Distributions and Operators

for Theoretical Physicists

Sergei V. Shabanov

Department of Mathematics, University of Florida,
Gainesville, FL 32611 USA

(© 2023 Sergei Shabanov, All Rights Reserved






CHAPTER 1

Integration in Euclidean spaces

1. Riemann integral in Euclidean spaces

1.1. Euclidean spaces. Elements (vectors) of a real (or complex) Eu-
clidean space RY (or CV) are denoted by Roman letters, e.g., z, v,
etc. They are ordered N—tuples of real (or complex) numbers, z =
(21, Tg, ..., zx). Components of x are labeled by i or j. The inner (dot)
product and the norm (length) are defined, respectively, by

(x>y):ZxZE> |l’|: V(l’,l’)

where Z denotes the complex conjugation of z. Unless stated otherwise,
Einstein’s summation rule over repeated indices will be used through-

out the text:
N N
def
DY Aimiy; = Aiiy;

j=1 i=1

1.1.1. Cauchy sequences in RY. Indices n or m are used to label el-
ements in a Euclidean space. In particular, a sequence of points is
denoted by {z,}{° or simply {z,} (by default, the index enumerat-
ing elements of a point sequence ranges over all positive integers). A
sequence {z,} is said to converge to z if

lim |z, —x| =0

n—oo
and in this case, one also writes z,, — x. It follows from the inequality
|2 — x| < |2, — 2|, where z,,; and x; are the j™ components of vectors
x, and x, respectively, that x,, — x in RY if and only if the sequences
of components converge to the corresponding components of the limit
point, ,; — x; in R for every j =1,2,..., N.

A sequence {x,}5° is called a Cauchy sequence if

|ty —zm| — 0 for n,m — oo

In other words, the distance |z, — z,,| can be made arbitrary small
for all sufficiently large n and m. The Cauchy criterion states that a
sequence in a Fuclidean space converges to some point if and only if it
1s a Cauchy sequence.
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1.1.2. Basic sets in a Euclidean space. A collection of all points whose
distance from x is less than a > 0,

Bu(z) ={y e RY ||z —y| < a},

is called an open ball of radius a centered at x. For brevity, B,(0) = B,.
A set Q is bounded if it lies in a ball of sufficiently large radius, 2 C B,.

A neighborhood of a point z is B,(z) for some a > 0. A point z in a
set () is called an interior point if there exists a neighborhood of x that
lies in Q, B,(z) C Q for small enough a. A point z is called a limit
point of € if any neighborhood of x has a point of €2 distinct from x.
Clearly, a limit point of €2 may or may not be in 2. For example, the
limit points of an open interval (a, b) form the closed interval [a, b]. A
set that contains all its limit points is called closed. The set obtained
from Q by adding all its limit points is called the closure of €2 and will
be denoted by Q. The reader is advised to show that the closure is
closed. The closure € is the smallest closed set that contains ).

An open boz R in RY is a collection of points whose coordinates
span open bounded intervals, a; < x; < b;, j = 1,2,..., N. For brevity,

R = (al,bl) X (ag,bg) X oo X (aN,bN) .

A box is closed if all intervals are closed.

A collection of all interior points is called the interior of  and will
be denoted by €2°. The interior of €2 is the largest open set that lies in
). By the Cauchy criterion, any Cauchy sequence in ) converges to
a limit point of 2. So, the closure of € consists of limit points of all
Cauchy sequences in ).

The set Q¢ = RV\Q is called the complement of Q. The complement
of a closed set is open (a proof is left to the reader as an exercise).

1.1.3. Heine-Borel theorem. Let ) be a bounded and closed set in RV,
Suppose that a collection of open sets {U,} labeled by an index a is
such that their union contains €2

QCUUQ

Then there exists a finite sub-collection such that the union of open sets
from it also contains 2. The statement is known as the Heine-Borel
theorem?.

Lsee, e.g., W. Rudin, Principles of mathematical analysis, Chapter 2
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In particular, any set €) is covered by the union of open balls of
radius a > 0 centered at every point of €2

Qc | Ba(x)

el

If Q0 is closed and bounded in R, then, by the Heine-Borel theorem,
one can find a finitely many points in €2 such that the union of open
balls centered at these points contains €2:

Q=Q, QcBr = Qc|JBal)

J=1

for any a > 0 and some {z;}}_;.

Let us show first that the theorem holds for a box. Without loss
of generality, let {2 = Iy be a closed cube with side of length L and let
the origin be its center so that the coordinates of points in the cube
range over the intervals, —% < x; < % Let {U,} be an open cover
of Iy. Suppose there exists no finite subcover of Iy. The cube Ij is
the union of 2V cubes with edges of length % At least one of these
cubes, denoted I, must be covered by uncountably many U,. The
argument can be repeated. The cube I; is the union of 2V cubes with
edges of length % and at least one of them, denoted I, is not covered
by the union of finitely many U,. By repeating the argument over and
over, a sequence of cubes is generated such that I,,.; C I,,, n =20,1, ...,
each I, is not covered by the union of finitely many open sets U,, and
|z —y| < LvV/ N2~ for any two points z and y in I,.

Next note that there exists a point z that lies in all I,,. If N =1,
then I,, = [an,b,) where {a,} and {b,} are monotonically increas-
ing and decreasing sequences, respectively. Since the sequence {a}
is bounded, say, by by, it has a limit equal to z = sup{a,}. On the
other hand, z < b,, for any m because a,, < b, for any n and m. This
implies that z lies in any interval I,,. If N > 1, then the same argu-
ment can be applied to every coordinate of any point in I,. If the j*
coordinate of points in I,, takes values in the closed interval [a;n, bjy],
then z; = sup, {a;,}, and z lies in every I,,.

Now it is easy to see a contradiction. Take any U, that contains z.
Since U, is open, one can find an open ball B.(z) that lies in U,. On
the other hand, the diameter of I, can be made arbitrary small with
increasing n. Therefore for all n large enough, I,, C B.(z) C U, (if
VNL2™" < 2¢), which means that I,, is covered by a single U, and,
hence, a contradiction.
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Finally, let Q be bounded and closed in R". Then it lies in a cube
I with a large enough edge. Let {U,} be an open cover of Q. The
complement Q° is an open set. Then the collection {U,} and Q¢ is
an open cover of I from which one can select a finite subcover of [
and, hence, of Q2. If Q¢ belongs to the selected subcover, then one can
remove it from the subcover and still get a finite subcover of €2 because
Q and €2 have no common points. This completes the proof of the
Heine-Borel theorem.

1.1.4. The boundary of a set. The boundary of € is the difference be-
tween the closure and interior of €2:

90 =0\ Q°

1.1.5. A region in RY. A wector function is a vector-valued function
on an interval, x; = z;(t), a <t < b, i = 1,2,..., N, or, for brevity,
x = z(t). A vector function is continuous if every component of x(t)
is continuous. A continuous vector function is also called a parametric
curve in RY (think of a trajectory of a point-like particle if ¢ is a physical
time). A set Q is connected if any two points in it can be connected by
a parametric curve that lies in ). A connected open set will be called
a region and the closure of a region will be called a closed region.

1.1.6. A neighborhood of a set. The union of open balls centered at all
points of a set 2 is called a neighborhood of 2. By construction, a
neighborhood of €2 is open. In what follows, if all balls have the same
radius a, then the corresponding neighborhood is said to have radius
a. For example, a neighborhood of a closed ball |z| < R is an open ball
|z| < R+ a.

1.1.7. Distance between sets. A distance between sets A and B is de-
fined by
d(A,B)= inf |z—y].

z€A,yeB
Let 2 be a region and let x is not in 2. Suppose that the distance
between x and €2 vanishes

d(Q, x) :;2£|y—x| =0.

Then z belongs to the boundary of €. Indeed, take a point y; in €2
and put a = |y; — z|. Then one can find a point y, in € such that
ly2 — x| < 5. By repeating this procedure a sequence of points y,, in 2
can be obtained such that |y, —z| < a27". This means that x is a limit
point of Q. Since € is open, x must be in the boundary 992 = Q \ Q.
Furthermore, d(£2, z) > 0 if and only if  does not belong to the closure
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Q, or, in other words, x lies in the complement of Q. Note that d((2, z)
is a continuous function of . By the extreme value theorem, if A is a
closed and bounded set, then there exists a point z, in A such that

d(Q, A) = d(Q, ) .

1.1.8. A proper subset of a region. A bounded set ' is said to be a
proper subset of a region ) if its closure lies in 2, Q' C Q. A proper
subset has a characteristic property that the distance between it and
the boundary 02 does not vanish:

(Y, 09) > 0.

The boundary 0 is a closed set (it can be viewed as the intersection
of two closed sets, Q and the complement of €2, which is closed because
Q) is open). If Q is bounded, then its boundary is also bounded and, in
this case, there exists x, € J¢) such that

(Y, 09) = d(SY, z.) > 0

because z, is not in Q and, hence, cannot be in ' C Q. If Q is
not bounded, then its boundary can be unbounded too. In this case,
consider the part of the boundary 0f) that lies in the closed ball of
radius R, 0Qr = 002 N Bg. Then 0Qx is closed and bounded for any
R > 0. Since ' is bounded, one can take R large enough so that Bp
contains €' and

A(Y,09) = d(Y,008) = d(,2,) >0, x.€ Q.

It also follows that for any proper subset Q) of a region € there ewists
a neighborhood of € of radius § > 0 that is also a proper subset of .
Indeed, by the above reasoning, one can take 0§ = $d(,99) > 0.

1.2. Functions on a Euclidean space. A function f : Q C RY — Risa
rule that assigns a unique number f(x) to every point = € €. The sets
Q and f(Q) C R are called the domain and the range of f. If f(x) is a
complex number (the range lies in the complex plane), then f is called
complex-valued. Let y be a limit point of Q. A function f is said to
have a limit A at y if for any sequence {z,,} C €, the sequence {f(z,)}
converges to the number A. In this case, one writes

limf(z)=A or f(zr)—> Aasz—y.

r—Y
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1.2.1. The characteristic function of a set. For any set {2, the function
defined by

1, 2€Q
Xo() = 0, z¢Q
is called the characteristic function of €.

1.2.2. The classes C?(2) and CP?(§2). Let Q be open. A function f is
continuous at a point x € (2 if for any sequence {x, } in 2 that converges
to x, the image sequence {f(x,)} converges to f(z), and f is said to
be continuous on 2 if it is continuous at every point of (2. The class of
all functions that are continuous on 2 will be denoted by C°(Q). The
class of functions whose partial derivatives up to order p are continuous
on Q will be denoted by CP(12).

Let y € 092. For an open (2, f is not defined at any point of the
boundary. Suppose that for any sequence {x,} in Q that converges to
a boundary point y, the sequence {f(z,)} has a limit. In this case, f is
said to have a continuous extension to a boundary point y by the rule

fly) = }Eiggj f(z)

The class of continuous functions on an open set 2 that have a contin-
uous extension to every point of the boundary of {2 will be denoted by
C°(€). Similarly, the class of functions whose partial derivatives are
continuous up to order p on an open set €2 and have continuous exten-
sions to every point of the boundary of Q will be denoted by C?(€2). If
Q = RY or an explicit form of ) is irrelevant, it will be said that f is

from class CP.

1.2.3. Uniform continuity. A function f is said to be uniformly contin-
uous on a set Q if for any € > 0 there exists § = d(¢) > such that

|f(x) — f(y)| <& whenever |x—y|<§

for all x and y in €. In other words, values of the function differ
from each other by no more than ¢ for all points in {2 which lie in a
ball of radius d. Clearly, every uniformly continuous function on €2 is
continuous on §2. The converse is not true. The key difference between
uniform continuity and continuity is that in the latter 0 depends on ¢
and a point at which the function is continuous, § = (¢, y) if f(z) —
f(y) as * — y. It is always possible to find the same ¢ for all points
in Q. For example, f(z) = I is continuous on Q = (0,1). Fix e > 0.
Then |f(z) — f(y)| = |* — y|/(xy) < € always fails for any |z — y| < §
and any ¢ if x and y a close enough to zero.
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The following assertion provides sufficient conditions for uniform
continuity®. Let f be continuous on Q. If Q is bounded and closed in
RN then f is uniformly continuous on €.

1.2.4. Support of a function. The closure of the set on which a function
f does not vanish is called the support of f and denoted supp f:

supp f =D, D ={x|f(x)#0}.
For example, the support of f(x) = sin(x) is R. The support of the
characteristic function of a set €2 is the closure €.

1.2.5. Sequences of functions. A sequence of functions {f,} is said to
converge pointwise to a function f on a set € if for all x € Q

Tim fu(x) = f(x).

In general, the limit function does not inherit properties of terms of
the sequence. For example, f may not be continuous on €2 even if the
terms of the sequence are continuous on (). It is easy to construct an
example. Let fu(z) = 0if 2 < 0, fu(z) = nz if 0 < 2 < 1 and
fa(z) = 1if 2 > L. The limit function is the step function f(z) = 0 if
x <0and f(x)=1if z > 0. It is not continuous at = = 0. A stronger
condition than just a pointwise convergence is required in order for the
limit function to be continuous.

DEFINITION 1.1. (Uniform convergence)

A sequence of functions { f,} is said to converge uniformly to a function
f on a set Q if

Jim sup | fu(z) = f(w)] = 0.

Clearly, every uniformly convergent sequence converges pointwise.
The converse is false. For example, if f,(z) is the sequence defined
above. Then

sup [ fn(z) — f(z)| = 1.

for all n and, hence, f,, does not converge to f uniformly on R. Note
also that the uniform convergence depends on the set. For example, f,
converges to the step function f uniformly on 2 = (—o0, —a) U (a, 00)
for any a > 0. If one thinks about terms of a pointwise convergent
sequence as an approximation to the limit function, then |f,(x) — f(z)]
is an absolute error of the approximation at a point x. The pointwise
convergence means that the error can be made smaller than any positive
number ¢ for all large enough n > m where m naturally depends on &

2W. Rudin, Principles of mathematical analysis, Chapter 4
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and the point x. The uniform convergence means that the integer m
is independent of = so that the error of the approximation is uniformly
bounded by ¢ for all points in €.

THEOREM 1.1. (Cauchy criterion for uniform convergence)
A sequence of functions {f,} converges uniformly on a set Q if and
only

Sup | fu(2) = f(z)| — O

as n, m — oQ.

If {f,} converges to a function f uniformly on (2, then

[fu(@) = fn(0)] < [f(2) = ful@)] + [f(2) = fn(2)]
< sup [f (@) = fulz)| + Sup |[f (@) = fn(2)]

for all x € Q). Therefore
Sup | fo(@) = frn()] < Sup |f(x) = fulz)] + Sup |f(z) = fr(z)]

and the sequence satisfies the Cauchy criterion for uniform convergence.
Conversely, suppose that the sequence obeys the Cauchy criterion.
Since

(@) = fin(2)] < Sup (@) = fin(2)]

the numerical sequence {f,(z)} is a Cauchy sequence for any z in €
and, hence, { f,,} converges pointwise to a function f(x)in 2. By taking
the limit m — oo in the Cauchy criterion first, it is concluded that the
sequence converges uniformly to f on €:
lim Tim sup |fu(2) — fu(2)] = lim sup |fule) — f(2)] =0.
n—oo 9]

n—oo m—oo ()

This completes the proof.
It turns out that the uniform convergence is sufficient for the con-
tinuity of the limit function.

THEOREM 1.2. (Continuity and uniform convergence)?
Suppose that a sequence of continuous functions converges to a function
f uniformly on a set Q). Then the function f is continuous on 2.

Suppose a sequence of continuously differentiable functions con-
verges pointwise to a function f on 2. Two essential questions arise:
(i) Is the limit function continuously differentiable?
(i) If so, can the derivative of the limit function be obtained as
the limit of the sequence of the derivatives of terms?

3W. Rudin, Principles of Mathematical Analysis, Chapter 7
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The answer is negative to both questions. As an example, put

0 , x<0
fule)={ (na)[l— (1 -nz)?], 0<az<?
1 , x>%

Then f, € C*(R). The sequence f, converges to the step function
which is not differentiable at x = 0, whereas f!(0) = 0. The sequence
fn(x) = sin(nx)/+4/n converges pointwise to f(x) = 0 in R. The terms
of the sequence are continuously differentiable infinitely many times
and so is the limit function. However, the sequence of the derivatives
fl(x) = \/ncos(nz) does not converge to f'(x) = 0.

THEOREM 1.3. (Differentiation and uniform continuity)
Let {f,} be a sequence of differentiable functions on |a,b] such that
{fn(c)} converges for some c € [a,b]. If{f} converges uniformly to a

function g on [a,b], then {f.} converges uniformly to a function f on
la,b] and f' = g.

1.2.6. Functional series. Let {f,} be a sequence of bounded functions
on a set ) such that the series of bounds converges:

ZMn < oo, M, =sup|fu(x)|.
Q

Then the series Y, fn(x) converges uniformly on €. Indeed, consider
a sequence of partial sums

sale) = 3 fila).

Then by the Cauchy criterion for uniform convergence 1.1, it converges
uniformly on €2 to a function f because

sup [s,(@) = sa(@)| = sup| D Aile)[ < D M—0

as n > m — 0o because ), M) < oo and, hence, its partial sums form
a Cauchy sequence.

By combining this assertion with Theorems 1.2 and 1.3, the fol-
lowing useful criterion for continuity and differentiability of functional
series can be established.

PROPOSITION 1.1. (Differentiation of a series)
Let {f.} be a sequence of continuous and bounded functions on a set
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Q C RY such that the series of the bounds converge:

ZM < 00, —sup|fn( )] -

Then the following series converges to a continuous function on €):

If, in addition, f, € CY(Q) and partial derivatives are bounded on Q
so that the series of bounds also converges,

Ofnlz )”

ZMij) < o0, M(J) —sup’ 5
Ly

then the function f is from class C1(Q) and

Ofn(z
&BJ &BJ ; Jal@ Z &BJ

This offers a simple criterion for interchanging the order of differ-
entiation and summation in a functional series.

1.3. Smooth boundary of a set in R". The boundary 9 of a set 2 is
called smooth if in a neighborhood of any point, 02 is a level set of a
function from class C*

0N ={zecR"|g(x) =0}

and the gradient of g does not vanish

dg 9y
Vg = (&rl "Oxy &BN) 7 0.

The boundary 0f2 is said to be from class C? if, in addition, g € C?,
p=2

Let x; = x;(t) be parametric equation of a curve that lies in the
level set g(x) = 0. Then the vector v(t) = 2/(t) is tangent to the curve.
Since the equation g(z(t)) = 0 holds for all ¢, its differentiation shows
that the gradient of ¢ is orthogonal to v at any point of the curve:

0= 2 g(a(t) = (Vale(t), v(t))

Tangent vectors to all curves through any point x on the level set
form a tangent plane to the level set through the point z, and, hence,
the gradient Vg(z) is orthogonal to all vectors in this plane. Thus,
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the gradient Vg is normal to the boundary 0S). In particular, a unit
normal to the boundary 0f2 can be defined by

) Vy(x)
n(x) = , x €00
[Vy(z)]
The vector —f(x) is also a unit normal to 9. If f is from class C*(Q),
then
OF at

- (ﬁ(x),Vf(a:)), z € 90

is called a normal derivative of f on the boundary of €.

1.3.1. Notations for partial derivatives. In what follows, partial deriva-
tives are often denoted by

_ 9g(x) _ 0%

N a[L’j ’ N &Biﬁzxj ’
A collection of all partial derivatives of a function g of order a will be
denoted by D%g. For example,

D*q =1{0,0,9}, i,j=12,..,N.

The symbol D%g in equations stands for any partial derivative of order
a. For example, the product rule has the form

D(fg) = gDf + fDg.

1.3.2. Smooth boundary of a set in R®. Let g be from the class C''(R?)
and Vg # 0. Without loss of generality d3g # 0 at some point =z = y
of the level set. Then by the implicit function theorem the equation
g(x1, e, x3) = 0 can be solved in a neighborhood of y with respect to 3,
that is, there exists a function f(x,x2) such that g(zy, za, f(x1,22)) =
0 for all (x1,z2) in a neighborhood of (yi,y2). Moreover, the function
f is from class C! and

ete.

;9 0:07g(x)

819 829
af 039 lws=f’ oot 039 lws=f

The latter equations are known are implicit differentiation equations.
So, a smooth boundary of a set R3 locally looks like a graph of a C*
function of two variables, which is a two-dimensional surface in space.
For example, let 2 = B,. Then its boundary is a sphere which

is a level set g(z) = |z|?* = a®. The gradient Vg = 2z is continuous
and does not vanish on the sphere. It is also normal to the sphere.
The derivative dsg = 2x3 does not vanish if z3 > 0 or 3 < 0. So, in
a neighborhood of any point in the upper hemisphere the sphere is a

graph x3 = \/a? — 27 — 2} while it is the graph x5 = —+/a® — 27 — 23
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near any point in the lower hemisphere. Near any point at which
039 = 0, the equation cannot be solved for x3 and should be solved
either with respect to x; (if d1g # 0) or x5 (if dag # 0).

This picture has a natural generalization to higher dimensional
spaces. A smooth boundary of a region in RY is locally a graph of a C"*
function of N — 1 variables obtained by solving the equation g(z) =0
with respect one of the variables. It defines an N — 1 dimensional
surface in R¥.

1.4. A Riemann integral. Suppose a function f of a real variable z
is bounded on [a,b], that is, m < f(z) < M for all z € [a,b]. A
finite collection of points P = {zs} in [a,b] that contains a and b is
called a partition of [a,b]. The points from P are endpoints of partition
intervals Ry = [xs_1,25]. The smallest partition of [a,b] contains two
points P = {a,b}. Put
M :supf(a?), meg :1nff(:E)
R, R,

By boundedness of f, the supremum and infimum exist on any subset
of [a,b]. Define the upper and lower sums of f, respectively, by

UP,f) =Y MAx,, L(Pf)=) mdu,.

where Az, = x4, — x5 and the summation is carried over all partition
intervals.

A partition P’ is called a refinement of P if P C P’. In other words,
every point of P also belongs to P’ but P’ has points which are not in
P. Clearly, under a refinement of a partition P some of its partition
intervals are split into smaller intervals. Recall that

sup f(z) <sup f(z), inff(z)>inff(z), ACB
A B A B

These relations imply that the lower sum is increasing upon a refine-
ment whereas the upper sum is decreasing:

m(b_a) SL(P7-f) SL(P/7-f)
<UWP,f)<UP f)<Mb—a), PCP.

The values of L(P, f) for all partitions form a set of reals that is
bounded from above by M(b — a) and, hence, it has the supremum
(the least upper bound). Similarly, the values of U(P, f) for all parti-
tions form a set bounded from below by m(b — a) and therefore this
set has the infimum (the greatest lower bound).
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A bounded function f is said to be Riemann integrable on [a,b] if
the supremum of lower sums is equal to the infimum of upper sums
and, in this case, their value is called a Riemann integral of f over

la, b]:
sgp L(P, f) = i%fU(P, f) = / f(z)dz.

1.4.1. The fundamental theorem of calculus. Let f be continuous on [a, b]
and F' be an antiderivative of f, that is, F” = f. Then

/ f(z)dx = F(b) — F(b).

1.4.2. Riemann sums. A Riemann sum for a function f and a partition
P is defined by

R(P,f) =) f(a})Ax,
For any partition P, the inequality ms < f(x%) < M, implies that

L(P, f) < R(P, ) SU(P, [)

for any choice of sample points in the Riemann sum. Riemann sums
can be used for approximations of the Riemann integral.

PROPOSITION 1.2. Let f be a Riemann integrable function on |a,b].
For any positive number € > 0, there exist a partition P. such that

)/bf(g;)dx—R(P,f) <e, P.CP

for any choice of sample points in the Riemann sum and any refinement
P of P..

In other words, the Riemann integral can be approximated by a
Riemann sum with an arbitrary small error €. Indeed, since f is inte-
grable, for any partition P

L(P,f) < / f(x)de < U(P,f)

Therefore

) /abf(:v) dr — R(P, f)) < U(P,f) = L(P, f)

Fix . Then the integrability of f implies that there exists a partition
P. such that
U(P>f)_L(P>f)§€> PECP

and the conclusion of the proposition follows.
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Let f be integrable on [a, b]. Then it follows from the integrability
of f that one can find a sequence of partitions P, C P, 1 such that

lim R(P,, f) = / f(z)dz

n—oQ

The sequences of the lower and upper sums, L(FP,, f) and U(P,, f),
also have the same limit. The maximal length of partition intervals
associated with P, must be decreasing to zero, maxs Ax, — 0 as n —
00, otherwise it would be impossible to make the difference U(P,, f) —
L(P,, f) arbitrary small. For example, one can take a sequence of
uniform partitions P, (all partition intervals have equal lengths) defined
by o =a, x; =x;_1+ Az, j=1,2,...,2" and Az = (b —a)/2™.

1.4.3. Area under the graph of a continuous function. If f is continuous
on interval [a,b] and f(z) > 0. The region 2 in a plane defined by
a <z <band 0 <y < f(r) contains the union of rectangles R, X
[0,mg] with the total area being equal to L(P, f), whereas the union
of rectangles Rs x [0, M;], with the total area being equal to U(P, f),
contains {2. The Riemann integral of f defines the area of 2. The
lower sum is an estimate of the area from below and the upper sum is
its estimate from above.

1.4.4. Generalization to a Euclidean space. Let a function f be bounded
on a box R = [ag,bi] X -+ X [ay,by] in RY. Tts volume is V =
(by — a1)--- (by — an). Each coordinate interval can be partitioned
so that R is partitioned by boxes R, of smaller volumes AV, where s
enumerates all partition boxes so that V' = > AV;. A partition P of
R is a collection of all vertices of partition boxes. A partition P’ is a
refinement of P if P C P’. The lower and upper sums of a bounded
function f are defined in the same way as in the one-dimensional case

L(P, f) =) ,msAVy, mg=infgp f(x)
U(P> f) = Zs MsAV; 5 Ms = SUPR, f(l’)

They have the same properties as in the one-dimensional case.

A bounded function f is said to be Riemann integrable on R if the
greatest lower bound of upper sums is equal to the least upper bound of
lower sums and, in this case, their value is called the Riemann integral
of f over R:

[ #a) @ =gt U(P. 1) = sup U(P )
R P P

THEOREM 1.4. (Fubini's theorem)
Let f(x) be continuous function on a closed rectangle R. Then it is
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Riemann integrable on R and

by by
/f(:z)dNatzf fz1,...,zn)dry - - - dzy
Q ai aN
Here zj, j = 1,2,...,N, are coordinates of a point x in RN, and the
iterated integral can be computed in any order.

The Fubini allows one to calculate the integral by means of the
fundamental theorem of calculus.

1.4.5. Volume under the graph of a continuous function. Let f(z,y) be a
a non-negative continuous function of two real variables on a rectangle
R = [a1,b1] X [ag,bs]. Let 2 be the (closed) solid above the rectangle
and below the graph z = f(x,y). Then the upper and lower sums
are estimates of the volume of ) from above and below, respectively,
because the union of three-dimensional boxes R, x [0, M;] contains (2,
where R, are partition rectangles, while €2 contains the union of boxes
R, %[0, m]. Upon refinement the estimates tends to one another so that
the integral of f over the rectangle gives, by definition, the volume of
Q). This geometrical interpretation of the Riemann integral can readily
be extended to any Euclidean space.

1.4.6. An example of a non-integrable function. Continuity is not nec-
essary for Riemann integrability. Suppose that a function g coincides
with a continuous function f on interval [a, b] everywhere but a point
¢, g(c) # f(x). Then g is still integrable on [a, b]. The lower and upper
sums for f and ¢ only differs by the term corresponding to a partition
interval containing ¢, but this term can be made arbitrary small (cf.
Sec. 1.4.2). Therefore, g is integrable and the integrals of f and g are
equal. Clearly, a continuous function can be altered at finitely many
points without destroying its integrability.

The Riemann integrability can be lost if a continuous function is
altered at infinitely many points. A simple example is provided by the
Dirichlet function defined by

fD(ZE):{(l):izg

where Q is the set of all rational numbers. It is continuous nowhere
and not Riemann integrable on any interval. Indeed, since any interval
contains rational and irrational numbers, for any partition the lower
sum is equal to zero, whereas the upper sum is equal to the length
of the interval. So, the limits of the lower and upper sums cannot be
equal.
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1.4.7. Riemann integral over a region. Let € be a bounded set in RV
and f be a bounded function on €. Let us extend f to RY by zero, that
is, f(x) = 0 if z # Q. The extension can also be written as x,(x)f(x)
where y,, is the characteristic function of 2. The Riemann integral of
f over € is defined by

/Q f(x)d¥e = / Yol@)f(2) d¥a

where R is any rectangle that contains €2, provided x,, f is integrable
on R. Clearly, x,f is generally not continuous and, hence, Fubini’s
theorem does not apply.

PROPOSITION 1.3. Let ) be a bounded region with piecewise smooth

boundary and f be from class C°(QY). Then f is Riemann integrable on
Q.

The integral can be evaluated by reducing it to an iterated integral
(similarly to Fubini’s theorem). Let  C R? be such that any line
parallel to the z3 coordinate axis intersects () at most along one line
segment (an interval on the line). Then let Dg be the projection of Q2
onto the plane z3 = 0, that is, (z1, 22, x3) — (21, 22,0) € Dg. Then for
any point (z1,2,0) in Dgq, hy(z1,22) < 23 < he(xy, z2) for all points
in 2. Here the graphs x5 = h;(x1, z2) are boundaries of € from above
(¢ = 2) and from below (i = 1). Then

ha(z1,x2)
/f(l’l,l’g,l’g)dsl’:/ / f(z1, 20, 23) d3 | d*x
Q Dq hi(z1,22)

The integral over Dg can be further reduced to a double iterated in-
tegral in a similar fashion and the resulting triple iterated integral can
be evaluated by the fundamental theorem of calculus. For example,
the integral over a ball of radius a centered at the origin in R3 can be
reduced to the following triple iterated integral:

a \/az—m% \/az—m% —z2
flz)dPz = / / / f(x1, x2, x3) drg dre dy
B
—a —\/az—m% —\/az—m%—m%

Note that the projection D of B, is the disk, 2% + x5 < a?. This
procedure can be extended to an integral of any dimensions.

1.5. Properties of the Riemann integrals. A complex-valued function f
is Riemann integrable on €2 if its real and imaginary parts are integrable
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and

/Qf(if)dNﬁZ/QRef(a?)sz+z'/QImf(x)de

1.5.1. Linearity. If f and g are Riemann integrable on €2, then their
linear combination is integrable and

/Q (af(x) + ﬁg(x)) Ao = a/ﬂf(a:) dVz + ﬁ/ﬂg(x) dNx
for any (real or complex) numbers o and (3.

1.5.2. Positivity. If f(z) > 0 and f is integrable on (2, then
/ f(x)d¥z>0.
Q

1.5.3. Integrability of the absolute value. If f is Riemann integrable on
), then its absolute value is also integrable on 2 and

/Q F()d¥a| < / @) dVa

The converse is false. For example, put f(z) = 1 if x is rational, and
f(z) = —1 otherwise. This function is not integrable on any interval
[a, b] because its lower sum is equal to —(b — a) and the upper sum is
equal to b—a for any partition. However, the absolute value |f(x)| =1
is continuous and, hence, integrable on |[a, b].

1.5.4. Additivity. Let subsets €2; 2 C 2 be closed and bounded, and
2, Uy = 2 but the interiors of €2; » do not intersect. If f is integrable
on ) 9, then it is integrable on €2 and

/ f@)yd¥z= [ f@)d"z+ [ flz)d"z
Q Q Qo

In particular, if f is continuous on a bounded closed region () with
a piecewise smooth boundary and the regions (2, o are obtained by
cutting €2 into two pieces by a smooth surface, then the above equation
holds.

1.5.5. Continuity. Let €2, be a family of subsets of a bounded set (2
labeled by a positive integer n such that

0 C i, (=0

In other words, subsets §2,, becomes larger with increasing n and in the
limit n — oo, 2, becomes (2. If a function f is Riemann integrable on
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2 and on each €2,,, then

lim flx)dVe = / f(x)dVz
For example, let 2 be an open bounded set, and its boundary be
smooth. Then any f from the class C°(Q) is integrable on Q. The
subsets 2,, can be obtained by removing closed balls of radius 1/n cen-
tered at every point of the boundary of 2. The boundaries 0f2,, are
also smooth if 9€) is smooth enough. Then f is integrable on €, and
the sequence of integrals of f over €2, converges to the integral of f
over ).

1.5.6. More on Riemann integrability. The sets €2y and €2y in the addi-
tivity property can share a common boundary, that is, their boundaries
can intersect, 9 N 0Ny # (). Suppose that the boundaries 09 o are
smooth and their intersection is also a smooth surface. If f € C°(Q; ),
then by Proposition 1.3 the function f is Riemann integrable on 25 o
and the additivity property holds. It is worth noting that f is generally
not continuous on {2 because it can have jump discontinuities at the
common points of the boundaries 02 ». If = is a point of 9€2; N 92y,
then the value f(x) obtained by a continuous extension from €y is
generally not the same as that obtained by the extension from 2. In
other words, the Riemann integrability holds for some non-continuous
functions.

PROPOSITION 1.4. Let €2 be a bounded region and x,, be its charac-
teristic function. Then a function f is integrable on ) if the extension
Xof 15 not continuous on finitely many smooth surfaces.

An interesting question arises: How to characterize all Riemann
integrable functions. To answer this question the concept of sets of
zero measure is needed.

1.6. Volume (or measure) of a set. The area of a rectangle with sides
of length a; and as is defined as ajas. Similarly, the volume of a
rectangular box in a Euclidean space is defined by

Vn(R) :alag---aN:/de
R

where a;, 7 = 1,2, ..., N, are lengths of the adjacent edges of the box.
Similarly, the volume of any bounded set 2 is defined by

V(Q) = /Q dVa
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provided the unit function is Riemann integrable on 2. In particu-
lar, a bounded region with a piecewise smooth boundary always has a
volume.

Clearly, the volume is additive, that is, the volume of the union of
non-overlapping sets is the sum of the volumes

VIQUQ) =V () +V (), UNQy=10

In particular, if € is divided by smooth surfaces into finitely many
pieces, then by Proposition 1.4, the volume of €2 is the sum of volumes of
the pieces. The volume is non-negative and increasing with increasing
Q:

V(Ql) < V(Qg), Q0 C
These basic properties of the volume follow from the properties of the
Riemann integral.

1.6.1. Volume of a ball in R". Let Vi (a) be the volume of a ball B, C
RY (it exists because the boundary of the ball is a smooth surface). By
the scaling property, Vy(a) = a’¥ Vi (1). To find Vy, let r a coordinate
along a diameter of the ball so that —a < r < a for the whole diameter.
The cross-section of the ball by the plane perpendicular to the diameter
at a point r is a ball centered at r of radius v/a? — r2. The volume of a
portion of the ball between two such planes at a distance dr is therefore

dVy = Vy_1(Va? — r?)dr and, hence,
VN(“):/ V_1(Va? —r?)dr, Vi(a) = 2a.

Put Cy = Vy(1). Using the scaling property it is concluded that

N

oNzoN_I/_l1 (1—52)?_%5, Cy =2

Evaluating the integral, one infers that

N
T2 N

——a
r1+4)

where I' is Euler’s gamma function:

VN (a) =

b
[(z) = lim [ e 't*1dt

b—o0 0

It has the following properties:
F(z+1)==2I'(2), T'(1)=1, F(%) =T

The first one is established by integration by parts, while the other two
are proved by a direct evaluation of the integral.
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If o, (a) is the surface area of the sphere |z| = a, then dViy(a) =
o, (a)da. It follows from this relation that the surface area of the unit
sphere in RV reads

N
2

w2

(1.1) o, =0, (1) = r(]ﬁ v - lgw

NES

R
1.7. Sets of measure zero in R”. The volume of a point in a Euclidean
space is equal to zero because it is contained in a ball of arbitrary small
radius. Similarly, any finite collection of points has the zero volume

because it is contained in a the union of balls whose total volume can
be arbitrary small. This observation is extended to all sets.

DEFINITION 1.2. (Sets of measure zero in RY)
A set in RN is said to be of measure zero if it can be covered by a
unton of open balls whose total volume can be made smaller than any
preassigned positive number.

For brevity, one writes p(€2) = 0 where u stands for "measure”.

1.7.1. Examples of sets of measure zero.

e A finite collection of points in space is a set of measure zero.

e A segment of a straight line of finite length L is a set of measure
zero. Indeed, let us split it into n pieces of length L/n. Each
such segment can be covered by a ball of radius L/n centered
at the midpoint of the segment. The total volume is

Vi, = nVn(L/n) = Cyn(L/n)N — 0

as n — oo for any dimension N > 2.

e Ceneralizing the previous example, a Euclidean space RM can
be viewed a hyper-plane in a higher dimensional Euclidean
space RV, N > M. Any rectangular box in R is a set of
measure zero in RM. For example, a rectangle in a plane in a
three-dimensional space is a set of measure zero. A proof of
this assertion is left to the reader as an exercise.

e Any subset of a set of measure zero is also a set of measure
Zero.

THEOREM 1.5. A countable union of sets of measure zero is also a
set of measure zero.

Let

G = D G,
n=1
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where all G,, are sets of measure zero. Fix . Then G,, is contained
in a union of open balls with the total volume £/2". Therefore G is
contained in the union of all such balls with the total volume being

> 5 1 1\2 13 e 1
V: 2—n :_<1 _ (_) (_) ...):—. _=
; e=5Utgt\g) Tg) * 2 1-1°°

Since ¢ is arbitrary, GG is a set of measure zero.

An immediate consequence of this theorem is that a countable col-
lection of points is a set of measure zero. For example, all rational
numbers in the interval [0, 1] are countable. So, they form a set mea-
sure zero (a set of zero length). Furthermore, the whole real line is a
countable union of unit intervals. This implies that all rational num-
bers form a set of measure zero in R. Points with rational coordinates
in the rectangle [0, 1] x [0, 1] are also countable. Indeed, pairs (ay, b;,)
with a,, and b,, from countable sets (n = 1,2, ...) can be counted in the
order (a,b1), (a1, b2), (az,b2), (as,bs), etc. So, all points with rational
coordinates in R? form a set of measure zero. This conclusion is readily
extended to a Euclidean space of any dimension.

N

Remark. Are there sets of measure zero in R that are not countable?
The answer is affirmative. There are uncountable collections of num-
bers which contain no interval. One of the most famous examples is
the Cantor set.

Other uncountable sets of measure zero in R" include Euclidean
subspaces. A line in space is also a set measure zero because it is a
union of countably many line segments of a finite length. Similarly, any
subspace RM of RY is a set of measure zero if M < N because it is a
union of countably many boxes, and any box in R is a set of measure
zero in RV, N > M. What about measures of curves and surfaces in
space?

1.7.2. Curves in a Euclidean space. Intuitively, a curve as a point set
in a Euclidean space can be obtained by a continuous deformation
(without breaking) of a line segment that has a continuous inverse.
The existence of the inverse is needed to avoid gluing parts of the
segment together upon deformation. Any such deformation can be
described by a continuous one-to-one mapping of an interval into R.
So, by definition, a curve is the range of a continuous vector function
x(t) on [a,b] that is one-to-one except possibly at the boundary points
of the interval. If x(a) = x(b), then the curve is called closed.

The equations = = z(t) are called parametric equations of the curve
and t is a parameter on the curve (it labels points of the curve). Let
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t = t(7) where t(7) a continuous one-to-one function [«, 5] — [a,b].
Then the composition X (7) = z(¢(7)) has the same range and =z =
X (1) are also parametric equation of the same curve. So, there are
many mappings of an interval into R that define the same curve. A
particular choice of the mapping is called a parameterization of the
curve.

A curve has a self-intersection point if two points of an interval
are glued together upon deformation. This implies that any mapping
whose range in the curve is not one-to-one at t = ¢t; and t = t5 > 3
because z(t1) = x(t2) and it is one-to-one on (a,ty), (t1,t2), and (to,b).
Clearly, in this way one can define a curve with any number of self-
intersections by a mapping (modulo a reparameterization).

The curve is said to be from class C! if there exists a continuously
differentiable parameterization © = x(t) on [a,b]. A curve is piecewise
O if it consists of finitely many C! pieces.

1.7.3. M-surfaces in R". By analogy with curves, an M dimensional
surface (or simply M-surface) in RY, M < N, can be defined as a
continuous deformation of an M dimensional box that has a continuous
inverse. Let D be a closed and bounded set in RM and F be a continuous
mapping of a neighborhood of D into RN that is one-to-one on the
interior of D. Then the range F(D) C RY is called an M -surface.
The equations = = F(y), y € D, are called parametric equations of the
M-surface, and D is called the parameter domain. There are infinitely
many mappings of a closed bounded set in RM that have the same
range in RY. If g : D' — D, where D’ is a closed bounded set in R
is a continuous and one-to-one, then the composition G(z) = F(g(z))
has the same range G(D') = F(D). Self-intersecting M-surfaces can
also be described by a continuous mapping of D that is one-to-one in
the interior of D except some of its points. A surface is said to be from
class C if all components of F' have continuous partial derivatives.

Let yo be an interior point of D. Consider a coordinate line through
yo. The image of this line x = F(y) is the curve in Sy;. The curve
is from class C! if ' € C'. The span of all unit tangent vectors
T, = wy/|w,| where w, = 0F/0y4, a = 1,2, ..., M, computed at y = v,
is called a tangent space of Sy, at a point o = F(yp). Since F' is
one-to-one near ¥, the rank of the matrix of partial derivatives 0F'/0y
is equal to M. So, the tangent space is an M-plane through xg.

The mapping F' is not required to be one-to-one on the boundary
0D. In this way surfaces with different topologies can be obtained
through identification of certain points of the boundary of D upon
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deformation. For example, a unit sphere in R3 has the following para-
metric equations:

xy=cos(&1), z2=sin()cos(&e), @3 =sin(&)sin(&),

where D = [0, 7] x [0, 2] is the parameter domain. Here &; and &, are
the zenith and polar angles of the spherical coordinates. The boundary
lines & = 0 and & = 27 have the same image curve (the semi-circle
from the north to south pole of the sphere), whereas the boundary
lines & = 0 and & = 7 are mapped to single points, the north and
south poles, respectively. With these identification, the rectangle D is
topologically equivalent to a sphere (it can be continuously deformed
to a sphere).
Similarly, the parametric equations

T = (a + bcos(&)) cos(&), w = (a + bcos(&)) sin(&z)
x3 = bsin(&), D =10,27] x [0, 27,

describe a torus with radii a > b. The cross section of the torus by the
plane z3 = 0 is the union of two circles of radii a +=b0. The cross section
of the torus by a half-plane bounded by the x3 coordinate axis is a
circle of radius b. The position of the half-plane is defined by the polar
angle & in the plane x3 = 0, whereas the angle & defines a position of
the point on the circle of intersection. The map identifies the opposite
boundary lines of the rectangle D. After this identification D becomes
topologically equivalent to a torus.

1.7.4. Smooth transformations of sets of measure zero. A transformation
of RY is a function F : RY — RY. If all components of F are continu-
ously differentiable, then the transformation is said to be from class C*.
If, in addition, its Jacobian does not vanish, then the transformation
is called non-singular:

F: RY—SRY,  det (aFj) £ 0
yi

Since the Jacobian does not vanish, the transformation is invertible in
a neighborhood of each point by the inverse function theorem?.

Therefore, any straight line passing through a point yo becomes
a curve passing through the point g = F(yy) in a neighborhood of
xo. Parametric equations of a line passing through 1, and parallel to
a vector v read y = yo + vt where t is a real parameter. Then the
image curve is x = z(t) = F(yo + vt) so that its tangent vector has

W. Rudin, Principles of Mathematical Analysis, Chapter 9.
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components z(t) = (v, V)F; where V is the gradient operator. Since
the Jacobian matrix 0;F; is continuous and not singular, the tangent
vector 2/(t) is continuous and does not vanish anywhere. So, the curve
is also from class C.

Similarly, F maps a 2-plane through y, into a C!' 2-surface in
a neighborhood of g = F(yo). Parametric equations of a 2-plane
through yo that is parallel to two linearly independent vectors v and v
are y = y(t, s) = yo + su+tv, where s and ¢ are real parameters. Para-
metric equations of the image 2-surface are x = z(t,s) = F(y(t,s)).
At every point, the surface has two non-vanishing continuous tangent
vectors Owx(t,s) and Osx(t,s) that are linearly independent because
the matrix 0;F; is not singular and continuous. It is not difficult to
see that the image of an M-plane through yg is an M-surface through
1o = F(yo) from class C'.

This suggests that the question about measure of smooth surfaces
can be studied by investigating images of sets of measure zero under
transformations from class C*. The following two theorems answer the

posed question °.

THEOREM 1.6. The image of a set of measure zero Q0 in RY under
a transformation F of RN from class C' is a set of measure zero:
WO =0 = ulF(Q) =0
For example, a transformation of R3 can be written in the form
v=F(y), =Ky, 2=FKy). y=Uyy).
Then the coordinate plane y3 = 0 (or its portion) is a 2-surface
I :Fl(y1>y2>0)> T2 :FQ(yhy?aO)? $3:F3(y1>y270)

Since a coordinate plane or any its portion is a set of measure zero in
R3, any parametric surface in R? defined by continuously differentiable
functions is a set of measure zero.

THEOREM 1.7. Let D be an open set in RM and the mapping F :
D — RY is from class C*(D) and the the rank of the Jacobian matriz
0F;/0yq, j =1,2,..,.N,a=1,2,..,M,y € D, is equal to M < N.
Then the image of D is a set of measure zero in RY,
u(F(D)) = 0.

By this theorem any M-surface from class C* is a set of measure
zero in RV and, by Theorem 1.6 any image of a C' surface under a
transformation from class C'! is also a set of measure zero. For example,

5J M. Lee, Introduction to smooth manifolds
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a 2-sphere and a torus and their C'! transformations are sets of measure
zero in R3.

Recall that a boundary of a region is smooth if it is a level set
of a function from class C!' whose gradient does not vanish. By the
implicit function theorem, the equation g(x) = 0 can be solved with
respect to one of the components of x, say, with respect to xy so that
xny = f(y) where z; = y;, j = 1,2,..., N — 1. Since f is continuously
differentiable, these equations can be viewed as parametric equations
of an N — 1 dimensional smooth surface in R". Therefore, a piecewise
smooth boundary of a region in R¥ is a set of measure zero.

Remark. The condition that a transformation in Theorems 1.6 and
1.7 is from class C' is essential. If one takes a merely continuous
transformation C° (so that the image of a line is a curve that does not
necessarily have a tangent vector everywhere), then the theorems are
false. There are so-called space-filling curves or surfaces. For example,
if Q@ =10,1] x {0} C R? (a unit interval on the first coordinate axis),
then one can construct a continuous transformation F'(t) = (z(t),y(t))
such that it maps this interval, ¢ € [0, 1], onto a square [0, 1] x [0, 1].
Geometrically, it looks like a curve filling the square (a set of non-
zero measure). In other words, the parametric curve (z(t), y(t)) passes
through every point of the square as t spans the interval °.

1.8. Riemann integrable functions. The class of Riemann integrable func-

tions is described in the following theorem .

THEOREM 1.8. (Lebesgue's criterion for Riemann integrability)
A bounded function is Riemann integrable on a rectangular box in a
FEuclidean space if and only if it is not continuous at most on a set of
Measure 2ero.

It is worth mentioning that it is possible to construct a function on
R that is not continuous at rational numbers but continuous otherwise
(e.g., Thomae’s function). The rational numbers form a countable set
of measure zero. This function is Riemann integrable on any bounded
interval. The characteristic function of the Cantor set (which is not
continuous on an uncountable set of measure zero) is also Riemann
integrable on any bounded interval.

1.9. Change of variables. Let ' C RY be a closed and bounded region
with a piecewise smooth boundary. Let x = F(y) be a transformation

SW. Rudin, Principles of mathematical analysis, Exercises in Chapter 7
Tsee, e.g., S. Abbott, Understanding Analysis, Springer, 2010
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in RY from class C' such that it is one-to-one on the interior of ' and
its Jacobian does not vanish in ' except possibly on the boundary of
(2. Let f be an integrable function on 2 = F'(€2'). Then

| f@ave= [ gren sy )= e (52)]

1.10. Riemann integrability and uniform convergence. Suppose that a
sequence {f,} of Riemann integrable functions on €2 converges point-
wise to a function f. Then the function f is not generally Riemann
integrable. Even if f happens to be Riemann integrable of €2, then the
integral of f is not generally equal to the limit of the integrals of f,,.
The first assertion can be illustrated by the function f(x) defined by

f(z) = lim lim (cos(wam!))zm

The first limit is equal to zero if xn! is not an integer and to 1 if zn!
is an integer. Therefore f(z) = 0 if x is not rational and f(z) = 1 if
x is rational because any rational number can be written as a ratio of
integers * = p/q and n!/q is an integer if n > ¢. The limit function is
the Dirichlet function that is not Riemann integrable on any interval.
Clearly, the terms of the sequence are continuous and, hence, integrable
on any bounded interval.

To illustrate the second assertion, put f,(z) = 2nx(1 — 2*)" where
x €[0,1] and n = 1,2,.... It is not difficult to verify that the sequence
converges pointwise

f(f):JLfgofn(f)ZW 0<z<1

However,

1 1
lim fn(z)dx = lim =1#0= / f(z)dx
0 0

n—00 n—oo 1, + -

where the second equality has been obtained by evaluating the integral.
So, the order of neither differentiation nor integration of a convergent
functional sequence can be interchanged with taking the limit, unless
the functional sequence satisfies additional conditions.

THEOREM 1.9. ® Let {f,} be a sequence of Riemann integrable func-
tions on a bounded region €2 that converges uniformly to a function f
on ). Then f is Riemann integrable on ) and

lim [ fo(z)dVe = / lim f,(z)d¥e = / f(x
n—oo Q Qn—>oo

8see, e.g., W. Rudin, Principles of Mathematical Analysis
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This theorem offers a sufficient condition for interchanging the order
of Riemann integration and taking the limit with respect to a parameter
of the integrand.

1.11. Exercises.

1. Show that a plane in a there-dimensional space is a set of mea-
sure zero.

2. Can a set in RY be a set of measure zero in RY if it has an in-
terior point? Give an example or show that the answer is negative.

3. Let f be a function from class C*(R). Show that f(Q) is a set
of measure zero where Q denotes all rational numbers.

4. Use spherical coordinates in RV to calculate the volume of an N
dimensional ball.

5. Suppose that
f(x):ch(z—xo)", |lx — x| < R.
n=0

(i) Show that the convergence of the series implies that |c,|6™ — 0 as
n — oo for any 0 < 6 < R.
(i) Show that

len(x —x0)"| < Mq", |z —x0] <0

for some constants M > 0 and 0 < ¢ < 1 and any § < R. Use this
inequality to show that the power series converges uniformly in the
interval |z — 2 <6 < R.

(iii) Show that f is from class C'*° by investigating uniform convergence
of series of derivatives of the terms.

(iv) Prove that ¢, = f™(z¢)/n!.

6. (i) Use the power series representation of the exponential function
to show that

emeiz—l‘ §e|a|—1, z€eR
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(ii) Use this inequality to show that glae’” converges to 1 uniformly on
R as a — 0 and prove that
b .
lim [ e*“dr=b—a.

—
aOa
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2. Improper Riemann integrals

2.1. Preliminaries. The Riemann integral is defined for a bounded func-
tion f and a bounded region €). Intuitively, a Riemann integral over an
unbounded region can be defined as the limit of integrals over bounded
subregions. For example, one can take subregions that are intersections
of an unbounded region with a ball of radius a, compute the integrals
over these subregions, and then investigate the limit a — oo. Simi-
larly, if a function is not bounded in a neighborhood of a point, one
can reduce the region of integration by removing a ball of radius a cen-
tered at this point, compute the integral, and then investigate the limit
a — 0%, If there are more then one of such points, the reduced region
is obtained by removing the union of such balls centered at all singular
points of the function. By combining the two ideas, one can define the
integral of an unbounded function over an unbounded region.

For example, a continuous function f(z) = e™® can be integrated
over an unbounded interval [0, c0) using the rule

00 b
/ e *dr Y lim [ e ¥ dr = lim(1 —e?)=1.
0 b—oo [ b—oo0
Note f is integrable on every [0,b] because f is continuous. So, the
rule makes sense. The function f(z) = 272 is not bounded on [0, 1],
but it is continuous on every [a 1] so it makes sense to define

d{E dof d{E

\/— allgh \/— (}l}%ﬁ(2 - 2\/_) =2.
Similarly, the function f(x) = e~*27'/2 is not bounded on [0, o), but
it is continuous on any interval [al—z, a?]. So, the integral can be defined
by

[e'e] dl’ o a
/ e” o / — =2 lim e_yzdy
0 a—>oo 1 \/_ a—oo 1

= 2 lim </ —l—/ )e_yzdy:2lim e_yzdy:\/7_r,
a—00 1 1 a—oo Jq

where = 32 and the continuity of the integral was used to take the
limit in the integral over [%, 1].

A Riemann integral in which the integrand or region of integra-
tion or both are not bounded are referred to as an improper Riemann
integral. A limiting procedure used to define the improper Riemann in-
tegral is called a regularization. A consistency of this definition requires
answering the key question: Does the value of the improper integral
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depend on the regularization? The answer is not straightforward, es-
pecially for higher dimensional integrals.

2.1.1. An example. Consider the following function of two real vari-
ables: ) )

rm—y

f($>y) - (1’2 + yg)g

Evidently it is defined everywhere except the origin. One can choose
f(0,0) to be any number. Regardless of the choice, f is not bounded
in any neighborhood of the origin. Suppose one wants to integrate this
function over a bounded closed region

Q={(z,y)|2*+y* <1, 2>0, y >0}

which is the part of the unit disk that lies in the positive quadrant.
So, f is not bounded on €. In attempt to mimic a one-dimensional
improper integral, let us take a subregion 2, C €2

Qu={(z,y)|a® <2+ y* <1, 2>0, y >0}

so that €2, gets larger with decreasing a and becomes {2 when a = 0.
Using the polar coordinates it is not difficult to show that

/ f(z,y)dzdy =0
Qq

Alternatively, the result follows from the symmetry argument. The
region €2, is symmetric under the reflection about the line y = =
(x,y) — (y,x), whereas the integrand is skew-symmetric, f(x,y) =
—f(y,x). Can one conclude that the improper Riemann integral of f
over {2 exists and is equal to zero?

It is obvious that €2 can be obtained in many ways as the limit of
subregions. For example, consider a collection of subregions which are
defined in polar coordinates

x=rcos(f), y=rsin(0)
by the conditions
Qe ={(v,y)|ax <r<1, B <0<m/2}, k=12,..

where {ax} and {0k} are positive sequences that converge to 0 mono-
tonically. These regions coincide with €2, with a = a; in which a small
sector with the angle ) is removed. So, with increasing k, the region
Q. gets larger and eventually becomes €2 in the limit £ — oo:

QCHncQ, ([Ju=0
k=1
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The latter union is a proper mathematical way of saying that € “ap-
proaches €2 and coincides with €2 in the limit £ — o0”. Using polar
coordinates

1 pr/2 2
/ f(z,y)dxdy = / / M rdrdf = %sin(Qﬁk) In(ay)
Qk ag ﬁk r

The right-hand side is an indeterminate form “0 x oo” in the limit
k — oo. The limit may or may not exist and, even if it exists, it can
have any value! Indeed, take a; = e~</Pr where ¢ > 0 so that a; — 0
monotonically if gy — 0 monotonically. Then

csin(20k)

fim [ ooty == jim 57
If a, = [, then the limit is 0 and, if ay = e~</#%, ¢ > 0, then the limit
is —oo. The reader is asked to verify that if the range of the polar angle
in () is restricted to the interval 0 < 6 < w/2 — [, then the limit can
be made arbitrary positive number or +o0o by a suitable choice of ay.

So, the value of the improper integral really depends on its reg-
ularization, that is, on its very definition! A similar result can be
established for the integral of f over an unbounded region z2 +y? > 1,
x > 0,y > 0 (see Exercises). Naturally, one wants a definitive (or
unique) value of an improper integral, and, for this reason, our naive
attempt to define improper Riemann integrals should be amended in
some way to eliminate the noted deficiency.

2.2. Improper Riemann integrals. Let Q@ C RY be bounded or un-
bounded. An ezhaustion of Q is a sequence of subsets {€2}° such
that

e cach () is bounded, closed, and contained in 2;

e (. contains );

e the union of all €} coincides with €2 except possibly a set of
measure zero.

Examples of exhaustions were given in the previous section. If a
bounded function f is Riemann integrable on a closed bounded set
) and on each €, then by continuity of the Riemann integral

lim /Q f(a:)de:/Qf(x)de.

k—o0

If f is not bounded and/or € is not bounded, the improper integral is
defined by demanding that the continuity property still holds.
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DEFINITION 2.1. Let {Q24}3° be an exhaustion of Q2. Suppose that a
function f on Q) is Riemann integrable on each Q. Then the function
f s said to be Riemann integrable on 2 if the limit

JLngf(z)sz:Lf(x)de

exists and is independent of the choice of Q. In this case, the value of
the limit is called an improper Riemann integral of f over 1.

So, by this definition, the function of two variables considered in the
previous section is not integrable on the part of a disk that lies in the
positive quadrant or on its complement because the value of the limit
depends on the choice of exhaustions (or regularization). To show that
an improper integral does not exist, it is sufficient to find two regular-
izations in which the limits are not equal. However, it is impossible to
check the independence of the limit by computing the improper integral
in every possible regularization. It is therefore important to establish
criteria for the existence of improper integrals so that if the limit exists
in a particular regularization, then it exists in any other one and has
the same value.

2.3. Improper integrals of non-negative functions. Suppose that f(x) is
non-negative on (2. For any exhaustion, the sequence of integrals is
monotonically increasing

0< flz)d¥z < flz)dVz
Q

Qk11

by the positivity property of the Riemann integral and that €, C Q5.
Any monotonic sequence converges if only if it is bounded. So, there
are only two possibilities: either the limit is a number

lim/ f@)dz=sup | flz)d¥x=1;
k—o0 Qs k Qs

or it is infinite, Iy = co. Suppose that Iy < co. Let {€2,} be another
exhaustion of (2. Then the sequence of the integrals is bounded:

(x)dVx < I;
o
because f(z) > 0 and €, C Q for any &’. Since the sequence is also
increasing monotonically, it converges

klim (z)d"z=sup | f(z)d"z=1;<1I;
= Joy v Ja
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and its limit cannot exceed I;y. On the other hand, one can swap the
roles of the exhaustions and use the same argument show that

fla)ydVz <1} = I;<I}

because ), C Q and f(z) > 0. Therefore I; = I} and the value of the
limit does not depend on the choice of the exhaustion.

Suppose now that Iy = oo. Then I} = oco. Indeed, if I} < oo,
then the sequence of integrals of f over {€)} is bounded by I} < oo
by the above argument (as Q; C 2 for any k) so that, by taking the
supremum over k, Iy < T } < 00, which is a contradiction.

THEOREM 2.1. (Improper integral for non-negative functions)
Suppose that
(i) f(z) 20, Vae;
(i) {Q.} and {Q.,} are exhaustions of ;
(iii) f is Riemann integrable on each §, and 2,
Then

lim f(z)dVz = lim f(z)dVx

n—oo [ n—oo [oy
n

where the limit can also be +oco.

By the integrability of the absolute value, the functions

fala) = 5 (1@ £ £@)) 2 0

are Riemann integrable if f is Riemann integrable. The function f, ()
coincides with f(z) whenever f(z) > 0 and vanishes otherwise, whereas
f-(z) coincides with — f(x) whenever f(z) < 0 and vanishes otherwise.
Thus, any Riemann integrable function can be written as the difference
of two non-negative integrable functions:

— f-(x)

/f dN[E—/f+ sz—/f

and vice versa (integrability of fi implies integrability of f and |f| =
f+ + f-— by the linearity of the integral).

Using the limit laws, the following theorem can be established from
the above representation.

THEOREM 2.2. Suppose that the improper integrals of f+ over Q) ex-
ist. Then the improper integral of f over Q2 exists and can be computed
in any exhaustion {Q,} of Q.
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Indeed, by the limit laws and the existence of the improper integral
of f:|:7

/Q F)dVe = tim [ (fo@) - f(@))d%

n—00
Qn

= lim fe(@)dVz — lim fo(z)dz

n—oQ n—oQ

_ /Q f+(zn) e — /Q () szn

and, by Theorem 2.1 the values of the limits in the right side of the
equation do not depend on the choice of the exhaustion (or regulariza-
tion) of the integrals.

COROLLARY 2.1. Let {Q,} be an exhaustion of Q. Suppose that f
and its absolute | f| are integrable on each €2, and

lim |f(x)|de:/|f(x)|de<oo
Q Q

n—oo
n

Then the improper integral of f over € exists and

/f(x)de: lim f(z)dVx
0 n—oo Jo

In other words, if the improper integral of the absolute value of f
converges in any particular regularization, then the improper integral
of f exists and can be computed in any suitable regularization. Indeed,
since

0 < falz) < [f(2)]

It is concluded that monotonic sequences of integrals of fi over €2, are
bounded:

o< [ fi(w)dN:vS/ |f<x>|dNa:§/Q|f<x>|de<oo

and, hence, converge. By Theorem 2.1 the limits are independent of
the choice of €2,,. By Theorem 2.2, the improper integral of f over (2
exists (it is independent of regularization).

n

2.4. Absolutely and conditionally convergent integrals. Am improper Rie-
mann integral of a function f over a region €2 is called absolutely con-
vergent if

lim [ |f(x)|dz=1; < o0

n—oQ Q
n

The absolute convergence of the Riemann integral implies the existence
of the improper Riemann integral.
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If the limit
lim f(z)dVx

n—oQ Q
n

exists for some exhaustion (regularization) {£2,,} but the integral does
not converge absolutely, then the integral of f is said to be condition-
ally convergent in the exhaustion {€2,}. Absolutely and conditionally
convergent integrals are analogous to absolutely and conditionally con-
vergent series as illustrated below.

2.4.1. Conditionally convergent integrals. Let the integral of f over (2
be conditionally convergent. In this case, the integrals of fi must
diverge, and the value of a conditionally convergent integral is an in-
determinate form “oo — oo” which can happen to be a number in a
particular regularization:

lim f(z)d¥z = lim ( fo(x)dVe — f-(z) dN:E)
n—oo Jo. n—oo Q, Q,

Indeed, the divergence of the integral of |f| = fy + f_ implies that
either the integral of f., or f_, or both diverge because fi > 0. The
conditional convergence of the integral of f (the existence of the limit
in the left side) is only possible when the integrals of fi diverge.

The integrals of fi resemble the (divergent) series of positive and
negative terms of a conditionally convergent series. The sum of such
a series depends on the arrangement of terms (the order in which the
terms are added). In the case of conditionally convergent integrals, the
value depends on the choice of the exhaustion (or regularization). In
other words, by choosing a suitable exhaustion one can always make
the difference of the integrals of f. and f_ over {2, to be convergent to
any desired number even though both the sequences diverges to +oo,
similarly to that the sum of a conditionally convergent numerical series
can be made any number or infinity by a suitable rearrangement of
terms °. This is illustrated with the following example.

Consider the improper integral

00 I
/ sin(z) dr — lim sin(z) i
0

xr n—00 Jo xr

where {b,} is positive, monotonically increasing, unbounded sequence.
Here the integrand extended to x = 0 by continuity (the integrand
approaches 1 as © — 07). In particular, let us take

bpy=m, n=12..

9This is known as the Riemann theorem about rearrangements (see, e.g., W.
Rudin, Principles of mathematical analysis, Chapter 3).
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This regularization corresponds to the exhaustion:
Q, = [0,7n]

so that
Q,=Q,1US,, S,=[r(n—1),7mn].

If the limit exists, then is equal to the sum of the series

/ sin(x) dx:Z/ sin(x) dx:Z/ sin(x) s
o ¥ 1S T = Jan-n) T

n

This is an alternating series because the integrand is positive on Sox_1
and negative on Syi. It follows from the inequality

sin(o)] _ |sin@)| _ [sin(e)]
™m x m(n—1)
that . '
™ m(n—1) an—1) T
and
> sin(z) = 1
de =Y (=1)""a,
e
The sequence {a, } is positive and converges to 0 monotonically because
Qn+1 S - S Gnp
™

By the alternating series test, the series converges.
However, by the comparison test:
n n

2o [Tl [T,
szlk‘ 0 x 0 x

k=1

the series and the integral do not converge absolutely because > % =
00. S0, the integral is only conditionally convergent and does not exist
in the sense of Definition 2.1. Its value depends on the choice of reg-
ularization. In particular, the sum can be made equal to any desired
number by a suitable rearrangement in the series. A rearrangement
corresponds to a different exhaustion made of unions of the intervals
Sh.

Consider a rearrangement {S/} of the sequence of intervals {5, }
and put

Q/1 = Si ) Q;L+1 = Q;L U S;z+1

So, €2, is a collection of any n intervals from {5, }, and € ., is obtained
by adding any of remaining intervals in the collection {S,}. In other
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words, the order in which the intervals from {5, } are added to obtain
an exhaustion is changed, but

o

Dm:U%:m@.
n=1 n=1

The function is still integrable on any finite collection of intervals 2),.
Therefore in this exhaustion (regularization)

¥sin(z) | sin(x)
/0 . dr = ; /{1 — dx

The series in the right-hand side is a rearrangement of the alternating
series . (—1)""a,.

Let us show that a rearrangement can converge to any number or
+oo. Fix a number I; > 0. Make Q] to be the union of odd intervals,
S1, S3 and so on until Sy, where n is the smallest integer for which
the integral over the union becomes greater than I;. Then start adding
even intervals, S5, Sy, and so on until the integral becomes less than
I;. The union of Q] and the added even intervals is £2,. Then begin to
add remaining odd intervals until the integral becomes greater than I
again. The union of €, and the added shells makes 2. In each step,
the overshot or undershot necessarily occurs because the integrals over
all odd and all even intervals diverge to +00 and —oo, respectively. In
this way, the sequence of integrals

o .f(l’) dN$> Q;L C Q;L—i—l )

oscillates about Iy and converges to Iy because the overshot or un-
dershot of the integral is decreasing with increasing the number of
iterations:

‘If— f(z)dVx

@,

N
S/Skn|f(fv)ld —

for some k, > n so that k, — oo as n — oo. Since {{2} is an ex-
haustion of €2 by construction, the integral conditionally converges to
a preassigned positive number I;. A similar exhaustion can be con-
structed to make the integral converging to any negative number. The
reader is asked to construct exhaustions in which the integral converges
to either +o00 or —oo, or does not converge at all (e.g., oscillates be-
tween any two numbers).
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2.5. Absolutely convergent integrals. There are tests for absolute con-
vergence of improper integrals that are analogous to the corresponding
tests for absolute convergence of series.

2.5.1. The comparison test. Let f and g be Riemann integrable on 2,
and
[f(z)] < g(z), Ve

[ @iave < [ o)

If now f and g are not integrable in the proper sense, then for any

exhaustion {2, }
/ If(x)ldNa:S/ g(z)dVz

If the improper integral of g converges, then the integral f converges

absolutely because
/ g(x)dVr < / g(x)dVr < oo
n Q

= lim |f(x)|de§/g(x)de
Qn Q

n—oQ

Then

By Theorem 2.2 the limit does not depend on the choice of the exhaus-
tion and the improper integral of f exists.

THEOREM 2.3. (Comparison test for absolute convergence)
Let {Q,} be an exhaustion of a region Q and a function f be integrable
on any . If the absolute value |f(x)| is bounded on Q by a function
whose improper Riemann integral over () exists,

f@) <g(x), zeQ, lim [ g(z)d"z < oo,
n—oo Qn
then the improper integral of f over Q also exists and converges abso-
lutely.

2.5.2. Integrals over unbounded regions. Suppose @ = RY and f is a
continuous function. Clearly it is integrable on any ball €2,, = B,, (that
is, x| < m, n = 1,2,...). So the existence of the improper integral
would depend on how fast f falls off as |z| — oo.

PROPOSITION 2.1. Let f be integrable on any ball and

M
/()] <P

2| > R
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for some positive constants M and R, and p > N, then the improper
integral of f over the whole space exists and

(z)dx = lim flx)d¥r < .
RN = Jiz|<n

Consider the case N = 2. The integral over the whole plane is split
into the integral over the disk Bg and the rest of the plane R*\ Bp.
Since the integral over By is a regular integral, one has to investigate
the convergence of the improper integral over the rest of the plane.
Since | f(x)| > 0, if it converges in a particular regularization, then it
converges in any other regularization to the same value. Let 2, be an
annulus R < |z| < n. Then

M 27 n M
/ |f($)|d2$§/ —d227=/ — rdrdf
n a, TP o Jr TP

M (1 1
T p—2\Rr2 g2

The right side converges if p > N = 2 when n — oo. Therefore the
integral of f converges absolutely and, hence, the improper integral of
f exists by the comparison test (it can be computed in any suitable
regularization).

For N > 2 note that the volume of a spherical shell of thickness dr
and radius r is the differential of the volume of the ball of radius r:

dVy (7’) = O'NT’N_ldT’

where oy = NVy(1) is the area of the unit sphere in RY. Then using
spherical coordinates

"M
[swies [ Mooy ["M ey,
n Q

x|P R TP

n |

The integral converges in the limit n — oo if p > N.

2.5.3. Integrals of unbounded functions. Suppose f is not bounded in
any neighborhood of a particular point, and it is continuous otherwise.
Without loss of generality, the singular point can be chosen to be the
origin « = 0 (values of |f(z)| becomes infinitely large as = approaches
0). Then the absolute integrability depends on how fast | f(z)| diverges
as x — 0.

PROPOSITION 2.2. Suppose that f is not bounded in any ball B,
and integrable on )\ B, where Q contains x = 0. If

M
[f(2)] < R 7] < a



42 1. INTEGRATION IN EUCLIDEAN SPACES

for some constants M and R, and p < N, then the improper integral
of f exists and

/f(:z)dNa:: lim flx)dVz.
Q a—=0" Jo\ B,

A proof of this assertion can also be done by using spherical coordi-
nates in RY. Let Q,.r be the intersection of {2 with the spherical shell
a’? < |z|* < R%. The integral of f over 2\ Bg exists by continuity of
f. Then

R

M
/If(fv)|de§ / M vy = oy — V" ldr
Qa,R

[P o T
a<|z|<R

N-—p
So the integral converges in the limit @ — 07 if p < N. Therefore the

integral of f converges absolutely by the comparison test, and, hence,
the improper integral of f exists.

2.6. Improper integrals of complex-valued functions. Let f be a complex-
valued function of N real variables. If {€2,} is an exhaustion of €2, then
the integral of f over () is said to converge in this exhaustion if the
integrals of the real and imaginary parts of f converge, and in this case

lim f(z)d¥z = lim Re f(z)dz + i lim Im f(z)d"x

n n n

It follows from the inequalities

[Re fl < [f],  Hmf| <[f]

that the integrals of the real and imaginary parts of f converge ab-
solutely if the integral of the absolute value converges. The converse
follows from the inequality

|fI < [Re f[ + [Im f]|
that is,

e the integral of a complez-valued function converges absolutely
if and only if the integral of the absolute value converges.

2.7. Gaussian integrals. The objective is to prove that

N/2
’ RN det(A)
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where the quadratic form

N
(x, Az) = Z Agnpr, >0, VYo #£0

k,n=1

is strictly positive if  # 0. The integrals of this type are known
as Gaussian integrals. They are routinely used in various applications.
Note that the integrand is positive and, hence, if the integral converges,
then it converges absolutely. Therefore it can be computed in any
convenient regularization.

2.7.1. A special case. Consider a two-dimensional Gaussian integral

I, = // e~V dzxdy
R2

Let Q,, be a disk of radius n, 22 +y? < n?. Then using polar coordinates

2 n
I, = lim // Sl dxdy = lim/ / e " rdrdd
’fL2

=7 lim e ’ds=m
n—oo 0

Since the value of the absolutely convergent integral does not depend

on the regularization, put Q) = [—n,n| X [-n,n] so that by Fubini’s
theorem
. 2,2 . " 2 " a2
W:llm//emydzdy:hm emda:/eydy

Therefore, by the limit laws,

11:/ e_mzdz:ﬁ

e}

because I? = w. Using a scaling transformation, y = \/ax

I N BV,
Il(“)‘/_oo ="z = Va

Furthermore using the scaling and shift transformation

b
y=+Vauw, S—y—m
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one infers that

Ii(a,b) = / e~ T gy = lim e~ g

o n—00 —n

1 wa b

= — lim e VY dy
\/an—m)o nva
€da . 2Va 9

= lim e % ds
Van=ee | m b

W L(1,0) 2 7

st 7 E4a — % €4a
Since the value of I;(1,0) = I; does not depend on the choice of the
exhaustion, the final equality (1) holds. The result (2.1) is established
for N = 1.

2.7.2. General case. Let an exhaustion {Q,} of RY be rectangular
boxes, |z;| < n, j = 1,2,...,N. Let A be a diagonal matrix with
diagonal elements a;. The condition (z, Az) > 0 implies that the di-
agonal elements are strictly positive, a; > 0. By Fubini’s theorem one
infers that

In(AD) = /RN exp < - i(ajxi - bjxj)) dNx

Jj=1

N n
= lim | I/ e~ dy
n—oQ
j=17-n

N N/2 N 2
T 1 b:

:”I a;,bj) = ——— ex —E =
1 1( J J) a1ty N p<4 aj>

j=1

Any matrix A can be written as a sum of symmetric and skew-
symmetric matrix:

A:%<A+AT)+%<A—AT) —B+C

where B is symmetric, BT = B (here BT denotes the transposed matrix
B), and C is skew-symmetric, CT = —C. A quadratic form vanishes
identically for a skew-symmetric matrix because

(z,Cz) = (CTx,2) = —(Cx,2) = —(2,Cx) = (2,0z)=0

Therefore without loss of generality A = AT (a symmetric matrix). Any
symmetric matrix A is diagonalizable, and there exists an orthogonal
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matrix U,
UT — U—l
such that
A= UTaU, aij = ajéij
where a is a real diagonal matrix. The diagonal elements a; are eigen-

values of A. The positivity of a quadratic form requires that all eigen-
values of A are strictly positive because

N
(z,Az) = (z,UraUz) = (Uz,aUx) = (y,ay) = Zajy?
j=1

and Ux = 0 if and only if x = 0 since U is the invertible matrix.
The transformation y = Ux preserves the distance in RY because

yI* = (y.y) = (Uz,Uz) = (2,U"Uz) = (z,2) = |2|”

because UTU = UUT = I is the unit matrix I;; = d;;. An orthogonal
transformations is a composition of rotations and reflections (z; — p;z;
where p; = £1). Owing to the absolute convergence of the Gaussian in-
tegral with a diagonal matrix A and that the Jacobian of an orthogonal
transformation is equal to one,

det (gzj)‘ dVy = |det U | dVy = dVy

ANz =

one infers that

In(A,b) = lim e~ (@AR)+(02) gN o — i e~ Wan)+(Uby) gN

_ / o~ an)HUby) N
RN

N/2 1 N c2
T j
a1ag - anN p<4z J)
where ¢ = Ub. Since the transformation U preserves the distances
between points, for any exhaustion {€2,}, the image {U(2,} is also an

exhaustion of RY.
Next, note that

aiay---ay = deta = det(UAUT) = (det U)*det A = det A
Therefore det A # 0 and the inverse A~! exists and
AT = (UTaU) T =U TN (U T = U

<
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It is then concluded that

N
(c,a™'c) = (Ub,a™'Ub) = (b,U a™'Ub) = (b, A'D)

& I&M

J=1

and the relation (2.1) follows.

2.8. Exercises.

1. Consider the improper integral

/ / o d:vdy

Q={(z,y)|2*+y*>1, 2>0, y >0}

where

Take an exhaustion {€2,} which is a rectangle in the polar coordinates
(r,0) € [1,a,] X [an, /2 — (] where o, and 3, are positive and tend
to 0 monotonically, while 1 < a,, increases monotonically to infinity, as
n — oo. Show that there is a choice of «,, (,, and a, such that the
sequence of integrals over (), can converge to any real number or +oo.

2. For the integrand in Problem 1, find fi(z,y) and show that for
any exhaustion the improper integrals of fi diverge

/’ﬁwwmwzm

Q

3. Prove Proposition 2.1 for N = 3 using spherical coordinates.
4. Prove Proposition 2.2 for N = 3 using spherical coordinates.

5. Let f(t) be a continuous function and ¢ > 0. Then for any ball
B, C RV

27TN/2

[ e ae = o / f) e, oy = /| L=y

where oy is the surface area of the unit sphere |x| = 1. The assertion is
proved by converting the integral to spherical coordinates in RY. Use
this result to prove Propositions 2.1 and 2.2.
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6. Let p and ¢ be positive integers. Do the following improper in-
tegrals exist in the sense of Definition 2.17

0 /0 Tein'(e) g

xP

(ii) /loo COS'(T) 4

(iii) /01 sin G) da

I,(a) :/ z"e dr, n=0,1,..
0

7. Put

(i) Show that the integral converges absolutely.
(ii) Use integration by parts to prove the recurrence relation
n+1
2a
i) Find Ip(a) and [;(a). Use the above recurrence relation to find

I.(a).

In+2 = In

8. Let oy be the surface area of a unit sphere |z| = 1 in R".
(i) Let Q, be an exhaustion of RY made of balls |z| < n. Show that

n
_ _p2 _
/e(m’m)dezaN/ e Nl ar
n 0

(ii) Use this result and the result of Problem 1 to find on and the
volume Vy(a) of a ball of radius a in terms of Euler’s gamma function.
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3. Lebesgue integral

3.1. Piecewise continuous functions on R. Suppose a function f is not
continuous at a point x = ¢ and has a jump discontinuity at x = c.
The latter means that the right and left limits of f(z) at x = ¢ exist
but are not equal:

Jim f(@) = fole),  Jim fo) = F-(0), F1(0) # (0

A piecewise continuous function is a function that is not continuous at
finitely many points in any bounded interval and has jump discontinu-
ities at these points.

First note that points at which a piecewise continuous function
has jump discontinuities form a countable set. Indeed a real line can
be viewed as the union of countable many intervals and in each such
interval the function has finitely many jump discontinuities. So, a
collection {¢,} of all such points is either finite or form a sequence. The
sequence cannot have any limit point because otherwise the function
would have infinitely many jump discontinuities in any open interval
containing the limit point. In each interval (¢, ¢,t1), the function is
continuous and has a continuous extension to ¢, Cpi1]-

Put

m = inf{c,}, M = sup{c,}
If the sequence {c,} is not bounded from below, then m = —oo and
otherwise m is the smallest number in {¢,}. If the sequence {c,} has
no upper bound, then M = oo and otherwise M is the largest number
in the collection {¢,}. Clearly, if —oo < m < M < oo, that is, the
collection {¢, } has the smallest and largest number, then the collection
must be finite. Let {€2,} denote a collection of open intervals (c,, ¢;+1)
together with (—oo,m) and (M, co) (if these intervals are not empty).
This collection of intervals has the following characteristic properties:

(i) the intervals do not overlap:
QN =0, n#n',

(ii) any bounded interval (a,b) is covered by finitely many closed
intervals Q,,:

k
(a,0) € | Q.
n=j
(iii) the union of closures of the intervals coincides with whole real

line:
U =R,
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This observation allows us to give an alternative definition of a piece-
wise continuous function which can be extended to the multivariable
case.

DEFINITION 3.1. (A piecewise continuous function)
A function f: R — R is said to be piecewise continuous on R if
there exists an at most countable collection of open intervals €2, with
no common points such that any bounded interval is covered by finitely
many closed intervals Q,, and f € C°(€,).

A piecewise continuous function is not continuous on {¢,} whichis a
set measure zero. One can also say that a piecewise continuous function
1s continuous almost everywhere. Therefore any piecewise continuous
function is Riemann integrable on any [a,b]. The value of the Rie-
mann integral does not depend on the values of a piecewise continuous
function at the points where it is not continuous.

3.2. Measurable functions on R. Let A be a set of functions that is
defined by some characteristic property (e.g., continuity, or integrabil-
ity, etc.). Then the limit function of a pointwise convergent sequence
{fn} C A does not in general belong to A. One can ask how large
the set A should be in order to be complete in the sense that the limit
function of every pointwise convergent sequence in A belongs to A. It
turns out that such a set of functions exists and is known as a set of
measurable functions.

Suppose that a sequence { f,,} of functions on R converges pointwise
almost everywhere. In other words, a numerical sequence { f,(z)} can
have no limit for some points x that form a set of measure zero. In this
case, one writes

lim f,(z) = f(z) a.e.

n—oQ

For example,

lim [cos(mx)]" =0 a.e.
Note that the limit does not exist if = is an integer. If x is not an
integer, then |cos(mz)| < 1 and the limit is equal to zero. But the
integers form a set of measure zero.

DEFINITION 3.2. (A measurable function)
A function f is called measurable if it coincides almost everywhere
with the limit of an almost everywhere convergent sequence of piecewise
continuous functions.
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3.2.1. Measurable sets. A set of real numbers is called measurable if its
characteristic function is measurable. Clearly, any interval (bounded
or unbounded, closed or open or semi-open) is measurable. Any set
of measure zero is measurable. The following properties of measurable
sets can also be established:

o The complement of a measurable set is measurable.

e The union or intersection of countably many measurable sets
1s measurable.

e Fuvery open or closed set is measurable.

3.3. Properties of measurable functions. '° Evidently, every piecewise
continuous function f is measurable because one can take a sequence of
piecewise continuous functions f,(x) = f(z) of identical terms which
obviously converges to f(z). Suppose that f is a measurable function
and g coincides with f almost everywhere. Then ¢ is also measurable.
Indeed, Let f, be a sequence of piecewise continuous functions that
converges to f almost everywhere. Since f and ¢ differ only on a set
of measure zero, f, converges to g almost everywhere, too:

f(z) is measurable

fx) = g(z) a.e

3.3.1. Algebraic operations with measurable functions. Using the basic
limit laws, it is not difficult to see that the set of measurable functions
is closed relative to algebraic operations of addition, multiplication, and
division:

} = ¢g(z) is measurable

f(z) is measurable

g(x) is measurable f(2)g(z) is measurable

} f(x) %(—g( x) is measurable
g(x
f(x)/g(x), g(x) # 0, is measurable

Indeed, if f,(z) and g,(z) are sequences of piecewise continuous func-
tions, then the functions f,(z) + gn(z), fu(z)gn(x), and fu(z)/gn(z),
gn(x) # 0, also form sequences of piecewise continuous functions, and
the above assertion follows from the basic laws of limits. This also im-
plies that linear combinations of measurable functions are measurable.
Sets that are complete relative to additions and multiplications by a
number are called a linear space. Thus, the set of measurable functions
s a linear space.

0proofs of the listed properties of measurable functions can be found in: A.N.
Kolmogorov and S.V. Fomin, Elements of the theory of functions and functional
analysis
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3.3.2. Absolute value of a measurable function. Given two functions f
and g, define the following functions

~J flx),  f(z)>g(x)

max(f, g)(z) = {g(x) . flx) < g(x)
' ~Jglz), f(z)>g(x)
min(f, g)(z) = {f(x) . flx) <g(x)

One can prove that the functions max(f,g) and min(f, g) are measur-
able, if f and g are measurable. 1t follows that the absolute value

|f ()] = max(f,0)(x) — min(f,0)(z)
of a measurable function f is measurable.

3.3.3. Measurable and Riemann integrable functions. One can prove the
following property

PROPOSITION 3.1. A function that is not continuous on a set of
measure zero is measurable.

Therefore every Riemann integrable function is measurable by The-
orem 1.8. Furthermore, every function for which the improper Riemann
integral exists is also measurable. So, the set of measurable functions
contains all Riemann integrable functions (either in the proper or im-
proper sense).

There are measurable functions that are not Riemann integrable.
For example, the Dirichlet function introduced in Section 1.4.6 is mea-
surable but not Riemann integrable on any interval. The set Q of
rational numbers has measure zero in R. Therefore fp(x) = 0 a.e., but
any constant function and, in particular, g(x) = 0 is measurable and,
hence, so is the Dirichlet function.

3.3.4. Composition of measurable functions. A composition of measur-
able functions is measurable

3.3.5. Completeness of the set of measurable functions.

THEOREM 3.1. A function that coincides almost everywhere with
the limit of an almost everywhere convergent sequence of measurable
functions is measurable.

3.3.6. Non-measurable sets and functions. Thus, the set of measurable
functions is quite large. Are there non-measurable functions and sets?
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tll

It appears that one can prove that they exist'* using the so called aziom

of choice:
e Let {E,} be a collection of subsets of a set £ (the indexing set
a is of arbitrary nature). Then there exists a choice function,
a — z(a) where z(a) € E, for all a.
No example of an explicit non-measurable functions has been con-
structed so far. This suggests that all functions and sets that can
possibly be used in applications or otherwise are measurable. For this
reason, in what follows all sets are assumed to be measurable and all
functions are assumed to be measurable and bounded almost every-
where.

3.4. Definition of the Lebesgue integral. To avoid any confusion between
Riemann and Lebesgue integrals, the Riemann integral (proper or im-
proper) will be denoted as

R/ flz)de, QCR,
Q
in what follows.

DEFINITION 3.3. (The space L)
Let a real function f(x) be the limit of a non-decreasing sequence of
piecewise continuous functions f,(x) such that the sequence of Riemann
integrals is bounded:

fol) < fop1(z), n=1,2 .., VreR,
R/fn(x)dng, n=12..,

for some number M. The limit of the non-decreasing sequence of Rie-

mann integrals is called the Lebesgue integral of f and is denoted by
the symbol [ f(z)dx so that

/f(:v) dx = 7}1_{21()72/ folz)dz.

The set of all such functions is denoted by L. .

DEFINITION 3.4. (Lebesgue integral)
A function f is called Lebesgue integrable if it can be represented as
the difference of two functions from the set L, :

f(l’):fl(l’)—fg(l’), f1€£+, f2€£+

see, e.g., A.N. Kolmogorov and S.V. Fomin, Elements of the theory of func-
tions and functional analysis, Chapter 5, Sec. 1.3

11
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/fl(x)dzv—/fg(x)dz:/f(z)da:

1s called the Lebesgue integral of the function f. The set of all Lebesque
integrable functions is denoted by L.

The number

3.4.1. The Lebesgue integral over a set. A function f is said to be
Lebesgue integrable on a measurable set (2 C R, if fy, € £, where
X,, is the characteristic function of 2, and the number

[ Hapaordo = / f(w) da

is called the Lebesgue integral of f over (). The class of all Lebesgue
integrable functions is denoted by L£(€).

3.4.2. Consistency of the definition. Definition 3.3 makes sense only if
the Lebesgue integral does not depend on the choice of the sequence
{fn}. Similarly, Definition 3.4 is consistent if the Lebesgue integral is
independent of the choice of f; and f;. To show the consistency, the
following property of the Lebesgue integral has to be established.

PROPOSITION 3.2. Suppose that f € L, and f(x) > 0 a.e. Let
{fn} be a sequence satisfying the hypotheses of Definition 3.3. Then
the Lebesqgue integral is non-negative,

/f(:v) dr = lim R [ fu(x)dz >0

n—oo

Let fi(z) = 0if || > R and fi(x) > —M if |z| < R for some
positive numbers R and M. Since {f,} is monotonically increasing,

fn({E)ZU, |‘T|>R§ fn(i)Z—M, |517|§R

Let S C [-R, R] be a set of points at which either one of the terms of
the sequence has a jump discontinuity or the sequence { f,,(z)} does not
converge to f(x). Then S is a set of measure zero. It can be covered
by the union I. of open intervals whose total length does not exceed
an arbitrary small positive number € > 0. The set @ = [-R, R] \ L.
is bounded and closed. The functions f, are continuous on {2 and
fo(z) — f(z) > 0 for any z in Q. Therefore for any = € €, one can
find an integer n, (that depends on x) and a positive number 6(x) > 0
such that

fnz(y)2_€7 yEB(l',(Sm):([L’—ém’l’—l—ém)

The neighborhoods B(z,d,), x € €, form an open cover of the
closed and bounded set @ C R. By the Heine-Borel theorem (Sec.
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1.1.3), this cover has a finite subcover B(z;,d;). Put ng = max;{n,,}.
Since { f,,} is non-decreasing,
fno(l’)zfnz(l’)z_€> $EQQBR:[_R>R]‘
and outside of €2
fno(l’)z_M> $€Ie

Then for all n > ng,
R
R/fn(at)dz > R/fno(at)dz 27?,/ fro () dz
-R

> —cR de — MR [ dx > —e(2R+ M)
BR Ie
because the total length of intervals in the union I. does not exceed ¢.
This inequality implies that

/f(z)d:vznliqrgoR/fn(a:)dxz—5(2R—|—M)

Since € > 0 can be chosen less than any preassigned positive number,
the Lebesgue integral of f is non-negative.

PROPOSITION 3.3. Let f € L. Then the Lebesque integral of f is
independent of the choice of a sequence {f,} in Definition 3.3.

Let {f,} and {g.} be two sequences that define the Lebesgue inte-
gral of a function f from L£,. Put

A=1lim R [ fu(x)dr, B=lim R | g.(z)dx.

n—oQ n—oQ

One has to show that the limits are equal, A = B. For any k,
lim <fn(:c) — gk(at)) = f(z) —ge(z) >0, ae.

n—oQ

because {gr} is monotonically increasing and converging to f. By
Proposition 3.2 applied to the sequence {f, — gx} (k is fixed) that
converges to f — g, it is concluded that

lim R <fn(:c) — gk(at)) de = A — R/gk(at) dx > 0.

n—oQ

This inequality holds for any k. Therefore, by taking the limit & — oo,
it is found that A > B. Swapping the roles of the sequences {f,} and
{gn} in this reasoning, it is inferred that B > A, and, hence, A = B.

PROPOSITION 3.4. Let f € L. Then the Lebesgue integral of f is
independent of the choice of functions fi and fo in Definition 3.4.
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Suppose that there is another pair of functions ¢; » € £ such that

fi(@) = folz) = f(z) = g1(2) — ga(2) .

It follows from the basic laws for limits and Definition 3.3 that f; + ¢o
and g; + fo are also from £, and

/(fl(x)+gg(x)) da::/fl(x)d:v+/gg(x)da:

and similarly for g; + fo. Therefore integrating the equality

fi(x) + 92(2) = 91(x) + fa(2)

and using the above integral relation it is concluded that

/ﬂ@mz/ﬁ@@-/ﬁ@@:/m@m—/m@m.

This completes the proof of consistency of the definition of the Lebesgue
integral.

3.5. Riemann and Lebesgue integrals in R. If the Lebesgue integral of
a piecewise continuous function f over any bounded interval coincides
with the Riemann integral because any such function is from class £ :

b b
feCab] = / f(z)dx :R/ f(z)dz
Note that one can take f,(z) = f(x)x,, (z) in Definition 3.3.

3.5.1. Linearity. By the limit laws and linearity of the Riemann inte-
gral, the Lebesgue integral is also linear, that is, if f and g are inte-
grable, then their linear combination is integrable and

u/Gﬁ@%ﬂﬁ@»dx:a/f@ﬁw+ﬁ/gwwm

3.5.2. Lebesgue integrability and set of measure zero. One of the key
differences between the Lebesgue and Riemann integrals is that alter-
ations of an integrable function on a set measure zero does not affect
integrability and the value of the integral does not change. Let f(z) =0
a.e. Put f,(x) = 0 in Definition 3.3. Clearly f,, converges to f almost
everywhere. Therefore

f(z)=0 ae. = /Qf(at)dz:()
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In particular, the Lebesgue integral of the Dirichlet function vanishes
over any (measurable) set

/QfD(ZE) dr =0

because fp(z) =0 a.e.
One can show that the converse is also true if f is a non-negative
function'?

PROPOSITION 3.5. Let f(x) > 0. Then its Lebesque integral van-
ishes if and only if f(x) =0 almost everywhere.

It follow from linearity of Lebesgue integral that if f € £ and ¢
differs from f only on a set of measure zero, then g is also integrable
and its integral is equal to the integral of f:

ferL, gk =f(r)ae = gEE,/g(x)dz:/f(z)da:

Thus, in full contrast to the Riemann integral, the Lebesgue integral is
insensitive to alterations of an integrable function on sets of measure
zero. Note that if f is continuous and g(z) = f(z) a.e., then g can be
continuous nowhere, just like the Dirichlet function, and hence g may
not even be Riemann integrable.

3.5.3. Lebesgue integrability of Riemann integrable functions. Let us show
that any function f that is Riemann integrable on [a,b] is Lebesgue in-

tegrable and
b b
R/ f(x)dz:/ f(z)dz

As noted earlier, for any Riemann integrable function f there exists a
sequence of partitions P, such that P, is a refinement of P, and

n—oQ n—oQ

lim L(P,, f) = lim U(P,, f) = R/bf(z) dx

Define two sequences of piecewise constant functions
L,(x) =ms, x€ Ry, Un(z) =My, =z € R
where R, are partition intervals for P,. Then

Ln(z) < Ly (2) < f(2) < Unga () < Un(2)

25ee, e.g., A.N. Kolmogorov and S.V. Fomin, Elements of the theory of func-

tions and functional analysis, Chapter 5.
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The sequence {L,(z)} is monotonically increasing and bounded from
above, and the {U,(z)} is monotonically decreasing and bounded from
below. Therefore they converge for all x:

7}13)10 L,(z) = L(z), 7}13)10 Up(z) =U(x).

and

Lz) < f(z) <U(x), a<x<b.
The limit function L is Lebesgue integrable because the sequence of its
Riemann integrals is nothing but the sequence of lower sums for f:

b b
/ L(z)dx = lim R [ L,(x)= lim L(P,, f)

Similarly, the function —U(x) is also Lebesgue integrable because the
sequence {—U, } satisfies the conditions in Definition 3.3. Therefore U
is Lebesgue integrable and

n—oQ a n—oQ

b b
/ U(x)de = lim R | U,(z)dr = lim U(F,, )

Thus, the Lebesgue integrals of U and L are equal, and therefore the

integral of a non-negative function U(z) — L(z) > 0 vanishes. By

Proposition 3.5, this implies that U(z) = L(x) a.e. and, hence,
f(z)=L(z) ae.
from which it follows that f is Lebesgue integrable and

/abf(ZE)dl’:R/abf(ZE)dl’.

3.5.4. Lebesgue and improper Riemann integrals. Suppose that f is not
bounded on (a,b) but f € C%a,b) (f is singular at one or both end-
points of the interval). Suppose that the improper Riemann integral of
f over (a,b). This implies that

brn

b
R lim fr(x)dr = R/ fe(z)dr < oo

n—oo
an

for an exhaustion [an,b,] C (a,b) where a, and b, converge mono-
tonically to a and b, respectively. It follows that fi are from class
L, because they are limits of monotonically increasing sequences of
piecewise continuous functions x,(x)f+(x) where x,, is the character-
istic function of [a,,b,] whose Riemann integrals are bounded. Since
f(z) = fi(x) — f-(x), it is concluded that f is Lebesgue integrable
on (a,b) and its Lebesgue integral is equal to the improper Riemann
integral. Conversely, if a continuous function is Lebesgue integrable,



58 1. INTEGRATION IN EUCLIDEAN SPACES

then its Riemann integral converges absolutely is equal to the Lebesgue
integral. Clearly, the argument can readily be extended to a continu-
ous (or piecewise continuous) function on an unbounded interval. So,
for continuous (or piecewise continuous) functions, the Lebesgue and
absolutely convergent Riemann integrals are equivalent.

In fact, a more general assertion is true (see Sec. 4.10).

PROPOSITION 3.6. If the function f(z) and |f(z)| are Riemann
integrable on a set Q) (possibly in the improper sense), then they are
Lebesgue integrable on €2, and their Lebesque and Riemann integrals
are equal:

R/f:t ) <ocodr = /f dZL’—R/f

where fi(z) = 5(|f(2)] £ f(2)).

Thus, any function ¢ that coincides almost everywhere with an
absolutely Riemann integrable function f is Lebesgue integrable and,
in this case, the Lebesgue integral of g is equal to the Riemann integral

of f.

3.5.5. The Lebesgue integral of a complex-valued function. A complex-
valued function f(x), z € R, is said to be integrable if its real and
imaginary parts are integrable, and in this case

/f(:c)dx:/Ref(:c)da:+i/1mf(:c)d:v

It follows from Proposition 3.6 that if the Riemann integral of a complex-
valued function converges absolutely, then the function is Lebesgue
integrable and its Lebesgue and Riemann integrals are equal.

3.6. Lebesgue integral in RY. The Lebesgue integral in any Euclidean
space is defined in the same way, that is, as a limit of Riemann integrals
of piecewise continuous functions.

3.6.1. Piecewise continuous functions on RY. Recall that a region is an
open connected set RY. A function f is called piecewise continuous in
RN if
(i) there is at most countably many non-intersecting regions €,,,
n=12 .,
(ii) with piecewise smooth boundaries 0€2,,
(iii) any ball is contained in the union of finitely many closed re-
gions .,
(iv) the union of Q, coincides with RY, and
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(v) feC()

This definition is to be compared with the definition of a piecewise
continuous function on R. Regions (2, are analogs of open intervals.

A piecewise continuous function is continuous almost everywhere
and at any point where it is not continuous the function can only have
a jump discontinuity. A piecewise continuous function is bounded on
any ball. Therefore a piecewise continuous function with a bounded
support is Riemann integrable on RY.

3.6.2. Definition of the Lebesgue integral in RY. Let a real-valued func-
tion f coincide almost everywhere with the limit of a non-decreasing
sequence of piecewise continuous functions f,(x),

fn(I)an+1(I)> VZEERN7 n:172>"

such that the sequence of the Riemann integrals is bounded:

R/fn(:v)szgM,

for all n, where the Riemann integral is understood in the improper
sense if supports of f,, are not finite. The limit

lim R [ fo(z)d¥z = /f(ZE)dNZL’ < 00
of this non-decreasing bounded sequence is called the Lebesgue integral
of f. The set of such functions is denoted by £, . A real function f is
called Lebesgue integrable if it can be represented as the difference of
two functions from Ly, f = f1 — fo, fi2 € L4+ and

/ flx)dNa = / fi(z)dVz — / fo(z)dNz .

The set of Lebesgue integrable functions is denoted by L. The proof
of consistency of the Lebesgue integral over R given in Sec.3.4.2 is
easily extended to R by replacing all intervals in R in Sec.3.4.2 by the
corresponding balls in RY.

Similarly to the one dimensional case, a function f is said to be from
L(2) if the function x,,f € £, where x,, is the characteristic function
of the set 2 and, in this case,

/Qde:E:/XQdez
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3.6.3. Lebesgue and Riemann integrability in RY. Let Q be a region in
RY and f € C°(Q). Then f € L(Q) if and only if its Riemann integral
over §) converges absolutely, that is, if and only if

lim R |f(z)|d¥x < oo
n—oo Qn
for some exhaustion (or regularization) {Q,} of Q, and, in this case,

/f(a:)dNa:: lim R [ f(z)dVx.

Q n— o0 Q,

A proof of this assertion is left to the reader (cf. Sec. 3.5.4).
Proposition 3.6 can be extended to integrals in R. Let f an ab-

solutely Riemann integrable function and g(x) = f(x) a.e.. Then g is

Lebesgue integrable and its integral is equal to the Riemann (improper)

integral of f.

3.7. Exercises.

1. Let f(z) = 0 if x is rational and f(z) = e™* otherwise Find the

Lebesgue integral
| rayas
0

or show that it does not exist.

2. Let Lo be a collection of lines through the origin in R? such that the
angle between any two lines is equal mq where ¢ is a rational number.
Let f(z) = 0if z € Lo and f(z) = e 1" otherwise. Investigate the
existence of the integrals

/f(:z)dzzz, R/f(:z)dzzc

and, if an integral exists, find its value.
3. Which of the following functions are Lebesgue integrable on R:

sin(x) etk cos(x) . 100, 2

€T Y €T Y \/m Y € Y x

4. A function is said to be Lebesgue square integrable on €2, or from
the space Lo(Q), if |f|? € £(). Which of the functions from Problem
3 are square integrable?

5. Let f be continuous and Lebesgue integrable on RY. Show that
its Fourier transform

FIf(k) = / ¢#) f(z) dVa

exists for any k € RV,
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4. Properties of the Lebesgue integral in RY

Properties of the Lebesgue integral are analogous to the properties
of the Riemann integral (cf. Sec. 1.5) because the Lebesgue integral
coincides with the absolutely convergent Riemann integral whenever
the latter exists (Proposition 3.6).

The key difference between the Lebesgue and Riemann integrals is
that the Lebesgue integral is insensitive to alterations of the integrand
on sets of measure zero, whereas the Riemann integrability can be
lost after such alterations. This leads to simplifications of theorems
about integrability of the limit function of a functional sequence. In
particular, the hypotheses of the uniform convergence can be weakened
and simplified, which is a major advantage of the Lebesgue integral.

In what follows, a Lebesgue integrable function will be called just
integrable and integrals are always understood in the Lebesgue sense
(unless stated otherwise) and the term integrability means integrability
in the Lebesgue sense. In mathematical literature, Lebesgue integrable
functions are often called summable to distinguish them from integrable
functions in the Riemann sense.

4.1. The set L is a linear space. If f and g are integrable, then their
linear combination is also integrable and

/(clf(:v)+029(a:)) dNa::clff(x)dNa:+02/g(x)de.

So, the set £(€) of Lebesgue integrable functions on Q C RY is a linear
space. Recall that the Riemann integral has the same property. This
property follows from the limit laws. If {f,} and {g,} are sequences of
piecewise continuous functions that define the integrals of f and g, then
by linearity of the Riemann integral the sequence ¢y f,, + c2g, defines
the integral of the linear combination c; f 4 cog.

4.2. Monotonicity. Suppose that f and g are integrable. Then'?
f@)>0 = /f(x)dNa: >0
and, as a consequence,

@) zg@) = [ f@)dez [g@d

Bsee Proposition 3.2
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4.3. Integrals on sets of measure zero. The Lebesgue integral is insen-
sitive to alterations of a function on sets of measure zero. If f € L,
then every function that coincides with f almost everywhere is also
integrable and its Lebesgue integral has the same value. Similarly, if f
is not Lebesgue integrable, then any other function that differs from f
on a set of measure zero is also non-integrable. In other words,

flo) = g(z) ae. = / fla)dz = / g(z)dVz

and both the integrals either exist or do not exist simultaneously. As
noted earlier, this property is not true for the Riemann integral.

In particular, if the integral of any (measurable) function over a set
of measure zero vanishes:

Ya(@)f(@) =0 ae. = / F(z)dVa = / (@) (@) dVe = 0.

4.4. Additivity of the Lebesgue integral. Suppose that f is integrable
on {2 and € and the intersection 2N€)’) is a set of measure zero. Then
f is integrable on the union Q U Q) and

/ f(:E)dN:E:/f(:E)dN:E—I— flz)dVz.
QU Q o
This follows from that

Xa v () = xo(2) + X (x) a.e.
and the linearity of the Lebesgue integral.

4.5. Lebesgue measure of a set. If the characteristic function of a set
Q) c RY is integrable, then the number

n(@) = [ ol

is called the Lebesque measure of €). For example, if () is a bounded
region with a smooth boundary, then its characteristic function is piece-
wise continuous and the Lebesgue measure is equal to the volume of
Q) defined by the Riemann integral. If €2 is not bounded, then the vol-
ume is defined by the improper Riemann integral. The volume can be
infinite if the improper Riemann integral diverges.

In general, a characteristic function of a measurable set is measur-
able. So, every bounded measurable set ) has the Lebesgue measure.
If a measurable set is not bounded and its characteristic function is
not integrable, then the set is said to have infinite measure p(€2) = oo
(similarly to sets of infinite volume). Thus, in contrast to the volume,
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the Lebesgue measure is defined on all measurable sets if it is allowed
to have the infinite value. The Lebesgue measure has the following
properties similarly to the volume!.

4.5.1. Positivity. The Lebesgue measure is non-negative function of a
set:
1(€2) >0

and it vanishes if and only if ) is a set of measure zero.

4.5.2. Monotonicity. The Lebesgue measure is increasing with enlarg-
ing the set:
Ql C QQ = M(Ql) < M(Qg) .

In particular,

() < ()
and the strict inequality is also possible. Let 2 C R consists of all
rational numbers in an interval [a,b]. Evidently x,(z) = 0 a.e. and

w(2) = 0. However, Q = [a,b] and pu(2) =b—a > 0.
4.5.3. Countable additivity. If a set is the union of countably many

non-intersecting sets, then its measure is the sum of measures of sets
in the union:

Q={J%, QnQu=0,n#m = pQ) =) ul)

In particular, the Lebesgue measure of €2 does not change when a set
of measure zero is removed from €:

pQ\ Q) = p() it () =0
For example, if 2 is a bounded region with a piecewise smooth bound-
ary, then Q = Q U 02 has the same Lebesgue measure.

4.5.4. Measure of an unbounded set. Let {2 be an unbounded set. Let
), a sequence of subsets of a finite measure such that €2, C €,., for
any n and the union of all €2, coincides with 2 up to a set of measure
zero. Then it follows from the countable additivity that

Q=J%, WC U = pQ)= Tim fo(€2,,).

This procedure can be used to evaluate the measure of unbounded sets.
The limit either exists or is infinite and does not depend on the choice

Mproofs of the properties of the Lebesgue measure can be found in: A.N.
Kolmogorov and S.V. Fomin, Elements of the theory of functions and functional
analysis, Chapter 5, Sec. 1
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of exhaustion of Q (similarly to the absolutely convergent Riemann
integrals). For example, €, = QN B,, where B, is a ball of radius n.

4.5.5. Continuity. Let {{2,} be a sequence of set embedded into one
another €2,.1 C €2, and € is the intersection of all €2,,. Then

Q=12 L €U = u(Q) = lim p(2,)

For example, if {2 is a bounded set, then one can take (), to be the
union of open ball of radius a that are centered at every point of €.
Then u(Q,) — p(Q2) as a — 07,

4.5.6. Geometrical properties of measurable sets. The symmetric differ-
ence of two sets A and B is defined by

AAB=(A\B)U(B\ A)

So, it consists of elements that are either in A or B but not in their
intersection. Therefore, if u(A A B) = 0, then A and B differs at most
by a set of measure zero.

Two rectangular boxes are called almost disjoint if their interiors
do not intersect. In other words, two almost disjoint boxes can have a
non-empty intersection of their boundaries. A set is called elementary
if it can be represented as a finite union of almost disjoint rectangular
boxes. The measure of an elementary set is just its volume. One can
show that

e the union, intersection, difference, and symmetric difference of
two elementary sets is elementary;

e the union, intersection, set difference, and symmetric differ-
ence of two elementary sets is elementary.

Any measurable set has the following characteristic property. For
any measurable set A and any € > 0, there exists an elementary set B
such that

wWAAB) <e
In other words, any measurable set in RV can be "approximated with
any desired accuracy” by a finite collection of almost disjoint boxes.

4.6. Upper and lower bounds. Suppose that f € £(Q2) and f is bounded
almost everywhere in {2, then

m< f(x) <M ae. = m,u(Q)ﬁ/Qf(x)degM,u(Q)

A similar property also holds for the Riemann integral over an interval
(without a.e.).



4. PROPERTIES OF THE LEBESGUE INTEGRAL IN RY 65

4.7. Integrability of the absolute value. If f € £, then |f| € L. If f is
measurable and |f| € £, then f € £ and

[ e < [1r@)es.

In view of the early remark about non-measurable functions, the inte-
grability of f and |f| is practically equivalent in the Lebesgue theory.
So, if f is measurable, then the integrals

/f(:c)dx and /|f(:c)|dx

exist or do not exist simultaneously.

This property does not hold for the Riemann integral. For example,
let f(z) =1if z € Q and f(z) = —1 otherwise so that |f(x)| = 1 for
all z. Clearly, |f(x)| is Riemann integrable on any bounded interval,
while this is not so for f(z). In the Lebesgue theory, f(z) = —1 a.e.
(because Q has measure zero) and therefore it is Lebesgue integrable
on any bounded interval.

4.8. Vanishing integral of the absolute value. Recall that, if f is con-
tinuous and the Riemann integral of the absolute value |f| vanishes,
then f(z) = 0. The converse is obviously true. The Lebesgue integral
has a similar property: if f € L and the integral of | f| vanishes, then
f(z) = 0 almost everywhere (and the converse is obviously true):

fec, /|f(a:)|da::0 &  f@)=0, ae

4.9. Comparison test for integrability. If a function ¢ is integrable on €2
and |f(x)] < g(x) a.e., then f is also integrable on 2

[f(@)] < g(z)ae, geL() = [feLl(Q)

This implies that any bounded (and measurable) function is Lebesque
integrable on any bounded (and measurable) set. Indeed,

|f(x)| <M ae = /Q|f(:v)|dN:B§M,u(Q)<oo

because 2 is bounded. In particular, all Riemann integrable functions
(in the proper sense) are bounded. Therefore, every Riemann inte-
grable function is Lebesgue integrable.

For example,

1
sin (—)‘ <1 a.e.
|z|P
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for any real p. Therefore sin(|z| ™) in integrable on any bounded inter-
val. If p > 0, the function is not defined at x = 0. One can assign any
value to the function at x = 0. The Lebesgue integral does not change.

4.9.1. Comparison tests. Let f be integrable on Q\ Bgr(xo) and f is
not bounded in a ball Bg(zo), then f is integrable on Q C RY if

M
|f(z)] < = ol a.e., p <N, z€ Bg(xo)

because the Riemann integral of the right side of this inequality was
shown to converge absolutely. Similarly, if {2 is not bounded and f is
integrable on 2 N By for some ball By, then f is integrable on 2 if

M
|f(l’)|§— a.c., |1’|>R,p>N

x|P

for some M.

4.10. Absolute continuity of the Lebesgue integral. Consider the Lebesgue
integral as a function of the integration set:

(4.1) F(Q):/Qf(x)de.

The function F has the following properties®®.

THEOREM 4.1. Suppose that

Q=J%, %N =0, k#n
and f is integrable on 2. Then f is integrable on any €2, and
(4.2) /f(x) dNr = Z f(x)dVz

where there the series converges absolutely. Conwversely, if f is inte-
grable on every €, and the series

> [ i@l <o
converges, then f is integrable on €2 and relation (4.2) holds.

I5A proof can be found in: A.N. Kolmogorov and S.V. Fomin, Elements of the
theory of functions and functional analysis, Chapter 5, Sec. 5



4. PROPERTIES OF THE LEBESGUE INTEGRAL IN RY 67

There are a few consequences that can be deduced from this theo-
rem. A measurable set () in Theorem 4.1 is represented as the union
of arbitrary non-intersecting measurable sets. Therefore the Lebesgue

integrability on €2 implies the Lebesque integrability on any measurable
subset of )

feL ), dcQ = [ferl)

Note that if f is bounded almost everywhere and 2 is bounded, then
this conclusion follows from the comparison test | f(z)| < Mx,(x) a.e
and that u(Q') < p(Q) < co.

The convergence of the series in (4.2) implies that the terms of the
series must tend to zero. Therefore for any function f € L(Q2) one
can find a measurable subset {2’ such that the integral of f over € is
arbitrary small. This property is known as the absolute continuity of
the Lebesgue integral.

THEOREM 4.2. For any € > 0 there exists 6 > 0 such that

f(x)dVz| <& whenever u(Q)<d, Q cCcQ.
Q/

The assertion is obvious if f is bounded almost everywhere on €2
because

flx)dVz| <
o

if |f(z)] < M a.e.. In this case, § = /M.
By the absolute continuity of the Lebesgue integral, if f € L£(Q),
then for any € > 0 one can find a proper subregion ' or a region 2

(cf. Sec. 1.1.8) such that
| ls@lave<e
Q\Q

For example, if 2 is bounded, then €’ can be constructed by removing
closed balls of sufficiently small radius from {2 whose centers are on the
boundary 0f).

@) < (@)

4.10.1. Lebesgue integral over unbounded regions. Let {{2,} be an ex-
haustion of a region 2. If f is integrable on €2, then

(4.3) lim f YdNz = / flz)dVz.
In contrast to the Contlnulty of the Riemann integral, the integrability
of f on every €, is redundant because f is integrable on any measurable
subset of {2. Conversely, suppose one wants to investigate integrability
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of fon Q. If fe L£(Q for all n, then its absolute value is also
integrable on every €),,. By the second part of Theorem 4.1, if the limit

lim |f(z)|d 2 < oo

n—oo Qn
exists (not infinite), then f is integrable on © and (4.3) holds. In
what follows, this continuity property will often be used to investigate
integrability in combination with comparison tests.

4.10.2. The space Li,.(f2) of locally integrable functions. Let Q C RY
be an open set and f is continuous on ). Then f is integrable on
any proper bounded subset € of Q, @/ C Q and € C Bp for some
R. However, f is not necessarily integrable on (2. Recall that in this
case, the integrability means that the Riemann integral of f converges
absolutely on 2 if f has singular points on the boundary of 2, or € is
not bounded, or both. A function f is called locally integrable on an
open set Q C RY if it is integrable on any proper bounded subset of
Q. The class of such function is denoted by Lj.(£2) or simply by Liee
if O =RY:
f € L1oc(2) : If(z)]dVz < oo
o

for any proper bounded subset € of €.

4.10.3. The space L(2;0). Let o be a non-negative integrable function
on 2. Then the function

1o () = /Q (@) da

has the same properties at the Lebesgue measure u(€2). It is defined
on all measurable sets, it is non-negative, monotonic, and countably
additive, and the condition p(£2) = 0 implies p,(2) =0

Let o(z) > 0. A function f is called Lebesgue integrable on Q with
weight (or measure) o if the product fo is integrable on €. The space
of all integrable functions on 2 with weight o is denoted by L£(2;0).

4.11. Taking limits under the integral sign. It was shown that the limit
of a pointwise convergent sequence of Riemann integrable functions
is not generally Riemann integrable. A uniform convergence of the
sequence is sufficient for the Riemann integrability of the limit function
(cf. Theorem 1.9). In the Lebesgue theory, taking limits under the
integral sign is simpler (requires weaker conditions). This stems from
insensitivity of the Lebesgue integral to alterations of the integrand on
sets of measure zero. Here a few theorems stating sufficient conditions
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for interchanging the order of taking the limit and integral are discussed
(their proofs can be found in'®)

4.11.1. The Lebesgue dominated convergence theorem. Let a sequence of
(measurable) functions {f,}3° converge to f a.e.,

lim f,(z) = f(x) a.e.
If there exists an integrable function g independent of n such that

|fu(@)| < g(z) ae., gL,
then f € L and

(4.4) lim [ f,(z)dx = /th& fo(z)dr = /f(:v)dz.

n—oQ

This theorem is perhaps one of the most useful theorems from anal-
ysis. To illustrate it, recall the first example in Section 1.10. The
sequence is bounded by g(z) = 1 that is integrable on any bounded
interval and, hence, (4.4) holds for any such interval. The limit func-
tion is the Dirichlet function that is nowhere continuous and, hence,
not Riemann integrable, but it is Lebesgue integrable because it is zero
almost everywhere.

4.11.2. Example. Let

nsin(z?/n)
n = "5/ 9 o\ ) 0 )
where a, > 0 and a, — a > 0 as n — oo. The functions f,, are not
defined at x = 0. For example, they can be extended by continuity
fu(z) — 1/a% as x — 0, or one can set f,(0) = b, for some sequence
{bn}. Then
. 1
LIl = e e

Indeed, the limit may or may not exist at x = 0, and for x # 0, the
limit follows from that

lim sin(y)

y—0
where y = 2%/n — 0 as n — oco. Then

i [ o= [ =

n—oo J_ o 00 l’2+a2 2@

=1

16A N. Kolmogorov nad S.V. Fomin, Elements of the theory functions and
functional analysis
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provided there exists a Lebesgue integrable bound g, |f.(x)| < g(z)
a.e., that is independent of the parameter n. To find g(x), note first
that |sin(y)| < |y|, and it follows that

1
A positive sequence a, converges to a > 0 and, hence, its greatest
lower bound cannot be equal to zero ap = inf,{a,} > 0. Indeed, any
interval |x —a| < § < a contains all but finitely many terms of the
sequence {a,}. Since a, > 0, ag is the smallest among finitely many
terms outside the interval. If a,, # a, then for small enough ¢ there
will always be terms outside the interval. Therefore

)] < !

<
22+ a2 ~ 2?2+ dd

a.e.

=g(z) ae., ag=inf{a,} >0.

4.11.3. An example of a convergent sequence with no integrable bound. If
there exists no integrable bound, then (4.4) can be false. Consider the

sequence
n

:714—712:52’ z e R

Then for any n,

b bn
ndx dy
n = 1 _— = 1' _— =
/f (z) de blggo _p 1+ n2x? bgglo/_bn 1492 i
However the integral of the limit function is zero. Indeed, the sequence
converges to zero if x # 0 and to infinity if x = 0. Therefore

lim f,(z) =0 a.e.

and
lim [ fu(x)de=m#0= / lim f,(x)dx

Note that 2n < fu(x) < n if |#] < 2. This implies that if f,(z) < g(z)
for all x and all n, then g(z) ~ ﬁ near r = 0 which is not integrable.

4.11.4. Levi’s theorem. If the sequence has no integrable bound, then
the integrability of the limit function can be established by means of
Levi’s theorem: Let {f,} be an almost everywhere non-decreasing se-
quence of integrable functions, f, € L(£), and the sequence of the
integrals of f, is bounded,

fn(z) S fn+1(l’) a.e.

‘/fn(x) dVzx

<M,
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for all n. Then there ezists f € L(Q2) such that
lim f,(z) = f(x) ae.

and the relation (4.4) holds.
As an example, put

folz) = (1+ fo(a:))"

n

where fp is the Dirichlet function. Recall the sequence (1 + p/n)"
converges to eP and it is monotonically increasing if p > 0. Therefore
fa(2) < fapa(x) if £ > 0 and

b b
0< fn(z)d:vgfemdz<oo, 0<a<b< .

The limit function is
f(z) = lim falx) =1 a.e.

because f(x) = e® if x is rational and f(x) = 1 otherwise so that

n—oo

lim fn dx—/f dr=b—a.

In Levi’s theorem the hypothesis of the boundedness of a sequence
by an integrable function is replaced by the hypothesis of monotonicity
of the sequence and boundedness of the sequence of integrals. The
monotonicity hypothesis is essential. For example, the sequence of
functions in Sec. 4.11.3 has a bounded sequence of integrals. But,
by graphing f,(x), it is not difficult to see that the sequence is not
monotonic: if n > m, then f,(z) > fn(z) near x = 0 and f,(x) <
fm(x) for all large enough |z|.

There is a simple consequence of Levi’s theorem for functions de-
fined by functional series of non-negative terms that allows one to in-
terchange the summation and integration signs.

COROLLARY 4.1. If f,(x) > 0 and

i/ﬂfn(a:)d]vz< 00

then there exists f € L(Q2) such that

> falz) = f(x) ae.
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and
/ (gmx)) de:g [ 501

Note that partial sums of the series ) f.(x) form a sequence sat-
isfying the hypotheses of Levi’s theorem.
For example, the series
> e
2,2
“— n(1 + n?z?)
converges almost everywhere to f(x) that is integrable on R and
1 2 g3

mw T
1n2_2 6 12

/_:f(x)d:r:g:j

The series converges for any = # 0 and diverges for z = 0. So, f exists
almost everywhere. Its integrability follows from that f,(z) > 0 and

o

* T 1 1

n=1

4.12. Exercises.

1. Can the Lebesgue measure of an unbounded region be finite? If
so, construct an example. Hint: Think of the area under the graph of
a non-negative continuous function on R.

2. Construct an example of set in RY that contains an open ball
|z| < R whose measure is equal to the volume of the ball but the clo-
sure of the set has measure that twice as much as the volume of the
ball.

3. Are there any values of p for which the function

_ sin®(|z])

fx) =

o zeRN

is integrable on

(i) a bounded set that contains x = 0;
(i) RY;
(iii) on the complement of a region containing = = 0

4. Suppose that
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For what values of p does f have a Fourier transform
FUN0) = [ (@) a¥s, ke R

5. Suppose |f(x)| < M|z|P a.e., where p > 0. For what values of p is
the function e 1*f(x) is integrable on RY? Give an upper bound of
the value of the integral.

6. Let f,(x) = (1 —a:/n)n, n=12,...
(i) Show that f,(x) converges to e~* uniformly on [0, 1], that is,
lim sup ‘fn(z) — e_m‘ =0

Note that f,(z) —e " is continuous on [0, 1] and, hence, attains its
extreme values on [0, 1]. Find them and compute the limit. Conclude
that
1 1
lim [ f.(2) =/ e " dx

(i) Show that |f,(x)| < M for all z € [0, 1], where M is some constant
independent of n. Use the Lebesgue dominated convergence theorem
to established the same result.

7. Let ¢ € CY(R) and the support of ¢ is bounded. Show that

lim [ e™p(x)dr =0

Hint: Use integration by parts in combination with the Lebesgue dom-

inated convergence theorem (or with the theorem about the uniform
convergence and integrability).

8. Let f € L(R) such that [ f(z)dx = 1 and ¢ be a continuous
function with bounded support. Put f,(x) = nf(nz), n = 1,2,....
Show that

tim [ fuw)pla) do = o(0

Hint: Use the Lebesgue dominated convergence theorem and that any
continuous function with bounded support is bounded.

9. Use the Lebesgue dominated convergence theorem to find the fol-
lowing limit

s

4 .
lim n / e~ sin(20) gy
n—oo 0
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5. Functions defined by Lebesgue integrals

Let f(z,y) be a function of two variables x € RY and y € RM.
Suppose that f is Lebesgue integrable with respect to y for any .
Then the integral defines a function

uw) = [ flag) @y,

Under what conditions on the function f is the function u integrable,
or continuous, or differentiable? These questions will be answered in
this section.

5.1. Fubini’s theorem. Suppose that the iterated integral of | f(z,y)| ex-
ists, then f is Lebesque integrable on RN+tM :

/ (/ |f<x,y>|de) My <oo = flr.y) € LRYM)

Conversely, if f is Lebesgue integrable, then the function defined by the
integrals of f either with respect to x ory

ba) = [ ey, o) = [ fa)ds
exist almost everywhere and are Lebesque integrable:
fe L@y = phegRY), geL(RY)

and, in this case, the integral of f is equal to the iterated integrals:

J[ s eaaty - | ( [ tw) de) My
= [ ([ s@mary) v

Funini’s theorem also holds if f is defined on Q x €V, that is, x €
Q c RY and y € @ c RM. Indeed, one can replace f(x,y) by
Xo(Z)Xo, (y)f(x,y) in the above formulation and use the definition of
the Lebesgue integral over a region.

It should be noted that if f is not integrable, then its iterated
integrals either do not exist or, if they exist, they are not equal. The
latter can happens if f has a conditionally convergent Riemann integral.
For example, consider

1 2 2 1
. -y . J y
h(z) = 1 =Y gy =1 -7 4
)= 1% y @ty bf(?*/b dyai+y? Y
. y | 1
= lim } r#0

o+ 22 + 2l 1t a2’
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Similarly,

12 2y
= 1 dr = — lim
) a0 . (224 2)2 v aa(ﬁ/ 8:17:82+y
r

= - ) y%o

Therefore, the functions

! 1
:/ f(x,y)dy: ol

1
X = a.e.
/ f(z,y)d 1142

are integrable on (0, 1) and

/(/fxydy) /h(x)d:p:%’
/0 (/0 f(x’y)d‘”) dy:/olg(y)dyz—%

It was shown earlier that the improper Riemann integral of f over
any bounded closed region that contains the origin does not converge
absolutely so that f is not Lebesgue integrable.

The first part of Fubini’s theorem is a criterion for Lebesque inte-
grability of a function of two variables, while the second part gives a
criterion for changing the order of integration. If

/ s y) d¥edMy < oo
QJY

in any particular order, then

| [ e dtde= [ [ ) aadty

In the above example

[ ([ i) i =o

This is left to the reader as an exercise.

5.2. Continuity.

THEOREM 5.1. (Continuity of a function defined by an integral)
Let f(x,y) be defined on RN x Q, Q c RM. Suppose f is continuous
iny € Q for almost all x € RN, and there exists an integrable function
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F(z) such that |f(z,y)] < F(z) a.e. for every y € Q. Then the

function
— / fla,y)dz

lim f(x,z)de:/hmfxz z—/fzvy

z—Y QY

18 continuous on €1, that is,

for any y € €2

Recall that g is continuous at a point y if and only if for any sequence
{y,} converging to y, the sequence {g(y,)} converges to g(y). Consider
the sequence of functions f,(z) = f(x,y,). Then

lim f,(z) = f(z,y) ae.

because f(z,y) is continuous in y for almost every x € RY. The
sequence { f,,} is bounded for all n by a Lebesgue integrable function

|[fn(2)] < F(x)

for any choice of {y,}. By the Lebesgue dominated convergence theo-
rem

11m 9(yn) = hm /fn = /nlggo fu(x)d"z = g(y)

This proves the theorem.

5.2.1. Continuity of the Fourier transform. As an example, let us show
that the Fourier transform of a Lebesgue integrable function is a con-
tinuous function:

FUAk) = / ) f() Vg, k€ RY

First note that the Fourier transform exists for any & € R because
le?®:2) £(2)| = | f(x)| and the absolute value is integrable if f € £. Let

g(x, k) = e'®?) f(z). The exponential e!*®) is continuous with respect
to k for any = and so is g(x, k). So,

g(z k) € C° Vi |g(a k)| = |f(z)| € L

By the stated theorem F[f](k) = [ g(x,k)d"z is a continuous func-
tion.
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5.3. Differentiability. In what follows the following notations for partial
derivatives are adopted

O f(z,y)
al’ilal’iz e al’ip

for any choice of iy, is,..., i, from 1 to N (here z € RY). So, D f
stands for any partial derivative of f of order p with respect to x.

Drf =

THEOREM 5.2. (Differentiation of an integral)
Let f(x,y) be defined on RN x (a,b). Suppose that the partial deriv-
ative D, f(z,y) is continuous in y € (a,b) for almost all x € RY.
Furthermore, there exists an integrable function F(x) such that for ev-
eryy € (a,b), |Dyf(x,y)| < F(x) almost everywhere, and the integral
of f(x,y) with respect to x exists for some particular yo € (a,b). Then
the function

= /f(z,y)dN:B € C'(a,b)

has the derivative continuous in (a,b) and the following equality holds

(5.1) /fxy x_/Dfxde

Put
:/Dyf(x,y)dN{E

Since D, f(x,y) is continuous in y for almost every = and is bounded
by an integrable function:

Dyf(x,y) € C%a,b) Voi  |[Dyf(z,y)| < F(z) €L

by the theorem about continuity of a function defined by the Lebesgue
integral, the function ¢(y) is continuous on (a,b). Therefore for any y
and yo in (a,b), its integral

= /ygb(t) dt € C'(a,b)

is continuously differentiable in (a, b) and, by the Fundamental theorem
of calculus,

Since F' € L, one infers that

//|Dfxy|dedy<// x)d"zdy

(b—a) /F({E)dN[L’<OO
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Therefore the function D, f(z,y) is Lebesgue integrable on RY x (a, b)
by the first part of Fubini’s theorem. By the second part of Fubini’s
theorem, the order of integration can be changed:

D(y) :/yj/th(x,t)dedt://:th(x,t)dtd]vx
= /[f(:r,y) — [z, y0)] "z = g(y) — g(yo)

This shows that g(y) is continuously differentiable and ¢'(y) = ®'(y) =
¢(y) as required. This completes the proof of the theorem.

It is clear from the proof that the same result holds if y € Q c RM.
If 2 is open, then each coordinate y; ranges over some open interval
for given values of the other coordinates. Similarly, g(y) is from class
CP if partial derivatives Dgf(a:,y), 8 =1,2,...,p, are continuous with
respect to y for almost every x and are bounded by Lebesgue integrable
functions, | D f(z,y)| < Fs(x) € L:

D) f(z,y) € COQ) Va; [D)f(x,y)| < Fs(z)eLl, B<p,
S gly) = / fa.y)d¥e € CP(9)

= ng(y)szff(x,y)de, B<p

So, the order of differentiation with respect to parameters and the in-
tegration with respect to other variables can be interchanged if partial
derivatives of the integrand with respect to parameters are bounded by
a Lebesgue integrable function that is independent of the parameters.

5.3.1. Interchanging the order of integration and differentiation. Theo-
rem 5.2 states sufficient but not necessary conditions for differentiation
of the integral with respect to a parameter. In fact, the integral can
be differentiable infinitely many times while partial derivatives with
respect to parameters do not have integrable bounds independent of
parameters. This implies that in general the order of differentiation
and integration cannot be interchanged. For example, one can show

that!?,
00 ikx
e
/ i 2dx:7re_|k|
o x

This function is infinitely many times differentiable on any interval that
does not contain k£ = 0. However, the derivatives of the integrand with

1"Example 1 in Sec. 7.3
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respect to k are not even integrable:
4" 6ikm
dk™ 1+ x2

_ Jal?
1+ 22

¢L, n>0.

5.3.2. Differentiability of the Fourier transform. Let us investigate differ-
entiability of the Fourier transform in RY. It follows from integrability
of f that

/|f(x)| ¥z — lim / F(2)] Yz < 0o
R—oo Br
and, owing to non-negativity of the absolute value,
[f(@)]| =0 as [z[ — o0
For z € RY, define
o =alaf a2l BBt +Bv=8, B =0

where f3; are non-negative integers. In other words, z° stands for any
monomial of order # in coordinates of x. In particular, it follows from
|z;| < |z| that
27| < |z]°.
Then
‘ DPeitkf(@)

= |i#aei ) p )| < Jal?| ()

The Fourier transform is from class C? if |z|P|f(x)| € £ and

Dg}"[f](k:) = Dg/ei(k’m)f(x) ANy = Z'B/ei(k’m):vﬁf(:v) dVz
= Fl(iz) f(x)](k), B=1,2,...,p

So, differentiability of the Fourier transform depends on how fast the
function decreases in the asymptotic region |z| — oo.

Recall that if f is integrable on any ball |z| < R and |f(z)| =
O(|z|™™), m > N, in the asymptotic region |r| — oo, then f € L.
Therefore the Fourier transform F|[f] is p times continuously differen-
tiable if

[f(@)] = O(lz[™"), n>N+p

in the asymptotic region |x| — oo. In particular, if f decreases faster
than any power function, its Fourier transform is from class C*:

|l|im |z|P|f(z)|=0 forallp = F[f](k)eC™
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5.3.3. Differentiability of a Gaussian integral. Let us prove that for n =
1,2,...,and t > 0

o d’ﬂ

/ 22 dy = V(1) —t7Y2.
oo dtm

For n = 0, the Gaussian integral can easily be computed

h(t) = / e dy = mt V2.

e}

Let f(x,t) = e ™. Fix ty > 0 (an arbitrary positive number). Using
the power series for e* about x = 0 is not difficult to establish the
inequality
2™ < mlell x €R.
Therefore for every positive integer n
2?re ™t < (2n)!e‘tm2+|m| < (Qn)!e_tom%"m' = gn(T)
for all 0 <ty <t < oo and z € R. The function g,(z) is integrable. In
particular
iz, 1)) = 2% < gi(z), 0<to<t<oo

and all x € R. Therefore
d o0

2 0 2 2
—tx —tx 2 _—tx —1/2y/
il e "dr = /_ % dr = —/ zle™dr = —\/m(t7?)

which holds for all 5 < t < 0. Since ty > 0 is arbitrary, the above
relation is true for all ¢ > 0. Repeating this argument successively for
f(x,t) = 2227 n =1,2, ... it is concluded that

(—1)m () = (—1)ny/r L g1z = e L /Oo et dy

dtn dt | .
n > an —tz? > on  —tx?

= (-1) 5 dx = e dr .
for all £ > 0.
5.4. Exercises.
1. Let

Ty 2

f(a:,y)z ) (l’,y)E(—l,l)X(—l,l):QCR

(72 + y2)2
(i) Show that
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so that these functions are integrable on (—1,1) and their integrals
vanish.

(ii) Show that the function f is not integrable on the rectangle €. Ex-
plain why Fubini’s theorem does not apply in this case.

2. Let {z,} and {y,} be sequences in [0, 1] that converge to 0 monoton-

ically, 77 =1> 29 >--- andy; =1>yo > ---. Put Ax,, =z, — 1
and Ay, = n, — Y1, and suppose that
Az, Ay,
p

= 5 q =
Axpy AYnia
for any n. Consider the function of two real variables

pnqn ’ (a?,y) S [[L’n+1,l'n] X (yn—l—l,yn],

f(a?,y) = _pnqn—l—l ) (a?,y) € [xn+2>xn+1) X (yn+1>yn]>
0, otherwise

(i) Is the function f piecewise continuous? Explain.
(ii) Evaluate the iterated integrals of f:

//f(il?,y)da:dy, //f(x,y)dydx.

(iii) Is the function f integrable on R??

3. (i) Show that the function defined by the integral

h(x):/_dek:,

o K2+ m?

where m is a positive constant, exists and is continuous for all z € R.
(ii) Find an explicit form of h(z). Is h(z) differentiable for all 27 Is it
true that
© 0 cos(kx)
h(z) = —
(z) o O k2 m2

if h'(x) exists for some x?

4. Let f(u) = 1 — |u| if |[u]| < 1 and f is extended periodically to
all u € R, f(u+2) = f(u). Define a function

_ [T Sl
N 0 1‘|‘l'p

F(t) de, p>2, teR
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(i) Show that F'(t) exists and F'(—t) = F(t);
(i) Show that F € C'(a,b) for any 0 < a < b and

F’(t):/ xf(tx)da?, 0<a<t<b
0

14 aP
Hint: Consider a change of the integration variable u = tx. Use the
theorem about differentiation of a function defined by a Lebesgue in-
tegral.
(iii) Show that
< |z|

‘f(fft) — f(0)
t

(iv) Use the above inequality and the Lebesgue dominated convergence
theorem to show that the left and right limits

F(t) —

() - F(0)
t—0* t

exist but are not equal. Is I’ differentiable at ¢t = 07

5. Let A be a positive matrix (all eigenvalues are strictly positive).
Define the function

T(y) = /6—(m,Am)+(m,y) s yeRY
(i) Show that J € C* and
DY J(y) = /Dfe_(m’m)“m’y) dVz .
(ii) Calculate J(y) and show that for any polynomial P(x)
/ P(2)e@40) gV g — P(D,)J(y)

y=0
6. Let

22 _yz
f(a:,y) = m>

(i) Calculate the iterated integral

/100 ([mlf(x,y)ld:p) dy

Is it true that f € £(2)?
(i) Calculate and compare the iterated integrals

/100 (/loof(a:,y)dx) dy, /100 (/loof(x,y)dy) i

(x,y) € 2= (1,00) x (1, 00)
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6. Line and surface integrals

6.1. Line integrals in a Euclidean space. Let z = z(t), a <t < b, be a
parameterization of a curve C. Consider a partition P = {t,,} of [a, b]
Put

L(P,C) = [a(tn) = @(tn-1))|

The number L(P,C) is the length of a polygonal path with vertices
at x(t,) on the curve C. Upon a refinement of P, the polygon path
gets closer to the curve C' but its length is increasing by the triangle
inequality:

L(P,C)<L(P,C), PcCPF
for any refinement P’ of P. The quantity

Lo =sup L(P,C)
P

is called the arclength of C. Note that Lo can be infinite.
One can prove that'® if a curve is from class C*, then

b
Lc = / |2/ (t)] dt < oo

In physics, this equation has a simple meaning. If x = x(t) is the
trajectory of a point-like particle, then x'(¢) is the velocity vector, and
its magnitude |2'(t)| is the speed. The distance traveled along path C
is the integral of the speed with respect to time.

6.1.1. Natural parameterization of a smooth curve. Let z = z(t) be a
parameterization of a curve C from class C'. Define an arclength pa-
rameter by

s = s(t) = /: 2/ (7)| dr .

Then §'(t) = |2/(t)] > 0 and, hence, s(t) is monotonic and maps |a, b]
onto [0, Le]. The map is invertible, t = t(s). A parameterization of C
in terms of the arclength, = = X (s) = z(t(s)), is called a natural param-
eterization of C'. Note that X'(s) is a unit tangent vector, | X'(s)| = 1,
as one infers from the chain rule, dX (s)/ds = (dz(t)/dt)(ds/dt) ™ .

I8W . Rudin, Principles of mathematical analysis, Theorem 6.27
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6.1.2. Line integral of a scalar function. Let x(s) be a natural parame-
terization of a curve C' and f(x) be continuous in a neighborhood of
C'. Then the integral

/ fds= [ fla(s)) ds
C 0

exists and is called a line integral of a function f over a curve C. A
line integral can be defined for any f as long as the function f(z(s))
is integrable on [0, L¢]. One might think about a thin wire with a
non-uniform mass density f(z) so that dm(x) = f(x)ds is the mass in
a segment of length ds at a sample point x of the segment. The line
integral is equal to the total mass of the wire.

If = z(t) is any parameterization of a curve from class C!, then
using the change of variables, ds = |z/(t)|dt,

Lfdszfabf(x(t))|x’(t)|dt.

Recall that the center of mass a collection of point-like particles with
positions z, and masses m, (the index p labels the particles) is

1
I’C:—Eml’ m:Em
m pp > P
P P

Suppose these particles are assembled into a smooth curve C' with a
linear mass density o(x) so that dm(x,) = o(z,)ds is the mass of a
segment of the curve of length ds at a sample point x,. Then it follows
that the coordinates of the center of mass of this wire are given by the
following line integrals:

1
l’oj:E/CO'(l’)l’de, mz/ca(:c)ds

6.1.3. Line integral of a vector field. Let 7" be a unit tangent vector at
some point of a smooth curve. Then the vector —7 is also a unit tan-
gent vector. A unit tangent vector is continuous for a curve from class
C*. Therefore there are only two ways of choosing the latter. If a curve
connects points z, and x;,, then a natural parameter can be counted
either from x, or from x;, the derivatives of the corresponding natural
parameterizations are opposite unit tangent vectors at any point of the
curve. This choice defines an orientation of the curve C.

Let C be a curve oriented by a unit tangent vector 7. Let F'(x) be
a continuous vector field (its components Fj(z) are continuous). The
dot product

Fr(z) = (F(a:),T(:E)) , zeC
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is the tangent component of the vector field F' at a point x of C. If
x = z(s) is a natural parameterization of C' such that z/(s) = T'(x(s)),
then Fp = (F,z'). The line integral

/C Pr(x) ds = /C Fy(z)dz,

where Einstein’s summation rule over repeated indices j is assumed, is
called the integral of a vector field F along a curve C.

If F'(x) is a force acting on a point-like particle at a point z, then the
work done by F'in moving the particle along an infinitesimal straight-
line segment from x to x + dx is given by

dW (z) = Fj(x)dx; = |F(z)|cos(f) ds,

where 6 is the angle between F(z) and T'(x) and |dz| = ds. The line
integral of F' along C'is nothing but the total work done by F'in moving
the particle along the curve C.

Let # = z(t) be a parameterization of a curve C' such that 2/(t)
defines the correct orientation of C. Then by changing variable in the
line integral, dx; = 2'(t) dt, one infers that

| Ftwyae; = [ " () 1)

Let —C' be the curve C' with the opposite orientation, then

/_ Fyfada; = - /C Fi(x)da; .

Consequently, any parameterization can be used to evaluate the line
integral over a curve from class C* (if a parameterization defines an
opposite parameterization, the sign of the integral should be changed
after evaluating it).

If z = z(t) is a physical trajectory of a point-particle of mass m,
then the trajectory satisfies Newton’s Law ma”(t) = F(z(t)) (recall
that the second derivative x”(t) is the acceleration of the particle).
Then the work done by F' in moving the particle is a net change of the
kinetic energy 3mv?, where v(t) = 2/(t) is the velocity of the particle,

b
1 1
W = / Fj(x)dx; = / muj(t)v;(t)dt = 3 mv?(b) — 3 mv*(a).
C a
6.1.4. Fundamental theorem for line integrals. A vector field is said to
be conservative in an open set €2 if it is the gradient of some function
U, that is, ' = VU in Q. The function U is called a potential of F'.
Note that U is not unique as it can be changed by an additive constant.
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Let C be a C! curve in an open set Q and a vector field F' be
conservative in 2. Then

b b
/ Fidx; = a—U%dt = / dU(z(t)) = U(z(b)) — U(z(a))
C a a[L’j dt a
Thus, for a conservative vector field, its line integral along a path from
point A to point B does not depend on the path and is determined by the
difference of its potential at the endpoints of the path. This comprises
the fundamental theorem for line integrals.
In physics, this is a familiar statement that the work done by a
conservative force is determined by the net change change of a potential
energy V:

W=V(A)-V(B), F=-VV.

Combining this relation with the work being the net change of kinetic
energy, it is concluded that the energy of a particle

B(t) = 5 07(t) + V(x(t))

remains constant along any trajectory in a conservative force field,
E(b) = E(a). It can also be shown that E’(t) = 0 by a direct evaluation
of the derivative E’(t) and Newton’s Law.

6.2. Surface area. Let S be an M-surface from class C! and x = F(y)
be its parameterization, y € D. Then vectors w, = 0, F are tangent to
the surface. Define a matrix W whose columns are the tangent vectors
w, € RY:

oF
= o

WM:[wl'w2"'wM]> Wq

Then the area of S is defined by the integral

(6.1) A5:/DJ(y)dMy, J = y/det(WLWy)

where W, is the transposed matrix Wj,. Note that .J(y) is continuous
on a closed and bounded D and, hence, the integral exists for any C*
surface in RV,

The quantity J(y) is the volume on M dimensional parallelepiped
with adjacent sides being vectors w,. It is easy to verify the assertion
for M = 2. If 0 < 0 < 7 is the angle between w; and ws, then the area
of parallelogram with adjacent sides w; and wy is

Vo = w1 |Jwa] sin(8) = /|wi[2|wa]? — (w1, ws)? = 1/ det(WT Ws)
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because
W2TW2 — ( |'LU1|2 ('LUl,’LUg))

(wi,w)  wal?
Consider an n dimensional parallelepiped with adjacent sides wy, ws,...,
wy,. Its volume is denoted by V. Its base is the n — 1 dimensional
parallelepiped with adjacent sides wy, ws,..., w,_1 with volume V,,_;.
Then
Vi =Vuo1h,
where h is the height. If w) is the orthogonal projection of w, onto
span{wy, ..., w,_1}, then by the Pythagorean theorem
h? = [wa|? = [wy*.
One has

'LU'JL = ClwWy + CwWo + -+ Cp_1Wpn_1 s

where the constants ¢, are such that w, — wyl is orthogonal to all w,,

a=1,2,....,n—1, so that

n—1

Z(wmwb)cb = (wg, wy,) .

b=1
If ¢ € R* ! with components ¢, satisfying the above equation, then
c= (W, W)W, w,

because (wg, w,) are matrix elements of W2 W, _; and this matrix is
invertible because w, are linearly independent. Therefore

|7~U|7‘L|2 = (wl‘nwﬂ) = CTWEAWn—lC = ngn—l(WgAWn—l)_leAwn

On the other hand, W,, is obtained from W,,_; by adding an extra

column w, so that in the block-matrix notation, W,, = [W,_1 w,].
Using the block-matrix multiplication
wr W W1 W w
T _ n—1 _ n—1YYn-1 n—1%n

Suppose that the equation for the volume is correct for n—1. It follows
from the determinant of a block-matrix

A B
det{C’D

that the equation is also correct for n
det(W, Wy) = det(W,_ Wi—1)(Jwn|* — [wh]?)
= V2 (lwa? = [wl[?) = V7

By mathematical induction, the equation is true for any n < N.

} = det Adet(D — CA™'B)
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A linearization of F' an a point y* is the linear function L : D — RV
defined by

L) = PO+ 3wy = ). walo) = 5|

It maps D into the tangent space of S at a point x* = F'(y*). Equation
(6.1) has a simple geometrical meaning. For any partition box R,
in D, the surface area of F'(R,) is approximated by the volume of a
parallelepiped that is the image L(R,) of a partition box R, in the
tangent space taken at a sample point x, = F(y,), y, € R,. The total
volume depends on the choice of sample points. But since it depends
continuously on them for a C! surface, variations of the volume related
to different choice of sample points do not contribute in the limit when
dimensions of all partition boxes tend to zero uniformly, just like a
Riemann sum converges to the integral of a continuous function for
any choice of sample points.

6.3. Surface integrals in R of a scalar function. Let S be a M-surface
from class C'. Let x = F(y) be a parameterization of S. The surface
integral of a function f is defined by

[ f@as ™ [ ) s ay
S D
if f(F(y)) is integrable on D.

6.3.1. Integration over a sphere in R". A sphere of radius a in R¥ is
defined by

o =2t fap 4oy = o
Its parameterization

x1 = acos(&),

)
(&1) cos(&a)
Ty—1 = asin(&;)sin(&s) - - - sin(Ev_2) cos(En—1) ,
xy = asin(&)sin(&) - - - sin(Ey—2) sin(En—1)

where ¢, € [0,7] for p < N — 1 and {v_; € [0,27], can be obtained
using spherical coordinates. Here 0 < & < 7 is the angle between the
x1 axis and the vector x. This axis is called the axis of a spherical
coordinate system. Let x; be the orthogonal projection of z onto the
N — 1 dimensional plane orthogonal to the first coordinate axis. Then
the length of the projection is |z | = asin(&). With this choice,
is the scalar projection of x; onto the second coordinate axis, where

Ty = asin
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0 < & < 7 is the angle between x; and the x5 coordinate axis. Then
the length of the orthogonal projection of x; onto the plane orthogonal
to the second coordinate axis is asin(&;)sin(&2), and x3 is the scalar
projection of this vector projection onto the third axis. This procedure
is repeated N times to get all z; as functions of the angles . The
angle between any two vectors changes from 0 (parallel vectors) to m
(anti-parallel vectors), which explains the range of &, for b < N — 1,
and &y_1 is nothing but a polar angle a 2-plane.

The tangent vectors to curves that are images of the coordinate
lines of parameters £ are orthogonal:

_ Ox
0%
lwi| = a, |wy| =asin(&)sin(zy) - sin(§-1), b=2,3,.... N —1
J(€) = a1 sinV (&) sinV (&) - - sin(En2) -

Then an integral of a function over the sphere is reduced to the following
iterated integral

vl f(x)dS = /027r /;.../07r F(@(8) J(€)dey -+ - dEn—g dEn—1

By construction of the spherical coordinate system, the integral
over a unit sphere in RY can also be written as an iterated integral
over a sphere in RV~! of radius |z | = sin(&;) and an integral over the
angle with the axis of the spherical coordinates &;

[ s@asy= [ [(ercoste) +psin)) sin¥¥&) dsya de

|lz|=1 ly|=1

Wy = (wp, wy) = |wp|*ow ,

where dSy; is the surface area element of a unit sphere in RM, and
é1 is the unit vector parallel to the axis of the spherical coordinates.
If the function f(x) is invariant under rotations about the axis of the
spherical coordinate system, then it depends only on z; = cos(&;) and
|z | =sin(&), that is, f(z) = g(&1). In this case,

f2)dS = o, , / " g(€) sin (&) de,
0

|z|=1

where o, is the surface are of a unit sphere in RY.

6.3.2. Levi-Civita symbol. Let the symbol ¢;,j,...;, be defined so that it
is skew-symmetric under permutation of any two indices, and 5.5y =
1. This symbol is called the Levi-Civita symbol in RY. Any symbol
with NV indices has NV indexed values. But the Levi-Civita symbol
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has only one independent value because its indexed values vanish if
any two indices are equal and

Ej1jajin — (_1)P512---N

where P is the number of permutations needed to convert the set
J1J2 -+ jn to 12--- N by permutations.

The product of two symbols can be expressed in terms the Kro-
necker delta symbol:

6i1j1 5i1j2 T 6i1j1v
e e = det 6i2j1 6i2j2 "'6i2jN def 6j1j2___jN
2102 tN < J1J2 "IN T . . . — Yiyig-in
6iNj1 6iNj2 T 6iNjN

The determinant of Kronecker deltas, denoted by 55, is called the
generalized Kronecker delta symbol. This symbol is convenient to write
any contraction of indices in the product of Levi-Civita symbols:

N
Z 5i1i2---inin+1---iN5i1i2---injn+1“'jN = n' i:jtlllj:j;g]:]\f
i1 yizymyin=1
Note that free indices in the contraction take integer values from 1 to
N whereas the generalized Kronecker delta symbol in this equation is
defined by the determinant of an (N —n) x (N — n) matrix.

Let A;; be an N x N matrix. It is proved in linear algebra that
det A = &jijpjy Arji Azjp - Ay

where the Einstein summation rule is used for repeated indices. The ab-
solute value | det A| is the volume on an N —dimensional parallelepiped
with adjacent sides being the vectors defined by the columns of the
matrix A.

For any N —1 vectors w,, a = 1,2,...., N —1, define a vector n with
components

T = gy Wy Waj, * Wy gy

This vector is not zero if and only if the non-zero vectors w, are linearly
independent, and n is orthogonal to the span of vectors w, because
(n,w,) = 0. This follows from the skew-symmetry of the Levi-Civita
symbol under a permutation of two indices.

6.3.3. Oriented surface area element of the boundary of a region. Let ()
be an open set in RY and its boundary be from class Ct. If z = F (&)
is a parameterization of the boundary 0f2, then the span of vectors
w, = 0,F is the tangent space to d€) which is an N — 1 dimensional
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plane that is orthogonal to the vector n defined by the Levi-Civita
symbol and the tangent vectors w,. So, the vector n will called a
normal to the boundary 0f).

Using the contraction formula for one index in the product of Levi-
Civita symbols, one infers that
= 61?111?22---5;\]:1111]1]‘1 w2j2 e wauN,lwulwziz e wauN,l

= det(WTW) = J%(¢)

So, the length of n is equal to the volume of the parallelepiped with
adjacent sides being vectors w,. The vector

dZZ = nidN_lf
is called an oriented surface area element on the boundary 0f) and
|d| = [n]dV 7l = J(€) a¥TIE.

n 2 = n;n;
|

6.4. Flux of a vector field. Consider a vector field F': RY — RV, Let
S be an N — 1 surface from class C'* described by parametric equations
xj; =1x;(£), £ € D. The surface integral

o = / (F,d) = /D Fy((£))ny (€) dV 1

is called a flux of the vector field F' across the surface S.

Suppose that F' describes a flow of some quantity. For example,
consider a moving air with the velocity vector field v(z) and mass
density p(z). Then F(z) = p(z)v(x) is a mass flow. Suppose that
|n(€)| # 0 so that 7 = n/|n| is a unit normal vector. By construction

A (z) = (F(:z:), dZ(x)) — (F,7)dS = p(z) (v(x), ﬁ(x))dS(x)

is the mass carried by the flow per unit time across the surface dS at a
sample point z of the surface in the direction of n(z). Note that (v, n)
is the normal component of the velocity (the scalar projection of v on
n at a point x). If the vector field is orthogonal to the normal, the flux
vanishes. Therefore ® is the total mass carried by the flow across S
per unit time.

6.4.1. Flux integral in R3. The 3-dimensional Levi-Civita symbol de-
fines the components of the cross product of two vectors

(T X y)i = €ijpTjyn

A parameterization of a 2-surface S in R? is defined by a C'' map of a
rectangle in R? to R?

T = z(€1>€2)> (€1>€2) € [a>b] X [C> d] =D
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such that the normal vector

n(§) :8—51 8—52

is not zero in D except possibly on the boundary of D. The surface

area is given by
b pd
~ [as= [ [ m©ldede
S a c

A surface integral of a continuous function f(x) over S is given by

/f )dS = //f n(€)| déade

and a flux of a vector field F'(x) across S reads

/ (F,dx) / / (g)) dé, d&

6.4.2. Orientable surfaces. If the vector field is tangent to a surface,
then its flux across this surface vanishes. So, the definition of the flux
makes sense only if it is not possible to get across the surface at a
point x by traveling along the surface and getting back to x but on the
"other side” of the surface. To make this concept precise, let n be unit
normal to the surface at x. Then —n is also a unit normal at x and no
other unit normal vectors exist. One can define a side of the surface by
saying that n always points up from the surface. For example, on the
outer side of the sphere, the unit normal points from the sphere center,
and on the inner side the unit normal points toward the center. So, in
a neighborhood of any point of a C! surface there are always two sides.

Suppose 1 can be defined continuously on the whole S. This implies
that a net variation of n along any closed curve in S must be zero. In
this case, S must have two sides, one is defined by n and the other by
—n, like a sphere or a portion of a plane. It would be impossible to get
to the other side of the surface at any point by traveling along a closed
curve in the surface because it would contradict the continuity of 7.

A surface is said to be orientable if a continuous unit normal vector
can be defined on it. In this case, the surface is oriented by the unit
normal vector. An orientable surface can have two orientations. The
flux of a vector field can only be defined across an orientable surface,
and its changes its sign when the orientation is changed.

If a smooth surface is one-sided or non-orientable, then there should
exist a closed curve such that the net change of a unit normal vector
along it is not zero. Imagine an ant carrying a flagpole as a unit normal
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always pointing up from the surface. Since a surface is one-sided, it is
possible to find a closed path in the surface such that, when the ant is
back to the initial point, the pole points in the direction opposite the
initial one. This implies that it is not possible to define a continuous
unit normal vector on a one-sided surface. For a C! surface it is always
possible to define a continuous unit normal in a neighborhood of any
point (as a unit normal to the tangent space). If however the surface is
not orientable, then it is impossible to extend the unit normal vector
continuously to the whole surface. It turns out that non-orientable
surface do exist. Here is the simplest example.

6.4.3. Mobius strip. Consider a circle in a plane. Take a pole perpen-
dicular to the plane. If the midpoint of the pole is moved along the
circle while keeping the pole orthogonal to the plane, the pole sweeps a
portion of a cylinder. Let z be a vector perpendicular to the plane, and
T, be the position vector of the pole midpoint relative to the center
of the circle. The vectors z and x,, are orthogonal and their span is a
plane normal to the circle at any point. At every point of the circle,
the pole occupies that same position in this plane. Now image that
the pole is rotated in this plane as its midpoint moves around the cir-
cle. Suppose that when the midpoint returns to the initial point, the
pole net rotation angle is 7w so that it will occupy the same (staring)
position. The surface swept by the pole is smooth and one-sided by
construction. If in the beginning of the motion, the swept surface is
colored so that one side is red, and the other is blue, then at the end of
the motion, the red side is glued to the blue one and vice versa. So, it
is impossible to define the either "red” or "blue” normal continuously
on this surface because, after making around the circle, the normal be-
comes the opposite to that at the starting point. This surface is known
as a Mobius strip.

It is not difficult to find its parametric equations. Let & be a pa-
rameter that labels points on the pole, so that the straight line segment
r1=a, ro =0, and 3 = %51, —b < ¢ < b, is the initial position of the
pole of length b. So, the pole is parallel to the x3 axis and its midpoint
at a distance a from the origin on the z; axis. The midpoint moves
along a circle z1 = acos(§), o = asin(&), s = 0, making one full
turn when 0 < & < 27w, Suppose that the pole is rotated through the
angle %9 and the midpoint rotates through the angle & so that the
pole rotates through the angle 7w as the midpoint returns to the initial
position. Then the projection of the position vector of a point of the
pole relative to the midpoint onto the 3 axis is 3£ cos(&2/2), and its
projection on the axis from the origin to the midpoint is %51 sin(&2/2).
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Therefore the position vector of a point of the pole relative to the origin
reads

( > s1n 52/2)) cos(&2),
2= (a+Lsin(6/2)) sin(&)
%zim@m,

2

where (&1,&) € D = [—b,b] x [0,27]. These are the parametric equa-
tions of a Mobius strip.

Let us investigate continuity of a unit normal vector along the circle
traversed by the midpoint of the pole, that is, when & = 0. The vector

96 0&

is normal to the surface. By evaluating the derivatives, the cross prod-
uct, and setting & = 0, the normal is found to be

n() =

11(0,6) = 55in(&/2) con(6a),
12(0, ) = 5sin(&/2) sin(éa),
15(0,6) = 5 cos(&a/2).

so that |n(0,&)] = a/2. The values & = 0 and & = 27 correspond to
the same point of the circle. It follows from this equations that

n(0,27) = —n(0,0)

Therefore a continuous unit normal cannot be defined. Note that para-
metric equations define a smooth map of the rectangle Q = [—b,b] X
0,27] to R? that is one-to-one in the interior, but maps the bound-
aries £ = 0 and £ = 27 onto the same set. This identification is done
with a twist which leads to a one-sided smooth surface. One can easily
construct a similar map that sends the boundaries ¢ = 0 and £ = 27
to the same line segment with any numbers of twists. A surface with
an odd number of twists is one-sided. Note that the unit normal n(&)
computed for the map z = x(£) can be a continuous function on the
closed rectangle 2. But the surface can nonetheless be one-sided be-
cause the map is not one-to-one on the boundary and for this reason n
cannot always be continuously defined on the surface.
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It is worth noting that there are surfaces without boundaries (like
a sphere) that are one-sided. An example is provided by the famous
Klein bottle.

6.5. The divergence (Gauss-Ostrogradsky) theorem. Let (2 be a bounded
region with a smooth boundary which is a level set of a C'! function g
with the non-vanishing gradient. The boundary divides RY into two
non-intersecting regions. Then unit normal 7 = Vg/|Vg| is continuous
on the boundary (cf. Sec. 1.3). The boundary 0f2 is said to be oriented
positively if the unit normal points outward from 2. The other orienta-
tion is called negative. Unless stated otherwise, 02 will always denote
the positively oriented boundary of €2. The divergence of a vector field
I is defined by

div F(z) = Z ag;(j:) = (V,F),

where V is a formal vector with components being 0/0x;.

THEOREM 6.1. Let Q be an open bounded set in RN such that its
boundary piecewise smooth. Suppose that a vector field F' and a func-
tion u are from class C1(Q2). Then

/Q(V,F)ude:—/Q(F,Vu)de+/ u (F,dY),

o0

where d¥X = ndS is the surface area element on 082 oriented positively.

In particular, if u(x) = 1, then

/dideNx:/ (F,n)dS .
Q o0

This statement is known as the divergence or Gauss-Ostrogradsky the-
orem. Recall that if I’ describes a flow of some quantity, then the
divergence of F' is the density of sources of the flow. The divergence
theorem states that the net flux of a vector field across the boundary
of a bounded region is equal to the sum of all sources of the field in
the region. It should be noted that the boundary 0f2 can have several
disjoint pieces. For example, {2 can have several ”cavities” obtained
by removing proper open subsets from 2. All separate parts of 02 are
oriented outward and the surface integral is the sum over all separate
parts.
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6.5.1. Green’s theorem. In a two-dimensional Euclidean space, con-
sider a bounded region 2 whose boundary is a C! closed curve without
self-intersections. Suppose that the boundary curve is oriented coun-
terclockwise (the zy axis is directed upward, while the z; is directed
to the right). If x; = xz(t) are parametric equations of the boundary,
then the unit normal to the boundary directed outward is
nJ (t) gﬂTl(t) ) TJ (t) |l’l(t)|

Indeed, suppose the origin is in the interior of 2 and 77 < 0 and 7% > 0
(for a counterclockwise orientation). Since n; = Ty and ny = —1T7,
ny 2 > 0. This implies that 1" is obtained by rotating n counterclockwise
through the angle 7. Any continuous deformation of the boundary
preserves this property of 7' and n. So the equation holds for any
shape of €2 that can be continuously deformed to a disk.

The dot product of any two vectors A; and B; is equal to the dot
product of the (dual) vectors €Ay and €, By, so that

Fjdl’j = FjTde = 5ijknjds = €ijdej

Therefore by the divergence theorem for a vector field €, Fj

or, 0F,
F.dr: = O d?r = .= 2
fgﬂ dx; /Qsjkﬁj L d°T /Q(&Ez 8I1) d°z

This statement is known as Green’s theorem.

It is also valid if €2 has holes, that is, if its boundary contains several
closed curves without self-intersections. In this case, the outer bound-
ary must be oriented counterclockwise, while all the inner boundaries
must be oriented clockwise. Indeed, let us cut a region €2 without any
holes by a curve C into two regions 2; and €25. Then Green’s theorem
can be applied to both of them. Note that the curve C' is a part of
the boundaries J€2; and 0€), but it has opposite orientation in them
so that for any line integral of a vector field

B D™,
o0 09 o0

because the line integral over the cut curve C'is cancelled. The line in-
tegrals in the left side also contain integration over the inner boundary
of Q (over the boundary of the hole) that must be oriented clockwise if
0€); and 0€)y are oriented counterclockwise. Evidently, this argument
can be extended to any number of holes.
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6.6. Integration by parts in R". It follows from the fundamental theo-
rem of calculus that for any two functions from class C''[a, b],

This equation has a multi-variable generalization.
Let b be a non-zero constant vector and v is a function from class
CY(Q). Put F = bv in Theorem 6.1. Then

/Qu(b,V)dez:ngvu(b,dZ)—/Qv(b,V)usz

Since the vector b is arbitrary, the integration by parts can be stated
in the form

/ u(z)Djv(z) dV e = % v(x)u(x)dy; — / v(x)Dju(z) d" .

Q o0 Q

where D; = 0/0x;, j =1,2,..., N. If Q is not bounded, the integration
by parts can still be used with a suitable regularization. For example,
it can be applied to a part of () that lies in a ball of radius R and the
limit R — oo should be taken after evaluation of the integrals. The
answer may depend on the regularization if the improper integral does
not converge absolutely.

Suppose that u and v are from class C? and their supports are in €).
This implies that any partial derivative of v and v up order p vanishes
on the boundary 0€2. Then by applying the integration by parts several
times

/qudex = (—1)5/vaude, 0<pB<p
Q Q
where DPu stands for any partial derivative of order 3. The surface
integrals arising upon integration by parts vanish because of the said
properties of the functions v and v.

6.6.1. Green’s identity. Let the boundary of a bounded region €2 be
oriented outward by a unit normal n, and let u and v be functions
from class C? in a neighborhood of Q. Integrating the identity

uAv — Auv = 0, <U8j'U - @uv)

where A = 0;0; is the Laplace operator, over () and using the diver-
gence theorem to transform the integral in the right-hand side to a
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surface integral, one infers that

uAv — Au ) dVz = ud;v — djuv | d;
/ ( Ja's = [ (w0~ o) az,

Q [219]

= / (u% — %v) dS

o

N

52 = (f, Vv) is the normal

This is known as Green’s first identity. Here
derivative of v.

6.7. Exercises.

1. Suppose S is a surface in R? obtained by a revolution of the graph
x3 = f(s), a < s <b, about the xj axis.
(i) Show that its parametric equations can be written in the form

Ty = scos(@), xa =ssin(p), w3 = f(s), (s,¢)€ [a,b]x [0,27]
or

s(1 —t?) 2t
1+ 27 1y

(ii) Find the normal vectors n(s, ¢) and n(s,t) for both parameteriza-
tions. Express the surface area in terms of the function f.

x1(s,t) = x3=f(s), (s,t)=1[a,b] xR

2. Let ox be the surface are of a unit sphere, |z| = 1, in RY. Suppose
f is continuous on RY. Show that

lim —— / f(z)dS = £(0)

a—0t+ oyaN-1
|z|=a

3. Show that the volume of a bounded region in RY with a piecewise
smooth boundary is given by the surface integral
1

N Jaa
Use this relation to show that the volume Vy and the surface area oy
of an N—ball of radius a are related by

Vi(a) = x-on(a).

4. Suppose that v and its partial derivative d;u are continuous and
M(] ou M1
u(z)| < ) )
M= T aw,| = Tp

V(Q) l’dej

x| >R >0
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for some constants M. Show that if « > N —1 and § > N, then

Ju

—dVz =0

al’j
Hint: Reduce the integration domain to [—a,a] x R¥~! and use con-
tinuity of the Lebesgue integral as a — oco. Use Fubini’s theorem to

evaluate the integral with respect to x; and then investigate the limit.

5. Put
arctan(z)

1492
Show that the partial derivative D,u = % is integrable in the plane
R? spanned by real variables z and ¥, and find the value of the integral

of D,u(x,y) over the plane. Does the answer contradict to the result
of Problem 47

u(x7y): Y x7y€R

6. Suppose that u and v are from class C' and
A(] Al

u(z)| < [z]eo” [ Du(z)| < [zfor
b(] Bl
G R CU R

for all || > R > 0 and constants Ap; and Bp;. Find a condition on
parameters oy ; and [3p; under which

/ (@) Do(z) ¥z = — / Du(z)v(z) d



100 1. INTEGRATION IN EUCLIDEAN SPACES

7. Cauchy line integrals of analytic functions

7.1. Functions of a complex variable. A function f: Q C C — C is
called a function of a complex variable. A function f(z) has a limit
w € C at 2z if [f(z) —w| — 0 as |z — z| — 0, and in this case one
writes

lim f(z) =w.

z—20
A function f is continuous at z if f(z) — f(20) as z — 2, and f
is continuous on a set () is it is continuous at all point of 2. The
derivative defined by

provided the limit exists. In particular, (") = nz""! for integer n. A
function f is (complex) differentiable on a set 2 if the derivative exists
at every point of €.

7.1.1. Analytic functions. A function of a complex variable is said to be
analytic at a point zq if in a neighborhood of zj it is given by a power
series:

f(Z):ZCn(Z—ZO)n, |Z_ZO|<R> R>0.
n=0

A function is analytic on a set € if it is analytic at every point of
Q). Using Proposition 1.1 one can show that f is from class C*° and
its derivatives can be obtained by term-by-term differentiation of the
series and ¢, = f(™(z)/n! (see Exercises). By the Taylor theorem,

> )
f(Z):Zf EZI) (z—2)" |z—al<h
n=0 ’

n

for some R; > 0 and any z; in the disk, |27 — 29| < R. Therefore
analyticity at a point implies analyticity in a neighborhood of the point.
For example,

is analytic in the whole complex plane because the above series has
infinite radius of convergence. The function




7. CAUCHY LINE INTEGRALS OF ANALYTIC FUNCTIONS 101

is analytic everywhere except the point z = 1. Recall that

1 =
1_2222' . |zl <1
n=0

This shows that the function is analytic in the open disk |z| < 1. Let
z0 # 1. Then the following identity holds

1 1 1

1—z 1-z1-22
=

Therefore near zg, the function is represented by a power series

1 1 =/z—2\"
= E — <1 —
1—=2 1—2’0 (1—2’0) ’ |Z ZO| | ZO|

n=0

whose radius of convergence coincides with the distance from 1 to z.

7.1.2. Holomorphic functions. A function f(z) is said to be holomor-
phic on an open set ) of the complex plane if it is differentiable in a
neighborhood of every point of 2. In particular, the functions e* and
1sz are holomorphic on their domains.

A major theorem in complex analysis states that every holomor-
phic function is analytic and vice versa'®. Note that every analytic
function is differentiable so it is holomorphic. It turns out that a com-
plex differentiability (the existence of the derivative f’(z)) implies that
all derivatives exist so that the function can be given by a Taylor series
(which is a power series) so that the function is analytic.

7.1.3. Cauchy-Riemann equations. Let f(z) be analytic. Put z = x +1y
so that
1

f(2) =ule,y) +ivlwy), w=5(:42), y= gz +2)

Since f(z) is independent of z, it follows from the chain rules 0; =
10, — 20, that
0f:) _y L Ou_dv ou_ ov
0z or Oy Oy ox’
These relations are known as the Cauchy-Riemann equations. It follows

from them that real and imaginary parts of an analytic function in €2 are
harmonic functions, that is, they are solutions to the Laplace equation

Au(z,y) =0, Av(z,y)=0

Bsee, e.g.,
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The assertion follows from Clairaut’s theorem 0,0,u = 0,0,u (and
similarly for v).

The set of analytic functions is closed under basic algebraic opera-
tions with functions. The sum and product of two analytic functions
on {2 is analytic on 2. The reciprocal of an analytic function is ana-
lytic except points where the functions vanishes. A composition of two
analytic functions is analytic.

7.1.4. Poles. A function f(z) is said to have a pole at z = 2 of order
n if near zg

(7.1) f =3 (— +9(2),

= (2= =)

where ¢ is analytic at zo. If n = 1, the pole is called simple. The
coefficient a; is called the residue of f at the pole zy and is denoted by

a; =res f
20

If the pole is simple, then
res f = lim (2 — 29) f(2)

20 z—20

1 11 1
14+22 2i\z—1 2+1
So, the function has two simple poles at z = +¢ and

1 L1
res —— =t —
51t 22 %

For example,

7.2. The line integral in a complex plane. A curve in the complex plane is
defined in the same as a curve in R?, that is, by a continuous mapping
of an interval to C that is one-to-one except possibly finitely many
points in the interval. If z = w(t), a < t < b, are parametric equations,
then the curve is closed if w(a) = w(b). If w(t;) = w(te) implies that
t; =ty (except possibly for t; = a and t; = b for a closed curve), then
the curve is called simple (no self-intersections). If w'(t) is continuous
on [a, b], the curve is said to be from class C*.
For example
z:aeit, 0<t<2m

is a circle of radius a centered at the origin because |z(t)| = a. The
circle is oriented counterclockwise. Parametric equations z = ae™
describe the same circle oriented clockwise.
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Let z = w(t), a < t < b, be parametric equations of a curve C' from
class C! in the complex plane. Let f(z) be a continuous function of a
complex variable z. Then the integral

[ i = [ oo

is called the Cauchy line integral of f over the curve C. Note that
the integral depends on the orientation of C' in full contrast to the
line integral of a scalar function. The Cauchy line integral changes its
sign if the orientation of the curve is changed. Parametric equations
z = w(r(t)), a <t <b 7(t) = b+ a —t, describe the same curve
but with opposite orientation, denoted by —C'. Then by changing the
integration variable

| = [ e e o
-C a
— [ )i =~ [ ) de.

For example, if C' is a circle |z| = a oriented counterclockwise, then
for any integer n

2 27
% 2"dz = / a"e™ jaet dt = z'a"“/ ettt gy
c 0 0

(7.2) :{0’ n# -l

2, n=—1

By the 27 periodicity of the integrand.

A region is called simply connected if any closed curve can be contin-
uously contracted to a point in the region without crossing its bound-
ary. In other words, a simply connected region in the complex plane
has no holes.

THEOREM 7.1. (Cauchy's integral theorem)
Let f be analytic in a simply connected region and C' be a simple, closed
curve in this region from class Ct. Then the line integral of f over C

vanishes
% f(z)dz=0
c

This theorem follows from Green’s theorem. Recall that

([ (0F OF
]ng(a:,y)dsz(x,y)dy— / / ( L az) ddy
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where the boundary 0f2 is oriented counterclockwise. The hypotheses
of Green’s theorem are met for the Cauchy integral if C' = 0 (the
boundary of some simply connected 2). Therefore by Green’s theorem
and the Cauchy-Riemann equations

%Cf(z)dz = %C(uda: —vdy) +1 % (vdx + udy)

C

ov Ou , ou Ov
=[5 5 ) o [[ (5~ 5y ) aeo

=0

7.3. The residue theorem.

THEOREM 7.2. Let f have finitely many poles at z = zp, k =
1,2,...,n, in a simply connected region ). If the boundary OS2 is from
class C' and oriented counterclockwise, then

f(2)dz = 2mi i resf(z)
o0 =1

Take z; and connect it to some point on the boundary by a smooth
curve C. Let €, be the region obtained from 2 by removing the curves
Ck and the disks |z — zx| < a. Then the boundary of €2, consists of
09, the circles |z — zx| = a, denoted by Sk, and the curves Cj. If
0 is oriented counterclockwise, then 0€2, must also be oriented coun-
terclockwise. This implies that the circles S, are oriented clockwise,
and the curves C} must be traversed twice (from the boundary toward
the pole and back after traversing Sy clockwise). Let C’,j denote C}
oriented from the boundary to the pole, and C, from the pole to the
boundary. The function f is analytic in {2,. By the Cauchy integral
theorem

f(z)dz =0

0%
On the other hand,

aQaf(Z)dZ: an(Z)dz+i</C,j+/k+%9k> f(z)dz

The integrals over C’,;t are taken along the same curve but with opposite
orientations. So, they cancel each other in the sum. Near z;, f has the
form (7.1). So, only the term proportional to (z — )~ contributes to
the integral over Sy according to (7.2). Since the circles Sy are oriented
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clockwise, there is an extra minus sign as compared to (7.2) so that
(2)dz = f(z)dz — 2mi Z resf(z)
Q4 oQ 1 F

and the conclusion of the residue theorem follows.

Example 1. Let k& be real parameter. Put
o0 6zkm
(7.3) F(l{:):/_ool_l_zzdx.
The integral converges absolutely for any k because
1
T 1422

"od
nhjEO B szz = 7}13)10 arctan(z)

6ikm

1+ 22

n
=11 <00

-

Therefor F'(k) can be computed in any suitable regularization. In par-
ticular,

n 6zkm

FR=n | 1ve
One has F(0) = . Put f(z) = e (1 + 22)~%. The function f has
two simple poles at z = +7 and analytic otherwise. If k > 0, it decays
exponentially with increasing |z| if the upper half-plane, Imz > 0. If
k < 0, it decays exponentially with increasing |z| in the lower half-
plane, Im z < 0.
Let C;f be the closed contour that consists of the interval [—n,n]
in the real axis and the circular arc |z| = n, Imz > 0, denoted S;. If
C'F is oriented counterclockwise, then by the residue theorem

s f(z)dz = /_Z f(x) der/s; f(2)dz

= 2miresf(z) =me ", k>0

dx

The integral over S;F vanishes in the limit n — oo:
™ ikne't ' (2) T —knsin(t)
e y e
————ine"dt| <n | ———dt
/0 1+ n2e2it - /0 |1 + n262zt|

3) 4 4) 4
2 n/ dt ¢ n / e T g
o L+ n%et| ~ p2—1 J, n2 _1

as n — 0o. Here
it

(1) is obtained by using the parametric equation of SI, z = ne",

)

f(z)dz
S
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0<t <

(2) is obtained by moving the absolute value into the integral and by
calculating | f(ne®)|;

(3) holds because k£ > 0 and sin(t) > 0if 0 < ¢ < ;

(4) follows from the triangle inequality ||21| — |z2|| < |21 — 22| for z; =1

and 2z = n?e?®. Thus, by taking the limit n — oo, its concluded that

F(k)=me*if k> 0.

Similarly, if £ < 0, take the closed contour C; that consists of the
interval [—n,n] in the real axis and the circular arc |z| = n, Imz <0,
denoted S, . If (), is oriented clockwise, then by the residue theorem

f(z)dz = /_n f(z)dz + . f(z)dz

= 2miresf(z) =me®, k<0

—1

Cn

The reader is asked to show that

™
n2—1"

f(z)dz

Sn

< n>1,

using the same line of arguments as in the case of integration over S,
but with £ < 0. Thus,

F(k) = me M
Example 2: Fresnel’s integrals. Consider the improper integral

/ e’ dz < 1im e’ dx

0 n=eeJo

The integral does not converge absolutely because the integral of the
absolute value of the integrand, |e”2| = 1, diverges. So, the value of the
integral depends on regularization. This fact is emphasized by using

the symbol o (the definition of the left-hand side). In particular, in
the regularization defined by the above limit, the integral converges
and its real and imaginary parts are known as Fresnel’s integrals.

In the complex plane, consider a closed contour C' that is the bound-
ary of the wedge of the disk of radius n that corresponds to the interval
0, g] of the polar angle. It consist of three pieces. The first goes from
z =0 to z = n along the real axis, the second from z = n to z = Vin
along the circle |z| = n, and the third goes back to the origin along the
line segment from z = v/in. Here Vi = ¢/, Parametric equations of
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these three pieces can be chosen respectively as

Ci: z=t, tel0,n];

Cy: z=ne", tel0,n/4];

Cy: z=+it, te[n,0].
Note that C5 must be oriented from z = v/in to z = 0. This is indicated
by the range [n,0] of the parameter: from t = n to t = 0, which

corresponds to the lower and upper limits of integration. The function
iz is analytic. Therefore its line integral over C' vanishes:

e
%eizzdz:(/ +/ +/)ei22dz:0
C C1 Co Cs

One has for these integrals

/ ¢ dy = / eit’ dt ,
Cq 0
-2 7T/4 02 21t it
/ e dz = / e ine't dt
Co 0
-2 0 2 : " 2
/ e dz = / e Vidt = —6”/4/ e Vdt
Csg n 0

Let us show that the integral over the circular arc vanishes in the limit

n — 00. One has
ey m/4 . 2) /4
< n/ 6—n2 sin(2t) dt < n/ 6—4n2t/7r dt
0 0

/ e dz <
Co

O T () L
as n — 0o. Here

 dn

(1) is obtained by moving the absolute value into the integral and
calculating | f(ne®)|;
(2) follows from the inequality sin(2) > 4t¢/7 that holds in the interval
0 <t < m/4. Note that the graph of sin(2t) is concave downward in
the interval [0,7/4]. So the secant line through the origin (0,0) and
the point (7/4,1) on the graph lies below the graph, which comprises
the said inequality.
(3) is obtained by evaluating the integral.

Using the Gaussian integral

o0 n o0
-2 def ,. ) ; .2 T
/ e” dxr = lim e d:B:e”r/‘l/ e rdr = \/—_eZ
0 0

el
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Example 3. Let us evaluate the conditionally convergent integral that
was discussed earlier:

I:/ sin(z) gy % lim/ sin(z) s

o T n—oo T

Owing to the continuity of the Riemann integral

I = lim limlm(/ —I—/)e—dx
n—oo g—0+ _n a x

The function f(z) = e¢*/z is analytic everywhere except at z = 0.

Let C' be a closed contour that is oriented counterclockwise and
consists of two intervals [—n, —a] and [a,n]| on the real axis, and two
circular arcs C,, |z| = a, and C,,, |z| = n, which lie in the upper half-
plane, Im z > 0. The function f is analytic in the region bounded by
C' and, hence, its line integral over C vanishes:

% L dz (/‘“ /") AT / L dz / L dz
eF— = + er— + e"— + e”— =0
c 2 Y " x .z oz

The imaginary part of the first two terms is equal to the integral in
question after taking the limits ¢ — 0% and then n — oo. The integral
over the arc (), vanishes in the limit n — oo. Indeed,

- z

where (1) is obtained by using the parametric equation z = ne® and
calculating | f(ne®)|; (2) follows from the Lebesgue dominated conver-
gence theorem because |e ™" < 1 € £(0,7) and e™™*®) — 0 a.e.
as n — oo.

Let us evaluate the limit of the integral over C, as a — 07. Using
the parametric equation z = ae®

x [m .
</ e_"sm(t)dt@(), n— 0o,
0

s s
. i, A2 - iaeit . . iaeit .
lim e¥— = —7 lim e dt = —1 lim e dt = —im
a—0T Jo z a—0T Jg o a—0t

where the minus sign is due to the opposite orientation of C, in the
chosen parameterization, and the order of integration and taking the
limit can interchanged by the Lebesgue dominated convergence theo-
rem because |¢*"| < 1 € £(0,7) for all a > 0. It is then concluded
that

" sin(x)

lim dr =m.
n—oo _n €T
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7.4. Gaussian integrals with complex parameters. Consider the following
Gaussian integral

In(Ab) = / e~ (@A) Ny - pi e C
RN

in which parameters b; are complex. This integral converges absolutely
because b; = 3; + ic; and

6—(m,Am)+2(b,m) _ 6—(:2,Am) 62(6,m)+i(a,m) :6—(:2,Am)+2(6,m)

so that the integral of the absolute value converges for any 3 € RV.
To compute the integral, consider first a one-dimensional case:

I(b) — / 6—m2+2ibm

e}

where b is real. Since I(b) is independent of regularization,

I(b) = lim e~ gy

n—oQ
—n

Let R, be a rectangle in the complex plane Re z € [—n,n| and Im z €
[0,0]. Since e~* is analytic,

% e dz=0
AR,

Rewriting this line integral as the sum of ordinary integrals over four
intervals comprising the boundary of Ry, one gets

n n b b
/ e dy — / e~ (tHiD)? gy o / e~ (nHit)® gy / e~ (=i gy — )
-n -n 0 0

The second integral is the line integral of e~* over the top horizontal

boundary of R,: z =t+1b, —n < t < n. The integrals over the vertical
intervals vanish in the limit n — oo:

b b b
/ 6—(nj:it)2dt § / |6—(nj:it)2|dt _ 6_n2/ €t2dt § bebze_nz 0
0 0 0

as n — oo. Note that by monotonicity et” < e if 0 <t < b. Therefore

/ e~ dr = lim e~ (t+id)? gy

n—oo | _

o) n

It follows from this relation that
I(b) = lim L A

n—oQ
—n
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Using shift and scaling transformations of the integration variable and
the above result, one can show that

I(a,@:/ e_”%’zgmd:p:\/gegz/a, £eC, a>0

Technicalities are left to the reader as an exercise.

To compute the integral in RY, one can follows the same line of
arguments used to evaluate the Gaussian integral I(A,b) with real b.
First, new integration variables are introduced in which the quadratic
form is diagonal, (x, Az) = (y,ay) where a is a diagonal matrix. In
doing so, the integral is proved to be the product of one-dimensional
integrals so that

N

I(A, b) = % €(b’A71b) s be CN

for any positive definite matrix A. Technicalities are left to the reader
as an exercise.

7.5. Exercises.

1. Let
f(z) = ch(z —20)", |z—2| <R
n=0

(i) Show that the convergence of the series implies that |c,|6™ — 0 as

n — oo for any 0 < R.
(i) Show that

len(z—20)"| S Mq", q<1, |z—2|<0<R

for some constants M and ¢ and any J, then use Proposition 1.1 to
show that the series converges uniformly.

(iii) Show that the series obtained by term-by-term differentiation of
the power series any number of times also converge uniformly in the
disk |z — zp| < R so that f is from class O™ and ¢, = f™(z)/n!.

2. Prove the equation for the Gaussian integral I(a, ).
3. Prove the equation for the Gaussian integral (A, b).

4. Evaluate

[e.e] [e.e]
iax2 def ;. —er2tiax?
I(a,b) = / e gy = lim e [
- e—0+ J_

o) e e}
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where a € R and b € C.

5. Evaluate
/ 6i(m’Am)dN[L' déf lim 6i(m,Am)—e(m,m)le, ’ det(A) 7& 0.
RN e—0t JpN

Express the answer in terms of the matrix A.

6. Let Q2 C C be closed, bounded, and simply connected, and its
boundary 0f is piecewise smooth and oriented counterclockwise. Use
the residue theorem to prove the identity

f(z) = = (w) dw

21 Jogq w — 2

for any function f that is analytic on () and any point z that is in the
interior of €.

7. Suppose that f is analytic everywhere. Let z and 2z’ be two points
in the complex, and C,, be a circle of radius n > 2|z — 2’| centered at
z and oriented counterclockwise.

(i) Show that for any w € C,,

|w—z’|>ﬁ.
2

(i) Put w = z+ne’, where 0 < ¢t < 27. Use the identity from Problem
6 to show that

1) = 71 < E2E [ et

(iii) Prove Liouville's theorem which states that a function that is ana-
lytic in C and bounded

f(z)| <M, VzeC
is constant. In particular, if f is analytic everywhere and f(z) — 0 as
|z| — oo, then f(z) =0.
Hint: Show that |f(z) — f(2')| is smaller than any preassigned positive
number.
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8. Potential-like integrals

8.1. Preliminaries. Let E(z) be a conservative vector field in R3, that
is, E(x) = —Vu(z) where u is a potential of E. The divergence of a
vector field is proportional to the density of sources of E. If the density
p(x) is known, then the potential satisfies the Poisson equation:

div E(z) = —Au(x) = 47Gp(x)

where A is the Laplace operator, G is a constant, and 47 is a convention
factor whose significance will be clarified later.

For example, a static electric or gravitational field is conservative.
A point-like particle located at y € R?® creates an electric (or gravita-
tional) potential at a point x

_ o dmy)
|z —y|

where dm(y) is an electric charge (or mass) of the particle, and the
constant GG is a universal constant for the electromagnetic theory (or
the gravity theory). The law is known as the Coulomb law in electricity
and as the Newton gravity law in the gravity theory. If electric charges
or masses are distributed over a region €2, then du(z) with dm(y) =
p(y)d®y is the potential at z created by an element of volume d®y at a
point y. By the superposition principle (the total field at a point is the
vector sum of the fields created by all sources), the potential at z is

|z =yl
This suggests that the potential defined by this integral should be a
solution to the Poisson equation. To verify that that is the case, one

has to show that u has necessary partial derivatives and to figure out
a way for computing them.

du(x)

8.2. Potential-like integrals. Let {2 be a bounded region in RY. Put
u(z):/&)ad]vy, reRY
|z —yl
If x € (0, then the integrand is singular at y = x. A sufficient condition

for the integral to exist is to require that p is bounded, |p(y)| < M,
and a < N because by the comparison test

Hﬂw:§|ﬂ4|ecm)ﬁ a<N
T — Y| T — Y|
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for a bounded region . If x does not belong to the closure €, then
|z — y|~® is continuous on Q and, hence, bounded. In this case, the
integral exists if p € £(£2). Without loss of generality, { can be viewed
as support of the density p and the integral is taken over RY. The
objective is to investigate smoothness of u(x) in RY.

In what follows, the following result will be used.

PROPOSITION 8.1. Let By be a ball of radius R, |y| < R. Then
there exists a constant C, such that

N
(8.1) / 4y < CouRN™™,
Br [T —y[®

To prove this relation, consider two cases. First, suppose |z| >
2R. In this case, using the triangle inequality and that |y| < R, it is
concluded that

1 1
-yl >lz[—ly >R = ——<
| lz—yl* R
Therefore
N R
/ diygi dNy:U_N/ ’T’N_ld’r’:U—NRN_a
Bp lT—yl* = R Jp, R Jy N

where oy is the surface area of the unit sphere |y| = 1. Suppose that
|x| < 2R. Using the new variables z = y — z,

N N N 3R
/ 70[ Y :/ —d i g/ —d jgaN/ Vet gy
B 1T —Y|® Br(z) 12|® Ban 12| 0

_ 3N—ao.N RN—a
N —«
here it was used that the ball of radius R centered at x is contained in
the ball of radius 3R centered at the origin if || < 2R. The assertion

follows if
3N—a
Co = max {UWN ’ ﬁ}

8.3. Smoothness on the complement of support of the density. Here it is
proved that if x in the complement of ), that is, x is neither in  or
in 1ts boundary 0S), the potential integral has partial derivatives of any
order,

(8.2) u(z) € C (]RN \ﬁ) ,
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and

1
ﬁu xTr) = p N
(8.3) D;u(z) /Q,O(y) D, z y|ad Y

The distance between two non-intersecting regions is not zero only if
their boundaries do not have common points. Let Q5 C RY\ Q be such
that

d(Qg, Q) =6>0
For example, if {2 = B, is a ball of radius a, then ()5 is the complement

of the ball of radius a + 0, that is, x € Qs if |z| > a + 9.
Define a function of two variables

flany) = p(y)

|z — y|*

Since |z — y| > § > 0 for any y € Q and z € €, its partial derivatives
of any order are continuous at any = € )5 for any y:

0 B Yi — T
afl’i f(l’,y) - Oép(y) |[L’ _ y|a+2
A B (o +2) (i — yi) (wj — y;) 0ij
mf(z,y) = ap(y) ( |z — o+t o |x_y|a+2)

and similarly for D? f. Furthermore, they are bounded by Lebesgue
integrable functions independent of x:

0 1 «
< <
(Oé + 2) + 5@' Oé(Oé + 3)

€ L(Q)

82
‘ 8:@8&7@

where z € Q5 and y € (2. Here the inequality |z;| < |z| was used. In
general,

o) < el L < S0 1)

Ms
D2 (2, 9)| < 55 1p()] € £(2)
for some constant My (that depends on «). By Theorem 5.2 u has
continuous partial derivatives of any order in {25 for any ¢ > 0, and the
conclusions (8.2) and (8.3) follow.
8.4. Continuity on support of the density. If the density is bounded,
Py <M, VyeQ

then the potential integral is a continuous function everywhere, u € C°,
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Let 9 and = be two points in Q. One has to show that u(z) can
get arbitrary close to u(xg) and stay arbitrary close for all = that are
close enough to xy. Put

1 1

[z —y|* Jr =yl

g(z,y) =
Then
muw—u@ns[yMMMawwwgﬂféﬂawww

ZM(/ +/ )g(w,y)dNy
Q\Br(z0) Bpg(zo)

Let us show that the integrals can be made arbitrary small for suffi-
ciently small radius R such that |rg — x| < R. This would prove the
assertion.

Using (8.1),

dN dN
/ 9(17>y)dN?/§/ 7ya+/ 7’3/&
Br(xo) Ba(zo) [0 — Y Br(zo) [0 — Y]

< 20,RN7™ 50

as R — 0 because N > «.
To show that the other integral is also small, note that the function
g(x,y) is a continuous function in the set

w5, -l >R, yen
This set is bounded and closed. By the extreme value theorem, g
attains its extreme values in the set. In particular, since g(x,y) > 0,
its absolute minimum is reached at = = xg, g(zo,y) = 0. Its maximum
is reached at some point that depends on R, x = g and y = yg. The
maximal value depends on R:

max g = g(zr, yr) = C(R)

If R — 0, then x — xy. Therefore by continuity of g, the maximal
value C'(R) tends to 0 as R — 0. Hence,

/ g(z,y)d¥y < C(R ,u(Q\BR [L’O)
Q\Br(zo)

C(R)u(2) = 0

as R — 0. Note that the measure (Volume) 1(2) < oo is finite because
Q) is bounded. Therefore the integral can be made arbitrary small if
|

e m
R — 0 for all z close enough to xg: |z — xo| < %
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8.5. Differentiability on support of the density. If the density is bounded,
lp(y)| < M, then the potential integral has continuous partial deriva-
tives up to order p everywhere with p being the largest integer such that
a+p < N, and, in this case,

1
u e CP(RY), Dfu(if):/P(y)DfmdN% B<p.
Q
Put
0 1 T —Y;
u;(x) = i — :a/ I I Ny

If u; are proved to be continuous and Dj;u = u;, then the assertion is
true if p = 1. The continuity of u; is proved in the same way as the
continuity of u. One has

juj(z0) — ()] < A / g;(x,y) dVy
Q
ZQM(/ +/ )gj(w,y)dNy,
Q\Ba(z0) Ba(z0)

Loj — Yj T —Yj

7o —ylo*? o —y[ot?

where

gj(ZE,y) =

The integral over the ball B,(zy) can be made arbitrary small for all
|zg — x| < a with small enough a. This conclusion follows from (8.1)
and the inequality

1
= |z — ylot?

Tj—Yj
|[L’ _y|a+2

Note that (8.1) holds if @41 < N in this case. Using the continuity of
gj(x,y) in the same way as the continuity of g(z,y) when proving the
continuity of u, one can show that the integral over the complement of
the ball, Q\ B, (z0), can also be made arbitrary small for all |zo—x| < §
and small enough a > 0.

A proof of the equality D;u = wu; is analogous to the proof of
Theorem 5.2. Since u; is continuous, by the fundamental theorem of
calculus

) £
a—/ Uj(l’l,...,l’j,...,l’]v)dl’j:’Uj(l’l,...,gj,...,l’]v)
Sj xo;
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On the other hand, using Fubini’s theorem

/ ’ uj(r)dr; = / ’ / p(y)i#d]vyda?j
04 xo; JQ azj |$_y|a

]
&9 1
<1)/
= [ ply da; dVy
Q ) ) 0y lw =yl
:u(atl,...,gj,..., ~N) — u(x1, ..., Zojy .-, TN)

Taking the partial derivative -2- 9 of both sides of this relation, it is con-

cluded that the partial derivatives of u coincide with u;. Here (1) holds
because the integrand in the iterated integral is Lebesgue integrable on
Q x (z04,&;) and, by Fubini’s theorem the order of integration can be
changed. Indeed the iterated integral of the absolute value is finite:

§] 1

(9:17] |5” y|*

dNyd:Ej < aM / a+1
xoj |‘T - |

3] Ny
cor [
xoj BR |:I:_y|

< aMlg; — $0j|Ca+1RN_a_1

where the boundedness of {2 was used, 2 C Bp for large enough radius
R, and the latter inequality follows from Proposition 8.1 if a +1 < N.

If «a +2 < N, then the above arguments can be applied to the
functions u;(z) (instead of u) to show that partial derivatives of u; (or
second partials of u) are continuous and the conclusion of the stated
theorem holds. This iterative process holds as long as o + 3 < N,

6=0,1,....p.

8.5.1. Smooth density with a bounded support. If the density p is from
class C?(R™) and has a bounded support  with a piecewise smooth
boundary 0f2, then the potential integral defines a smoother function
than in the case discussed above. A proof is based on the integration
by parts in the integral

1
Du(z) = D/%d]vy: /P(?J)Dmm dy
1
= — D,————d"y.

After integration by parts, the surface integral over 02 vanishes be-
cause p = 0 on 0€), and Du has the same integral representation that
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is studied Sec.8.5 with a new bounded density Dp because Dp is con-
tinuous and has a bounded support. This implies that Du € C? by
Sec.8.5. The argument can be repeated ¢ times, showing that u € C?*9.

However the derivatives of |z — y|~® are not continuous if x €
and, hence, the hypotheses for integration by parts are not fulfilled. To
justify the integration by parts in this case, note that the integral exists
(that is, it converges absolutely) and, hence, its value does not depend
on a regularization near the singular point y = x. Let us regularize the
integral by removing a ball B,(x) from Q where a — 07. Then p and
|x — y|~* are continuously differentiable in Q\ B,(x) for any a > 0 and
the integration by parts is justified:

1
D ="' Dy———d"
u(x) lim Q\Ba(m)p(y) Vg g Y

— D
— lim (% Mﬁdb’y+/ Ayld]vy),
a—0t \ Jop.() 17— Yl AN\ Ba(z) 1T — Yl

where the boundary of Q\ B, (x) consists of 0f) and the sphere |y —x| =
a. The surface integral over 0f) vanishes as noted. The outward unit
normal on the sphere is n = (z — y)/a. Let us show that the surface
integral vanishes in the limit a — 0. Since |p(y)| < M, one has

N-1

— M M
‘]{ Mdgy‘g_/ gs = Move™™
9Ba(z) 1T —Y|* a® Jzj=a

aa

because by assumption o + p < N for some integer p > 1. Therefore
by continuity of the Lebesgue integral

Q

a—0* Jo\ B () [T — y|* [z —yl* ’

as desired. The above equation is valid for all derivatives up order
q, that is, one can replace D by D?, 3 < g. For the derivatives of
order higher than ¢ the integration by parts cannot be justified because
p € C'% and they must be computed by the equation from Sec.8.5:

8ty (e — | Do o L N
D"D u(l’) - QDyp(y)Dm |l’ o y|a d Yy,
where # < p. In particular, if the density p and all its partial deriva-
tives of any order are continuous in the whole space and have bounded
support, then u is from class C*°.
The condition that p is from C?(R") and has a bounded support is
crucial for the conclusion. Suppose that p is defined on a bounded open

Q and p € C9(2). Then it does not generally have a C extension to
the whole RY with support Q unless p and its partial derivatives up to
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order ¢ vanish at the boundary 0€2. In the latter case, the extension is
defined by p(z) = 0 for all x in the complement of  and the extended
density is from p € C4RY). If Dp, 8 < ¢, do not vanish on the
boundary 0f2, the surface integral over 02 in the integration by parts
is not zero and the class of Du depends on the smoothness of this
integral. This kind of surface integrals are called surface potentials:

B p(y)
vie) = /a oy P

If the density p is bounded on 02, then v € CP where p is the largest
integer for which a+p < N —1 (see Exercises), which is more restrictive
than the condition in Sec.8.5. So, derivatives of Du may not exist at the
boundary 02 due to the lack of differentiability of the corresponding
surface potentials.

8.6. Exercises.

1. Show that if p is a bounded function, then the function defined
by the line integral in R?

s v —yle

where S is a circle |y| = a, is continuous in R? if 0 < o < 1, and u is
from class C* in R? \ S and, in this case,

0= [ P
|:17 —yla

Hint: If y; = acos(f) and y = asin(f), then ds, = adf and 0 < 0 < 27
for S.

2. Extend the conclusion of Problem 1 to the case when S a curve
from class C.

3. Surface potentials. Let S be an M surface in RY from class
C', M < N — 1. Define a function v by the surface integral (called a
surface potential)

):/ PLy) ds,, 0<a<M
s lv =yl

(i) Show that v € C°(RY \ S);
(i) Show that v € CP(RY) where p is the largest integer such that
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/ D’
yla

WhereﬁEOin(l)and0<ﬁ<p1n i)

a+p< M, and

4. Solution to the Poisson equation. Suppose that p € C*(R?) and
has a bounded support 2. Suppose that the boundary 02 is smooth
(or piecewise smooth). Prove that

Au(z) = —4np(z), =z €R?,

|z — |
by justifying each of the following assertions:

(i) weC'(R?, ue C°°<]R3\Q) ,

1
lz =yl

(i) z¢Q = Au(z)=0,
(iv) 2€Q = Auz)=- (V,/Q,o(y)vy z i ] dgy)

= —/ (Vyp(y) \% ﬁ) &y
</Q\Bs<m / Eu) ( Vyﬁ) dy

1
(v) lim (Vyp(y), Vyi) d*y = 4np(z), x€Q
=0 Jo\B.(z) lz —yl
1
vi lim Vypoly),V )d3y20
Y N

where V denotes the gradient.
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9. Functions defined by improper integrals

9.1. Conditionally convergent integrals. Let {{2,} be an exhaustion of 2.
Then the limit of integrals of a locally integrable function f € L,.(£2)
over €1,

lim flx)dVx

n—oo Qn
does not exist if f is not integrable on €2, and even if it exists then

its value depends on the choice of the exhaustion because the integral
does not converge absolutely:

Feo@ = [ lr@ldYe= tin [ 1fe)d%e =0
0 n—oo Qn
where the first equality is by the continuity of the Lebesgue integral.
Suppose there exists an exhaustion such that the limit of integrals of f
over (), exists. Then f is said to be conditionally integrable on € and
the value of the limit is called a conditional integral of f over 2. Note
that the word ”conditional” refers to that the limit is computed in a
particular exhaustion (or regularization) of the integral, and its value
depends on the choice of the exhaustion (or regularization).

9.2. Abel’s theorem. Abel’s theorem for conditionally convergent inte-
grals is similar to Abel’s theorem for conditionally convergent series.
Hypotheses of the theorem are:

(i) ﬂ@Za@W@% Ve >a

(ii) ( ) a(x) — 0 monotonically as x — oo
(iii) ) € Co[a )
(iv) x)de| <o, Ve, d>a

The latter condition means that integrals of 3 over any finite interval
are bounded and the bound o is independent of the interval. The
conclusion of the theorem is that the limit

00 R
I = (x)dr =

a a

exists, and for any b > a
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The latter relation provides an estimate of the rate of convergence in
the following sense:

'I—/ff(a:)d:r

The hypothesis for the function 3 requires that the mean value of 3 over
an interval is decreasing with increasing the length of the interval. This
happens when 3 is bounded and oscillates about zero, like trigonometric
functions. For example, the integrals

d
/ 6zkm dl’
c

are bounded and the bound is independent of the interval of integration.
The monotonic decrease of a and boundedness of 5 does not guarantee
integrability of fa on (a,00). But owing to monotonicity of o and
oscillations of 3, there are cancellations in the integral of the product
af over an ever increasing interval so that the integral conditionally
converges. Abel’s theorem offers sufficient conditions for conditional
convergence of the integral.

A proof is given under a simplified assumption that a is continu-
ously differentiable. In this case, an integration by parts can be used.
Let

<oca(R) —0as R — oo

6zkd _ 6zkc

1k

<2
— =0
~k

aecCt

Since « is monotonically decreasing, o/(z) < 0. Put

ua) = [ By

By continuity of (3, the function o, is continuously differentiable, and

/

ol () = B(z) by the fundamental theorem of calculus. Furthermore,

0, is bounded by the hypothesis
loo(z)| <o, Vr>a
Using the integration by parts
R R R
/ (@) do = / o(x) doo(z) = a(R)oa(R) — / oo(2)(z) da
because o,(a) = 0. Since a(R) — 0 as R — oo, it is concluded that

la(R)oar| < ca(R) — 0 and, therefore the integral of f converges if
and only if the integral of o,/ converges. But o/(x) < 0, and, hence,
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the integral converges absolutely because

/aR loa(x)d (x)| do < a/aR |/ (x)] do = —U/aR o (x) dx
= oa(a) — oa(R)

< oala) < 0

Furthermore it follows that for any b > a

R R
/b loa(z)d (x) dx §/b loa(x)d (x)| do < oa(b)

for all R. By taking the limit R — oo, it is concluded that

/boo loa(z)d (x) dx

< oa(b)
as required.

9.3. Differentiability of Fourier transforms revisited. It was shown in Sec.
5.3.2 that the Fourier transform

F(k) = / e* f(x) dx
is from class C? if zP f(x) is integrable on R. It turns out that even if
xP f(x) is not integrable it is possible to show that F' can be from class
CP at least in some interval without evaluating the integral explicitly,
provided the Fourier integral of z?f(x) converges conditionally. The
technique is based on combining Abel’s theorem and Theorem 1.3. The
basic idea is illustrated with Example (7.3).

The function (7.3) is from class C'™ on any interval that does not
contain £ = 0. However it is shown in Sec. 5.3.1 that the hypotheses
of Theorem 5.2 are too restrictive to detect differentiability. Can the
differentiability for all £ # 0 be detected without evaluation of the
integral?

Define a sequence

Fn(k:):/n g(k:,a:)dt:/n .

n o 1+ 22

Since g(k, ) is integrable on R for any x, the sequence F),(k) converges
to F'(k) for any k. Let us show that F,,(k) is continuously differentiable
for any n. Indeed, although |D,g(k,x)| is not integrable on R, it is
integrable on any bounded interval (—n,n). Therefore By Theorem
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5.2, F,, is continuously differentiable and

" " jxetke " xsin(kz)
= Dm s = I = -2 P T——
/_n g(k,x)dx /_ 1 5 dx /0 1 o dx

n

Next, one should show that the sequence of derivatives converges to
some function G(x) and then try to find an interval on which this
convergence is uniform. Then by Theorem 1.3, F’(k) exists and F’(k) =
G(k) in this interval.

A pointwise convergence of F! (k) can be investigated by means of
Abel’s theorem. The integral that defines F (k) contains the product
of a function a(z) = x/(1 + z?), that is positive and monotonically
decreasing to zero in the interval (1,00), and the function ((z) =
sin(kz) whose integrals over any bounded interval are bounded by a
number independent of the interval:

‘/Cdﬁ(f) dif‘ = ‘/Cdsin(k‘a?) d:v‘ = ‘COS(Ck) ;COS(dk‘) < % .

provided k # 0. By Abel’s theorem, the sequence of derivatives has a
limit for any k # 0:

lim F/(k) = G(k), k+#0.

Let us estimate of the rate of convergence by means of the second part
of Abel’s theorem to show that F! converges to G uniformly on any
set || > 0 > 0 and, hence, by Theorem 1.3 F'(z) = G(z) in this set.
Indeed, by Abel’s theorem

n
|G(k) — F (k)| < 20a(n) < 5 T2
Since the above inequality holds for any |k| > § > 0 any n, one can
take the supremum in the left side and then the limit n — oo in both
sides. The limit in the right side vanishes so that

lim sup |G(k)— F.(k)|=0.

N=00 |£|>5>0

V|k| > 6

This means that F! converges to G uniformly on the set |[k| > § > 0
and therefore F'(k) = G(k). Since § > 0 is arbitrary,

d [ ek
Fl(k) = — =1
(%) dk:/oo e nir?o/ 8l<:1+ sde,  k#0

This example shows that the lack of an integrable bound of partial
derivatives with respect to a parameter that is independent of the
parameter does not mean that the integral is not differentiable with
respect to that parameter; it can still be differentiable on a smaller
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set and its derivatives can be given by improper integrals of the corre-
sponding partial derivatives with respect to parameters:

PROPOSITION 9.2. Suppose that f € L but xf(x) is not integrable
on R. If, in addition, xf(x) is monotonic for all |x| > a > 0 and
lxf(x)] — 0 as |z| — oo, then the Fourier transform of f is continu-
ously differentiable for all non-zero values of the argument and

d [ . n .
F'(k) = %/ f(x)e™ de = lim / irf(x)e™dr, k#0
A proof of this proposition is left to the reader as an exercise.

9.4. Exercises.

1. Prove Proposition 9.2. Put
F.(k) = / e* f(x) da n=12..

(i) Show that F,, converges to the Fourier transform F of f;
(i) Prove that F,, € C* for all n, and

F/ (k)= /n ixf(x)e* du .

(iii) Use Abel’s theorem to prove that the sequence F) (k) converges to
some G(k) for any k # 0.
(iv) Show that there exists a constant C' such that

) C
FL0) = G0 < (1] + 1=l

for all k£ # 0 and all n > a.
(v) Prove that F'(k) is continuously differentiable for all £ # 0 and
F'(k) = G(k).

2. Consider the function defined by the Fourier integral

* cos(kzx

(i) Show that F' € C?*(R)

(i) Show that F' € C3(|k| > 6) for any § > 0.

(iii) Use the residue theorem to find an explicit form of F'(k). Compute
F"(k). Does it exist for all k7

(iv) Can F"(k) be obtained by interchanging the order of D} and in-
tegration with respect to x?7 If so, evaluate the integral after differen-
tiation of the integrand with respect to k.
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10. Space of square integrable functions £,(2)

10.1. Metric spaces. The distance between two points = and y in R” is
defined by d(z,y) = |x —y|. The distance defines a numerical measure
of that how two points are close to one another. Consider a collection
of elements of any nature, denoted X'. Let us define a distance on X
as a function of a pair elements that satisfies the distance axioms: The
distance is a symmetric and non-negative function and vanishes if and
only if the pair contains identical elements, and it obeys the triangle
inequality:

d(f,g) =d(g,f) 20,
d(f,g9) =0 & f=g,
d(f,g) < d(f,h)+d(h,g)

for any f, g, and h from X. A set X with the distance function is
called a metric space and the distance function is called a metric on X.

A sequence {f,} is said to converge to f in X if d(f,, f) — 0 as
n — oo

fo—f InX: limd(fn,f):0

Similarly, one can define Cauchy sequences in X'. A sequence {f,} in
a metric space is called a Cauchy sequence if for any € > 0 one can find
an integer m such that

A(fu, fx) <e, nk>m

In other words, the distance d(f,, fx) can be made arbitrary small for
all sufficiently large n and k. It follows from the triangle inequality

that every sequence that converges in X is a Cauchy sequence. But in
contrast to RY, a Cauchy sequence in a general metric space may or
may not have a limit element in X'. As an example, consider the set
of all rational numbers. It is a metric space with the usual distance
function. Take a sequence of rational numbers {g,} where g, is an
approximation of v/2 with n decimal places, ¢1 = 1.4, o = 1.41, g5 =
1.414, q4 = 1.4142, etc. This sequence is a Cauchy sequence but it has
no limit in the set of rational numbers.

A metric space is called complete if all Cauchy sequences have limits
in it.

There are many ways to define a distance on the same set. Prop-
erties of a metric space depend on the metric even if the metric spaces
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contain the same elements. In particular, the completeness of a metric
space depends on the metric.

10.1.1. Space of bounded functions as a metric space. Let B(2) be a set
of all bounded functions:

feB() : sgp|f(fv)l <00

The number

[flloe = sup [ f ()]
Q

is called the supremum mnorm of a bounded function f. This set is a
linear space because a linear combination of bounded functions is a
bounded function. In other words, the set B(f2) is closed relative to

addition of functions and multiplication them by a number. Define the
distance on B(f2) by

d(f,g) = Sup [f(x) —g(x)| = [If — gl

It satisfies the distance axioms. So, the norm of f can be interpreted
as the distance of f from the zero function, just like the length of a
vector in a Euclidean space.

Every Cauchy sequence of functions in B(2) has a pointwise limit.
Indeed, for any z € (2, a numerical sequence {f,(z)} is a Cauchy
sequence in R because

[fu(z) — fi(2)] < Sup (@) = f3(2)] = d(fn, £3) -

Therefore by the Cauchy criterion for numerical sequences there exists
a function f defined by the pointwise limit:

Let us show that f € B(2), that is, f is bounded. Fix € > 0 and find
m such that d(f,, fx) < e for all n,k > m. Put

.....

Then for any n and all z in €2

[fu(@)] < [frm )] + [ ful2) = fin(2)]
< sup | ()| + Sup (@) = fru ()] < 2M

Therefore by taking the limit in the left side of the inequality, it is
concluded that the limit function is bounded

f(x)| <2M, z€Q = fecB(Q).
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Thus, the space of bounded functions is complete relative to the supre-
mum metric.

10.2. Metric spaces C°(Q2) and C9(Q). Let Q be a bounded closed re-
gion in RY. The space of continuous functions on  is a subset of
B(2). Therefore the distance defined by the supremum is a distance
function on C°(Q). The space C°(Q) is complete because the limit
of a uniformly convergent sequence of continuous functions on € is a
continuous function on 2 by Theorem 1.2.

There is another way to define a distance in the space of continu-
ous functions. Any continuous function on a bounded closed region is
square integrable. Put

11 = ([ 156 ) .

Let C9(£2) be the space of continuous functions in which the distance
is defined by

d(f,9) = —gll2

It also satisfies the distance axioms for all f and g from C°(2). In-
deed, it is non-negative and symmetric and vanishes if and only if two
continuous functions f and g are equal. To see the latter, assume that
f(zo) # g(xg) at some z; in € while d(f, g) = 0. By continuity of f—g,
there exists a ball B,(x¢) of some radius a where |f(z) — g(z)| > 0 so
that integral cannot vanish as the ball has a non-zero measure, which
contradicts to the condition d(f, g) = 0. The triangle inequality follows
from the Cauchy-Schwartz inequality

(10.1) / F@g(@)] e < |1 lllgll:

which will be proved in the next section. Indeed, for any complex-
valued functions

[f(x) = g(x)] < [f(x) = hz)| + |h(z) — g()]

by squaring this inequality and integrating both sides, one infers from
the Cauchy-Schwartz inequality that

1 =gl < [1f = 2l* + 17— gll* + 2/Q |f (@) = h(@)[|h(z) — g(z)|d"x

< (17 = hlla + 11— gll2)

and the triangle inequality follows.
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The convergence of a sequence in C9(Q) is called a convergence in
the mean. Uniform convergence implies convergence in the mean if €2
has a finite measure because

102 fo=FIZ< 10— fIZ / o = | fo— fIPn(€).

Similarly, if { f,} is a Cauchy sequence in C%(2), it is a Cauchy sequence
in C(Q) if u(Q) < co. However, the converse is false, and there are
Cauchy sequences in C9(Q) that do not have a limit in it, that is, the
space of continuous square integrable functions is not complete.

It is not difficult to construct a Cauchy sequence in C9(£2) whose
pointwise limit is a function that is not from C9(Q). Let Q = [—1,1]
and f,(z) = nz if |z] < = and f,(z) = 1 otherwise. Then for any
x #0, fu(r) = 1 as n — oo, and f,(0) = 0. So the limit function is
not continuous at = 0 and, hence, does not belong to C9[—1,1]. On
the other hand,

||fn—fk||§22(71—14?)2/n932d93+2/k(1—k:x)zdg:—>0

0 1
for n > k — oo.

10.2.1. Proof of the Cauchy-Schwartz inequality. Consider a quadratic
non-negative function of a real variable ¢ defined by

ht) = llIfl = tlglll; = A= 2Bt + Ct* > 0,
A=|fllz, C¢=lglz, B ZLIf(z)g(f)lde

If C' = 0, then the inequality holds. If C' # 0, then t(¢) attains its
absolute minimum at ¢t = t* = B/C. The inequality follows from
h(t*) > 0:

B2
M) =A-—=20 = B<VAC=||f]:lgl-

10.3. Lebesgue square integrable functions. The space L5(f)). Recall
that all real numbers are constructed by completion of rational num-
bers by limits of all Cauchy sequences of rational numbers. The same
question can be asked about completion of the space C9(€2). The ex-
tension to the set of all Riemann square integrable functions also does
not produce a complete space because there are sequences of continuous
functions converging to Riemann non-integrable functions. It turns out
that an extension of the set of square integrable continuous functions
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by the set of all Lebesgue square integrable functions gives a complete
space.

The space of all Lebesgue square integrable functions on a set €2
will be denoted by £5(Q2) or simply by £, if Q = RY:

f e L) - /|f([E)|2dN[L’<OO.
Q
and the number || f||2 will be called the Lo—norm of f.

10.3.1. Lo(12) is a linear space. If f is square integrable, then its mul-
tiplication by a constant produces a square integrable function. Let
f and g be square integrable. For any two complex square integrable
functions f and ¢

< [fll21lgll2

| T@hgta)
Q
which follows from (10.1), and, as a consequence,

1f +glla < [[fll2 +llgll2-

The latter inequality is known as the Minkowsk: inequality. It implies
that the sum f(x) + g(z) is square integrable because ||f + gll2 < oo
and, hence, £5(€) is a linear space. To prove the Minkowski inequality,
note that

1f +gl2 = IFI2+ g]2 + 2Re /mgcz) e

2
< (1712 + lgll>)
by Rez < |z| and the Cauchy-Schwartz inequality.

10.3.2. Relation between £(€2) and £2(2). Let us show that any square
integrable function on (2 is integrable on (2 if the measure of € is finite:

feLl(), uw)<oo = fel()

In the Cauchy-Schwartz inequality, let g be the characteristic function
of 2. This implies that

/Qlf(w)ldNﬂf < [l fllz = V) fll2 < o0

Since |f| is integrable so is f by Sec. 4.7. The converse is not true. As
an example, consider f(z) = 7/ on Q = (0,1). Then f € £(0,1) but
f?(z) = 1 is not integrable on (0, 1). Thus,

L(Q) CL(Q),  u(Q) < oo,
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If 4(Q2) = oo, then L£2(Q2) contains functions that are not integrable.
For, example f(z) = (1 + 2?)~'/? is not integrable on R, whereas it is
square integrable on R.

10.3.3. £2(2) as a metric space. Let us define the distance in £(2) in
the same way as in C9(Q). Then the distance satisfies all the distance
axioms but the second one because the distance vanishes for any two
functions that are equal almost everywhere:

d(f,9)=0 < f(z)=g() ae.

To resolve this problem, let us split all Lebesgue integrable functions
into equivalence classes where each class contains all functions that
differ from one another on sets of measure zero. Then the space Lo(f2)
is defined as a collection of all such equivalence classes. In other words,
by saying that f is an element of L£5(£2), it is meant that f is a collection
of all functions that differ from one another on a set of measure zero
so that
f=gin L3(Q) &  f(x)=g(x) a.e.

The distance between any two classes is defined as the L;—distance
between any two representatives of these classes. The distance does not
depend on the choice of the representatives as the Lebesgue integral
cannot be change by alterations of the integrand on a set of measure
zero. With this agreement, the second distance axiom is satisfied. In
particular, the zero element in L5(2) is the collection of all functions
that are zero almost everywhere:

f=0 inLy(Q) < f(z)=0ae.

10.3.4. Completeness of L5(£2). It turns out that every Cauchy sequence
in L5(€2) has a limit in it so that £2(Q2) is a complete metric space.

THEOREM 10.1. (Riesz-Fisher)*
Let {f.} be a sequence in the space of square integrable functions. Then
in order that there exists an element f toward which the sequence con-
verges in the mean, it is necessary and sufficient that || f, — frll2 — 0
forn, k — oo.

The space of square integrable functions plays a fundamental role
in quantum theory. According to one of the postulates of quantum me-
chanics, all possible states of any physical system are elements of some
space Lo(€2), which is a Hilbert space of the system, and a time evolution
of any physical system is governed by the Schroedinger equation in the

20F. Riesz and B. Sz.-Nagy, Functional analysis, Sec. 28
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Hilbert space of the system. Hilbert spaces and the Schroedinger equa-
tion will be discussed later in detail. It will be shown that the space
L5(€2) admits an inner product, analogous to the dot (or scalar) prod-
uct in Euclidean spaces, and there exist orthogonal functional bases
in £2(92) such that any element of £5(2) can be expanded over them
into a unique series (called a Fourier series). In this sense and owing to
the completeness of £2(€2), the space L2(€2) is an infinite dimensional
generalization of Euclidean (real or complex) spaces.

10.4. Dense subsets in a metric space. In practical calculations, it is suf-
ficient to use only rational numbers because any irrational number can
be approximated by a rational one with any desired accuracy. Nat-
urally, it is interesting to investigate subsets in a metric space whose
elements can approximate any element in a metric space with any de-
sired accuracy.

A subset A C X in a metric space is called dense is for any element
f in X one can find an element g from A that is arbitrary close to
f (the distance d(f,g) can be made arbitrary small with a suitable
choice of g). Putting this in a more formal way, a subset A is dense in
a metric space X if for any f € X, there exists a sequence {f,} € A
such that
In other words, for any f € X one can find an element from A that is
arbitrary close to f (the distance d(f, g) can be made arbitrary small
with a suitable choice of g). For example, the set of rational numbers
is dense in the space of reals. The set of all vectors in RY with rational
components is dense in RV,

If A is dense in X', then any larger subset of X' is dense in X. If
A is dense in B and B is dense in X', then A is dense in X. This
follows from the triangle inequality. Fix f € X and ¢ > 0. Since B
is dense in X, there exists g € B that is arbitrary close to f, that is,
d(f,g) < e. Having found g, one can find h € A that is arbitrary close
to g, d(h, g) < . By the triangle inequality, h is arbitrary close to f:

d(h, f) < d(h,g) +d(g, f) < 2.

as ¢ is arbitrary.

10.4.1. Polynomials in C°[a, b]. Let P be a set of all polynomials. Then
P C C%a,b]. The following theorem shows that P is dense in the
space of continuous functions on any bounded closed interval, and any
continuous function can be approximated by a polynomial with any
desired accuracy relative to the supremum metric.
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THEOREM 10.2. (Weierstrass)*' If f is a continuous complex func-
tion on [a,b], there exists a sequence of polynomials P, that converges
to f uniformly on |a,b]:

lim [|P, = flloc =0
If f is real, then P, may be taken real.

10.4.2. Dense subsets in L£o(a,b). Let us show that the space of polyno-
mials P is dense in Lo(a,b) for any bounded interval.
Let CJ,, denote a set of piecewise continuous functions. Then

P C C°a,b] C Cp, C Lo(a,b)

If P is proved to be dense in C°[a, b], C°[a, b] in C),,, and C},, in Ls(a, b)
relative to the £y distance, then P is dense in L(a,b).

Cp, is dense in Ly(a,b). Let f € Ly(a,b). Then fi(x) = 4(|f(x) £
f(z)) > 0 are also square integrable on (a,b) and, hence, they are
integrable on (a,b) by Sec.10.3.2. Therefore by Definition 3.3 there
exist monotonically increasing sequences h of piecewise continuous

functions such that
lim hi(z) = fi(z) a.e.

Let me < hi(x) for all z in [a,b]. Since hl(x) is increasing with
increasing n and fi(z) > 0,

(fea) - hff(x))z < (falo) - m)2 € L(a,b)

where the inequality holds almost everywhere. By the Lebesgue domi-
nated convergence theorem

b 2
lim || fe — h2[2 = lim / (felw) — (@) dr = 0

By the triangle inequality, the sequence of piecewise continuous func-
tions h, = ht — h. converges to f in Ly(a,b):

1f = Palla < I fs = hllz + [/~ = g ll2 — 0

when n — oo.

C°[a,b] is dense in C7 relative to the £y metric. Suppose f has a jump
discontinuity at * = ¢ € (a,b) and is continuous otherwise in [a, b]. If
f(c+) and f(c—) are the right and left limits of f at ¢, construct a
continuous function hy, () such that h,(z) = f(z) if |z — ¢| < 2 where

dp is the smallest number of b — ¢ and ¢ — a. In the interval [z, 2],

2IlW. Rudin, Principles of mathematical analysis, Theorem 7.26
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where 2= = c+dy/n, n = 1,2, ..., h,(x) is the linear function such that
ho(xE) = f(xF). Then

n

8M?dy

i

I = b3 = [ 1$0) = (o) de < ~0
when n — 0 because |h,(z)] < M where M = sup|f(z)| < co. A
general piecewise continuous function f has finitely many jump dis-
continuities in (a, b). A sequence of continuous functions converging to
f in the mean is constructed in the same way by interpolating f by
linear functions in small intervals containing the points where f is not
continuous and letting the total length of these intervals tend to zero.
P is dense in C°[a,b] relative to the Lo metric. The assertion follows
from Eq. (10.2) and Weierstrass theorem.

10.4.3. Dense subsets in £5(R). Let C{ denote the space of all continu-
ous functions on R (or RY) with a bounded support. For any function
from C), there exists R > 0 such that f(x) =0 if |z| > R.

PROPOSITION 10.1. The space CJ is dense in Lo

Let f be square integrable. By continuity of the Lebesgue integral
/|f WP dr = hm |f(z)|? dx
|z|<R

This implies that for any ¢ there exists R > 0 such that

If = fellz <2, fr(z) = Xp(x)f(2),

with x, being the characteristic function of [—R, R]. Since C°[—R, R]
is dense in Lo(—R, R), there exists a continuous function h on [—R, R]
such that
||fR - XRh||2 <é

Let g(x) = 0 if |z| > R+ § for some § > 0 and g(x) = h(z) if
|z| < R. On the intervals [-R — §, —R] and [R, R + ], g(x) coincides
with any continuous monotonic interpolation from g(—R — §) = 0 to
g(—R) = h(—R) and from g(R) = h(R) to g(R + §) = 0, respectively.
By construction, g is a continuous function with a bounded support.
Then it follows from |g(x)| < M = max{|h(—R)|,|h(R)|} if R < |z| <
R+ ¢ that

1/2
9= xahllz = ( / |9(93)|2d:v) < MV <
R<|z|<R+6

if § < &?/(2M?). By the triangle inequality,
If = glle < 1f = falla + 1fr = XxpPll2 + Ixph = glla < 3¢
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and since ¢ is arbitrary, it is concluded that for any f € L5 one can find
a continuous function with bounded support that is arbitrary close to
f in the mean, that is, CJ is dense in L.

Other dense subsets of Lo will be discussed in detail in the next
chapter.

10.5. Exercises.

1. Space C?({2) as a metric space.
(i) For any function from class C?(a,b) whose derivatives are bounded,
put

Ifller = sup |fP(a)]

ﬁSp,(EG(a,b)
where a can be —oo and b can be co. Define the distance by

d(f,9) = —gllcs -

Show that all distance axioms are satisfied.
(i) Show that the space of p—times continuously differentiable func-
tions with bounded derivatives is complete.
Hint: Take a Cauchy sequence { f,,}. Show that the sequence converges
uniformly to a continuous function f by noting that the convergence in
CP—metric implies convergence in the C’—metric. Next show that the
sequence of derivatives { f/ } converges uniformly to some g and f' = g.
Repeat the argument to show that f is from the class C?.
(iii) Show that the set of p—times continuously differentiable functions
with bounded derivatives is not complete with respect to C°—distance
by giving an example of a Cauchy sequence of continuously differen-
tiable functions that converges to a function that is not from C*.
(iv) Let Q be a region in RY. Put

d(f,9) =f = gllev = sup |D”f(x) — D fu(x)].

B<p, Q

for any f and g from class C?(€)) whose partial derivatives are bounded.
Show that the distance axioms are satisfied and the constructed metric
space is complete.

2. Space L({2) as a metric space.

(i) Consider the space £(£2) as a collection of equivalence classes where
two functions belongs to the same class if the functions are equal almost
everywhere. Use the properties of the Lebesgue integral to show that
L(2) is a linear metric space where the distance is defined by

d(f,g) = / (@) - gla)] Ve
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by verifying the distance axioms.
(i) Prove that the space of polynomials is dense in L(a,b) for any
bounded interval (a,b).

(iii) Prove that the space of continuous functions with bounded support
is dense in L(R).



CHAPTER 2

Distributions

13. Basic idea of distributions

A distribution is a generalization of the concept of a classical func-
tion. This generalization allows us to introduce a density of some
quantity distributed over sets of zero measure (volume), like the mass
or charge density of a point-like particle, or the electric charge den-
sity of dipoles distributed over a surface, or an intensity of instant and
point-like source of waves in a mathematically correct way. On the
other hand, the very notion of ”instant” and ”point-like” is a math-
ematical idealization because any physical process has a duration in
time and is extended in space, and, hence, only mean values can be
measured. A distribution describing a force applied to a particle that
creates a finite momentum change of the particle during an arbitrary
small interval of time can be viewed as the limit of the mean values of
the force measured over successively smaller periods of time. Similarly,
a density density of some physical quantity possessed by a point par-
ticle (like mass or electric charge) can be viewed as the limit of mean
values of the density over successively smaller regions of space.

13.1. Dirac delta-function. Define a sequence of piecewise constant func-
tions of a real variable:

| < 1

n
2

0, fef>

3=

Clearly,
. oo, =10
N fu(w) = 0() = {0 Lz #£0
Therefore, the limit function vanishes almost everywhere, §(z) = 0 a.e.
However, the limit integral value is not zero:

b
lim [ f.(z)dz=lim 1=1

n—oQ

for any interval @ < 0 < b. There is no contradiction here. The obser-
vation merely means that the order of taking the limit and integration
cannot be interchanged for this functional sequence. Evidently, the
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