Technical Appendix to Accompany “Innovation in Vertically Related Markets”
by Yongmin Chen and David Sappington

Analysis of the Linear Bertrand Setting

Notation
Retail demand function: P(Q) =a—0bQ.
Upstream unit production cost: " = ¢p — a (= initial cost — cost reduction).

Cost of upstream cost reduction: ~ K(a) = £a?.
Downstream unit cost of Di: cf under vertical separation, ¢/ under vertical integration.

Input price: w=cp, —a+ta=cy,—[l—tla, wheret e [0,1].

Vertical Separation in the Linear Bertrand Setting

The equilibrium price in this setting is w + ¢, since U sets L to ensure ¢§ > ¢{ and Bertrand competition
drives the retail price to the level of the highest unit production cost. Because D1 has the lowest unit
production cost, it will produce the entire industry output:

Q() = a—blw+c3). (1)
Recall:
w=c,—[l-t® = w-c" :chf[lft]af[chfas} = ta”. (2)
(1) and (2) imply:
Q() = a—blen — (1 -t)a® +c3]. (3)

(2) and (3) imply that U’s objective is to:

k
Mazimize 5P = [w—c"Q = ta® {a—b [cn — (1 —t) o+ CQS}} —35 (aS)Q. (4)
Differentiating (4) with respect to « provides:

ta®b[l —t]+t{a—blcp — (1 —t)a® +c5]} —ka® = 0

tla — bey, — bes)

& ta—they, —the; = ka® — o bt[l —t] — b1 —t] & P = T (5)
(5) implies that U’s R&D costs will be:
200 _ pa _ paS]2
k (QSB)z _ Kt [a — bep, ch}Q . (©)
2 2{k — 2bt[1 —t]}
Substituting (5) into (3) provides:
b[1 — t]t[a — bey, — bes)
SB(\ — _ 1.8 S
Q) = a—ben —bey + ke — 2bt[1 — ¢]
— bey, — bes k—0bt(1—t — bey, — bes
_ la-ba—ba] (k=201 — f] + be[l — )} = oD [0 = ben — beg] (7)

k— 2bt[1 — 1] k— 2bt[1 — 1]

(4), (5), (6), and (7) imply that U’s profit is:

5P = QS g (aSB)Q _ {tz[a—bch—bcg]} [k —bt(1—1t)] [a — bey, — bes | B kt?[a — bey, — bes)?

k — 2bt[1 — t] k — 2bt[1 — ¢] 2 {k — 2bt[1 — t]}?



2t%[a — bey, — beS)? [k — bt(1 — t)] — kt?[a — bey, — beS]?
2{k — 2bt[1 — 1]}

[k —2bt(1 —t)][a —bep, — be3])? t2a — bey, — bes]?

= = . 8
2 {k — 2bt[1 — 1]}* 2[k —2bt (1—1)] ®)
From (7), the corresponding profit of D1 is:
S _ .S S
sB _ s s sB _ [02—01][k—bt(1—t)] [a—bch—bCQ]
P = [w+; —(w+ep)] Q7 = PR : (9)
From (7), consumer surplus in this setting is:
2 2
758 _ Q[QSB]Q _ bk —bt(1—1t)] [a—bch—bcg] . (10)

2 2 {k — 20t[1 — t]}*

Vertical Integration in the Linear Bertrand Setting

The equilibrium price in this setting is w + ¢l since U sets L to ensure ¢} > ¢!. Because D1 produces the
entire industry output:
gl = Qw+cy) = a—Dbw+c. (11)

The input price in this setting is:
w = cp—[1—tal. (12)
Substituting (12) into (11) provides:
¢ = a—bch—ble,—(1—t)a'] = a—bch —bey, +b[1 —t]a’. (13)
(12) and (13) imply that U-D1 chooses « in this setting to:

2 I

k
:[w+c£—cl—ch+o¢1]q1—§a

k
Mazimize [p— (cn —a’) —cllg — 3¢ 2

k
=  Mazximize [t +cb—cl] [a — beh — bey, 4 b(1 — t)ozl] - 5042. (14)

Differentiating (14) with respect to « provides:

bl —t)[ta’ +cb —cf] +t[a—bej —bep, +b(1—t)a'] —ka' = 0

= ol {k—2bt[1l —t]} = b[1l —t][c} — ] +t[a — bk — bey]

5 tla—bch —bep] + b[1 —t][ch — cf]
RO k— 2bt[1 — 4] ' (15)

(15) implies that U-D1’s R&D costs are:

k{tla — bef — ben] +b[1 — t)ich — cl]}*

(@) = 2 {k — 2bt[1 — 1]}

N |

Substituting (15) into (13) provides:

bt[1 — t][a — bed — bey] + b2[1 — t]2[ch — cf]
k — 2bt[1 — ]

@B = a—bck —be, +



_ m{[k — 20t (1— )] [a — beb — bey] + bt[L — tl[a — bel — be] + b2[1 — 2[ck — f]}

_ [k=bt (1 —t)] [a— bes — ben| + b1 — t]?[ch — cf]
B k —22bt[1 —1] — (17)

(14), (16), and (17) imply that U-D1’s profit in this setting is:

e — t2[a — bed — bep] + bt[1 —t][ch — ¢f] Ll [k —bt (1 —1)] [a—bch —bey]| + b2 [1 — t]2[c] — ]
vl k — 2bt[1 — 1] 2 k — 2bt[1 — t]
k {tla — beh — ben] + b[1 — #][ch — 1]} (18)
2{k — 2bt[1 — 1]} '
From (17), consumer surplus in this setting is:
2
J1B _ é[qIBP _ b{[k: —bt (1 —1)] [a — bel — bch] +b2[1 — t)?[c] — c{]} . (19)
2! 2 {k — 2bt[1 — ¢]}*
Analysis of the Linear Cournot Setting
Vertical Separation (VS) in the Linear Cournot Setting
When it faces input price w{ under VS, D1 chooses ¢7¢ to:
Mazimize 779 = [a—b(q7 + ¢5¢) — wi — ¢7]¢7C. (20)
Differentiating (20) with respect to ¢; provides:
87rfc_ —b[245¢ SCl_wS—¢S = 0 Sc_i_s_s_bsc 21
5 = G [Q1 +Q2]w1 = = q = [a —wi — 7 q5 " |- (21)
0qy 2b
Similarly, D2’s profit-maximizing choice of ¢5, given input price w5, is:
1
¢ = gpla—uf —  ~ bafC). (22)

Substituting (21) into (22) provides:

B = grla—wf —f]- pla-wf - —bd) = 268 = S0 208 — 2 —a+wf +cf]
S g0 = %[a —owd 4w’ — 265 + 5. (23)
Substituting (23) into (21) provides:
= %[a—?warwg—?chrcg]. (24)
(23) and (24) provide:
Q% = g5+ = Slra—wf —uf - f - ). (25)
(25) implies: 1
P(Q%F) = a—bQ% = g[a+wf+w§+c‘f+c§]. (26)



The input prices under VS are:

w' = wi = wi=c,—a’1-t] = w-c" = ta (27)
Substituting (27) into (25) provides:
Q% = %[2(1—2%—!—2&3(1—15)—cf—cg]. (28)
(27) and (28) imply that U chooses « to:
Mazimize [w® — c*]Q% — ga2 = 7;%[Qa —2cp, +205 (1 —t)—cf — 5] — §a2. (29)

Differentiating (29) with respect to a® provides:

2t(1 —
t[gibt]oz Sb[ a—2cp +20° (1 —t)—cf —c5]—ka® = 0
= 2t[1 —t]a® +t[2a — 2c, +2a° (1 —t) — ¢} — 5] = 3bka®
t [2@ — 2, — & — cS]
sc L T C1 G
= 30
-« 3bk — 4[1 — 1] (30)
Substituting (30) into (28) provides:
1 2t[1 —t] [2a — 2¢cp — ¢ — 5
sc S _ .S T~
@ 3p (20— 20—t — 3] 30 30k — 4¢[1 — {]

_ [2a — 2¢;, — ¢ — c5] [3bk — 4t (1 — )] + 2t[1 — t] [2a — 2¢), — ¢ — 5]

B 3b[3bk — 4t (1 —t)]

20 —2¢, — F — 5] [3bk — 2t (1 — )] (31)

N 3b[3bk — 4t (1 —t)] ’

(27) and (30) imply:
WS 12 [2a72chfcffc§} (32)
3bk — 4t[1 — ]
(29) - (32) imply that U’s profit under VS is:
IS¢ — t2[3bk — 2t (1 —t)] [2a — 2¢), — ¢f —025]2 kt? [2a—2ch—cf—c§]2 (33)
v 3b {30k — 4t[1 — 1]} 2 {3bk — 4t[1 —t]}°

(24), (27), and (30) imply:

1 1 t[1 =] [2a — 2¢p, — ¢f — 5]
sc _ 1. St _ o988 _ Lo o8, 8 1 —C3
@ =g [@a—cp+a’[l —t] —2¢] + ¢5] % [a —cp —2¢] + 5]+ 3 [30F — 4 (1= 1)

la —cp —2¢f + 5] [3bk — 4t (1 — )] + ¢[1 — t] [2a — 2¢;, — ¢f — 5]

- 30 [3bk — 4t (1 — ¢)]

e —cp] [3bk — 2t (1 —t)] — ¢f [6bk — Tt (1 — t)] + ¢5 [3bk — 5t (1 — ¢)] ”
B 30 [3bk — 4t (1 — t)] ‘ (34)




Similarly, (23), (27), and (30) imply:

t[1 — 1] [2a — 2¢p, — ¢f — 5]
3030k — 4t (1 — )]

1 1
q‘gc = %[Q—C;L+QS[1—t]—2C§+Cf] = %[a‘_ch_2c§+cf]+

[a — cn) [3bk — 2t (1 — t)] — c§ [6bk — Tt (1 — £)] + ¢ [3bk — 5t (1 — )]

= . 35
3b [3bk — 4¢ (1 — t)] (35)
(27) and (30) imply:
t[1 — ] [2a — 2¢;, — ¢f — 5]
sc i
_ 36
v ch 30k — 4¢[1 — {] (36)
From (20):
¢ = la-0Q% —w® —¢f]gf?  and 3¢ = [a—bQ% —w¥ —3]g5, (37)
where Q° is defined in (31), w* is defined in (36), ¢f is defined in (34), and ¢5 is defined in (35).
From (31), consumer surplus in this setting is:
2 2
75C _ Q(QSCV _ [20—2¢p — ¥ — 3] [3bk — 2t (1 — )] . (38)
2 18b [3bk — 4t (1 — t)]?
Vertical Integration (VI) in the Linear Cournot Setting
From (22), D2’s profit-maximizing output given input price w? is:
1
¢ = gpla—w'—c;—bg®). (39)
U-D1 chooses ¢{¢ to:
Mazimize TS = [w! — "¢ +[a —b(qi® +¢1C) — c* — l]¢lC. (40)
(40) implies:
onrg " 1 "
[f = a—2bg1% —bgl¢ —c* —cl =0 = ¢ = —Ja—c* -l —bgl). (41)
0q; 2b
Substituting (41) into (39) provides:
1 1 3 1 .
@c = %[a —wy — i) — @[a —ct =l —bgl€] = Zqéc = @{Qa — 2wl —2ck —a+c* 4}
1
= ¢ = A [a — 2w’ +c* —2¢) +cf] . (42)
Substituting (42) into (41) provides:
ic 1 U 1 1 U I I 1 U I I U I I
¢ = Q—b[a—c —cl]—@ [a—2w' +¢" —2c,+¢i] = % [3a — 3c* — 3c{ —a+ 2w’ — " + 2c) — cf]
1
= ¢ = %[a—Qc“—l—wI—Qc{—Fcé]. (43)
(42) and (43) imply: ]
QMY = a"+a = HRa—c" v~ -c. (44)
Recall from (27) that for given upstream cost reduction a:
w! = ¢ —[1 - t]o (45)



Substituting (45) into (42) and (43) provides:

1 1

ql¢ = %[a—2(ch—a)+ch—(1—t)a—20{+c£]: %[a—ch—ZC{—i—cé—f—(l—i—t)a]. (46)
1 1

¢¢ = %[a72(ch7[lft]a)+chfa720£+cﬂ = %[a70h720£+c{+(172t)a]. (47)

(46) and (47) imply:

1
Q¢ = %[2(1—20;1—0{—05—&—(2—75)04]. (48)
(48) implies: 1
PI% = p(Q'%) = a—bQ° = sla+2e +eit+e—(2-1)al. (49)

(49) implies:

1 1
PI¢ v = g[a+20h+c{+c§—(2—t)a]—ch—i—a—c{: g[a—ch—Qc{—l—cé—i—(l—i—t)a]. (50)

Substituting (45) — (47) and (50) into (40) implies that U-D1 chooses « to:

t 1 k
Magzimize TILS (o) = - l[a—cn—2ch+cl +(1—2t)a] + %[a—ch —2cl 4+ +(1+t)a)? - 5052. (51)

3b
(51) implies:
tall — 2t t
HIUCl/(O‘) _ M 4+ [a—ch —2ck+cl+(1 *215)04]
3b 3b
2[1 + ¢

%% [a—cn—2c] +ch+(1+t)a] —ka = 0

= 3tall—-2t]+3t[a—c,—2ch+cfl+(1—2t)a] +2[1+t]la—ch —2c] + b+ (1+t)a] = bka
= 3tla—cp—2ch+ci] +2[1+t][a—cp—2c] +cb] = a{9k—6t[1 —2t] — 2[t* + 2t + 1]}

L O 3tla—cn—2ch+cf] +2[1 +t]la—cp — 2c] + ) (52)
9bk — 2[1 + 5t — 5t2] ’

since
6t[1 —2t] +2[t> +2t +1] = — 106> + 10t +2 = 2[1 + 5t — 5t2].

From (48):
Q¢ = %[2(1—20;1—c{—c§+(2—t)ajc], (53)

where a!“ is as defined in (52).

(51) implies:
tOZIC

HIC —
U1l 3b

1 k
l[a—cn —2ch + el + (1 —2t) '] + %[a—ch—2c{+c£+(l+t)o/c]2—§(aIC)Q, (54)

where af is as defined in (52).

Consumer surplus in this setting is:
b

where Q' is as defined in (53).



Analysis of the Linear Demand, Quadratic Cost Setting with Product Differentiation

Consider the setting in which the welfare of a representative consumer that consumes ¢; units of D1’s
retail product and ¢, units of D2’s retail product is:

~ 1
Ular, a2) = alar +¢] - 55 [(ql)2 + (@)2} — dqige, (56)
where 8 > §. Also assume that U’s cost of reducing upstream unit cost by « units is:
k
K(a) = 5042. (57)
The regulator sets the access price:
w = cp—atta = ¢ —[1—t]a (58)

Differentiating U(-) provides consumer demand functions:

_ou() _ s R
Pi = o =G Bgi—dq; = ¢ = B[a pi — 0g;] . (59)

(59) implies:

¢ = ;[a_pi]—[a];[a—pj—(SQi] = g [1—52} = %{B[a—pi]—d[a—m]}

B 8 B
I {ﬂzl_y} (8 ) — Bpi+0p;) = a—bpi +dpy, (60)
where: [ﬁ 6] . 3 5
— o
a = 762_62; b = ‘52_52§ and d = 3252 (61)

The downstream unit cost of production for Di is ¢;(L). U chooses L at the same time it chooses o. The
downstream cost structure is:

caa(L) = ¢g+cL and (L) = ¢+ [l — L], where¢, = ¢ =c. (62)

w] will denote the effective access charge faced by downstream producer D¢ under regime r in this “LQD
setting” for ¢ € {1,2} and r € {5, I}.

Vertical Separation (VS) in the LQD Setting

From (60), downstream competition under VS can be modeled as firm Di choosing p; to maximize:

™ (pis pj) = [pi —wl — Flailpi, pj) = [pi —wf — ¢l la—bp; + dp;]. (63)

(60) and (63) imply that firm Di’s profit-maximizing choice of p; is determined by:
or? ()

1
Tp = [pi —w; fcf}[fb]JrafbpiqLdpj =0 = p = 2—b[a+bwf+bcf+dpj]. (64)

(64) implies that the equilibrium retail price of Di under VS (given w; and w;) is:

1 d] 1
PP = Qb[aerwarbcﬂJr{%}%[aerwarbchrdpf]

d? 1
S S S S S
1
= p = [4b2 - d?] {12b+ d] a + 2b°[w] + '] + bd[w§ + ]} . (65)



Substituting (65) into (60) provides:

b
S = a- {M] {126+ d) o+ 26[w? + cf) + bd[w$ + ]}

+ [M} {20+ da +20*[w] + ] + bd[w] + ¢]]}
= |5 [ {4 = d® —b(2b+d) +d (2b+ d)] a — [26° — bd*][w] + '] — [b*d — 26°d][w] + ]}

= |———| {12b* + bd]a — b[26* — d®][w} + ¢}] + b2 d[w] + 5]}

I {[2b+ dla — [2b* — d*|[wf + ¢f] + bd[w] + 3]} (66)

(66) implies:
b

Q° = @+ = Lbz_dz] {2[2b+d]a—[2b2—bd—dQ}[wiS+cf+wf+C}q]}

_ [b[2b+ d]

de} {2a — b= d][w] + ¢ +w] + ]}, (67)

S
(67) implies that as long as 8;2 =57 =0

oL

aQ°  9Q"8 [acf] L 0@ lacf

dL ~ dc; acS | oL

bo—d)] [acs  oc
_[Qb—d]{aLJraL} =0 (68)

The last equality in (68) holds because w = 0, by assumption.

Under VS, U chooses a® to maximize:

k 2
I (a%) = [w— (e —a”)lef + @3] - K(a®) = ta®Q” — 3 (@) (69)
Furthermore, under VS:
s s s dw; .
wy = wy = ¢, —[1—tla® = Tas = —[1—-t fori=1,2. (70)

S S
Qwy Qws)

(70) implies that when U chooses L and o simultaneously, 7= = %7 = 0. Therefore, (68) and (69)
imply that U is indifferent among all L € [0, 1] under VS. We will assume that, when indifferent among all
L e0,1], Usets L = % when downstream costs are as specified in (62) (perhaps to respect laws or customs
against discrimination).

Differentiating (69) provides:

St S S SdQS S
M(0%) = Q% + 1" T — ko, )
(67) and (70) imply:
Q¥ bbb —dd{w] +w5} _ 20[b—dJ[1 -] )
da — 2b—d  doS - % —d

Substituting (67) and (72) into (71) provides:

2btalb — d)[1 — ¢

S —
T ko 0. (73)

bt
Iy (a¥) = [%d} {2a — [b— d][w] + ¢ + w5 + 5]} +



Solving (73), using (70), provides:

2abt — bt[b — d][wf + ¢ + w5 + c5] + 26t b — d|[l —t] = ka® [2b— d]

= 2bta — bt[b —d|[c] + 5] = 2bt[b—d][ch — (1 —t) ] — 2bt[1 — t]a[b — d] + ka® [2b — d]

= 2bta — 2bt[b — d]cy, — bt[b — d][c] + 5] = o {=20bt[1 — t][b— d] + k [2b — d] — 2bt[1 — t][b — d]}

s _ bt {2a — [b— d][2c, + cf + 5]}

- k26— d] — 4bi[1 —f][b— d]

Vertical Integration (VI) in the LQD Setting
Under VI, the effective input prices faced by D1 and D2, respectively, are:

wh = ¢ —al and wl = ¢, —[1-t]a!

From (64), the profit-maximizing price for D2 given D1’s price is:

I

Py = — a—&—bwg—i—bcé—&—dpﬂ.

2 |
Using (60), the integrated firm, U-D1, chooses p; to maximize:

7, = [wi —wilgs(ps, pi) + [p1 — wf — ctlai (p1, p5)
= ta! [a — bpl + dpﬂ + [p! —wl — ¢l [a —bp! + dpz]
Differentiating (77) with respect to p; provides:

1
tald —blpl —wl —c]+a—tpl +dpl =0 & pl = %[
Substituting (76) into (78) provides:

1 d| 1
pl = 5% [a+ bw{ + bl +ta'd] + [Qb] % [a + bw] + bl + dpi]

d? 1

= pl [1—%2} = @{Qb[a—i-bw{—i-bc{—l-tafd] —l—d[a—i—bwé—i—bcﬂ}
1

= pl = [41)2 dQ] {[2b + d]a + 2bta’d + 2b*[w] + ci] + bd [w} + 5] } .

Substituting (79) into (76) provides:

1 1
ph = 5% [a + bws + bej] + % {4b2 dz} {[2b + d]a + 2bta’ d + 2b*[w{ + ci] + db [w} + 5] }
1 1
= 5 [M} {[46® — @*] [a + bw) + bed ] +d ([2b + d]a + 2bta’ d + 26%[w] + cf] + db [w] + c3])}

1
{%2 d2} {[4b” + 2bd]a + 2bta’ d® + 2b%d[wi + ci] + ([4b* — d®] b+ bd®) [wh + 5]}

1
2b
— LbQ } {12b+ dla + ta’d® + bd[w] + ci] + 2b* [w} + cb]}.

a—&-bw{—kbc{—&-to/d—&—dpﬂ .

(74)

(79)



(60), (79), and (80) imply:

I 1

¢ = a—bpl +dpl = L%Q ﬁ]{H#—dﬂa—bﬂ%+dh+2wwd+2§m{+cﬂ+mﬂw§+ép

+d ([2b + dla + ta’ d* + bd[w] + cf] + 26 [w] + c1])}

= { i } {[4b® — d* — 2b? — bd + 2bd + d*] a — ta'd [2b% — d?] — blw] + cf] [26% — d*] + b%d [w] + cb]}

= [ 1_ } {[2b+ d)ba — ta'd [2b* — d®] — b 26 — d°] [w{ + cf] + b°d [w] + 3]}
(81)
(60), (79), and (80) also imply:

1
@ = a—bpl+dpl = [41)2 dQ} {[46* — d?] a — b{[2b+d]a + tad® + bd[w] + ci] + 2b° [w] + c5]}

+ d{[2b+d]a + 2bta’d + 20 [w] + cf] + bd [w] + cb]}

= {41)2 ! dQ} {[4b® — d® — 20 — bd + 2bd + d*] a—ta'bd?[1 — 2] — b*d[1 — 2][w] + ] — b[2b* — d*] [w] + c3]}

= { ! }{[2b+d]ba—|—to/bd2+b2d[w{+c{]—b[2b2—d2] [w} + 5]}

4h2% — d?
(82)
(81) and (82) imply:
1
=q +q¢ = 2|12b+d|ba —ta ' d |2 —
Q! S Y b+ d]b L [2b* — bd — d?
— [2b? — bd — d*] b[w] + ¢l] — [2b% — bd — d*] b [w] + cb]}
1
— [de} {2ba — [b—d]ta’d + b (w] +cf) + b (w5 + c})]}- (83)
(75) and (83) imply:
dQt b—d dw{  dwi] [b—d _[b—d][2b—t(b+ d)]
= [Qb_d] [td—i—b b2 = o —b—b(1-1)] = e . (84)
From (77), U-D1 chooses « to maximize:
1 2
(o) = ta!gd +[pl —cn +a' —cllgf — §k ()" (85)
Differentiating (85) with respect to « provides:
dqb d d,
' (al) = tq§+ta1$+[p{—c +af —cl]d'hI +q [dpll +1} ko (36)

(81) and (75) imply:

dq{ 1 2 2 2 zdw1 zdw2
g [W dz]{_td[%_d}_bpb O L

1 1

4h2 —

_ |:4b2 :| { td [2()2 d2] +b [2[)2 _ dQ] _de[l—t}} = |: :l { td [ d2] +b [2b2 . dg] _bgd}

10



1 b—d
= Lbz } {~td [b* — d’] +b[2b+ d][b— d]} = [4172] (b2b+d) — d b+ d] t}.
(87)
(82) and (75) imply:
L‘é _ 1 2 2 ,dwi _ 2 2 diwé
dao! - {4b2—d2} {bdterdda b[Qb d]dozl
1 1
= [4b2 } {bd?t — b?d + b[26* — d*][1 — ¢]} = [W } {—2bt[b* — d*] + b[2b> — bd — d*]}
S {—2bt]p” — d*] + b[2b + d][b—d]} = b= d 5| {6120 +d] —2b[b + d]t}.
4% — d? 4b2 _
(88)
(79) and (75) imply:
dpi 1 , [dw! dw!
dal {452—d2:| {2btd+2b Tl + bd Tl
_ b _ b[3dt —2b —d]
= [41)2 —dQ} {2td —2b—d[1 —t]} = TCI (89)
(89) implies:
dpi 1= b[3dt —2b—d] +4b*> —d®  20* —bd —d* + 3bdt  [2b+ d][b — d] + 3bdt (90)
dal B 4b? — d? B 4h2 — d? N 4b? — d? '

(75) and (79) imply:

I

pl—cn+al —cf = } {[2b+ d]a + 2btal d + 20*[c, — ' + ¢!]

_t
4% — 2
+ bd [ch — ol (1 —1t) +co] — [46% — d?] [en — " +cf]}
1
— [41)2 d?] {[2b+ dla + 2bta’d — 20*a’ — abd [1 —t] + o [4b? — d°]

+ep, (20% + bd — [46% — d?]) — [4b? — 20 — d?] cf + bdc}}

1

[W dQ} {12b+dla+ o' [3btd — bd — 26 + 4b* — d°] — ¢}, [2b® — bd — d°] — [20* — d?] cf + bdcj}

[ 1 d2] {[2b+ dla+ ' [(2b + d)(b — d) + 3btd] — ¢y [26° — bd — d°] — [20° — d®] ¢f + bdes}.  (91)

Substituting (81), (87), (88), (90), and (91) into (86) provides:

t
4p% — d?

I, (! = [ } {12b+ d] ba + ta'bd? + b2 d[w] + cI] — b[2b* — d°] [w] + cb]}

+ ta! {4{)2 d }{b[zb+d]—zb[b+d]t}+ {4()21 dQ} (12b + dla + o [(2b + d)(b — d) + 3btd]
— ¢ [2b% — bd — d?] — [2b® — d*] c1 + bdc} [4;2 dQ}{b[Qb—i—d]—td[b-i—d]}

11



1
v | (20 b sl P ] b P ] o o]

(20 +d)(b—d) + 3bdt]
b2 — @2

+b%d [w) + c5]} kol =0 (92)

& t[4b? — d?] {[2b+ d] ba + ta’bd® + b d[w] + cf] — b[2b* — d?] [w] + c3]}
+ t [46* — d?] [b— d] {b[2b+ d] — 2b[b + d] t}a'

+[b — d) {b[2b + d] — td [b+ d]}{[2b + d]a + o’ [(2b+ d)(b — d) + 3btd]
— ¢, [26% — bd — d°] — [2b® — d?] 1 + bdco}

+{[2b + d] ba — ta'd [2b* — d*] — b [20* — d*] [w] + c]]

+ b%d [wh + cA]} [(2b + d) (b — d) + 3bdt] — ka' [40* —d?]® = 0 (93)

& t[4b* — d?] {[2b + d] ba + ta'bd? + b2d[cy, — af + cf] — b[2b* — d®] [, — ' (1 —t) + ]}
+ ¢ [4b% — d®] [b— d] {b[2b+ d] — 2b[b + d]t}a’ + [b— d] {b[2b+ d] — td [b + d]}{[2b + d]a

—cp [26% — bd — d?] — [2b% — d*] ¢f + bdea} + [(2b + d) (b — d) + 3btd] [b — d] {b[2b + d] — td [b + d]}a’
+ {[2b+ d] ba — ta'd [26* — d*] — b 26 — d®] [cp, — &' + ]

+ 0% [en — ol (1= ) + ]} [(2b+ d) (b — d) + 3bdt] — k [46* — d*] @l = 0 (94)

& t[4b? — d?] {[2b + d] ba + bd[cy, + cf] — b[26% — d*] [ef, + ch]}
+[b—d] {b[2b + d] — td [b+ d]}{[2b + d]a — cp, [2b7 — bd — d*] — [2b> — d*] ¢; + bdch}
+{[20 + d] ba — b [26% — d] [en + cf] + b%d [c + 3] } [(2b + d) (b — d) + 3bdt]
+ t [4b? — d?] {tbd® — b%d + b[2b? — d][1 — t]}al + ¢ [4b® — d®] [b—d] {b[2b+ d] — 2b[b+ d] t}a’
+ [(2b 4 d) (b — d) + 3btd] [b — d] {b[2b + d] — td [b + d]}a’

+ [(2b4d)(b — d) + 3bdt] {b [2b* — d*] — td [2b> — d°] — b*d[1 — t]}a’ — k [4b® — d2]2 ol =0 (95)
s o= — %, where (96)

G = t[4® —d’] {[2b+ d]ba — b[2b+ d] [b — d] cp + b>dey — b[2b* — d®]ch}
+ [b—d]{b[2b+d] — td [b+ d]}{[2b+ dla — cp, [2b + d][b — d] — [2b* — d*] c1 + bdcj}
+ {20+ dJba — b [20* — d°] [ep, + ] + b*d [en + 3]} (20 + d) (b — d) + 3bdl] (97)

and:

H = t [46° — d®] {tbd® — b%d + b[26> — d)[1 — ]} — k [4b* — ¢?]

+ t[40* — d?] [b—d] {b[2b+d] —2b[b+ d]t} + [(2b+ d)(b— d) + 3btd] [b— d] {b[2b+ d] — td [b+ d]}
+ [(2b+d)(b— d) + 3bdt] {b [2b° — d*] — td [2b> — d°] — b*d[1 — t]}. (98)
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Notice that:

tbd® — b*d + b[20* — d*|[1 — t] + [b— d] {b[2b + d] — 2b[b + d] t}
= thd® — b%d + 2b% — bd* — 2%t + bd>t + [b — d][2b% + bd — 2b%t — 2bdt]
= 2b° — b%d — bd® — 263t + bd®t + bd*t + 2b° + b?d — 2b7d — bd? — 2b°t — 2b2dt + 2b*dt + 2bd°t
= 4b® — 2b%d — 2bd* — 4b3t + 4bd*t = 2b[2b* — bd — d?] — 4bt[b* — d*] = 2b[b — d]{2b+d — 2t[b+ d]}. (99)
Further notice that:
[b—d] {b[2b+d] — td [b+d]} + b [26> — d*] — td [2b> — d°] — b*d[1 — ¢]

= [b— d][2b* + bd — bdt — d*t] + 20> — bd? — b>d — 2b%dt + b*dt + d°t
= 20 + b2 d — 2b%d — bd® — b?dt — bd’t + bd*t + d*t + 2b° — b*d — bd® — 2b%dt + b*dt + d°t
= 4b® — 2b%d — 2bd* + t[-2b%d — 2d°] = 2b[2b* — bd — d*] — 2dt[b* — d?]
= 2b[2b% — bd — d?] — 2dt[b* — d*] = 2[b— d]{b[2b+ d] — dt[b+ d]}. (100)
(98), (99), and (100) imply:
H = [4b* — d?] {t2b]b — d][2b+ d — 2t(b+ d)] — k [4b> — d°]}
+ 2[b—d] [(2b + d) (b — d) + 3btd] {b[2b + d] — dt[b+ d]}. (101)
(75) and (77) imply that when L and o are chosen simultaneously (so %% =0):
aHIUl I | 3‘15 I I 3‘11 I 310{
oL @ {6[/ +[p1 — wi —ci] aL | T4 a0 | (102)
From (81), since %Ci = ac"’ by assumption:
dqi 1 5 ,0ck 5 90t 20 +bd — d*] dcf b+d] dct
aw ~ lwoae) "der T gy = M Tw—e | T Umrd) ar
(103)
From (82):
dq5 1 5 0ct 2 2068 202 +bd—d*] Ol b+d ] dct
or ~ |wr—a)| Ul "M —dlgry =t T o T Ywrd) oL
(104)
From (79):
opl 1 9 801 80£ B 2b—d ] dcf b dct
o = |\w—e)\* |en) M)y Tt lwoe) o T |mra) o 1Y)
From (91):

I I I
by —wy—¢

From (75) and (81):

13
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I

g = {Wl_dz} {126+ ) ba—tald [26° — d?] —b [267 — @] [en—at+cl]+52d [en — (1 — ) o’ +cL]}. (106)

(102) — (106) imply:

o, oct 1 I b[b + d] b
oL {BL} [QbﬂJ {to‘ otd = et [4b2 d2} Z“’} (107)

where:
Zy = [2b+dla+a[(2b+d)(b— d)+ 3btd] — c; [20* — bd — d*] — [26% — d*] c](L) + bdcj (L), and (108)
Zy = [2b+d]ba—tad [26* —d®] —b[2b° — d*] [en — a+cf(L)] + b?d [cn — (1 —t) a4+ c5(L)] . (109)

From (108) and (109):

0% _ g g [04 02 _ e 1 [2] g [0
5L [2b d]{BL and  ——= = b[20° — d?] AEdrAR (110)

(107) — (110) imply that when (62) holds (so %L%; =0):

P, [0d ’ 1 bo+d] o o b 2 2
o1z LM} [2b—|—d} {4b2—d2 [26° -] - {4192 d2] [b (20 d)“’d]}

2 b+ d] [26% — d?] — 021267 — d® + bd] = bd [26° — d?] —bPd = bd[b® —d?] > 0. (111)

(111) implies that when (62) holds, I, is a convex function of L. Therefore, U will either set L = 0 or
L=1.

From (97), define:
G(L) = t[4® — d*] {[2b+ d]ba — b[2b + d] [b — d] ¢}, + b*def (L) — b[2b* — d°]ch (L)}

+ [b—d] {b[2b + d] — td [b+ d]}{[2b+ d]a — ¢}, [2b + d]|[b — d] — [2b* — d*] c](L) + bdei (L)}
+ {20+ d]ba — b[26* — &] [ey, + c1 (L)] + b*d [en + c3(L)] } (2 + d) (b — d) + 3bd] . (112)
Also, using (96), (101), and (112), define:
(L) = — 2. (113)

Using (75), (81), and (113), define:

dr) = [ T ! d2} {12b+ d] ba — tda' (L) [20* — d?]

— b[20* = d?] [en — &' (L) + c{(L)] + b*d [en — (1 —t)a! (L) + c4(L)]}. (114)
Similarly, from (75), (82), and (113), define:

(L) = [4{)21_(12} {[2b + d] ba + tbd*a’ (L) + b2d[c;, — o' (L) + ¢l (L)]

—b[2b* — d?] [en, — (1 —t)a’ (L) + ch(L)]}. (115)

Also, from (75), (91), and (113), define:

pl(L) —cp +al(L) — (L) = [41)21 d2]{[2b+d]a+a1(L)[(2b+d)(b—d)+3btd]

14



—cp [20* —bd — d?] — [26% — d*] (L) + bdcj(L)}. (116)

Using (77) and (113) — (116), define:

k 2
M5y (L) = ta!(L)as(L) + [p1(L) = en + o’ (L) = e1(D)] g1 (L) = 5 [a' (L)] (117)
(111) and (117) imply that U’s profit-maximizing choice of L is:
L' = argmax II{,,(L). (118)

Le{0,1}
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