) R(é(8)) <
R(é()) for all B, where R(e), defined in (25), is the expected payment to the supplier under
effort supply e.

Consider an effort function é(/3) satisfying the GIC constraints, and let B = {3 | é(5) <
e*(5)}. First, we show that if 5,8, € B and 5, < (,, then, 5; — é(3;) < By — é(5,).

Since ¢é() satisfies the GIC constraints:

13



u(B4]61) > u(By|34), and (71)
u(Bs]B2) > u(B4]Bs)- (72)

Using (4), (71) and (72) can be rewritten as:

p(B1) = [B1 — €(B1)] — C(e(B1), B1) = p(Bs) — [By — €(B2)] — C(é(B|B1), B1), and  (73)
p(51) - [51 - é(ﬁﬂ] - C<é(51|62)= 52) < P(ﬁQ) - [62 - é(ﬁz)] - C(é(62)u 52) . (74)

Subtracting (74) from (73) and rearranging terms provides:
C(E(BalB1), Br) — C((B1), B1) = C(E(By), B2) — C(e(B4]82). Ba) - (75)

Recall from (5) that:

e(BalB1) = By — By +€(By) and  &(B4|8y) = By — By + €(By) - (76)

Assumption 1 implies that (75) can be rewritten as:

Bl_g’yA 2 5 2 62_§7A 2 A 2
[5_5] 6(52181)? — e(5,)? [B_BI 2(82)° — 6(6416,)"

& [B) — E]V[é(ﬁﬂﬂl) + e(B81)][6(B2]81) — é(B1)]

> [By — B]"[e(B) + €(81182)][€(B2) — (B1]82)] - (77)

Using (76), (77) can be rewritten as:

D(e(By)) = By — B]" [6(Ba) + B2 — B1 + €(81)] [[81 — €(B1)] — [B2 — €(58,)]]
—[8y = BV [e(By) + By — Ba + (B [[By — e(81)] — [B2 — (B8] 0 . (78)

It is apparent from (78) that D(é(5,)) is a quadratic function of é(3,) for given 5, 35,
and é(f;). Therefore, the equation D(é(5,)) = 0 will have at most two real roots. Denote
these roots by é; and és.

Notice that the coefficient of the é(8,)% term in (78) is —[3, — 8] + [8, — 8] < 0. This
coefficient is negative because v < 0 and 3; < [,. The negative coefficient implies D(-)
is a concave function of é(/3,). Because (78) requires D(é(f,)) < 0, this concavity ensures
we have one of two cases: Case A: é(f,) is (weakly) less than the smaller of é; and é; or

Case B: é(f,) is (weakly) greater than the larger of é; and é.

14



Notice from (78) that D(é(f5)) = 0 when é(5,) = é(8,) — 5, + 5. Therefore, one of the
roots of this equation is é(f,) — f; + 5. Consequently, if we are in Case A so that é(5,)
is (weakly) less than the smaller of é; and éy, we know é(8,) < é(8;) — 5, + (5, and so
By — é(8y) < By — é(By).

We now show that é(/3,) must be less than the greater of é; and é,, and so Case B is not
relevant. To show that é(/3,) is less than the greater of é; and é,, it suffices to show that
¢(f5) is less than the average of the two roots. é(3,) will be less than the average of the two

roots if this average exceeds 2 B . This is the case because:

=5

e(By) < e*(By) < 5

(79)

The first inequality in (79) holds because e(3) < e*(3) since 3, € B. The second inequality
n (79) holds because:
. B =B _ [B=BM _ BB BB
SO KA B S al, AR 2 0

The first equality in (80) follows from (37). The first inequality in (80) follows from

Assumption 2. The second inequality in (80) holds because 3, < 3.
It is readily shown that the two roots of the equation D(é(5,)) = 0 are é(5,)+ /5, —(; and

. [81 é]'y+[/32 J o (81— 5]7 _
é(By) + [51_5]7_[52_5]7] [By — 51]- The average of these roots is —[51 T 1By — B4]-
To conclude that the average of these roots is greater tha 2 B ,
B, — B By— 5
[ G g, > 2 (s1)
16, = B = [y = B

(82)

o B —BB A [52 -3
185 = BIF! — [8, — B

~ ~\ ]
B,—B|[ 1 (8.-5
wrs [ ] e 2 6) R

Since f < 8, < By, glfg < 1. Therefore, since |y| < 2,

Il
1-— [?,5] ! <1- [’81 } Consequently, (83) will hold if:

2 By—B
BB 1 5-B\
— = . 84
1>[ 2 H@—ﬂl] (m—&) -

15

l—|




Notice that:

By — B (8, — B = [(Bo—5)— By — BDN(Bs — B) + (B, — B)]
= [By— BB+ By — 28] . (85)

Therefore, (84) holds if and only if:

By — B 1 7 [By— B4Bs + By — 26
>[ 2 Hﬂg—ﬁj (B, - D) (%6)
& 2By — B> Py + B —28 & By>B. (87)

Since 45 > ; by assumption, we have shown (81) holds, and so the average of the roots
the equation D(é(8,)) = 0 is greater than 2 5 Consequently, é(3,) must be less than the
greater of é; and é;, and so Case A is the only relevant case. Therefore, 5;—é(8;) < By—Eé(B,)
for all 8,8, € B and 3, < 3.

Now define &(/3) such that 8 — &(f) = max{3 — e*(5),supg < zcpif — é(6')}}. Since
both 3 — €*(3) and supy s gcp{f — é(F')} are (weakly) increasing functions, 5 — &(f) is
weakly increasing in .

Recall that B = {8 | é(8) < e*(8)}, and for all 5,5, € B and 3, < (5, 5; — é(8,) <
By — €(B5). Therefore, é(3) = é(B) for 5 € B and é() < é(f) otherwise.

Finally, we will show that é(f) ensures lower expected payment than é(/3) by verifying
that R(¢(8)) < R(é(B)) for each 3 € [3, B]\B, where, recall from (25):

fB

Recall that in the setting of Finding 2, F(f) = (g%g) , and F(B ) — g' Furthermore,

from (29), expected payment is a convex, quadratic function of e, because 1+ ﬁ[%] =
1 — 2 > 0. Therefore, to show R(é(8)) < R(é(3)), it suffices to show |€ — eg| < [é — eol.

There are three cases to consider:

Case 1. é(B) = é(p).
In this case, R(é(5)) = R(é(5)).

Case 2. é(B) =e*(B) < é(p).
Because ey < e*(f3) from Lemma 3, ey(5) < é(5) < é() in this case. Therefore, | — e
< |é — egl, and so R(&(8)) < R(é(B)).

R(e) = B — e(8) + C(e(8). B) + [Ca(e, B) + Cale, B) (5)) (88)
B—
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Case 3. é(f) < e(B) < é(f).

We will show that £[é(8) + é(8)] > e*(8) in this case. Consequently, since eo(3) < e*(f3)
from Lemma 3, |¢ — eg| < |é — ep] in this case, and so R(é(5)) < R(é(p)).

To begin, let 8, = sup{8 | 3 < 3,3 € B}, and e, such that 3, — e; = sup{3 — é(3)|B <
3,3 € B}. Notice that 3, < 8 since &(3) < e*(f3). Also recall that inequality (78) holds for

é(f). The two roots of D(é(f)) =0 are é(3,) + 3 — f, and —é(S,) + %] (B —B4]-

There are two cases to consider: Case (i) f; € B; and Case (ii) 5; € B. In Case (i),
ep = é(B;) and é(5) = é(B,) + B — B1. Because é(5) > é(B), é(B) is greater than both roots
in this case. Because the average of the roots exceeds e*(8), 3[é(8) + é(8)] > €*(8). An
analogous argument holds in Case (ii), where a series of (3’s converging to (3, is considered
instead of a single ;.

Therefore, since |€ — eg| < |é — eg| in all relevant cases in this setting, R(é(3)) < R(é(f3)).

Step 2. We now characterize the solution to [AF] and demonstrate that it satisfies the GIC

constraints. In particular, we will show that at the solution to [AF], there exists a 5* such

that: [ )
B 0 for e ﬁ,ﬂ_*
@={s s o seb (59

Notice that § — e(3) is a strictly increasing function of 3 on [, 3*) and does not vary with
3 for B € [8*, B]. Therefore, the solution identified in (89) satisfies (70).

We now show that for any feasible solution to [AF], a solution of the form identified in
(89) ensures the same or lower expected payment. Recall from (58) that if constraint (70) is

ignored, the expression in (69) is minimized in the present setting when

0 for BB, 1B+ 2p5)
o] i

g[%r_(ﬂ—ﬁ) for Be[%é+237 3. (90)

(90) implies e(8) > 1 and so 8 — eo(f) is strictly decreasing on (33 + 23, B]. Thus, this
solution is not a feasible solution to [AF].

Consider a feasible solution to [AF], é(3), where é(8 + 28) >0
By € (%g + %B, ] as the realization of 3 such that:

eo(28 + 2f). Define

B—e(B) = By —eo(By) > B —en(B) for g€ (ﬁmm (91)

and

§—60) < By eolB) < B—eole)  for BE(BTIT B (92
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Such a 3, exists as long as é(3) < eo(B), since &(3) = B — é(B) is (weakly) increasing in
B (by (70), since é(-) is a feasible solution to [AF]) and ¢o(5) = 5 — eo(3) is decreasing on
(:8+ 25, B) (since ej(8) > 1 in this region). If é(3) > eo(B) (so that co(B) = B — eo(B) >
é(B) = B — é(B)), define f, as B.
Now consider the following feasible solution to [AF]:
GRS PRI N i 4 )
We will show that é(3) ensures lower expected payment than é(3) by verifying that R(é(3)) <

R(é(3)) for each 3 € [, B], where, recall from (25):

Rle) = B — e(8) + C(e(), B) + [Ci(e, B) + Cale, 5)1% . (94)

Recall that R(-) is either an increasing function or a convex, quadratic function of e(-) that
attains its minimum value at ey(). Consequently, to demonstrate that é(-) secures a lower

value of R(-) than é(-), it suffices to show that:
6(8) = eo(B)| = [6(8) — eo(B)|  for all 3 € [B,5]. (95)
for 5 € @, %ﬁ—i— %B] and ej(B) > 1 for g € [%ﬁ—l— %B, B], we know

0
Bo — €o(By) < %é + %B Consequently, we have five relevant regions to consider.

Region 1. § € [4, f, — colf)]
R(-) is minimized at ey(f) = 0 for all 3 in this region. Furthermore, é(3) equals 0 for all

B in this region. Consequently, |é(3) — eo(5)| > |€(8) — eo(5)] = 0 for all 5 in this region.

Region 2. g € (8, — eo(5,), % ]
Sinceﬁ<%é+%ﬁ, R(:) is m

&(8) = 8 — B — e0(Bo)] = — B, Furthermore, because < 3, and &(8) > 0, 8 — &(8) <

Bo — €o(By) . Therefore, 0 < é(8) = B — By < é(B) — eo(By) = é(F). In summary, we have

eo(8) = 0 < é(B) < é(B). Consequently, |é(5) — eo(B)| > |6(B) — eo(5)| for all S in this

region.

nlmlzed at eo() = 0 for all § in this region. Therefore,

Region 3. € (3 + %B, Bo)-
(92) implies 5 — é(8) < B, — eo(By) in this region. Therefore, é(3) = 5 — [By — €o(5y)] <
é(B). Furthermore, since ey(/3) > 1 in this region, eo(3,) — eo(5) > B, — S for all 5 in this
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region. Consequently, eq(5) < 5—[8,—¢eo(5y)] =

é(3). In summary, we have eo(5) < é(f) <
é(). Consequently, |é(8) — eo(5)| > |€(8) — eo(H)]

for all £ in this region.

Region 4. 3 = j3,.
2(8) = B - [Ba— eoBo)] = ol o) in this region. Therefore, |¢(3) — eo(8)] > 2(3) —eo(A)|

= 0 in this region.

Region 5. 3 € (53,, A].

(91) implies B—é(B) > By—eo(Py) in this region. Consequently, é(5) = B—[5,—eo(5y)] >
é(f). Furthermore, since ey(5) > 1 in this region, eg(S3,) — eo(8) > By B, which implies
eo(8) > B — [By — eo(By)] = €(B). In summary, we have eo(5) > é(3) > é(/3). Consequently,

|é(6) — ( )| > |é(8) — eo(5)] for all 3 in this region.

Therefore, we have shown that é(() secures lower expected payment than é(5) in all five
regions, and thus for all 3 € [, B]. Under the optimal contract, no effort is induced on
[3,8%), and effort  — 3" is induced on (3%, B].

To derive the value of 8*, notice that expected payment in the present setting is:

_ B _
B + K(B = B)[1 = F(B")] + /ﬁ 16+ K (B = 5°)’]dF(3). (96)
Letting «* = ’; ; , the expression in (96) is proportional to
o+ 30— Pl [l S0P, (97)
0

To see why, notice that F(5*) = [z*]? in this example. Also:

g+ KF-pT =6 +F-g" F_Qﬂy_@]W—ﬁ
-5
_ R _ ﬁ* 5 — _ 3 _ l'* § —l'*2
- P mb G+l ﬂ F-gl|erju-ot]es. o9

Furthermore, let A = 5 — fand t = o ﬁ, so that ¢ varies from 0 to x* as 3 varies from
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B to B3*. Notice that d = Adt. Consequently:

B
A 8+ K(B— B")dF(B)

- 18— 8P
-/ B+ 2656~ B g
B8* A _ A (RF _ 912
) A;{B+ZA1 S S AqﬁﬁAf][%}m3

- 5 1 o 5
= /0 {6+ Z[l - x*]zA}Zi%tzAdt = A/O {% + 1[1 — %2} (%)

— / {t+= —I—il—x () = / {t+ }dt3+ﬁ/ d(t*). (99)
(98) and (99) imply: .
[W+K@—E¥M—Fww+é 6+ K(B — 5))4F(5)

= A}f+gu—xf_u—@ﬂ]+ﬁu— +A/‘ﬁ+ 1 — 2" ?}d(¢*) + Blz"]?
= A :x*—i—g[l—x*]Q: [1—(x / {t+ [1—z* )} + 8 . (100)

To identify the optimal 8*, we can find the value of z* that minimizes (97). Notice that:

%{[ 5(1 — )41 — 2% + /Om[tJr Z(l —x)ld(t*)} =

[1—2(1—:15)][1—x3]+[x+§(1—a:)2][—3x2]+[x+§(1—x)2]3x2+/0x[—g(1—x)]d(t3) =0 (101)

o u—gu—@m—mﬂ—gu—ﬂﬁzo (102)
& 1—x3:g[l—x][l—x?’]—f—g[l—x]x?’ (103)
& 1—x3:g[1—a;]. (104)
For 3" € (B, B), x* € (0,1). Therefore, dividing both sides of (104) by 1 — x provides:
1+x+x2:g, or x:\/z_l. (105)
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Since z* = 22, 3* = 8 + [B — fla*, and so:

B-8 =
B =5 +F-4 [*ﬁ;l]:[ﬁ;l 7 2“?‘”]@- (106)
(106) implies:
5" = o= enlfe) = L8+ (L15. (107

It remains to verify that the GIC constraints are satisfied at the identified solution. To
begin, notice that with innate cost 5 € [é , 6*} the supplier will not deliver any cost-reducing
effot because realized costs are fully reimbrused in this range. When 3 € (5*, ], the supplier
will not deliver effort in excess of — (3*. Such effort would simply reduce realized cost below
(5%, and thereby reduce the supplier’s payment. Thus, it only remains to show that for any
B € (8%, ], the supplier will deliver effort 5 — *.

The supplier is offered a fixed payment, 5%, for any cost realization ¢ € [ﬁ " m . Therefore,
the supplier will maximize his utility by delivering effort equal to the minimum of e*(3) and
B—p* for all B € (5, B]. Consequently, the GIC constraints will be satisfied if e*(3) > f— 3*
or B* > B — e*(B) for all € (B*,5]. This will be the case if: (1) 3* > 8 — e*(3); and (2)
B—e*(B) > B—e(8) forall 8 (5", ]

The first condition holds because, from (37):

) * (0 S a) o 1 S I ) o —
— B_§B+§@—§B+§@ (109)
(107) and (109) imply:
> B e P s+ (Y1 254 2 (110

& lﬁ—1—§]B—[g+§—%lg>0@[&sﬁ—11} [B—p]>0. (111)

The last inequality in (111) holds because 5v/7 — 11 > 13 — 11 > 0. Consequently,
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B* > B —e*(B). To show that the second condition holds, notice that (37) and (109) imply:

B—e*<3)>ﬁ—e*(6)@3—m>ﬁ 2K[1§§]7 (112)
. B_z[ﬁ;ﬁ]>5_2[ﬁ5—§] [gigrzﬁ_z;[%_—_@j )
& B—ﬁ>5[32_ 5 F-87 15— 57 (114)
© B> o [F -5 - 200 -9 (115)
o 234> [g_g B+6-20e B-f>F-p+6-5  (16)
& JP-f>p-Bep<prB-g=F+ 04 (117)

(117) implies that 8 — e*(8) > 8 — e*(8) for all relevant 3, since 8 < 3 < B+ 3[6 — f] .

In summary, we have shown that e(f) < e*(3) for all 8 € 5, B, and so the GIC con-
straints are satisfied in the present setting.

To ensure é(3) = 0 for all 5 < 5, — eg(f3y), it suffices to reimburse the supplier fully
for realized cost in the range [3,5"). One way to ensure effort é(5) = 8 — [8, — eo(Sy)]
for B € [5*,3] is to pay the supplier 3* for any cost realization 5 € [3*,5]. Under this
reward structure, the supplier will never deliver more effort than is required to ensure cost
realization 5*. Additional effort would secure a smaller realized cost, and thereby ensure a
lower payment for the supplier. Since 8* > 8 — e*(3) for § > ¥, the supplier with high cost

will deliver sufficient effort to ensure cost 5*. W

Proof of Finding 3. Recall that in the setting of Finding 3: (i) 3 = 8; (i) v = —2;
30[8-p]"[8—8 73 -
(if) £(3) = L and (iv) K = [B— 47!

By Lemma 1, u/(3) < 0 for all 3 € [3, ]. Letting A = B — 3, notice that F'(3) =

58y _ 5(Eye — B g F(g) _ 6I8—BIF—B)-5[5-B)
6(5 B> 5(3,&) - [GA 5 ] Therefore, 73 3005 7] .
Define x = —= ’B € [0,1]. In this setting:
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8B F®)
1_2K[B—6] f(6)>0 (118)
2 [B— L1 [6A(B—B)—5[3 -]
el =
1 6(8 — ) — 5z°A [ 1] [6x - 52
“ 1_2[?] 3006 -6 - (- D) QH {3()(1_@]”
& —11—5{;21__53}>0 & 152 =202 +6 <0 (119)
20 — /40 20 + /40
30 7S T30
o 5+[M] B-pg <p<pe |20 G g (120)
E 30 E E 30 E
5+\/E 10 — V10 5—+/10 104+ 10| —
15 [ ]ﬁ B < [ 5 |2t T |7 (121)

(121) and Observation 2 imply that at the solution to [BP]’, no effort is optimally induced
for the lower and the higher innate cost realizations where the probability density is low.
Lemma 2 also implies that on the interval [ 5+\ﬁ] B+ [10 \ﬁ] B, [ ] B+ [10+W] 6}.

1_ L [ ?751)} T 15¢(1—x)—(6—5z)
15 |z(1-= > . 15z(1—x)
5 -0]= 2 [15J1(1—z)—(61’—5a}2):| (122)

1 2\ [ 6x—5x2 —
2;2[1 - (;)(30(1—35))]_ 15z(1—x)

eo(B) =

2

B

2[—1022 + 9z

{[—15x2—|—20x—6] [ﬁq G4 [[—15x2+20x—6]x] _

It is tedious but straightforward to verify that ef(5) < 1. Therefore, by Lemmas 3 and
4, the GIC constraints are satisfied, and ey(3) is the solution to [BP]. W
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