Technical Appendix to Accompany

“When Do Auctions Ensure the Welfare-Maximizing
Allocation of Scarce Inputs?”

by John Mayo and David Sappington

Proposition 4'. If %’;;1 > %71?22 and m; — mg € (9t D, 0), then firm 1 will not win an

auction for the input increment even though consumers’ surplus would be higher if it did

win the auction. In contrast, if %—Z? > %—’Z‘ll and my; —ms € (0,9¢ D), then firm 1 will win

an auction for the input increment even though consumers’ surplus would be higher if it did

not win the auction.
Proof. From Lemma 1 in the text, for ,j € {1,2} (j #i):
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The conclusion in the proposition follows from (2) and from Proposition 1 in the text. W

The Triopoly Setting

There are three firms located on a circle with unit circumference. Firm ¢ is located at
x;, for © = 1,2,3 where 0 < 79 < 3 < 1 and z; is normalized to 0. Let z;; denote the
location of the consumer who is indifferent between purchasing from firm ¢ and firm j. xo
is determined by:
Vg —py —t[xa —T12] = v1 —p1 —t[x12— 0]

= 2txp = tra+vi —v2+p2—p1

1 1
= T2 = 53724‘5[@1—112‘1‘]02—]?1]- (3)
Similarly, xo3 is determined by:
Vg —p3 —t[x3 — Xaz| = vy —pg —t[T23 — X2]

= 2t$23 = t[I2+$3]+U2—U3+p3—p2



1 1
= Toz = §[$2+$3]+E[02—U3+p3—p2]- (4)
Also, z3; is determined by:
vy —p1—t[l—w31] = vg—p3—t[xs — 3]

= 2twxy = t[14+a3]+v3—v1+p—ps

1 1
= T3 = 5[1+$3]+2—t[v3—v1+p1—]73]~ (5)

From (3) and (5), firm 1’s profit is:

T o= [p—al[rie+1l—x3]
— Ip—al{smt o[ =t pa—pi] s — 2w — o g — vy 4 pr—ps]}
= |P1—C 2$2 51 U1 —UV21tP2— D1 5 2$3 9t U3 — U1 +P1—P3
1 1
= [p1—01]{§[$2+1—$3]+§[2711—Uz—v3+p2+p3—2p1]}~ (6)
Differentiating (6) provides:
omy 1 1 1
AR R R e 1— (20 — vy — —9p] = 0
Oy [p1 01]{ t}+2[$2+ 333]+2t[ U] — Vg — U3+ P2+ P3 P1]
P c 1 1
= 2?1 :?1—1—5[:L'2+1—x3]—|—2—t[21}1—02—U3+p2+p3]

= 4p = 2ci+t[za+1—a3]+ 20 —v2 —v3+pa+p3
1
= 1 = 1—1[2014-15(1’24-1—333)4—2@1—02—Ug+p2+p3]. (7)

From (3) and (4), firm 1’s profit is:

Ty = []92—02][@3—%12]
— (-l {2 [zt ]+ [t —vs+ps— 2] — 72— o= [0 — ot pr—p1 ]}
= |P2 —C2 2$2 X3 21 Vg — VU3 T P3 — P2 2$2 21 V1 —VU2TpP2—DP1
1 1
= [pQ—Cz]{§$3+2—t[2U2—U1—Ug+p1+p3—2p2]}- (8)
Differentiating (8) provides:
0T 1 1 1 1
72 _ _ = - (900 — vr — _ - — 0
Ops [ P2 02]{ t}+2x3+2t[ Uy — V1 — U3 + p1 + D3 | tp2
2 Cy T3 1
= I M AT ) DY
Pzt t+2+2t[ Uy — U1 — V3 + p1 + P3|



= 1 2cy  tas [2 + p1 + ps]
—_— g —_— _— _— Vo — V1 — VU
P22t 51 Y Y 2 1 3 T P11 P3

1
= P2 = 1[202+t$3+202—01—U3+P1+p3]' 9)

From (4) and (5), firm 3’s profit is:
T3 = [p3—03][:c31—x23]
1 1
= [p3—03]{§[1+$3]+E[Us—vl—i‘m—pzﬂ]
1

1
— §[$2+$3]—E[U2—U3+p3—p2]}

1 1
= [P3—C3]{§[1—5E2]+§[2U3—Ul—v2+p1 +p2—2ps]}. (10)

Differentiating (10) provides:

O 17 1 1 1
L o 1 = iy 205 — vy — i, — 0
o0 [p3 03]{ t} +2[ $2]+2t[ V3 — V1 — Vg + p1 + o] ;D3
2 c t 1
= PS; = 73+—2t[1—$2]+—2t[203—01—v2+191+p2]

= 4p3 = 203—|—t[1—$2]+21)3—1)1—’02+p1+p2

[2634-75(1—$2)+2U3—U1—02+p1+p2]. (11)

A

= p3 =

From (9) and (11):

1 1

1
P2+ p3 = 1[202+t$3+202—v1—U3]+ZP1+ZP3

1 1
[263—|—t(1—1‘2)+2’03—’01—Ug]—f-—pl—f-—pg

i 4 4

=~ =

3 1 2
= Z[p2+p3] - 1[202+203+t(1—5E2+$3)+02+U3—22}1]—I—Z—Lpl

1 2
= py+p; = g[U2+03—2vl+202+203+t(1—x2+x3)]+§p1. (12)

(7) and (12) provide:
1
P11 = 1[201+t(I2+1—ZE3)+ 21)1—1)2—’03]

1 2
+ E[’Uz‘f‘vg—201+202+203+t(1—1}2—|—1‘3)]_}_Epl



2 1
= M |:1—E:| = E[6U1—3U2—3U3+6Cl+t(3$2+3—3$3)

— 201+02+U3+262+203—|—t(1—.112—|-l’3)]

1
= pp = —O[4U1—2U2—21)3—|— 661—|—262+263—|—t(2562+4—2333)]

[2@1—UQ—U3+301+CQ+C3+t(2+ 132—.733)}.

(&2 J I =S

From (9) and (13):

1 1 1
P2 = ZP1+ZP3+Z[202+t$3+202—U1—Us]
1 1
= Z—lp3+z—l[202+t:¢3+202—v1—v3]
1
+ %[2/0]__UQ_U3+301+62+C3+t(2+ .%'2—.1'3)]
L s+ = [10ws — 5y — 5y + 103 + 5t
= - - Vg —OV1 — OV C T
4]03 20 2 1 3 2 3
+ 2U1—U2—Ug+361+62+63+t(2+ 332—$3)]
1 1
= Zpg—i-%[9’02—3’01—61)3+3C1—|—1102+C3+t(2+$2+4$3>].

From (11) and (13):

1 1 1
ps = P2t -pit+ (23 +t(1—29)+2v3 —v1 — 2]
4 4 4
1 1
= Zpg-'-z[203+t<1—$2)+2’l]3—’l}1—’l)2]
1
+ %[2/01_UQ_U3+301+62+63+t(2+ .1’2—1'3)]
1 1
= 1p2+2—0[101)3—51)1—5U2+1003+5t(1—a:2)
+ 21}1—’02—1)3+301+02+63+t(2+.1'2—1‘3)]
1 1
= ZPQ+%[9U3—6U2—31)1+361—|—CQ+1103+t(7—4l’2—$3)].

(14) and (15) imply:

1
Py = 2—0[91)2—3111—6v3+3cl+1162+cg+t(2+ o +4x3)]

(13)

(14)

(15)

1 1
+ —po+—=[9v3—6ve—3v1+3c1+co+1les+t(7T—4xy—23)]
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1
= — Py = %[3602—]_21)1—24U3—|—1261+4402+463+4t(2+ $2+4$3)

+ 9ug3—6vy—3v1+3c1+ e+ 1leg+t(7T—4xy —a3)]

1
== %[3002—15?)1—1503+1501+45Cg+1563+t(15+151}3)]
.1
= D2 = 5[202—01—U3+C1+302+03—|—t(1+m3)].

(15) and (16) imply:

1
P3 = 2—0[9@3—6U2—3U1+3Cl+Cz+1163+t(7—4$2—$3>]

1
+ 2—0[21)2—1)1—v3+01+362+03+t(1+x3)]

1
= %[81}3—4212—4111+1203+4cl+402+t(8—4x2)]
. 1
= p; = S[22)3—1}1—vg+cl+02+303+t(2—x2)}.

Let m; = v; —¢; fori=1,2,3. Then (13), (16), and (17) imply:
1

p;—cl = g[21)1—UQ—U3+CQ+03—201+t(2+(132—H?g)]
1
= g[2m1—m2—m3+t(2+$2—$3)]
. 1
Py — Co = 5[21)2—’01—U3+01+03—202+t<1+I3)]
1
= 5[2m2—m1—m3+t(1+1‘3)].
. 1
ps—c3 = g[21;3—1)1—U2+cl+02—203+t(2—x2)]
1
— E[ng—ml—m2+t<2—$2)]

(13), (16), and (17) also imply:

1
p;—pf = 5[3@2-31}1—0—202—261—15(1—1—1:2—2x3)].
* * 1
b3 — Dy = g[303_302+2C3—202—t(l‘2+§63—1)].
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(22)



* * 1
Py —py = 5[3v1—303+201—203—t(x3—2x2)]. (23)

From (3) and (21):

*
L9

To + v v + v v+ 2¢ C t +x i
9 2 2¢ 1 2 10t 2 1 2 1 2 3

1 1
= m[201—2’02+202—201]+E[4I’2+21’3—1]

1 t
= |:’Ul—U2—|—CQ—01+§(4£L’2+2$3—1>‘|

5t
1 t
a|:m1—m2+§(4$2+2$3—1):|. (24)

and (22):

1 1
[%2"‘1‘3]4—5[UQ—’U?,]+m[3@3—3U2+203—QCQ—t(LCQ—i-SUg—1)]

o~ N | —
~

1
[$2+ZC3]+m[2U2—2U3+203—2CQ+t]

—_
@)
~

t
|:'U2_U3+03_62+5(4$2+4$3+1):|

C:l|
| — |~

t
—m3+§(4x2+4:€3+1)]. (25)

(@

~

| —
3
[N}

and (23):

1 1 1
5[1+[E3]+E[Ug—?]l]+m[31)1—31)34—201—203—25({5‘3—2{[‘2)]

il + L [2 201 + 2 2 ]+2t +5t
— X _— Vg — v C1 — C — T _—
10t 2" 10t ! ! 10t 7 T 10t

1 t
a |:U3—'U1—|—Cl—03+§(2$2+4$3+5):|

1 t

From (24), the x}, market boundary is well defined if:

t

2[4[L’2+2l’3—1] < I

1 1
0 < a[ml—m2]+|:aj|



t
4 [1—41’2-21’3] < mp—mo < —[1+6I2—2£€3]

13
2 2

Similarly, from (25), the 25; market boundary is well defined if:

t

2[4I2+4$3+1] < I3

§ 1[ I+ 1
X — Mo — TN —_—
2N om0 5¢

t t
<~ 5[69@2—4963—1] <m2—m3<§[6x3—4x2—1].

And, from (26), the =%, market boundary is well defined if:

1 1]t

t t
~ 5[61’3—21'2—5] < mg—m; < 5[5—21‘2—4{[‘3]

(27)

(28)

(29)

The inequalities in (27), (28), and (29) are assumed to hold throughout the ensuing

analysis.
From (6) and (18):

= [pi—a]l2ly+1—1a3]

[2mg —mo—mg+1t(24+ x93 —x3) ] [2], +1— a5 .

(SR

From (24) and (26):

1 1
T+ 1l—ay = a[ml—m2]+1—0[4x2+2m3—1]+1
s | — = [20, + 45 + 5]
- —[m3—mi]——[2x x
57 M8 )= g 127 3

1
= E[Zml—mg—m3+t(2+ ZEQ—Ig)].

(30) and (31) provide:

WI = E[le—mQ—mg—i‘t(Q—'—xz—mg)]Q
From (8) and (19):
T = [py—ca][wy —aly] = S [2ma—my—m3+t(1+a3)][25 — 2]y ].

5
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(32)

(33)



From (24) and (25):
5 b = 2 +t(4 +4z3+1) ! +
To3 =Ty = 51 My — M3 5 Ta T3 07 my — Mo
1
= §[2m2—m1—m3+t(x3+1)}.

(33) and (34) provide:

7T2:

ES

From (10) and (20):

Ty = [ps

*

03] [Igl _@3] =

From (25) and (26):

* * 1
T31 — Loz = 5t

ot

ms

t
—m1+—(2x2—|—4x3—|—5)

251

1

] =

2 ot

[2m3—m1—m2+t(2—x2)].

(36) and (37) provide:

*
T3

1

[ng—ml—m3+t(1+x3)]2 .

= —[2m3—m1—m2+t(2—x2)]2

25

t

From (32), (35), and (38):

on]
Ok,
oy
Ok
oy

Oks

on;
Oks
o}
Ok
o}

Oks

%[2m1—m2—m3+t(2+$2—$3)]%—7;;1 >
— %[2m1—m2—m3+t(2+ Ty —3)] %7:22

= — %[le—m2—m3+t(2+ Ty —x3)] %—7:33 <
s [2ma = =g+ 614 2)] T2 0,
_%[2m2—m1—m3+t(1+$3)]%T;;l 0.
—%[2m2—m1—m3+t(1+x3)]%_2? 0.

t
2

2

[2m3—m1—m2+t(2—xg)][x§1—x§3].

0.

(4172"‘2.133—1)

(34)

(35)

(36)

1 t
:|— —[mQ—m3+—(4x2+4$3—|—1)

(37)

(40)

(41)

(42)

(43)

(44)



on’ 4 0
Uk = [ng—ml—m2+t(2—:€2)] s

Oks 25¢ Oks
ons 2 omy

— — Z 2mg—my— t(2— 0.
ks 557 [2ms == ma £ 4 (2= m2) | F
ons 2 Ome

= — Z 2mg—my— t(2— 0.
ks 257 12Ms = —ma + (2= m) ] F

The inequalities in (39), (40), and (41) hold because, from (27) and (29):

2my —my —mg+t[2+ 19 — 23] = My —mg — (Mg —1my) +1[2+ 12 — 23]
t t
> 5[1-41’2-2%3]—5[5—2I2—4I3]+t[2+ [EQ—JTg]
t
= 5[—4—2$2+2I3+4+2I2—2ﬂ73] = 0.

The inequalities in (42), (43), and (44) hold because, from (27) and (28):

2m2—m1—m3—|—t[1+x3] = mg—mg—(ml—m2)+t[1+x3]

t

t
> 5[6.732—4333—1] 2[1+6$2—2$3]+t[1+$g]

t t

The inequalities in (45), (46), and(47) hold because, from (28) and (29):

2msz —my —mo+t[2—1x2] = mg—my— (ma—m3) +1[2— x5]

t t
> 5[6[E3—2[E2—5]—5[6$3—4£E2—1]+t[2—$2]

t t

(45)

(46)

(47)

(48)

(49)

(50)

From (18), (39), (40), and (41), the rate at which firm 1’s profit increases as it acquires the
input increment and thereby precludes firm 2 from acquiring the increment with probability

a12 and precludes firm 3 from acquiring the increment with probability ;3 is:

ort ot or*

B, = L _ ——r_ !

VS 0k M0k, M Ok
2 omy oms oms
= 2 [2m1 —ma— £(24 29— 2 g gms
25t[ my—mg—mg+1t(2+ x93 —x3)] o + s o + a3 e

(51)
9



Ta 3m2 Ta amg
12 _8k2 13 _8k3

8m1

Ok,

2

2 *
a[pl_cl]

(52)

From (19), (42), (43), and (44), the rate at which firm 2’s profit increases as it acquires the
input increment and thereby precludes firm 1 from acquiring the increment with probability
a1 and precludes firm 3 from acquiring the increment with probability awg is:

ors ors ors
B, = 2 _ -2 -2
2= Ok "ok, Y 0k,

2 8m2

= E[2m2—ml—mg—i-t(l—i-xg)] {28_1472

2 3m2 8m1 am3

= Zpr_ 92 hddd oS

5 P2l | 2t an G+ aw G

+Oé21—+()é23—

8m1 8m3

Oky Oks

From (20), (45), (46), and (47), the rate at which firm 3’s profit increases as it acquires the
input increment and thereby precludes firm 1 from acquiring the increment with probability
a3 and precludes firm 2 from acquiring the increment with probability ass is:

or ors ors
B, = 0m _, Om  Om
5T ks ok, 2ok,
2 am;;
= ﬁ[ng—ml—mg—i-tQ—xg)] |:28_]{73
2 6’m3 8m1 am2
— Zpr_ 98 hddad’ 22
5Pl | 2 T am G Fam G }

Observe that:

2+$2—ZL‘3 = 1+(1—£U3)+<l'2—0)

1—}-1‘3

1—}-(1‘2-0)—}-(1@,-1‘2)
1—{—(1—1‘3)+($3—3§2)

2—.172

om om
31 8711 + Q32 8722 (55)
(56)
= 1+ Lg; (57)
1+ Ly; and (58)
= 1+ 1Ls, (59)

where L; is the sum of the distances between firm ¢ and each of its rivals along the circle

circumference.

Using (57) — (59), (51) — (55) can be written as:

2 aml 8m2 8m3
B = —[2 — — 1+ L 2— - -
1 2515[ my —mo —mg+t(1+Ly)] [ o + ai2 By + a3 ks }, (60)
2 om om om
5 = ﬁ[2m2_ml_m3+t(l+L2)]|:28722+a216_/€11+a238_]{25:|,and (61)



2 om om om
B; = ﬁ[2m3—m1—m2+t(1+[x3)] 2 ak§+a31 8k11+a32 akj : (62)

Observe that if a firm acquires an input increment, it precludes one of its rivals from
acquiring the increment with probability 1 (provided the increment is always sold, as we
assume to be the case). Therefore, ais + a3 = o1 + o3 = agp + agy = 1.

1 T2
wW* = /[vl—cl—t(l—az)]dx+ /[vl—cl—tx]dx
3, 0
T 37;3
+/[v2—02—t(x2—x)]dx+ /[UQ—CQ—t(.ZU—IQ)]dIE
Ty T2
z3 T3
+ /[v3—03—t(x3—x)]dx + /[Ug—@g—t(x—xg)]dx (63)
L33 z3
* * 1 t 21 13 2|27
— [vl—cl][l—x31—|—:p12]—txz§1—|—§;p I }012
+ [ve —ea][a3g —als] — tx :1:’12+Ex2x2 —£x2|x§3+t:1: |28
2~ C2]| Lo 12 2 Ly, 2 @ty 9 o 2 Vlay
+ [vg—es][ay —a3] —tx :B‘f’““3+E 2078 —£$2|x§1—|—t{£ x|
3 3 31 23 3 x§3 2 qj;g 2 xrs3 3 T3

= (o= a1 - o +ah) — 1 - o]+ 5 [1- @3] - 5 @)’

+ [vr =) [y — wha] — £ 2o [2 — )+ 5 [(22)" — (52)?]

(8" — (@] +t aa oy — 0o

= [ —ca][1—a3 + 2]+ [va — ca] [w33 — 25| + [vs — 3] [ 23 — 253

11



t ot t t
—t+tay +5— 3 (x§1)2 -5 (ﬂz)Q - t(x2)2 +1tzox]y+ 5 (x2)2
2 2 2 2
t * \2 t * \2 t 2 * 2 2 *
- 5@12) _5(%3) +§($2) +ta:2x23—t(x2) —t(x3) +1 23795
t 2 b, .2 T, 2 2 N 2
+ _(x3) __(%3) __(I31) +—(x3) +1t 323 _t(x?))
2 2 2 2
= [ —a][l—ay +a)] +[va— e [253 — 2]y ] + [vs — 3] [73; — 25,

— 5 ttry —t(ry)

2 ¢ (x"{z)2 +t o x]y — t(m§3)2 +t x93

— t(azg)2 —t (333)2 +tx3ass +t 3y,

= [vu—c][1

y 1
2

From (25):

$2+ZL’3—I;3 =

From (26):

*

— a3 + 27+ [v2 — o] [w53 — 2Ty | + [vs — 3] 23 — 253

; <x2>2+<x3>2} Ftat [1—at 4+ as)

12 [@2 — afy |+t ah3 (22 + 23 — 23]

1 t
a |:5t$2—’01+7j2—02+01—§<4$2+2$3—1):|

a1 2

[ t
- U2—U1+Cl—Cg+—(1+6$2—23§3)} .

t
5— 5tI2+5tI3—U2+U3—Cg+CQ—§<4I2+4I3+1)1

L + +t(6 +6 1)

5t _’U3 V2 Cy C3 5 i) I3 .

1T t

a 5t+5t$3—1}3+1}1—01+03—5(2$2+4$3+5):|
1 t
5{vl—v3+03—cl—5(2x2+4x3+5—10—10x3)}
1

Ot
~

t
[Ul—03+03—01+§<5+6ZE3—2ZE2):| .

(64)

(65)

(67)

12



(24), (25), (26), (31), (34), (37), (64), (67), (65), and (66) provide:
1
W* = [v1—01]5—[2v1—vg—v3+02+03—201+t(2+ To — T3) ]
1
+ [UQ—CQ}Q[QUQ—M—03+C1+03—202+t($3+1)]
1 1 9 9
+ [U3—C3]a[2@3—2]1—U2+Cl+02—203+t<2—$2”—t §+<$2) +<I3)

1
+ t—|:1)3—’l)1+01—03+

t
5t —(2$2+4$3+5):|

2

1
E|: —?}3+63—01+2(5+6$3—2$2):|

1
+ ta|:U1—U2+02—01+2(4$2+2$3—1>:|

1 t
'a|:U2—'Ul+01—CQ+§<1+6x2_2$3):|
1 t
+ ta[vg—03+03—02+§(4x2+4x3+1)}
1
E |:U3—U2+CQ_C3+ (6x2+6x3_]—):| (68)

Recall that m; = v; — ¢;. Consequently, from (68):

1

wW* = 5{7711[277@1 mg—mg]+m2[2m2—m1—m3]+m3[2m3—m1—m2]}

+ é{m1[2+xg—x3]+m2[m3+1]+m3[2—m2]}— t[l

5 T (w2)" + ($3)2}

+ —{{mg,—ml—i—

551 (2:{:2—1-41:3—1—5)] |: —ms+ = (5+63?3—2372>:|

2

t
+ {ml—m2+§

t
(4x2+2x3—1)} |:m2_m1+_

—|—[m2 m3+2(4x2+4x3+1)] [mg—m2+2(6x2+6x3—1)]}

= 5 { (m1)® + (m2)” + (m3)2 — My mg — My Mg — Me M3 }

+ %{m1[2—|—xg—x3]+m2[x3—|—1]+m3[2—x2]}— t[%+(x2)2+(x3)2]
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1
- ﬁ{(m:&—m1)2+(m2—m1)2+(m3—m2)2}
+ %{[m3—m1][5+6$3—2$2]+[m1—mg][2x2+4x3+5]
+ [m1—mg][1—|—6m2—2m3]—|—[m2—m1][4x2+21’3—1]
+ [mo—mg)[6xa+ 623 — 1]+ [m3—mo][daa+4x3+1]}
t
+ m{[5+6$3—2$2][2$2+4$3+5]+[1+6x2—2x3][4x2+2x3—1]
+ [62y+6x3—1][daa+4a3+1]}
2

0 { (m1)® + (m2)® + (ms)® — mymy —mymg —mams } — t % + (w2)” + (3)°

1
+g{2m1+mll‘2—mll‘3 + Mo T3 + Mo +2m3—m3x2}
2 2 2 2
- _25t{(m1) + (m2)” + (m3)” —myms —mymg —mams }

1
+ %{[mg—ml][5+6l’3—2l’2—2l‘2—41‘3—5]

+ [mg—ml][4x2+2x3—1—1—6x2—|—2x3]

+ [mg—mg][4$2+4$3+1—6$2—6I3+1]}
t
+ m{4;152953—4(952)2+50:153+24(az:3)2+25

— 2@y 424 (20)° + Aoy + 4wy —4(x3)° — 1

+ 24 (29)* 4+ 482y w3 + 24 (23)° + 225 + 225 — 1}

8

o5 { (m1)2 + (m2)2 + (m3)2 —m1me —Mmymg —memg} — t

1
3 + (3:2)2 + (x3)2
1
+ %{QOml +10my 9 — 10mq 23 + 10mg 23 + 10my + 20ms — 10 ms x4
—|— [mg—ml] [21‘3—41‘2]—{—[7’)12—7711] [4,1‘3—21‘2—2]
+ [m3—mg|[2—229 —213]}

t
+ Jgg [ 5072 s + 44 (02)" + 48 (w5)" + 5023 + 56 75 + 23]
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s 1
= E { (m1)2 + (m2)2 + (m3)2 — M1 Mg — M1M3 — Mo M3 } -t 5 + (1.2)2 + (l'3>2

1
+ %{QOml 4+ 10mq 9 — 10mq 23 + 10 ma 3 + 10my + 20ms — 10 m3 9

4+ 2mgx3 —4msres —2mix3+4mi e +4me T3 — 2mo To — 2y
—Admixs+2mixe+2my 4+ 2ms — 2m3 s

- 2m3w3—2m2+2m2m2+2m2x3}

t
+ m [56$2$3+44(x2)2+48 (ZL’3)2 +50[L’3—}-561‘3 +23}

1
= 35y [8(m1)? + 8 (m2)” + 8 (m3)? — 8mymy — 8mymy — 8myms]
1
+ % [227711 +6mg +22ms + 16my 29 — 16 My 23 + 16 Mo 3 — 16m3x2]

L 1
+ m[56x2x3+44(x2)2+48(a:3)2+50x3+56a:3+23}—t §+(x2)2—|—(x3)2

1
= W* = E[8(m1)2+8(m2)2+8(m3)2_8m1m2_8m1m3 — 8myms]
+ t[11my +3mg + 11mg + 8my 29 — 8my 3 + 8my a3 — 8 Mz 13|
t
+ ﬁ[56$2x3+44(x2)2—|—48(a:3)2+50x3—|—56x3+23}
1
- t{§+(x2)2+(ﬂf3)2 : (69)

Differentiating (69) provides:
oW 1

8m1
= — |1 - 11 — .
ok 2575[ 6m; —8(ma+msz)+t(11+8xy—8u3)] I, (70)
ow* 1 Ome
= —— 1 — ) 1
oy 25?5[ 6mg —8(my+mg)+t(3+8x3)] ks (71)
ow= 1 Oms
= — |1 - 11 — . 2

(70), (71), and (72) imply that the rate at which welfare increases when firm 1 acquires the
input increment and thereby precludes firm 2 from acquiring the increment with probability

15



a12 and precludes firm 3 from acquiring the increment with probability ;3 is:

G = _, ow o
Oky Ok Oks
o 8 ) (11 -8 2
_%[16m2—8(m1+m3>+t<3+8$3”%7:22
_ %[16m3—8(m1+m2)+t<11_8”)]88_2?' (73)

Similarly, the rate at which welfare increases when firm 2 acquires the input increment

and thereby precludes firm 1 from acquiring the increment with probability aip; and precludes
firm 3 from acquiring the increment with probability awg is:

Gy = onr — (g1 aW*—Oéz:s Al
Oks 0k, Oks
— %[16m2—8(m1+m3)+t(3+8$3>]887222
_ %[16%_8(m2+m3)+t(11+8x2—8x3)]%7;;11
— %[16m3—8(m1+m2)+t(11—8$2)]%TZ;- (74)

Also, the rate at which welfare increases when firm 3 acquires the input increment and

thereby precludes firm 1 from acquiring the increment with probability as; and precludes
firm 2 from acquiring the increment with probability ass is:

G, = 8W*_a31@_a32@
Oks 0k1 Oks
— %[16m3—8(m1+m2)+t(11_8552)]887:33
- %[167711—8(m2+m3)+t(11+83€2—89€3)]887211
— gg’i[16m2—8(m1—|—m3)+t(3+8$3)]%TZ;- (75)
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: . 8m1 — 6m2 _ amg
Special Case: e = e = e > 0

(60), (61), and (62) imply that in this case:

12 Om; 1 t

Bl = ﬁ ak;z {ml—ﬁ(m2+m3)+§(1+L1)],
12 Omy 1 t

By = — - NS

2 51 o, {mg 2(m1+m3)+2( + 2)},and
12 Om; 1 t

B; = %51 Ok, {mg—a(m1+m2)+§(1+L3)].

(76) and (77) imply that in this case:

12 Om; 1 t
By — By = %51 Ok, [m1—§(m2+m3)+§(1—|—L1)

1 t
— m2+§(m1+m3)—§(1+[z2)]

_ %%Z [g(ml—m2)+%(L1—L2)}
|
(76) and (78) imply that in this case:
B~ Bs = %%Zi[ml—%(mQ—i—mg)—i—%(l—{—Ll)

1 t
— m3+§(m1+m2)—§(1+L3)]

- 2 (my — (LI
25t Ok; [2(”“ ma) + 5 (L 3)}
. Ly - ‘).
95t Ok, lm1+3 ! <m3+3 3)}
(79) and (80) imply that in this case:
Bo—By = Bi—Bs—(Bi—By) — o 0mit 1) +-L
2 3 = b1 3 1 2 = 951 Ok ma 3 2 ms3 3

(76)

(77)

(78)

(79)

(80)
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(57) — (59) and (73) — (75) imply that in this case:

Gl = ﬁ al{iz {16m1—8(m2+m3)+t(3+8L1)

— a12[16m2—8(m1+m3)+t(3+8L2)]

—0[13[167713—8(m1+m2>+t(3+8L3)]}

= ﬁ ok {2m1—m2—m3 +tL1—a12[2m2—m1—m3+tL2]

— 0413[27713— my — Mo ‘I—tLg]}

T 25t Ok; {mi[24+ a1 +awz] —ma[1+ 215 — aus]

— mg[l—(l12+20613] +t[L1—(112L2—0413L3]}

T 25¢ 8]@‘ {3mi —ma[1— (a2 +au3) + 3]

— mg[l— (a2 +a13)+3au3] +t[L1 — (aia Lo+ a3 L3)] }

t
ﬁ ok; {ml — (a12m2+a13m3)—|—§ [Ll — (a12L2+a13L3)]}_ (82)

Analogous calculations reveal that in this case:

24 Om; t

Gy = %51 ok, {m2—(0421m1+0z23m3)+§[L2—(0421L1+0623L3)]}aand (83)
24 Om; t

Gy = 25 ok; {m3—(0431m1+0632m2)+§[L3_(0‘31L1+O‘32L2)]}' (84)

Case 1. m1—|—§L1 > m2+%L2 > 7TL3+§L3.

(79), (80), and (81) imply that in this case, firm 1 has the highest marginal valuation of
the input, firm 2 has an intermediate marginal valuation of the input, and firm 3 has the
lowest marginal valuation of the input. Therefore, when firm 1 secures the input increment
at auction, it precludes firm 2 (not firm 3) from acquiring the increment, and so a3 = 1 and
a3 = 0. Also, if firm 2 were to increase its bid to the point where it won the auction for the
input increment, it would preclude firm 1 (not firm 3) from acquiring the increment, and so
as1 = 1 and g3 = 0. Similarly, if firm 3 were to increase its bid to the point where it won
the auction for the input increment, it would preclude firm 1 (not firm 2) from acquiring the

increment, and so a3; = 1 and ag, = 0.

Therefore, (82) — (84) imply that in Case 1:

18



G — %%TZ [ml—mg—l—g(Ll—Lg)], (85)
Gy = %ZZZZ [mg—ml—l—é(Lg—Ll)},and (86)
Gy = %ZZ lmg—mﬁ%(Lg—Ll)} (87)
(85) and (86) provide:
Gy~ Gy = %%Z {ml—mg%—%(Ll—Lg)—mz—i—ml—é(Lz—Ll)]
= %%—Z{ml—kgh— (m2—i—§L2> > 0. (88)
Similarly, (85) and (87) provide:
G1—G; = %%ZZ [m1—m2+§(L1_L2)—m3+m1—%(L?)—Ll)]

_ %‘Z}Z {2m1—m2—m3+§(2L1—L2—L3)}

— %%7;: [m1+§L1—%(m2+§L2) —% (mg—i—ng,)} > 0. (89)

(79) and (80) imply that firm 1 will win an unfettered auction for the input increment in
Case 1. (88) and (89) imply that welfare is highest when firm 1, rather than firm 2 or firm
3, wins the auction in this case. Analogous arguments reveal that the same is true when
m1+§L1 > m3+§L3 > m2+§L2.

Corresponding arguments and calculations for settings in which firm 2 or firm 3 wins the
auction for the input increment provide the following conclusion.

Observation. Suppose %’,’;11 = %’;322 = %%33. Then a firm wins the auction for an input

increment if and only if welfare is highest when the firm wins the auction.
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i : =1 — 2 - omy _ Omg _ Omg
Special Case: xy = 3, 13 =5, my > my = ma, o < B = G-

Suppose that in this case, m; — my is sufficiently large relative to 88’:22 — %’gll that ag =
as; = 1 and ag3 = agy = 0. Then from (51) — (55) and (73) — (75):

2 5 Omy  Omy |

B, = ﬁ{Q(Tm—mz)—i‘gf} {2 o + 31@2]’ (90)
- . 2 5 8m2 8TTL1 .

Bz = Bg = 551 |:m2 mp + 3t:| |:2 ak2 + 8k1 :|, (91)
1 25 1 Omy 25 | Oma |

G, = ﬁ{{lfi(ﬂu m2)+§t} Oky {8(m2 ml)‘f‘?t} 8_162}’ (92)

and
GQ = G3 - _Gl‘ (93)

(90) and (91) imply that firm 1 will win the auction if:

(9m1 amg

5
|:2(m1—m2)+§t:| [2 ok, + Ok

aml
Ok,

>

amg Gml :|

Mg — m —|—§t 2 +
2 1 Ts Oky Ok,

=

) 0 )
5(m1—m2)—|—§t] > 87,222 [4(m2—m1)+§t]

387;;11 gt—4(m1—m2) _ 5t —12A
§t+5(m1—m2) 5t+15A

omo
Okso

(92) and (93) imply that welfare is highest when firm 1 acquires the input increment if:

Gy > Gy = G3 = -G & G >0 &
25 | Om 25 | Om
[16(m1—m2)+§t1 ak;ll > |:8<m2—m1)+§t:|8722
- G Pt—8(mi—my) |  25¢—24A _ (95)
my Bt 416 (my —my) 25t + 48 A v

Oka

Observation. 7, > ry.

Proof. From (94) and (95):
re > 1y & [25t—24A[5t+15A] > [25t+48A][5t — 12A]

& 25(15)tA —24(5)tA —24(15) A% > —25(12)tA +48(5)tA — 48 (12) A?

& [375—1204300 — 240]tA > [360 —576] A% < 315tA > —216A%. W
20



The Setting with Value-Enhancing Effort.

In this setting, v;(k;,e;) will denote the value that consumers place on firm ¢’s product
when the firm employs k; units of the input and devotes effort e; to reducing its unit pro-
duction cost and enhancing consumer valuation of its product. Furthermore, c;(k;,e;) will
denote firm i’s corresponding unit cost of production. We assume that v;(-) is increasing
in e; and ¢;(-) is decreasing in e;. The firms choose their effort supplies (simultaneously
and independently) after the conclusion of the input auction, prior to setting prices. Firm
i € {1,2} incurs personal cost E;(e;) when it delivers effort e;. E;(-) is an increasing, convex
function of e;.

From (32), firm 1’s equilibrium profit in this setting is of the form:
1

() = @[SH—A]Z—Eﬂm). (96)
Differentiating (96) provides:
oni() 1 dA , dey
6k;1 = ﬁ[St‘i‘A]d—kl El(el)d_k'l and
ori(+) 1 dA , deq
oml) A2 _pre)
Ohy o1 BT AL G, T Ble) g &7)

(97) implies that the rate at which firm 1’s profit increases as it, rather than firm 2, secures
more of the input is:
5 om0 om() _ 1

N T T _E[3t+A]{dkl dk;

dA dA ’ d€1 d€1
:|_E1(€1)|:d_]€1_d_]{72:|. (98)

Analogous calculations for firm 2 reveal that the rate at which firm 2’s profit increases as it,
rather than firm 1, secures more of the input is:

~ omy(-)  oms() 1 dA  dA des  deg
B, = 200 IV e A1 2282 e Ao
2 ks B g7 13— 4] Ak dk 2(e2) dky  diy (99)

(98) and (99) imply that firm 1 will outbid firm 2 for the input increment in an unfettered
auction if and only if:

L 1 dA  dA dey  de;
Bl > By & —[3t+A]| 222 e |t 9
R g 31+ ]{dkl dkg] 1<€1)[dk1 d/@}

1 dA dA d€2 d62

C3t— A 2202 e, | S2 0

> g 13 ]{dkl de} 2(62)[dk2 dk:l]

d€2 d€2

2A{dA dA} - Eﬁel){d_lﬁ_d—kj—Eé(@){d—,@—d_;ﬁ}

9t | dky  dke
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ot [ Biler) (2 — &) — Byfes) (42 - 42 )
. S . (100)
dk1 dka

s A >

Aggregate welfare in this setting is:
A2

re Margy A1- Lo AT

W™ my dA {3t+A}dm1 My dA [3t—A]dm2 A dA

Ok, 6t dk, 6t dk, 6t dk, 61 dk, 18t dk;
d d€2
— E, — El(es) —
U AdA A A L fdmy dmy] A [dmy dm,
6t dky 18t diy dky  dky dky  dky
d deg
Ei(e1) —— 7a E(ex )dk2
5A dA 1 dm1 de , d€1 ’ d62
S e et Mt Y ) 1 _E =2 101
187 dky | 2 {dkl ik } len) gpr — Balea) g (101)

Similarly:

Oky 6t dk;z

dky 6L dky |

oW my dA | [3t+ATdm my dA | [3t—ATdmy A dA
6t 6t | dky 181 dks

d61 d€2

— F — F! —
(61) de 2(62) de

_ AdA A dA Lbdmy  dme | A fdimdmy
6t dky 18t dksy dky  dksy 6t | dky  dksy
de de
— Ei(e1) d_k; — Ej(ez) d_k:z

d d€2
a2 e Y gy .
k| diey } len) g = Bales) 50

5A dA 1 [|dm; dms
_ - 102
18t dky 2 { (102)

(101) and (102) imply that the rate at which welfare increases as firm 1, rather than firm
2, acquires more of the input is:

. OWH()  OW*()  BA[dA  dA
dky dks

G pr— —_— f— —_— —
! dk,  dk

d (m1 + m2) d (m1 + TTLQ)
Ok ks 181

1
2
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deq dey des des
_ B “a_fal a6 4| 1
i(e) [dkl dl{:g] 2(e2) [dkl ko (103)

Similarly, the rate at which welfare increases as firm 2, rather than firm 1, acquires more of
the input is:
~ ow=(-) owW*(.) ~
Gy = — = — Gy 104
2 ks Ok, ' (104)
(103) and (104) imply that welfare increases more rapidly when firm 1, rather than firm 2,
acquires more of the input if and only if:

él>ég<:>él>—@1<:>él>0

dks dky

dky  dko

18t 2

d d d d
oE(er) | L ey) | 2 - E2
dkl dk’g dkl dk?

{%_%] 9t ld<m1+m2) _d(m1+mz)]

dl{il dk)g ) dk?g dkl

18¢ de,  de dey  deg
i I Rt E o2 T2
5 { i(e) (dk1 ks ) + Ej(e2) (dk1 ks ) }

9t d(mi+ms2) N d(mi+ms2)
dk‘z dkl
& A> = A dA
dkq dkso

15 [ Bilen) (42— %) + Bylea) (42 - %2
5 dA _ dA

dk1 dka

(105)
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