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Section A of this Technical Appendix provides more detailed proofs of the conclusions in
Bose et al. (2012). Section B provides an extension of the analysis in Bose et al. (2012).

A. Detailed Proofs of Conclusions in Bose et al. (2012).

Lemma 1. z; = Bp,V [lt—;q] and vy = BpurV [%] .
A detailed proof of Lemma 1 is provided in the text of Bose et al. (2012).

Lemma 2. The sharing rate that mazximizes the lender’s profit when she adopts the SA
policy and implements screening accuracy q 1S:

~ 1 I | érprte (1—q)° + dpputsd? 1
B = Lo L |G oupatia| L )
¢ ta(1—q)" +oppiteq

2 2V
which is a strictly increasing function of q for all q € [%, 1).

Proof. From Lemma 1:
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Differentiating equation (2) provides:
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Since ¢ € [3,1], it is apparent from equation (3) that 7(-) is a strictly concave function of

3, that 675[(3') , < 0, and that 6%') , > 0 when Assumption 1 holds. Therefore, the
=1 =0

expression for 3(q) in equation (1) follows directly from equation (3).



Differentiating equation (1) provides:
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Lemma 3. The lender’s revenue under the SA policy, 7(q), is strictly increasing in q for all
q € [%76]. Furthermore, if ¢; < ¢, and G > max K" (q), then the lender’s profit under
q

this policy, 11(q) , is a strictly convex function of q for all q € [5,q], for any g€ (3,1].

Proof. Substituting from Lemma 1 provides:
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where:
Z(q) = bppudtypaV — I+ ¢ pr [l —q tu [pLV — 1] > 0, and (5)
Zy(q) = ¢uph @ tr+ o [1—q’ty > 0. (6)

Differentiating (4) provides:
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The inequality in (7) holds because pygV —1 > 0 > p,V — I.

We now show that 7”(¢) > 0 if ¢, < ¢,. From (4):
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Since dy, d and M are independent of ¢, (8) and (10) provide:
Result Al. 7 is convex in ¢ if and only if 7 is convex in q.
From (10):
~ 2
[P +6(1-9*]7 = [@+6:0-9)7 . (11)
Let:
g = @F+6[1—¢q® >0 and g = P +6[1—q". (12)
(11) and (12) provide:
a7 = (9)°. (13)
Differentiating (13) with respect to g provides:
NnTHGT = 29205 (14)

Differentiating (14) with respect to g provides:

a7 T+ TG T = 2(95)° + 20295



s qi'+glT+20\7 = 2(6)° +202 05
s g7 =20 +2pd — d'F-2¢, 7. (15)

Since g; > 0, (15) implies that 7 is convex in ¢ if the expression to the right of the equality
in (15) is positive.

From (12):
g = 2q—201[1—q] = ¢ = 2+26, = 2[1+01], and (16)

Using (16) and (17) in (15) provides:
g7 = 2(g5)" +4ga[l+ 2] —2[1 4+ 017 — 29; 7
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From (14): PN
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Relations (13), (18), and (19) provide:
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From (12), (16), and (17):
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Relation (21) implies:
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From (20), (21), and (22):
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From (12) and (13):
(92)2
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= @ {2[@+6 (1 -9 [1+8] - [ +5:(1—q)°][1+61]}
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Using (24) in (23) provides:
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Notice from (9) that d, > —1 since ¢y pyty [pgV — I+ ¢ prty [pV — I] > 0. There-
fore, from (12):

1
g = P+6[1-q* > F-1-q° >0, sinceq2§. (26)
Since 0; > 0 and 0, € (—1,0):
251+(5152—52 = 51[2+(52]—(52 > 0. (27)

Using (26) and (27) in (25) provides:

Result A2. 77 > 0 if 1420, — 6

v
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Now, suppose 7' > 0 for all ¢ € [
(25) provides:

,1} . Then, 7" > 0 when ¢ = 1. Using ¢ = 1 in

N[ =

3
[%:| ;T\” = g1 392 {]. + 2(52 — (51} . (28)

Result A3 follows from (28).



Result A3. If 7" > 0 forall ¢ € [5,1], then 1+2d, —46; > 0.

Result A4 follows from Results A1, A2, and A3.

Result A4. 7" > 0 forall ¢ € [%, 1] if and only if 1+ 2d, —d; > 0.

To simplify the condition 1+ 25 — d; > 0, notice from (9) that:
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From (9) and (29):
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Result A4 and (31) ensure that 7 is convex in ¢ for all g € [3,1] if ¢, < o,

Finally, to demonstrate the convexity of Il (q), differentiating (2) provides:

211
Pl = m() - K@)
where: 581 531
m(B) = f—H¢HpH[pHV(1_B) — 1]+ fL orpr(pV (1—-8)—1I].

Observe that m () is a concave function of 5 because:
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_ 4¢y ph V? _ 4¢,p  V?
tr tr

= m'(8) = < 0. (35)

Recall from Lemma 2 that (3 is an increasing function of ¢q. Furthermore, from (1):

min drprtu [pLV — I+ dyputs[pyV — 1]
1 = = , and 36
Py =7 2V (oL pLty + ¢n i ti] (36)
max ¢ thL[pHV_I] pHV_[
Bly=y = ™ = ; = > (37)
Straightforward calculations employing (36) reveal:
2¢HPHV [pHV (1—25min)_[} _ 2¢LPL¢HPHIV[pH—pL] and (38)
ty GLPEtn + o phtr ’
2¢; pLV [pLV (1—2ﬁmm)—1] _ 20,00 0 palV py —pL] (39)
tr Sppitu+ ouphte
(34), (38), and (39) provide:
m’ (5)|5:[3mi" = 0. (40)

(35) and (40) imply that m/(8) < 0 for all 8 € (8™, 3™*) and so m(-) attains its minimum
at = /™. From (33) and (37):
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32) and (41) imply: ~
(32) and (41) imply 5711 (g )
(42) implies that Il (+) is a strictly convex function of ¢ when G > max K" (q) if % >
agg"). The Second Order Envelope Theorem (Cornes, 1992, pp. 24 - 26) ensures that this
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inequality holds. W

Proposition 1. Suppose the conditions of Lemma 3 hold and 7'(3) > K'(3). Then the
lender maximizes her profit by implementing the AA policy when § < ¢¢ and by imple-
menting the SA policy and setting ¢ = q when q > ¢, where ¢¢ € (%,1) is defined by

7(q°) = Ta.

Proof. We first prove that:
S (¢rprte LV — 1)+ ¢y puty (paV — 1)) (43)
Atpty [¢ép plta + by vyt

To do so, observe that when the lender approves every request for funding, the 7 entrepreneur
located farthest from the origin that applies for financing is located at ! = Bp;V/t; for
i € {L, H}.! Therefore, the lender’s expected profit under the AA policy is:

oals) = oulm -0V =11 |22 gy tpm -y -1 |22y
Differentiating (44) provides:
o) = L -2V -1+ B m2p) v -1 (09)

It is apparent that ¢%i(3) < 0. Furthermore, Assumption 1 ensures ¢/y(3)|5_, > 0. There-
fore, (45) implies that the lender’s preferred sharing rate under the AA policy is given by:

, - _ ¢pprta[plV — I+ dyputs[paV — 1]
90,4(5) =0 e = 2V[¢Lp%tH+¢Hp%{tL]
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1
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_ Vippity + dupite]l + oy prty + ¢y puts]
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1 1

= [1—=54V {ﬁbLP% . + by Py .
L H

_ [CbLP% lg + QSHP%{ t]{V [¢Lp% lyg + ¢Hp%{ to) + 1o prty + dgputel]} . (47)

2t ty [0 p% tg + o p?{ tr)

(44) and (47) imply:

a(Ba) = ﬁAV{¢§fL (1= BV — 1]+ 2122 [pH(l—B)V—I]}

Ut and ty are assumed to be sufficiently large relative to V that x! < 1 fori = L, H.



[¢L p% th + oy p%{ tL} {V [¢L p% ty + oy p%] tL] + 1/ [¢L prty + oy pr 25L]}
2tpty [Qrpitu + ¢y vy to)

_J {bepL i fprH} }

tr, ty

v

1
= 5Avm {(Viorpitu + oupite] + 1oy prty + ¢ppmts]}

21 (¢ prtu + ¢y putL]
- BV 2t ty
_ BaV
= 201 {orpetaptV =11+ ogputs[paV —1]}. (48)
H

(46) and (48) imply that the lender’s profit under the AA policy is as specified in (43).

We now prove that (1) < 74 < 7(1). To do so, observe from (4) and (43) that:

[¢LthH(pLV—[)+¢HthL<pHV_[)]2 _ 17.(.14.

16t ty [d p]ta + ¢ppite] 4

) =

1
2

m(

Also, from (43): (6w prrty (pV — 1)  bulpnV - 72

= = 7(1). 49
The inequality in (49) holds because:
0 < ¢pprtu[plV —1I]+¢gputepaV =1 < ¢yputr[paV —1]. (50)

The first inequality in (50) reflects Assumption 1. The second inequality holds because
pLV —1 < 0.

Since: (1) 7(3) < ma < @(1); (ii) w4 does not vary with ¢ (from (43)); and (iii) 7(q)

m(q
is a strictly increasing function of ¢ (from (7)), it follows that there exists a ¢° € (3, 1) for
which 7(¢°) = ma. Consequently, if ﬁ( ) is a strictly convex function of ¢ for all ¢ € [% ql,
and if ﬁ’(%) > 0 (so that II'(q) > 0 for all ¢ € [1,7]), then 74 > Il(q) for all ¢ € 2. 7]

when § < ¢¢ and ﬁ(@) > my when ¢ > ¢¢. W

Corollary 1. Suppose ¢ =1, K(1) < 7(1) — w4 when ¢y = &;H =1 —aL, and the
conditions of Proposition 1 hold. Then the lender will adopt the SA policy and set ¢ = 1

if oy < Oy = F— +;Z;2)2747ﬂ3. The lender will adopt the AA policy if ¢y > &%

Consequently, as ¢y declmes from just above ¢, to just below ¢%, the welfare of L entre-

preneurs declines fmm =L [ oL B AV] to 0 and the welfare of H entrepreneurs increases



from St [py B,V to £ [pu BV | 2

Proof. (4) and (43) imply that the difference between the lender’s profit under the SA policy
with ¢ = 1 and her profit under the AA policy is:

S lpuV -1
4ty

[Orprtu (pLV — 1)+ dpputs (PHV—I)]Z.

Q(oy) = Adtpty (007 ty + op it

K(1) - (51)

Therefore, the Corollary holds if there exists a unique ¢, such that Q(¢y) ; 0 as

On ; ¢%. Observe that (1) < 0 because the AA policy and the SA policy generate the
same revenue for the lender when ¢, = 1 but the SA policy is more costly, since K (1) > 0.

By assumption, Q(¢y) = {7(-) — K(1) — Tatoy =3, > 0

2.2 2 2
It is readily shown that Q" (¢y) = — %fi?jii;i;fj@ < 0, so §2(¢y) is a concave
LPL HFPH

function of ¢5. Therefore, since Q(EEH) > 0 and Q(1) < 0, there exists a unique ¢}, €
(6y,1) such that Q(¢5) = 0.

Because 2 (¢y) is a quadratic function of ¢, the equation € (¢,) = 0 may have two
real roots. Since Q (¢,) is a concave function of ¢, Q(¢y) > 0, and Q (1) < 0, the larger
of the two roots lies between ¢, and 1.

Let y = z—f] Then:

1- 1 1 1
I ) A O O S (52)

bu o Pu 1+y
From (51) and (52), Q(¢y) = 0 if and only if:
2
¢H[pHV—I]2 ¢H[(f_;thH(pLV—[)+thL(pHV—[)]

Aty 4t ty [j_;p%tH“r‘ p?th}

~ K1) =0

[pHv—ff_[;ﬁ’—;mH<va—f>+thL<pHV—f>r K(1)

Aty 4t ty [i—; pity + py tL] P

2 2
lprV =1 [yprtu(prV - f);r PH tLQ(pHV - DI _ K(1)[1 4]
Aty Atptylypltu + pitol

&ty ypitu+ pyte] [peV =17 = [ypoty (poV — 1)+ puty (ppV — 1)

= 4tLtH[yp%tH+p%ItL] K1) [1+y]. (53)

2Recall that 3(1) = pz”p‘:;f , from equation (1).
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Let A =p,V—1 and B = pyV — I. Then, (53) can be written as:
2 2 2 2 2 2

tr [ypitu+ pht] (Bl —[yprtu A+ putr Bl = Atpty [yp) tu+ phte] K(1)[1+y]

& ypituty BP+phti B =y ppty A —pi il B* —2yppty Apyty, B

= At tg K(1) [yp)tu + pote +9° 0l tw +yphte]

& Yy pitn A2+ 4t K1) p} ty] + 47 pf K(1)

—y[pitr B* —2prputr AB—At, K(1) (pl tu +p5tL)] = 0

S Y —7yty =0 (54)

where 7, 75, and 75 are defined in the text. From (52), the smaller value of y corresponds
to the larger value of ¢ . Therefore, (54) implies that the critical value of y corresponding

Y=/ (72)> =471 73

to 5}1 is y = o , and so:
oo = o 1 B 27, -
i 1 + g 1 Y2 (’72)2*471 73 9 . 2 4 ’
+ 2 Y1+ Ve (72) Y173

Lemma 4. oj(q) =1 forall q € (3,7].

Proof. Let z]" denote the location of the ¢ entrepreneur located farthest from the origin
that applies for financing when the lender pursues the MA policy. It is readily verified that
7' and x% are:

m _ vaﬁ

ZL’L —

. [qap+ (1 —q)ay] and 2% = [qag + (1 —q)ayg]. (55)

Let 7(q,ar,ay,) denote the lender’s expected revenue when she chooses screening
accuracy ¢, finances a project with probability «; upon seeing signal s;, and sets sharing rate
B for a financed project. From (55):

(g an,om, ) = ¢pap{qarlpV (1 =) = I+ [1 —qlan[pLV (1= 5) -1}

+ Oy {ll —dq arlpyV (1 = 53) = Il + qau [paV (1 = ) = I]}

= —%Zvﬁ[qaL+<1—q)aH]{qaL[mva—m—IHU—QJQH[PLVG—@—”}
n ¢H1t7§V5[QQH+(1_Q)QL]{[1_q] arprV (1= B) —I]+qan[paV (1-8) - 1]}
_ ¢rLpLVp

. [qar + (1 —q)ag)’ [pLV (1—p) —I]

11



# S o (- aaf oV (1= 5) 1) (36)

For any ¢ € (1,1], the lender chooses 3 € [0,1] and «; € [0,1] to maximize 7(-). We
will denote elements of the revenue-maximizing lending policy by *’s.

First observe that of = 0 and «aj; = 1 if ¢ = 1. To see why, observe from (56) that
when ¢ = 1:

on(:) 2 ¢V

o = - ar[ptV(1-p5)-1] <0 = a = 0; and

. 2 *
o) 2ol v (15 1) > 0 s ay =1 (67
day ty

The inequality in (57) reflects the fact that the lender will never implement a sharing rate
that generates negative revenue for the lender on both low quality and high quality projects.
We now prove that if ¢ € (3, 1), then:
. 1
6 (QJaLuaH) = 5
I{¢rprtulgor+ (1 —q) aul +égputr[gan+ (1 —q)ar]’} (58)
2V { o0} tulgar+ (1 —q)an]’ + ¢y vyt [gan + (1 - q)ar]’}

To do so, observe from (56) that:
on() _ dumV

93 . lqar+ (1 —q)an)’ [prV (1-28) — 1]
+ % [an+(1—Q)&L]2[PHV(1—25)—]]_ (59)

It is apparent from (59) that ) < 0 and that 22U

952 o5 < 0. Therefore, 5*(-) =0 or
B* (+) is determined by:

B=1

2 2 2 2
[1—25]{%[qam1—q> 2oy Qi V7

{22 g0, 4 (1= g g + 2222V

& 1-28 = I{¢LthH[q04L+(1_Q)OJH]2+¢HthL[qOéH—|—(1—q)aL]2}
V{upitulgo+ (1= ) anl’ +onpytelgon + (1 - q) o]’}

e g= 1 [{¢LPLtH[qaL+(1—q)aH]2+¢HthL[an+(1—q)aL]2}
2 2W{o pitulagor+ (1 —qaul+oyp}telqon+ (1 —q)ar]’}

It remains to verify that 5*(-) # 0. If 5*(-) = 0, then the lender’s revenue is zero. In
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contrast, as demonstrated in the proof of Lemma 7?7, the lender can secure strictly positive
revenue by setting oy =0, oy =1, and $*(¢,0,1) > 0 for all ¢ € (%, 1]. Therefore, since

T (q, 0y, ay, B (¢, ap,04)) > 7(q,0,1,5%(¢,0,1)),
it follows that 5" (¢, aj,aj;) > 0.

Conclusion L4.1. If o} € (0,1), then the lender’s expected revenue from funding a project
after observing the unfavorable signal is 0.

Proof. Given 3, the lender’s expected revenue from funding a project after observing the
unfavorable signal is:

T = qépa] (plV (L =8) = I+ [1—qloyafpaV (1-5)—1]

= 40,2 (qas + (1= gl lpeV (1- )~ T
+ 1= a0 P [qan + (1= )l [pnV (1= )~ 1), (60

The equality in (60) reflects (55).
Straightforward differentiation of (56) reveals that:

o (Q7aL704H76)
80éL

= 277 (61)

(61) implies that if af € (0, 1), then it must be the case that 77" =0. O

Conclusion L4.2. If aj, € (0,1), then the lender’s expected revenue from funding a
project after observing the favorable signal is 0.

Proof. Given 3, the lender’s expected revenue from funding a project after observing the
favorable signal is:

= [L=d oot [prV (1= 5) = I+ qog oy [puV (1 - 5) = 1]

— -, 2 P [qar + (1 - g aul oV (1= B) — 1]
+ a0y 22 (qan + (- )arl ¥ (1 - )~ 11, (62)

The equality in (62) reflects Lemma 1.
Straightforward differentiation of (56) reveals that:

or (Q7 ar,omq, 6)
OaH

= 277 . (63)

(63) implies that if aj; € (0,1), then it must be the case that 7% =0. O
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We now show that 7% > #7'. To do so, suppose that 77" > 7. Then, from (60) and
(62):
qopaLpV (1 =5) =11+ [1—q ¢ganlpaV (1 —5) - 1]

> [ =qloperlpV(1=5) =11+ qogrulpaV (1 —5) = 1]

= [2¢=1{¢rarlptV(1=P)—I] =gz lpaV(1-5)—1I]} =0
= ¢prp[ptV(A—=0)—1] = ¢gznlpaV (1—-F5)—1] (64)
= pgVI[1-p]—1 < 0. (65)
(64) holds because 2q > 1. (65) holds because p,V[1 -] -1 < p, V-1 < 0. If
the inequality in (65) holds, then the lender incurs negative expected revenue whenever she
finances a project. But this cannot constitute an optimal policy for the lender because

Assumption 1 ensures that she can secure strictly positive revenue. Hence, by contradiction,
m m

From (61) and (63):

87T(Qa ar,oq, 6)
80@

87T(Qa ar,oq, 6)
8aH

= 27y > 27 =

. (66)

We can now prove that o} = 1. To do so, first suppose aj = 0. Then because
Assumption 1 ensures that the lender can secure strictly positive revenue, it must be the
case that aj > 0. If o} < 1, then 7’} = 0, from Conclusion L4.2. But then the lender’s
expected revenue is zero, and so this policy cannot be optimal.

671-(‘1* 7a2 7a;[aﬁ*)

8 *’ *7 *’ *
3 > GRS S > 0, and so
L34

day

Now suppose aj > 0. Then (66) implies
ayp=1. 1

Lemma 5. Suppose Assumption 2 holds. Then o =0 if ¢=1, o € (0,1) if g € (q1,1),
ond 0, =1 if g € (b.a1)

Proof. From (60) and (61):

aQW(Q7O‘L7aH7ﬁ> — 9 {371’_’5}

da? day,

= 20, P eV (1= 8) = 1)+ = 6 27 gV (1 9) - 1)

= L—q’¢yputr[paV (1 —B) I+ @ ¢ prtu[pV (1 —B)—1I] = h(g). (67)

Let q € [%, 1] denote the value of ¢ at which h(q) = 0. ¢ exists and is unique because:
(i) h(1) <0 (since pLV —I < 0); (ii) h(3) > 0 (from Assumption 2 and the fact that § < 3,
from (58)); and (iii) h'(¢) <0 for ¢ € (3,1). (67) implies:
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827T(q7 ar, g, 6) >
da2

0 & g

VIA

q. (68)

Al

(68) implies that 7(q, ar, am, 8) is a concave function of oy, when ¢ > q.

Also from (60) and (61):

onwopon )| .,
day, ap =0 B WL|&L:O
= alt - a0y " oV (L= 5) ~ 1]+ a1 = a6, P20 [puV (1 )~ 1)
= Py (1 ) - 1)+ PP [y (1= )~ 1)
H L
= 21(f) > 0 forall e[, 1]. (69)

The inequality in (69) holds because: (i) 8 < 1, from (58); (i) z1(3) > 0, from Assumption
2; and (iii) z1(5) < 0.

In addition, (60) and (61) imply:

on(q, ar, ay, B) s puV B

a&L = 7[_2”|aL:l = [1_q] ¢H

[paV (1 —p) — 1]

ar =1

pLV 3
tr,

+ qoy [PV (1 =8)=1I] = 2(q)

AIV
o

as ¢ S q. (70)

(70) holds because: (i) z5(q) < 0; and (ii) 22(q1) = 0, from the definition of ¢;.
Observe from their definitions that ¢ < ¢;. Therefore, (68) and (70) imply:
a; = 1lifg < ¢ and a] < 1ifqg > ¢1. (71)

Consequently, from (57) and (71), o5 =1 if ¢ € (q,q1), «; € (0,1) if ¢ € (¢1,1), and
a; =01if ¢g=1.
If ¢ < @, then =(-) is a strictly convex function of «r, from (68). Furthermore,
M‘ > 0, from (69). Therefore, af =1. B
0

aaL ay, =

Proposition 2. Suppose ¢; < gAbL and Assumption 2 holds. Then the lender’s revenue
under the MA policy is a strictly convex function of q.

Proof. From the Second Order Envelope Theorem:

d*n (g, 21.(9), 05 (a), (@) - 9*7(g,01(a), 2k(q), B7(a))
dq2 - aq2 '




Differentiating (56) provides:

On(q, a1 (q), o3 (9), 57(q)) _
dq

200DV 4t [puV (1= 6(@)) — T () — 0 (@)] [0 (@) + (1 — @) o (@)]

trtm
+ ¢gprtr[paV (1= 5%(q)) —I]lay(q) —ar(g) ] [qak(q) + (1 —q) aL(q)]}

R awq,az(qg;z(q),ﬁ*(q)) ) 2[az<q>—c;7;<3125*<q>‘/@, (73)

where G = Supaty[paV (1 =8(q) =]+ ¢pprtu [pLV (1 —5%(q) —1]. (74)

(72), (73), (74), and Lemma 4 imply that =(-) is a convex function of ¢ if G > 0 for all
q € 5.7
It is apparent from (74) that 3—5@* < 0. Also, from (58), 5*(¢q) < % for all ¢ € [%,6].

Consequently, if G >0 at g* = %, then G > 0 and so 828%15) > (0 for all ¢q € [%,@] . From
(74) and Assumption 2:

~ V V
Gb’*:l = ¢upHlL [pz; —I] + ¢rprty {pLT—]} > 0. (75)

The proposition follows from (72), (73), and (75). W
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B. Extension: The Setting with Variable Screening Costs.

The analysis in Bose et al. (2012) can be extended to allow the lender’s cost of securing
any desired level of screening accuracy to vary with the number of projects she screens.
Suppose the lender’s cost of screening n applicants with screening accuracy ¢ is K(q,n) =
F(q) + ¢(q) n, where F(-) represents a fixed cost of screening.

7V (5, q) will denote the lender’s variable profit in this setting with variable screening costs
when she offers sharing rate 5 and implements screening accuracy g. This variable profit is
the difference between the lender’s revenue and her variable screening costs. Formally:

m(B,q) = dpr[1—qllpV (A —=8)—I+ogruqlpuV (1—5) 1]
—c(q) oo+ dprn]. (76)

Lemma A1l identifies the lender’s profit-maximizing sharing rate, 5(¢q), when she adopts
the SA policy in this setting. This rate is derived by substituting the values of zj and xy
identified in Lemma 1 in the text into equation (76) and maximizing the resulting expression
with respect to . Lemma Al refers to Condition 1, which is the natural counterpart
to Assumption 1. When Condition 1 holds for all ¢ € [3,1], the lender will optimally
implement a strictly positive sharing rate in the present setting with variable screening costs.
Consequently, the condition precludes the trivial outcome in which the lender finances no

projects.

Condition 1. ¢y prtr [paV — Il ¢* + ¢y prta [prV — 1)1 — ¢
> c(q)[¢rprta(1—q) + ouprtrql.

Lemma Al. Suppose I?(q,n) = F(q) + ¢(¢)n and Condition 1 holds for all ¢ € [3,1].
Then the sharing rate that maximizes the lender’s profit when she adopts the SA policy and
implements screening accuracy q is:
1 2
Blg) = {orprtu (1 —q)" [pLV — I
2V (o3 tn (1= 0)* + by 0¥ tr ¢°]

+ dpputed paV — 1) —c(q) [orprtu (1 —q) + dgputrq}. (77)

Proof. From (76) and Lemma 1 in the text:

w.0) = o1 =allpV (1=5) = 1) | PO gy (1 ) - 1) [P
— F(q) —c(q) [¢Lvat(Ll 96, d)prHVQB] (78)

0r'() _ duprV (1= eV (1—=28) — 1] éypuV ¢ [pnV (1—28) 1]
B tr ty
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¢V (1—q) SypaVq
_.I_
tr ty

=0

—c(q)

& ¢pputu(l—q [pV (1-28) 1]
+ dyprted® [paV (1—28) = 1] —c(q) [¢rprtu (1 —q) + dyputrq) = 0
& Gppota (1—q) [pV = I+ by puted puV — 1]
— 28 (b piVitn (1= @) + o piVird’] — c(@) (o prtn (1= q) + ¢pputrg = 0
= B = 2V[¢Lp%tH(1 —1q)2+¢Hp?{tLq2} {¢LthH(1—Q)2 oLV — I
+ dupatr @ lprV — 1) —c(q) [ppprtu (1 —q) + dpputral}. (79)

0]

It is readily verified that 7°(-) is a strictly concave function of f, that =5 , < 0,
=1
and that 6%5(')‘ > 0 when Condition 1 holds. Therefore, when Condition 1 holds, (79)
B=0

identifies the sharing rate that maximizes the lender’s profit given screening accuracy ¢q. W

Substituting the expression for (3(¢) in equation (77) into the expression for *(,q)
in equation (76) provides an expression for 7%(q) = mgx (B, q), the lender’s maximum

variable profit in this setting when she implements screening accuracy q.

Lemma A2. Suppose K(g,n) = F(q) + ¢(¢)n and Condition 1 holds for all ¢ € [3,1].
Then the lender’s maximum variable profit when she adopts the SA policy and implements
screening accuracy q is:

T = 1 / 2
<Q) dipty [¢Lp%tH (1_9)2+¢Hp2HtLq2]{ L[ q] L H[pL }

+ Oud’putLlpnV =1 = c()[brprtn (1 —q) + duputig}®.  (80)
Proof. Substituting from (79) into (78) provides:
II°(q) = 7 —F(q), where

T = ¢ [l —ql[pLV (1-p5)—1] {p—LV (;_ AL

— ¢(q) [¢LPLV(1 —q) B " ¢HpHVQ6}

| +oualov 1) - 0[Py 7]

tL tH
= % {¢L (1- Q)2thH [pLV (1 —B)—1] + ¢y puty[paV (1 - B) — 1]

—c(q) [prprtu (1 —q) + dpyputnql}
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%
- ﬁ {o, (1 — ) prtu lpLV — 1)+ ¢y Pt [paV — 1)

—c(q)lopprtu(L—q)+dyprtra — BV (6, (1 — q)’ ity + dp a* phtr] }
VvV

= o Hou b= petu oV = 11+ 6 ot oV = 1
—c(@)bpprte (1= q) + ¢y pntnql}
- % {60 (1= prtu LV = 1+ by Pprte [pnV — 1]
—c(@) [Prpetu (1 —q)+ dppmtql}]
= 22‘525251{ {60 0= prtu pLV — 1+ ¢p ¢putr [puV — 1]

—c(@)¢rprtun (1 =q) + dyputrdl}. (81)
Substituting V5 from (79) into (81) provides:

1 2

+ oy PputepnV — I —c(q) [dpprtu (1 —q) + dyputrqg}’. WM (82)

Proposition Al now explains when 7(¢) will be a convex function of q. The proposition
refers to:

Condition 2. [énphtra® + ¢ppytu (1— Q)z] 2[pppeta (pLV —I)+ oy puts (paV — 1))
—2d(q) [ogputs — dpprtul — " (@) (¢ prtu (1 —q) + ¢y putoql}
> [oypirte + onvy tu] {bupate d® paV — I+ ¢ppetu 1 — g [pV — 1
— c(@)[¢rprtn (1 —q) + g puirgl}

Proposition Al. Suppose K(q,n) = F(q)+ c(q)n. Also suppose Conditions 1 and 2 hold
for all ¢ € [%, 1]. Then the lender’s maximum variable profit is a convex function of ¢, i.e.,
7"(q) >0 for all g€ [3,7q]3

Proof. To determine whether 7%(+) is a convex function of ¢, let p = 1—¢. Then from (80):

Atpty [ép plta p* + ou it ¢

SFurthermore, it can be shown that 7°’(¢g) > 0 for all ¢ € [3,q] if d(3) < [A1+A)]/B,
where A1 = 3¢y prépputetnlpn —pil, A2 = ¢5plty prV — 1) — ¢1p} ty [pV — 1), and B =
(91 prtm + dypute) [op vty + épphte].
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_ PP prtulplV = I+ ¢u @ putpaV — 1] - c(q )6y prtap+ dgpatsal
Atpty dpphte [iLff D +C]]

2
V-1 c
(65 putr (paV — 1)) [(Zflf;:ip[;lfv ]f} +q° — Snpntelpn V=l tL(([];HV—I (Grprtep+ dpprtn Q]]

Atpt oy pite [j:Lfﬁ et ]

_ [bupaty(paV — )

Adtpty oy i tL
2 B 2
¢<;Hp;;z£p[]§;/‘/£]?] + C]2 o ¢HthL(/([1;HV_I] [¢L prtap+ ¢HpH tr C]] (83)
it
Define: )
t t V-1
£ = Cprg H > 0; & = ¢rPL H[PL ] < 0; and
PPy tL ¢ putypaV — 1]
c(q)
= — < 0. 84
= b putylpaV — 1] (84)
(83) and (84) provide:
v paty, (pgV —1 2
dipty dgpyte
where: (62 + £0% + &4 (6, P tu p+ bp purtr q))
p — q 2D 3\ PrLPLlHD HPEHIL] . (86)

¢+ & p?
(85) and (86) imply that 7¥(-) is convex in ¢ if and only if P is convex in g. To determine
whether P is convex in ¢, define:

hi = @+&p%  hy = ¢ +&p%
hs = & opprtup+ dyputrql; and H = hy+ hs. (87)

Using (87) in (86) and differentiating provides:
2

H
P = = Phy, = H* = Phi+Ph = 2H [H (88)

1
= PR +PW+P" hy+ P = 2(H) +2H [H]
& PH+2P W +P'hy = 2(H) +2H [H']
& P'hy=2(H) +2H[H"]—Ph —2P'h,. (89)

From (87):
hh=¢+640 = ¢+&[1—¢
20



= h} = 2¢—2&[1—q] and R} = 2[14+¢&,]. (90)

hy = @ +&P = @ +&6[1— ¢

= hy = 2¢q—2&[1—q] and h] = 2[1+&,) . (91)
H = hy+ hs
= H' = hiy+hy and H" = hi+hj. (92)

91) and (92) provides:
(91) and (92) p H = 2[1+6&) + . (93)

Using (90) and (93) in (89) provides:
P'hy = 2(H') +2H RS+ hy) —P[2(1+&)] - 2P

P//h1 B

5 (H')* + H (1 + hf] — P[1+&] — P'hy. (94)

Also, from (88):
Phi+Ph = 2H[H] = P =

2 H [H') - PI,

" (95)

Using (88) and (95) in (94) provides:

B e mngng) - [ e - [P EA

- 7 <2h1)2 = (H)hy+ H Wy + W) hy — H*[L+ &) — 2H (H') By + P (k)" . (96)
Using (88) and (91) in (96) provides:

%hl)? = (H)Yh+H2Q+&)+h by —H*[1+¢&]—2H [H K, + {]Zj] (ht)?

= (H") hy — { ] H[HR, +H[2(1+&)+h5lhy — H*[1 +&]

= H'[H hy — Hh)] + hlll [Hh) — H'h]+H[2((1+&)+hi hy — H*[1 +&]

— H[H'hy — HI) H]:II (H'hy — HE + H2 (14 €) + Wi by — H2[1 4+ €]

= [H'hy — H 1] {H’ — Iﬁq + H[2(1+ &)+ Ry hy — H*[1 +&]

_ hll H'hy — HEP + H[2(1+ &)+ W) by — H(1+6,)] . (97)



Since hy = ¢®+&, [1 — ¢]* > 0, the first term on the right hand side of (97) is non-negative.
Therefore, a sufficient condition for P” > 0 is

H[2(1+&)+h)h —H(1+&)] > 0. (98)
The inequality in (98) will hold if:
H >0 and [2(14&)+hjlhi—H[1+&] > 0. (99)
From (84) and (87):
H = hy+hy = @+&1—q° + & [dpprtup+ égprted

2 ¢rortu (pLV —1) 2
— ¢+ 1—q? -
1 by puts (paV —1) 1-d

_ 1 _ 2

+ doprtulpV —I[1—q° —c(q) [bpprtup+ dyprtral }. (100)

c(q)[orrrtup+ ¢pputeq
g rutypaV — 1]

(100) implies:
H >0 & ¢yputy[pnV —11¢"+¢pprtuprV —11[1—q*
— c(@[orptn (1 —q)+dyputrq] > 0. (101)
Notice from (79) that the inequality in (101), which is Condition 1, ensures 5 > 0.

To analyze the other component of the sufficient condition in (99), notice from (84) and

(87) that:
c(q)[¢rprtu (1 —q) + dgputrq

hs = &lopprtup+oyputrq] = - o ot onV — 1] (102)
Loy o= @ @pitn(L—a) + duputral  c(q)[=dpprtn + oy puti]
’ gty [paV — 1 by putypaV — I
p " (@) [¢rprtu (1 —q) +dyputrq 2 (q)[=drprtn + dyprti]
hy = — - .
- a1 oV — 1] Snontionv -1 %
Also: , , ) , [ ]2
_ 2 o2 oo OpPita o QuPEtLq” T orprtall —g 4
hy = ¢ +&[1—q q + onphts [1—¢] on P . (104)
(84) and (103) imply:
1
20+ &) +hy = 12(¢rprty (pLV — 1) + ¢uputy (puV — 1))

 OpputlpaV 1]
= 2d(q) [Pyt — dpprtu] — " (@) [brprtn (1 —q) + dyputrql}t. (105)
From (84) and (87):
22



_ GuPhty +érpitn
by Py tr
(100), (104), (105), and (106) imply that the second inequality in (99) holds if and only if
Condition 2 holds, i.e.:
[ phted® +opite (1 — )’ {2(épprte (0LV — 1) + by puts (prV — I)]

—2d(q) [pgpute — dpprtul — " (@) [opptu (1 —q) + oy putral}

1+&,

(106)

> [buphte +ppite) {ouprted® lpaV — 1)+ ¢t 1 — g’ [pLV — I
—c(Q)¢rprtu(l—q)+dypatrqg}. W (107)

Condition 2 indicates that 7¥(-) is more likely to be a convex function of ¢ if the lender’s
marginal cost of screening does not increase too rapidly with ¢ (so ¢’(q) is small), ceteris
paribus. Condition 2 also indicates that 7V(q) is more likely to be convex if the lender’s
marginal cost declines with ¢ (so ¢/(¢) < 0) and ¢y /ty is large relative to ¢, /tr, ceteris
paribus. Under these conditions, an increase in ¢ reduces the marginal cost of screening,
induces more entrepreneurs to seek funding for any given sharing rate, and increases the
fraction of H entrepreneurs that apply for funding.
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