CHAPTER 2

Distributions

13. The concept of distributions

In theories describing physical phenomena, it is always assumed
that the spacetime is a continuum, and measurable quantities are func-
tions that have pointwise values on the continuum. Calculus with clas-
sical functions, that is, differentiation and integration is a main tool
to model physical phenomena by equations in partial derivatives. For
example, electromagnetic waves, their generation and interactions with
matter are described by electric and magnetic vector fields satisfying
Maxwell’s equations. However, no measurement of the field strength,
or electric current and charge densities can be made at a point in space
and at a precise moment of time. In reality, any measurement gives
us some smeared or averaged values of physical quantities in space and
time. The very notion of "instant” and ”point-like” is a mathemat-
ical idealization because any physical process has a duration in time
and is extended in space, and, hence, only mean values can be mea-
sured. From this perspective, the concepts of classical calculus, like
derivatives, make no sense as their values require, first, knowledge of
physical quantities as functions having pointwise values and, second,
taking limits. The former are not available due to the very nature of
measurements, and the latter is not possible to do in practice because
arbitrary small distances between any two points or any two moments
of time cannot be reached.

A distribution (or a generalized function) is an extension of the
concept of a classical function. Distributions are not required to have
pointwise values but they are defined by smeared or averaged values
in any neighborhood of any point. So, any locally integrable (classi-
cal) function is a distribution because it has an integral mean value
(possibly with some weight) on any neighborhood of any point. How-
ever, mathematical modeling of reality often requires other distribu-
tions than those defined by classical functions.

Consider a process in which a force applied to a particle creates a
finite momentum change of the particle during an arbitrary small in-
terval of time. This force can be viewed as the limit of a force whose
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amplitude rises from zero and then decreases back to zero in an ar-
bitrary small interval of time while the integral of the force (the net
momentum change) is finite. The precise details of the increase and
decrease of the force as a function of time are irrelevant for the process
because the time interval during which this happens is too short to
be even measured. The limit force cannot be described by a classical
function because the latter would be zero everywhere except the time
moment when the momentum transfer occurs. The integral of such a
function is equal to zero and the limit force cannot create any finite
change of the momentum. In contrast, the limit process can well be
described by distributions. If the limit force is a distribution then it
is defined not by its pointwise values but rather by smeared or aver-
aged values in any (arbitrary small) neighborhood of any time moment.
This value can be set to be a given constant for any neighborhood of
the time moment at which an instant momentum transfer occurs. This
constant may depends on details of smearing or averaging (representing
experimental observations), but it is does not vanish in the limit when
the size of a neighborhood tends to zero.

Similarly, the concept of a point particle is a mathematical idealiza-
tion of a situation in which the “inner” structure of the particle, such
as distributions of mass or electric charge within the particle, either
cannot be measured or irrelevant for the process studied. However,
such particles create gravitational or electric fields extended through-
out space. Moving point-like electric charges create extended magnetic
fields. Finding these fields from equations for the fields (e.g., Maxwell’s
equations) requires mass and electric charge densities. The mass or
electric charge density of a point particle can again be viewed as a
limit of a density defined in successively smaller volumes occupied by
a “real” particle. This limit cannot be described by a classical func-
tion as any such function would have zero value everywhere except the
point at which the particle is located. Distributions must be used to
describe such densities because the value of a distributional mass den-
sity is set by its averaged value in any neighborhood of the position of
the particle, that is, by the total mass of the particle, regardless how
small this neighborhood is.

Algebra, calculus, and solving differential equations with distribu-
tions are quite different from their classical analogue but coincide with
the latter whenever physical quantities are assumed to be classical func-
tions. For example, every distribution is infinitely many times differen-
tiable (in the sense of distributions) so that many complicated issues of
classical analysis about smoothness of solutions to differential equations
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becomes obsolete. But the price is more complicated techniques in cal-
culations with distributions. The objective of this chapter is to give a
precise meaning to distributions and develop basic calculus with them
as well as to extend other technical tools from the classical analysis
to distributions, e.g., summations of series, taking Fourier transforms,
etc.

13.1. Dirac delta-function. P. Dirac introduced! the first distribution
into physics as a “function” 0(x) that is zero everywhere except one
point, say, x = 0, but its integral with any smooth function p(z) gives
the value of ¢ at x = 0:

(13

/ 5(x) ple)dr = (0).

Since then §(z) is called the Dirac delta-function. The quotation marks
around the integral stand for a mathematical fact that there exists no
locally integrable function with such a property. This was the rea-
son that the concept for such a ”"function” was not appreciated by the
mathematical community of the time. However, despite not being well
mathematically defined, the Dirac delta-function became a wonderful
technical tool in quantum mechanics that allowed to physicists to calcu-
late physically observable quantities. The stunning predictive power of
quantum mechanics and, later, quantum field theory whose mathemat-
ical techniques were based on objects similar to the Dirac delta function
(e.g., Feynman’s propagators) changed perception of these objects by
mathematicians, which eventually led to the theory of distributions.

As it stands, the Dirac delta-function resembles the physical con-
cept of a force that can instantly make a finite momentum change or
that of the mass or electric charge density of a point particle. Let us
investigate this in detail.

13.1.1. A force making an instant momentum change. Suppose that a
particle of unit mass that can only move along a line is subject to a
force f-(t) > 0 that has a finite duration 0 < ¢ < 7 and is continuous
for all t. Then, according to Newton’s second law, the net momentum
change of the particle is

Ap:/fT(t)dt:/OTfT(t)dt.

The force has an integral mean value Ap/7 that can be measured by
measuring its duration 7 and the particle velocity before ¢t = 0 and

lp AM. Dirac, Principles of Quantum Mechanics
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after t = 7. When 7 — 07, then 7 eventually becomes smaller than a
time interval that can possibly be measured, and the very concept of
describing the force by a function of time becomes meaningless, whereas
the net momentum change is still perfectly measurable. What is the
limit force that can create such an instant change of the momentum?

Let us set Ap = 1, just to have the net momentum change to be 1
(not zero) in momentum units for any 7 > 0, and investigate the limit
7 — 0%. To mimic the fact that any measurement of the force only
provides a mean or smeared value of the force, consider the limit of the
integral

pmwgfﬁ@wmm

where ¢(t) is a smooth function with a bounded support that represents
the averaging process. It will be called a test function. The symbol
(f,¢) stands for a "smeared or averaged” wvalue of a distribution f
on a test function p. A support of any continuous non-zero function
always has non-zero measure because, if this function is not zero at
a point, then by continuity it is not zero in a neighborhood of this
point. So, the choice of a smooth (vs arbitrary) function as a test
function represents that any measurement can be done only during a
finite interval of time, although this interval can be arbitrary small but,
most importantly, never zero.
Let us show that

T—0*t

nm/ﬁ@¢@ﬁ=wm

for any test function ¢, that is, the limit force has the characteristic
property of the Dirac delta-function if the order of taking the limit and
integration can formally be interchanged. Since ¢ is smooth, by the
mean value theorem there exists t* between ¢ and 0 such that

The derivative ¢'(t) of a smooth function is a continuous function and
also has a bounded support. Therefore it is bounded:

sup |¢'(t)] = M < o0,
This implies that for any ¢t > 0

[p(t) — p(0)] < Mt.
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Since the integral of f; is normalized to 1 and f; is non-negative, the
following chain of inequalities holds:

‘/fT(t)gp(t) dt—gp(O)‘ = \/fT(t) (so(t)—so(o)) dt\
< [ 5.0]e0) - o(0)]a
gM/fT(t) |t|dt:/7f7(t)tdt

§7‘M/ f-(t)dt =M1 — 0,
0

as 7 — 0T, as required.
Thus,

Tim £2(t) = 6(2).

Note well that this limit cannot be interpreted as a pointwise limit
because for any t, f-(t) — f(t) =0 as 7 — 07. Indeed, since f.(t) =0
for any ¢t < 0, f-(t) — 0 for any ¢ < 0 as 7 — 0. Furthermore,
f-(t) = 0if t > 7. Therefore for any t > 0, f.(t) = 0 for all small
enough 7. Thus, the pointwise limit of f,(¢) is zero. The integral of the
zero function f(t)¢(t) = 0 is zero for any test function ¢. There is no
contradiction with the above result. It merely refers to the well known
fact that the order of integration and taking the limit with respect
to a parameter cannot always be interchanged. For this reason, the
limit force 6(t) cannot be defined by an integral of some function with
pointwise values, but rather it should be defined by its averaged or
smeared values for any test function, that is,

(13.1) (6,0) € 2(0).

This rule makes a perfect sense for any smooth ¢ but cannot be written
as an integral average of some locally integrable function §(t). Conse-
quently, the limit f,(¢) — &(¢) must be understood in the sense that
the numerical limit

lim (fr, ) = (3, 9)

holds for any test function ¢.

13.1.2. Mass density of a point particle. In the simplest case, a particle
of mass m can be modeled by a ball of radius a > 0 in which the mass
is homogeneously distributed. Then the mass density is

fm/Ve, z|<a
pa(z)_{o, x| > a
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where 2 € R? and V, = 3ma? is the volume of the ball. A point particle
corresponds to the limit ¢ — 07. When a — 07, the radius a becomes
smaller than a minimal distance that can be possibly measured and
pa(r) makes no sense as a function with pointwise values as the latter
cannot be measured. As in the case of an instant force, only average
values of p,(z) with some smooth test function ¢ can be an outcome
of any measurement. A test function is a smooth function in R? with
bounded support. The boundedness of support represents that any
measurement is always curried out in a bounded region of space.
By the integral mean value theorem

/| _ ol@) e = Ve

for some |z,| < @ and any test function ¢. Therefore

. 3 _ . _
Jim [ pa(2) p(2) d°x = m lim_p(ze) = me(0)
by continuity of ¢. So, if the Dirac delta function of z € R? is defined
by (13.1) for any test function on R3, then the limit density is the mass
of the particle multiplied by the Dirac delta function in R3:

(13.2) Jim (pq, ) = (md, ).

In contrast to the previous example, the pointwise limit produces a
density that vanishes almost everywhere

limpa(z):{o’ z70

oo, x=0

and, hence, its integral over any set is zero.

The next striking observation is that the property (13.2) of the limit
mass density does not depend on peculiarities of the mass distribution
within the ball and holds for any non-negative p,(x) supported in the
ball |x| < a and whose integral is equal to the mass m. To prove this
assertion, let us first establish an analog of the mean value theorem
for functions of several variables. It asserts that for any compactly
supported function ¢ from class C!' and any two points z and ¥, there
exists a constant M > 0 such that

(13.3) [p(x) = (y)| < M|z —yl.
Note first that ¢ has a bounded gradient,
sup [V(z)| = M < oo,
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because all partial derivatives of ¢ are continuous functions with bounded
support and, hence, bounded. Consider the line in space through the
points x and y. Its parametric equations are

2t)=yt+(1—-t)x, z(0)=z, =z2(1)=y

The function F(t) = ¢(z(t)) is differentiable on [0, 1] and by the chain
rule F'(t) = (Vg(z),y—x) where z = z(t). By the mean value theorem
there exists a point t* € [0, 1] such that

F(1) — F(0) = F'(t")

It follows from this relation and the Schwartz inequality for the dot
product that

[F(1) = F(O)] = [(x) — o) = [(Ve(2(t"), y — )| < M|z —y],
as required. With the help of this inequality, the limit (13.2) is not
difficult to establish for an arbitrary p,(z).

Let us now demand that for any a, the mass density p, is non-
negative for |z| < a and vanishes for |z| > a. The total mass is always

m for any a > 0,
m = /pa(x) dr = / pa(x) d*x
lz|<a

Then it follows from this relation that

[ o@sterds—me)| < [ o) [ete) 0]

<M pa(2) 2| Pz

lz|<a

< Ma/ pa(z) P
lz|<a
= Mma — 0

when a — 0, as required. Thus, the characteristic property (13.2) is
universal and does not depend on details of the mass distribution within
the ball. In particular, one take p, to be continuous such that p,(0) = 0
for all @ > 0. Then the pointwise limit of p,(x) is the zero function
as a — 0. In fact, p, can be altered on any set of measure and the
conclusion still holds.

13.2. Functionals. Let D denote a collection of functions of NV real vari-
ables. Let us define a real-valued function on D:

f: D—=R
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that is, f is a rule that assigns a unique real number, denoted by (f, )
for every function ¢ € D. A function defined on a set of functions is
called a functional. For example, for any locally integrable function
f € L, one can define a functional f by the rule

o) = / f@)px)d¥z,  peD.

if D consists of smooth functions with bounded support (to ensure
the existence of the integral). The Dirac delta-function is a functional
defined by the rule (13.1). Physical examples studied above suggest
that distributions can be identified with functionals on space of smooth
functions with bounded support.

In classical analysis, two functions are said to be equal if they have
equal values at any point. Similarly, two functional f and ¢ are equal
if they have equal values on all test functions:

f=9 & (fie)=(9¢), veD.

This reflects our general idea that two physical quantities, represented
by distributions, are identical if they have the same average values in
any measurements or testing.

13.2.1. Differentiation of distributions. As already noted, physical quan-
tities are governed by equations in partial derivatives. Therefore one
needs a differentiation rule for distributions. The guidance is provided
by distributions defined by locally integrable functions. Let f be lo-
cally integrable in R. The classical definition of the derivative states

e fla+ )~ (2)
, ) x — f(z
fi(x) = lim N

provided the limit exists. However the pointwise values of f cannot
be used to investigate the limit because for a generic distribution they
either do not exist or are not known. Only the averaged values (f, )
exist for any test function .

The locally integrable function f,(z) = f(x + h) is also a distri-
bution or a functional on D whose values on a test function can be
expressed via the values of the functional f:

(fr, /f:z—l—h d:v—/f h)dz .

Since () = p(x — h) is a smooth function with bounded support for
any test function ¢. Therefore ¢, € D and, hence, the functional fj
can be defined by the rule

(fusp) = (from),  wnlz) =9z —h),
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for any functional f on D and any real h. The derivative must also be
a functional on D, that is, it must have a value on any test function.
So, the best one can do to define the derivative of a distribution f is
to put

Let us investigate the limit. Again, the guidance is provided by
distributions defined by locally integrable functions. Note that a lo-
cally integrable function is not differentiable in general. So, the rule
(13.4) already extends beyond the concept of a classical derivative. By
linearity of the integral, one has

h

There are two facts about the function 1, to be noted. First, for any
h # 0, ¢y, is a test function for any ¢ € D, that is, 1, is a smooth
function with bounded support. Second, ¥p(z) — ¢'(x) as h — 0
for any x € R. Therefore, the limit can be found by the Lebesgue
dominated convergence theorem. Indeed, for all small enough h, the
support of i, lies in [—R, R] (with R being independent of such h). By
(13.3)

7o) =l [ fyon)de, ina) = LLAEZN,

()] <M < oo, M =suplg(z)l,

and therefore the integrand has an integrable bound independent of
the parameter h

[f(@)¢n(z)| < M|f(z)| € L(-R, R).

Hence, by the Lebesgue dominated convergence theorem, the order of
integration and taking the limit can be interchanged, giving

(13.5) <ﬁw=—/ﬂwwwmz—m¢»

Even for a locally integrable f that is not differentiable in the classi-
cal sense, the derivative f’ exists as a functional or as a distribution.
The rule (13.5) looks like an integration by parts, but this is a false
impression because f must be from class C! in order to integrate by
parts.

Two things can be deduced from this observation. First if f is
from class C, then its classical and distributional derivatives are equal.
Indeed, let {f’(x)} denote the classical derivative of f € C'. Then
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{f'(x)} is continuous and defines a functional by the rule

'} 0) = / (/@) }olz) de

By integrating by parts in this integral one infers that

{f}o) = /f r)dz = (f'.¢)

for any test functions. This means that f* = {f’'} as functionals on
D. Second, if f is not differentiable, its distributional derivative still
exist! In fact, the functional f’ may not even be defined by a locally
integrable function as illustrated by the following example.

13.2.2. The distributional derivative of the step function. The Heaviside
step function is defined as

1,220

0(z) = { 0,7<0
It is bounded and, hence, is locally integrable. Let {6'(x)} denote the
classical derivative wherever it exists. The step function has a jump
discontinuity at * = 0. So the classical derivative does not exist at

x = 0 and vanishes everywhere else, or it vanishes almost everywhere.
Therefore it is a functional that has zero value on any test function:

{0/(x)} =0 ae. = ({0}, p) = /W(iﬂ)h@(fﬂ) dr =
Let us calculate its distributional derivative:

0.0) L (0,4 2 —/jw'(x) dr @ o) 2 (5,0).

—
~—

Here (1) is by the rule (13.5), (2) is the value of the distribution 6 on
a test function, (3) is by evaluating the integral using the fundamental
theorem of calculus and by that a test function has a bounded support
(p(x) = 0if |x| > R for some R > 0), and (4) is by the definition of the
Dirac delta function. Since the equalities hold for all test functions, it
is concluded that the distributional derivative of the step function is
the Dirac delta function:
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13.2.3. Distributions as linear functionals. Can the rule (13.5) be ex-
tended to all functionals (or distributions) that are not necessarily de-
fined by locally integrable functions? This question must be answered
affirmatively if one wants to develop calculus for general distributions
and formulate equations for physical phenomena as equations in partial
derivatives.

Let us reexamine the procedure for derivation of (13.5) with the
purpose to identify steps in which the assumption that a distribution
is defined by a locally integrable function was crucial. The goal is
to find additional (sufficient) conditions on a general functional f to
validate the derivation of (13.5).

As already noted ¢p(z) = @(x — h) is a test function if ¢ is such.
So, the rule (f,¢) = (f,n) can be extended to any functional on D.
To evaluate the limit in (13.4), the linearity of the integral has been
used to conclude that

(f»%p)—h(ﬁs@h) — (fawh)

This is not true for a general functional on D, unless this functional is
linear. So, any distribution describing a physical quantity must be a
linear functional on D.

The space of test functions D is linear, that is, a linear combination
of smooth functions with bounded supports is a smooth function with
bounded support. A functional f is called linear if for any two numbers
c12 and any two functions ¢; o from D

(fscrpr + capz) = ai(f, 1) + ca(f, p2)

in other words, the value of a linear functional on a linear combination
of functions is the corresponding linear combination of values of the
functional on each of these functions.

For example, the functional defined by the rule

(f,0) = ¢(0) +1

is not linear. Indeed,

(f,crpr + cap2) = c101(0) + c2902(0) + 1
ci(f 1) + ca(f, p2) = c191(0) + 1+ c292(0) + 1 # (f, crp1 + c2902)
The Dirac delta-function provides an example of a linear functional:

(9, c11 + cagpa) = c101(0) + cagp2(0)
= 01(67 Spl) + 02(67 SOQ) .



170 2. DISTRIBUTIONS

For any linear functional f on D

(f,0)=0

because (f,cp) = c(f, ), for any number ¢, and the property follows
if c=0.

13.2.4. The space of test functions. The right-hand side of (13.5) makes
sense for an arbitrary linear functional f only if the derivative ¢ is a
test function. This is not true if D consists of functions from class C?
with p < oo because ¢’ € CP~1 and CP is a subspace of CP~!. So, the
differentiation should not throw elements of D from D for consistency
of (13.5). Thus, the space of test functions must consist of function
from class C'*° with bounded support.

This naturally leads to the conclusion that any distribution can be
differentiated any number of times because the rule (13.5) can be used
to calculate derivatives of derivatives:

In particular, the Dirac delta function can be differentiated any number
of times in the distributional sense:

(13.6) (6™, ) = (=1)"(8, ™) = (=1)"¢"(0).

13.2.5. Distributions as continuous functionals. The next step in deriva-
tion of (13.5) requires that

flll_r%(fa QZ}h) = (f7 }Lli%wh) = (.f7 SO/)

A change of the order of taking the limit h — 0 and calculating the
value of f was established by means of the Lebesgue dominated con-
vergence theorem which is not possible to apply for general linear func-
tional on D that is not defined by a locally integrable function. Func-
tionals for which this can be done are called continuous.

A continuous functional is defined similarly to a continuous func-
tion. A real-valued functional

f: D—-R

is continuous at ¢ € D if for any sequence {p,} converging to v in D,
the numerical sequence {(f,pn)} converges to the number (f,p):

{ony: pn—einD = lim(f o) =(fp)

and f is continuous on D, if it is continuous at every element of D.
Since now “points” in the domain are functions, one has to give
a meaning (definition) to “a sequence {p,} converges to ¢ in D”. In
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mathematical terms, this means that the functional space D must be
equipped with topology.

If D were equipped with a metric or a distance function like spaces
CP (see Sec. 12.6), then one can give a precise meaning to the conver-
gence by requiring that d(¢,, ) — 0 as n — oo, where d(¢, ¢) is the
distance function on D. It is possible to define a distance on the space
of functions from C'*° with bounded support. However, it is also pos-
sible to prove that there exists no metric on D with respect to which
D is a complete space. Recall that the space C? has a metric with
respect to which it is complete. The completeness of a functional space
guarantees that the limit function of a convergent functional sequence
belongs to the space.

Fortunately, the metric is not the only way to introduce topology
into a functional space. It will be done in the next section.

13.3. Distributions as linear continuous functionals. The analysis of basic
calculus with distributions leads to the following concept of distribu-
tions as a generalization of classical functions. A linear continuous
function on a set of functions D 1is called a distribution. Thus, among
all functionals, a particular class is selected whose elements have two
characteristic properties:

e linearity
e continuity

These two properties must be verified in order to find out if a given
functional (f, ¢) is a distribution or not. It is worth noting that a linear
functional is continuous if and only if it maps every null sequence in
D to a numerical null sequence:

opn—0inD = lim(f,p,) =0.

In other words, a linear functional is continuous if and only if it is
continuous at the zero function. For any {y,} converging to ¢ in D,
the sequence ¥, = ¢, —¢ is a null sequence in D and so is the numerical
sequence (f,1,) by linearity of f.

In the next two sections, the concept of a distribution as a linear
continuous functional will be rigorously formulated, and the properties
of distributions will be analyzed.

13.4. Exercises.

1. Give an example of a continuous mass density p.(x) with support
|z| < a for which property (13.2) holds but
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(i) limg—0 pa(0) = 0 ;
(i) limg—0 pa(0) does not exist.

2. The electric charge density can be positive and negative. Prove
(13.2) if p, is Lebesgue integrable and has a support in |z| < a.
Hint: Consider the densities of positive and negative charges. Are these
densities integrable? If so, can the line of arguments given in Sec. 13.1.2
be applied to them to extend (13.2) to all integrable functions?

3. Define a mass density of a infinitely thin wire occupying a line
segment of length L in R? and having mass m that is distributed uni-
formly in the segment, as a linear functional on a suitable functional
space D.

4. Define a mass density of a infinitely thin plate occupying a rec-
tangle of dimensions a x b in R? and having mass m that is distributed
uniformly in the plate, as a linear functional on a suitable functional
space D.

5. Define a mass density of a infinitely thin sphere of radius R in
R3 that has mass m which is distributed uniformly over the sphere, as
a linear functional on a suitable functional space D.

6. Define an electric charge density of a infinitely thin dielectric sphere
of radius R in R3 whose one hemisphere has a positive charge Q.
uniformly distributed and other hemisphere has a negative charge ¢)_
uniformly distributed, as a linear functional on a suitable functional
space D.

7. (i) Define the mass density of n particles of masses m;, j = 1,2, ..., n,
moving in R? along smooth trajectories x = x;(t), where t is time, as
a family of linear functionals on a suitable functional space D that are
labeled by parameter t. In other words, for each time moment ¢, the
mass density is a linear function on D.

(ii) Is it possible to define the momentum density of this system as a
family of vector-valued distributions labeled by time ¢? In other words,
every component of the momentum density is a linear functional on D
for each fixed moment of time ¢.

(iii) If particles interacts repulsively in accord with the Coulomb law,
each particle having a charge ¢;, find the energy density of the system
as a linear functional on D for each fixed moment of time ¢.
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(iv) The same as (iii), but change the repulsive force by the same at-
tractive force.
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14. The space of test functions

The objective is to give a precise description of tests functions and
show that this class of functions is rich enough to approximate practi-
cally any type of functions used in applications. The latter is known
as approximation theorems for test functions.

14.1. Definition of D. A function ¢ on an open set Q C R¥ is called a
test function if

(i) ¢ is from class C*(Q2);
(ii) ¢ has a bounded support, supp ¢ C Br N

for some ball Br. A collection of all test functions on €2 is denoted
by D() and called the space of test functions on Q. If Q = RV or
Q = (a,b), then D(RY) = D or D((a,b)) = D(a,b) for brevity. Clearly,
D(Q) is a linear space:

P12 € D(Q) = Cp1t+cp € D(Q)

for any numbers ¢ . A second observation is that all partial derivatives
of a test function are test functions:

peDE) = D% eDE).
for any o > 0.

14.1.1. Analytic functions vs test functions. For any ¢ € D(2), its sup-
port K = supp ¢ is a closed bounded subset (a compact) in € (see Sec.
1.1.10). Since € is open, the distance between K and the boundary 02
is not zero, and therefore there exists a neighborhood of the boundary
0f) that does not overlap with K. This implies that ¢ and all its partial
derivatives D*p vanish in a neighborhood of any point of 02

D% (z) =0, d(z,002)<d, a>0,

for some & > 0 (§ depends on ¢). In particular, all D*p can be
continuously extended by zeros to the boundary 0f). For example,
if Q@ = (a,b), then there exists a sufficiently small 6 > 0 such that
supp ¢ C [a + 0,b — 0], and all derivatives D%p(z) vanish for a < z <
a+90and b > x > b— 9. Therefore ¢ and all its derivatives can be
continuously extended to [a, b] so that D*¢(a) = D*p(b) = 0.
Furthermore despite being from class C'*°, the test function are not
analytic in §2. Suppose first that ¢ is from D(R) and supp ¢ = |a, b].
Then ¢(x) =0if x < a and p(z) #0if a < x < a + ¢ for some € > 0.
If ¢ were analytic at x = a, then its values near x = a would be given



14. THE SPACE OF TEST FUNCTIONS 175

by a power series about a:
o(r) =co+ Z cn(r—a)”
n=1

for all |x —a| < R where R > 0 is the radius of convergence. By the
Taylor theorem, the coefficients in the power series representation of ¢
are proportional to the derivatives

~ p"(a)
T

Cn

However, by continuity
©™(a) = lim ¢™(z)=0.

because the derivatives vanish o™ (z) = 0 for < a. It follows from
the power series representation that ¢(x) = 0 for all |z — a| < R for
some R > 0, which cannot be true because ¢(x) # 0 for > a. Thus,
the only analytic function in D is the zero function!

The conclusion can readily be extended to test functions of several
variables from D(Q)). If K = sup ¢, then the boundary 0K lies in
as shown above. The test function is not analytic at any point of 0K.
The support of any non-zero test function is not empty, and, hence any
non-zero test function is not analytic in €.

14.1.2. Topology in D. A sequence {p,} is said to converge to ¢ in
D(Q) if
(i) There exists a compact K C Q that contains supports of all
elements of the sequence,

supp pn, C K;

(ii) Sequences of all partial derivatives, Dy, converge uniformly
to the corresponding partial derivatives of the limit function,

lim sup |D%(x) — D%pp(z)| =0, a>0.
and in this case one writes
Yn— @ nD.

Clearly, the limit of a convergent sequence is unique because there
is only one test function with the property sup |[D%p(x)| = 0 for any «;
it is the zero function ¢(x) = 0. A consistency of this definition follows
from Theorems 1.5.4 and 1.5.5. The uniform convergence of sequences
{D%p,} for all & > 0 guarantees that the limit function is from the
class C*°. Since supports of all terms in the sequence {p,} lie in K
that is a proper subset of €2, the support of the limit function must



176 2. DISTRIBUTIONS

also be in K C Q (be a proper subset in 2). So, conditions (i) and (ii)
guarantee that the limit function belongs to D(f2).

The condition (i) might seem unnecessary. However if it is lifted,
then there are sequences in D(Q2) that satisfy (ii) but the limit func-
tion is not in D(Q2). For example, let ¢ € D(—a,2a), a > 0, and
supp¢ = [0,a]. Put ¢,(z) = ¢(r — a + %) which is a test function
with support [a — %,2a — 2] that is a proper subset of (—a,2a) for
any n = 1,2,.... Then ¢, and all its derivatives converge uniformly
on (—a,2a) to p(x) = ¢(x —a) € C*°(—a,2a) and the corresponding
derivatives of ¢. However the support of the limit function is [a, 2a]
that is not a subset of (—a,2a) and, hence, the limit function is not
in D(—a,2a). The condition (i) does not allow for sequences in D(£2)
with “runaway” supports or unboundedly expanding supports if {2 is
not bounded.

14.1.3. Subspaces of the space of test functions. Let )’ be an open subset
in Q. Then D(£) is a subspace of D(£2) because supp ¢ C ' C Q if
¢ € D(Y) and, hence, ¢ € D(2). Moreover, if ¢, — ¢ in D(),
then the sequence ¢, also converges to ¢ in topology of the larger
space D(£2) because any ¢ from D(2') vanishes outside ' and hence
supg, | D*p| = supg, | D*¢| for any a > 0.

14.2. How many elements are in D, anyway? By the analysis in Sec.13,
test functions are required to have a bounded support so that locally
integrable functions, that describe all physical quantities, become dis-
tributions, and test functions should also be from class C* if distri-
butions are to have any number of derivatives. These two conditions
looks rather restrictive and it seems natural to ask:

(i) Do there exist C* functions with bounded support?
(i) If affirmative, how big is the set of such functions?

14.2.1. The hat function. Put

e_%, x>0
“’(5’3):{0 r <0

Evidently, the function w belongs to class C* for z < 0 and > 0. Let
us investigate if this function and all its derivatives have continuous
extensions to z = 0. Any derivative of w is

1y -1
n n(=)e7z, x>0
w()(x):{g (m) z <0
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where p,, is a polynomial or degree 2n. It follows from

. 1L . _
lim z7™e s = limy™e™¥ =0, m=0,1,2,...,
z—0t Yy—00

that

; (m) —
gﬂlir(lgl+ w'™(x)=0.

Therefore w can be extended to z = 0 so that w € C*°(R) but it is not
analytic at x = 0 because it has no power series representation about
x = 0.

Using the function w, it is now not difficult to construct a test
function with support being the interval [a, b]:

(14.1) Yap(r) =w(r —a)w(b—x).

Furthermore, if this function is multiplied by any function from class
(', the resulting function is also a test function: p(z) = a(x)p.p(z) €
D for any a € C'*°. This shows that D is roughly as big as C*°.

The idea is readily extended to show the existence of functions of
several variables from class C'*° with bounded support. For example,

a2

0, x| > a

where ¢, is a normalization constant to be defined later. If € R, then
near r = =a, the function w, has a behavior similar to that of the
function w considered above near the point x = 0. For example, put
y =2 —a. Then

2
wa(T) = ¢4 exp (_ai) N Cq €XP (—i)
y(y + 2a) 2y

for small y, and similarly for x = —a. Therefore w, can be extended to
x = +a so that w, € C* but it is not analytic at x = +a.

When z € RY, w, depends only the radial variable » = |z| and
exhibits the same behavior in it near » = a as the one-variable case.
So, w, can be extended to the sphere |x| = a so that the extension is
from class C'*, its support is the ball |z| < a, and the function is not
analytic on the sphere |z| = a. Thus, w, is a test function, w, € D.
The product of any function from class C*°(RY) with w, is also a test
function.

The function w, is called a hat function because its graph resembles
a hat. The normalization constant ¢, is chosen so that integral of w,

is equal to one:
/wa(z)sz =1.
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If o,, denotes the surface area of a unit sphere in R, then using spher-
ical coordinates, where |z| = r,

a 02 1
/wa(:E)dN:EZUN/ e @ 2N ldr = oNo | / e T Ny
0 0

Therefore
1
— _2' N ld

Ca aNa C / v

14.2.2. Properties of the hat function. The hat function has the follow-
ing scaling property:

1
W () :a—Nuq(z), xeRN.

When a — 0%, the support of the hat function is shrinking but its
integral remains 1 for any a. So, in this limit the behavior of the
hat function resembles the limiting process for the mass density of
a point particle of unit mass. Therefore by the Lebesgue dominated
convergence theorem and the scaling and normalization properties of
the hat function

lim (wa, @) = lim [ wy(z)p(z)d”z = lim w1 (y) play) d™y

a—0t a—0t a—0t ly|<1

= ¢(0) /||<1 wi(y) dVy = ¢(0) = (6, ),

for any test function ¢, where x = ay. The hat function defines a
family of tests functions such that, when a — 0T, it converges to the
Dirac delta function in the sense of distributions.

14.2.3. Bump functions. It is possible to associate a test function with
any bounded set that has unit value in a neighborhood of the set. The
idea is first illustrated for an interval [—R, R]. Its neighborhood is an
open interval that contains it, e.g., (—R — a, R 4+ a) for some a > 0.

For any 6 > a, put
m = /gp_(;,_a(z) dx

where ¢, is defined in (14.1). Then

and
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Therefore
Na(r) = n(r + R) —n(R — )

has the unit value in the interval (—R — a, R + a), vanishes if |z| >
|R+a+ 4], and takes values between 0 and 1 if R+a < |z| < R+a+J.
By construction, 7, is from class C'> and, hence, 7, is a test function.
The graph of n,(x) makes a smooth transition from 0 to 1 in an interval
of length 0 — a that can be made arbitrary small because 6 > a > 0
are arbitrary parameters. The graph looks like a bump with a flat
top in the interval [—R, R]. For this reason such functions are called
bump functions. A bump function can be associated with any interval
in R. For example, n(z) is a bump function for (0, c0). If the interval
is bounded, then a bump function associated with it is a test function.

Let us construct multidimensional bump functions. For any set
Q c RY, a neighborhood €5 of Q of radius § is the union of all open
balls of radius 0 centered at every point of {2:

Q5 = U Bg(l’)

z€ef)

so that the distance between 2 and the boundary of {25 is 6 > 0.

THEOREM 14.1. Let Q be a subset in RY and Qs be a neighborhood
of Q of radius 0 > 0. Then for any positive a > 0 there exists a function
1. with the following properties:

(i) n.€C>;
(i) 0<na(z) <1;
(i) nma(z) =1, z€y;
(IV) Ua(if) :07 x ¢§3a;
(v) | Dna(x)| < Ma™

for some constant Mg independent of a.

Theorem 14.1 is proved by verifying properties (i)-(v) for the con-
volution of a hat function with the characteristic function of a neigh-
borhood of €2 of radius 2a:

Na(z) = /x% (y) walz —y)dVy = / wa(x —y)dVy.
QZa
By Theorem 7.2, all partial derivatives of the convolution are continu-
ous everywhere. So, 1, € C'"°. The second property follows from that
values of the characteristic function are either 0 or 1 and that the hat
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function is non-negative:

0 < o) < /wa(zc —y)dVy = /wa(z) dVz=1.
To verify the remaining properties, consider three neighborhoods of €:
QCQ, CQyy C Q3.
Let x € €2,. One has

nalz) & / o (y) wa(x —y) dVy
Ba(z

(:)/ wa(:c—y)dNy(g:)/ wa(z)szg)l.
Ba(z)

a

Here the equality (1) follows from the property
waolx—y)=0, |z—y|l>a,

so that the integration region in the convolution integral can be reduced
to a ball of radius a and centered at z, (2) is valid because, if x € Q,
then the ball B,(z) lies in )y, and therefore x, (y) =1if y € Bu(z),
(3) is obtained by the shift of the integration variable z = x — y, and
(4) is by the normalization property of the hat function.

Finally, if z does not belong to the closure Qs,, the open ball B,(z)
has no overlap with €2y,. This implies that the hat function w,(z — y)
vanishes for any y € {29, so that

Na(z) = / wa(T —y) d"y=0, =z ¢§3a
QZa
By Theorem 7.2 one can show that
Do) < [ 1D%a(2)]d"z.

Then the property (v) follows from from the scaling property of the hat
function, D°w,(2) = a VP DPw;(z/a). The proof is complete.
There is a useful consequence of this theorem.

COROLLARY 14.1. Let K be a bounded and closed subset of an open
set Q@ C RN, Then there exists a test function 0, € D(S) that takes
values in [0, 1] and is equal to 1 in a neighborhood of K.

Since €2 is open, K is a proper subset in {2, and the distance be-
tween the boundary 02 and K is not zero. In Theorem 14.1, take
a = 1d(0K,0Q). Then n, = 1, € D(Q) is a test function with re-
quired properties.
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For any set €1, a function n with properties stated in Theorem 14.1
will be called a bump function for a set . In particular, a bump
function for any bounded set in RV is a test function from D. Fur-
thermore, for any function v from class C'*°, one can always find a test
function that is equal to v in a neighborhood of any open bounded set
Q). Indeed, the test function with required properties is

p() = u(z)n,(zr) € D,

where 7, is a bump function for €2.

14.2.4. Regularization of a locally integrable function. Let f be a locally
integrable function in RY. Then the convolution of f and a test func-
tion w,

(14.2) (s f)(z) = / wla —y) ) dVy,

exists because the integral converges absolutely thanks to local inte-
grability of f and to that the support of w lies in a ball |z| < R:

/|w— |dNy<M0/ ()] dy < oo,

lz—y|<R

where My = sup |w(z)| < 0.

By Theorem 7.2 the convolution (w * f) is from class C*°. Indeed,
for all z in a ball |z| < Ry, the integrand w(z — y) f(y) vanishes for all
ly| > R+ Ry if the support of w lies in a ball of radius R. Then for any
a > 0, any partial derivative of the integrand has an integrable bound
independent of x:

| Diw(z —y) f(y)| < M| f(y)| € L(Brir,)

for all z € Q, where Mg = sup |D°w(x)| < oo, because f is locally
integrable. By Theorem 7.2, w * f has continuous partial derivatives of
any order in any ball |z| < R;. Since R; is arbitrary, the convolution
w * f is from class C'*° and

(14.3) Flws f)(z /Dﬁ wx—y)fly)dVy.

Furthermore, if the support of f is bounded, then the support of w * f
is also bounded. The convolution vanishes for all || > R + Ry if the
supports of w and f lie in balls of radii R and Ry. In this case, the
convolution is a test function.

Thus, with any locally integrable function f that has a bounded
support one can associate a test function f, = w x f. This shows that
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the space of test functions is roughly as "big” as the space of integrable
functions with bonded supports.

For any non-negative test function ¢ whose integral is normalized
to 1,

[owavo=1,
and any a > 0, put
1 T
bul2) = =6(5).

Then ¢, is a test function. If the support of ¢ lies in a ball of radius
R, then the support of ¢ is in a ball of radius aR. The convolution

144)  fulr) = (Gux f)(z) = / bule — 9)f(y) dVy

is called a regularization of a locally integrable function f. In particular,
one can take ¢, = w, (a hat function).

The reqularization of a locally integrable function with bounded sup-
port is a test function. It is a smooth function that vanishes outside a
neighborhood of support of f. If K = supp f and supp ¢ C Bpg, then

(14.5) (o * f)(z) =0, d(z,K)>aR.

This follows from (14.2) for w(x —y) = ¢a(r —y) because ¢,(x—y) =0
if |x — y| > aR whereas y € K so that whenever the distance between
x and K exceeds aR, the convolution integral vanishes.

14.2.5. Regularization of continuous functions. The term "regularization”

implies that the function being regularized is close to its regularization
in some sense. This is indeed so. Let us show that a reqularization
dq * f of a continuous function f on RN converges to f pointwise in
the limit a — 07:
Tim (6, + f)(x) = f(z), @ €RY.

Recall from Sec.1.2.3 that f is uniformly continuous on any compact
K c RY™. This means that for any K and any € > 0 there exists §
(that generally depends on K and ¢) such that

|f(x) — f(y)] <e whenever |x—y|<d,

for all x and y in K. Take K that contains a neighborhood of x, fix
e > 0, and find the corresponding . Using the normalization and
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scaling properties of ¢,(x) in the regularization (14.4)
Gux 1)(a) = 1@ = | [ 0al) (560 = 0) = Fla)) ]
_/ ‘fa:—az) f(:c)‘sz
lz|<R
(14.6) <5/ p(2)d¥z=¢, a<d/R.
|z|<R

Since ¢ is arbitrary, this implies that (¢, * f)(z) converges to f(z) as
a — 07 for any z. So, ¢, * f is an approximation to f at every point by
a smooth function. If f is continuous and has bounded support, then
the approximation is a test function.

14.3. Approximation theorems. A regularization of any continuous func-
tion converges to the function pointwise in the limit a — 0*. Can a
regularization be used to approximate functions from various metric
functional spaces by test functions?

The question is somewhat similar to approximations of reals by
rational numbers. Test functions form subsets in practically all func-
tional spaces, e.g., C? and L,, that are used in applications. If D is
dense in them, just like the subset of rational numbers in R, then D is
really large because it can be used to approximate most classical func-
tions with any desired accuracy (relative the metric (distance) in the
functional space). In other words, test functions in a functional space
would be more like rational numbers in R, and not like, e.g., integers.
This turns out to be true.

14.3.1. D as a dense subset of C). The space of test functions is a sub-
space in the space of continuous bounded functions in which the dis-
tance is defined by the supremum norm. Clearly, D cannot be dense
in this space. For example, a unit function on RY is continuous and
bounded, but the distance between it and any test function cannot be
arbitrary small because

11— @l = sup [L = @(z)[ = sup [1 — ()| =1
|z|>R
if the support of ¢ lies in Bp.

Let CJ C C° denote a subspace of continuous functions on RY with
bounded support. Then D C CJ. The first approximation theorem
states that D is dense in C{ with respect to the supremum norm. This
means that for any f € CJ there exists a test function ¢ € D such
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that the distance ||f — ¢||oo can be made arbitrary small with a suitable
choice of .

To prove this assertion, note that f and its regularization f, € D
have bounded supports, that is, they both vanish outside a ball of large
enough radius, f,(z) = f(x) = 0 for |z| > Ry. This implies that the
inequality (14.6) holds for all x € R because one can take K to be the
ball |x| < Ry. Therefore one can take the supremum in the left-hand
side of (14.6):

| fa = flloo =sup|fa(z) — f(z)] <e.

This shows that a regularization f, of a continuous function f with
bounded support converges to f uniformly as a — 0% and, hence, D is
dense in Cf.

14.3.2. D as a dense subset of C}. Let CJ, p > 0, be the subspace of
all function from class C? that have bounded support. Let us show
that a regularization f, of any f € C} and all partial derivatives D f,
up order p converge uniformly to f and DPf, respectively, as a — 07.
This comprises a generalization of the approximation theorem proved
above.

THEOREM 14.2. D is dense in CY. In particular, for any f € C§,
a reqularization f, of f is a test function from D and

Timn [If = fullop = T sup D f(x) = D fof) = 0.

B<p,z

A proof is analogous to the case of C{. Owing to the boundedness
of support of f, its partials D’ f, 3 < p, are uniformly continuous on
RY, that is, for any ¢ > 0 and every 0 < 3 < p one can find 5 such
that

’fo(x) — Dgf(y)) < e whenever |z —y| < 3.

In the integral representation (14.3) of the convolution with a test func-
tion, the integration by parts is permitted up to p times if f € C} so
that

D (6 % )& / Déu(x —y)f(y) d¥y = / bulic — ) D0 f(y) &

%*Dﬁf)( ), 0<B<p,

because D,¢q(z —y) = —D,pa(x —y). Then replacing f by D’ f in
(14.6), it is concluded that

D fu(z) = D f(2)| <&, a<i/R,
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for all x € RY and all 0 < 8 < p if 6 = ming{dz}. This implies that
DPf, converges to D f uniformly

lim sup |D” fa(x) = D7 f(x)] = 0

and that D is dense in C} with respect to the C? norm:

||f0«_.f||cp Sg, a<5/R

14.3.3. D() as a dense subset of C} (). A function f is said to belong
to CH(Q)) C CP(2), where  is an open set in RY | if the support of f
1s a bounded subset of €2. Since supp f is a closed subset in an open set
Q, the distance between it and the boundary 0f) is not zero, similarly
to test functions from D(£2). This implies that any function f from
class C§(Q) and all partial derivatives D*f up to order p vanish in
a neighborhood of the boundary 99Q. So, D(2) C CH(2). The same
reasonings as in the proof of Theorem 14.2 lead to a consequence that
D(Q) is dense in CF(Q) relative to the C? norm.

COROLLARY 14.2. For any open set Q C RY, the space of test
functions D(2) is dense in CY(Q). In particular, a regularization f, of
f € CY() and its partials D°f,, 0 < 8 < p, converge uniformly to f
and the corresponding partials D° f on Q as a — 07.

It should be noted that the support of a regularization f, of f €
CE() is not in Q for any a > 0. However, f, € D(Q) for all small
enough a as follows from Corollary 14.1. If 6 > 0 is the distance
between the boundary 02 and the support of f, then the support of
fo lies in Q if Ra < 16 (support of ¢, lies in a ball of radius aR).

14.3.4. D(Q2) as a dense subset of £,(12).

THEOREM 14.3. For any open 2 C RY, the space of test functions
D(Q) is dense in L,(Q2), that is, for any € > 0 and any f € L,(£2),
there exists a test function ¢ € D(S2) such that

If =l <e.

Let Qr be the largest subset of €2 such that the distance between
it and the boundary is equal to %, d(Qg,00) = % and, in addition (if
Q2 is not bounded), it is required that |z| < R for all points of Qg. So,
Qg is a proper subset of Q. If f € £,(£2), then by continuity of the

Lebesgue integral,

dm [ 1p@P e / @) Ve,
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Put f, = x,f, where xg is the characteristic function of {1z. For

any € > 0 and all large enough R, ||f — f;[|, < 5. If there is a test

function ¢ € D(€2) that is arbitrary close to fg, e.g., |[fr — ¢l < 5.
the conclusion of the theorem follows from the triangle inequality

1f =l < f = frllp + I fr —elly <e.

Let us show that ¢ can be obtained by a regularization of fz. There
is a technical fact to be established first.

PROPOSITION 14.1. Let f € L,(2), p > 1, and f be extended to
the whole RN by setting it to zero outside Q. If f, is a reqularization
of f, then

[ falls < 11£1l,-
A proof is based on Hélder’s inequality (12.2). One has

Il = [ 1l as 2 [ ([l - nay)as
< [ 1o - ay( [oua-zae) e
[ [ wPots - payas
[ irwray =

Here (1) is obtained by definition 14.4, (2) holds by Hélder’s inequality
and the identity ¢, = odu/Pés'? where % = 7%1, (3) follows from the nor-
malization property of ¢,, and (4) is established changing the order of
integration by Fubini’s theorem and using the normalization property
of ¢, again.

PROPOSITION 14.2. Let f be from L,(2) and the support of f is a
proper subset of ). Then a regqularization f, of f belongs to D(S2) for
all small enough a and converges to f in L,(Q) as a — 0T,

Tim | = foll, = 0.

The support K = supp f is a bounded and closed subset in an open
2 so that the distance between K and the boundary 0f) is not zero,
d(K,00) = ap > 0. Then f, € D(Q) if a < ap. In Sec.12.5.3 it is shown
that CJ(€) is dense in £,(). This means that for any € > 0, there
exists a continuous function g with bounded support in €2 such that

If = gllp <e-
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On the other hand, D(Q) is dense in CJ(Q2) and there exists a; > 0
such that

||g_ga||00<€7 a<a

where ¢, is a regularization of ¢g. This implies that
1
lo =gl = ( [ lote) = sula) a¥e)’
1

1
<suply = gul( [ @Ve)" = Mlg - gl < Me
Ky

where MP is the Lebesgue measure (volume) of any compact K in €
that contains supports of g and g, for a < a;.

Let (f —g)a be aregularization of f—g. It follows from the triangle
inequality and Proposition 14.2 that

1f = fally < 1 = gllp + g = gallp + 1(f = 9)all
<2[f = glly + g = gally < 2+ M)e

This shows that the £, distance between f and its regularization can
be made arbitrary small for all sufficiently small a. This proves the
assertion.

14.4. Conclusion. It has been shown that the space of test functions
is sufficiently rich. Practically, all functions that are used to describe
physical phenomena can be approximated with any desired accuracy
(in some topology) by test functions. So, test functions among other
functions are much like rational numbers in reals.

14.5. Exercises.

1. Let ¢ and ¥ be test functions. Is the product p(x)y(x) a test
function? Express the support of the product in terms of supports of

@ and .

2. Let n be a test function of a real variable that is equal to one
in a neighborhood of = = 0. If ¢(z) is a test function, show that 1 (z)
defined by the equality

o(r) = p(0)n(x) + 29 (z)

is a test function. Hint: Put
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By definition ¢ has continuous derivatives of any order for all x # 0.
Show that ¢ (z) can be extended continuously to z = 0 for all n =
0,1,2,... so that ¢ is from class C* (e.g., by using 1'Hospital’s rule).
In particular, prove that

W™(0) = limy™(2) = "), n=01,2,..

Show that ¢ has a bounded support.

3. Let n be a test function of a real variable that is equal to one
in a neighborhood of z = 0. If p(z) is a test function and

= o™=

(m—1)! 7 (0)

is a Taylor polynomial of ¢ about z = 0, show that ¢(z) defined by
the equality

m—1

Pm-1(x) = p(0) + ¢'(0)x + - +

p(r) = pmr()n(z) + 27 (2)
is a test function. Hint: Prove that
(m+m) ()
W)(0) — lim ™ () = Lo (0)
Y (0) = lim () = £
4. Let w,(z) denote the hat function of a real variable z. Is the product

, n=0,1,2,..

2% — a®["wa ()

a test function for any real v7

5. Put pu(z) = +(¢(z + h) — ¢) where h # 0 is real and ¢ € D.
Show that ¢, — ¢’ in D for h — 0.
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15. The space of distributions
15.1. The space D’. A linear continuous functional
f:DEQ)—R

is called a distribution. The value of f on a test function ¢ is denoted
by (f,¢). The collection of all distribution is denoted by D'(2). If
) = RY, then, for brevity, the set of all distributions is denoted by D'.

To show that a functional defined by some rule is a distribution one
has to verify three things:

(i) Existence: the rule should make sense for all test functions.
(i) Linearity: the rule defines a linear functional.
(iii) Continuity: the rule defines a continuous functional.

Two distributions f and g from D’'()) are said to be equal if they
have the same values for all test functions in D(€2):

f=9ginD(Q) & (f,o)=(9¢), ¢cDQ)

15.1.1. D'(Q2) as a liner space. Let f and g be distributions. A linear
combination h = af + bg, where a and b are real numbers, is defined

by the rule
def

(h,0) = a(f, @) +b(g,¢).

Let us show that a linear combination of distributions is a distribution
and, hence, D'(£2) is a liner space.

Clearly, h is defined on any test function. Linearity follows from
the linearity of f and g. For any test functions ¢; 2 and any reals ¢ o

(h, cro1 + cap2) = a(f, i1 + capa) + b(g, crp1 + c202)
= a<01(f> ¢1) + e f, 902)) + b<01(9, ¢1) + calg, 802))

= (a(f, 1) + (g, sol)) +c2 (a(f, p2) + (g, soz))
= Cl(h'7 Spl) + 02(h'7 SOQ) .
The first equality is by definition of h, the second by linearity of f and
g, the third is obtained by regrouping the term, and the final equality
is again by definition of h.
Let ¢, — o in D(Q2). By the limit laws and continuity of f and g
lim (h, p) = lim (a(f, Pn) + b(g,wn))

=a(f,)+b(g,¢) = (h, ).



190 2. DISTRIBUTIONS

The first equality is by definition of h, the second by limit laws, the
third by continuity of f and ¢, and the final equality is again by defi-
nition of A. The continuity is proved. Thus, a space of distributions is
a linear space.

15.1.2. Remark. In general, linear functionals are not necessarily con-
tinuous. However, no explicit form of a linear non-continuous func-
tional on the space of test functions has ever been constructed. It is
only possible to prove the existence of such functionals by using the
axiom of choice. So, practically all linear functionals on D(£2) defined
explicitly are turned out to be continuous (or distributions).

15.2. Regular distributions. Let f be alocally integrable function. Then
the rule

(9= [ @@ s, peD
defines a distribution from D’. It is called a regular distribution.

15.2.1. Existence. Since the support of a test function is bounded it
lies a ball Bg. Any test function is continuous and hence bounded:

()| < M

for all . The integral
[ r@e@ave= [ fwyptaaa

exists because the integrand is bounded by a Lebesgue integrable func-
tion

[f(@)e(z)| < M|f(z)| € L(Br)

because f is locally integrable. Thus, the value (f, ) exists for any
test function.

15.2.2. Linearity. Linearity of the functional f follows from the linear-
ity of the Lebesgue integral.

15.2.3. Continuity. It is sufficient to show that if ¢, — 0 in D, then
the numerical sequence (f,¢,) converges to zero. The convergence in
D implies that the functional sequence ¢,, converges uniformly to the
zero function and support of all elements of the sequence lies in one
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ball Bg. Therefore

1y on)| = / F () pnla) Ve

i f(@)pn(z)dx

< / @) lpn(@) @z < suplga] [ 1f@)]dVe
Br

Br
= Msup|p,| =0 asn — o

because by local integrability of f, M < oo and sup |p,| — 0 asn — oo
by uniform convergence of ,, to zero.

15.3. Isomorphism of locally integrable functions and regular distributions.
Two locally integrable functions f and g are said to be equal in a region
Q) in the sense of distributions if

(fio)=1(9,0), »eDQ).

It is then natural to ask: Is a regular distribution uniquely defined by
a locally integrable function? Do there exist more than one locally in-
tegrable function that correspond to the same distribution? Clearly, if
the functions are equal almost everywhere, f(z) = g(z) a.e., then they
define the same regular distribution. Is this condition also necessary?
The answer is given by the Du Bois-Reymond lemma.

PROPOSITION 15.1. (du Bois-Reymond Lemma)
In order for a locally integrable f to vanish in a region 2 in the sense
of distributions, it is necessary and sufficient that f(x) =0 a.e. in Q:

(f.p) = / f@)o@) de =0, oeDQ) © fx)=0ac.

It follows from the du Bois-Reymond lemma that every regular
distribution is defined by a unique locally integrable function (modulo
adding a function that is equal to zero almost everywhere).

15.3.1. Proof of the du Bois-Reymond lemma. A proof is based on the
following assertion from the Fourier analysis?.

PROPOSITION 15.2. If the Fourier transform of a Lebesque inte-
grable function vanishes, then the function is zero almost everywhere:

/ei(k’m)f(a?) Nz =0 = f(x)=0 ae.

2A.N. Kolmogorov and S.V. Fomin, Elements of the theory of functions and
functional analysis, Chapter VIII, Sec. 3
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Take a point xg in an open set 2. Then there exists an open ball

B, () that lies in Q together with its boundary, B,(xo) C €2. By the
hypothesis

(.f7 SO) = 07 pE D(Ba(l’(]))
Fix £ € RY and put

or(z) = ei(k’m)wa(z —x9) € D(Q)

where w, is the hat function. Then

0=(f.00 = [ F)ale — ) ¥
By Proposition 15.2
f(@)wa(z —x0) =00a.e. = f(x)=0a.e.
as required.
15.4. Singular distributions. All distributions that are not regular are
called singular distributions, that is, a singular distribution cannot be

defined by an integral of a test function with some locally integrable
function.

15.4.1. Dirac delta-function as a distribution. The Dirac delta function
is defined by the rule

(0.0) =¢(0), ¢eDR"Y).

It is a linear continuous functional on D. The linearity is obvious. Take
a null sequence

o, — 0 inD.

Then one has to check that the functional 4 maps it to a numerical
sequence that converges to zero. This is indeed true

lim (d, ¢,) = lim ¢,(0) =0

because by topology in D, the functional sequence ¢,(x) converges
to the zero function uniformly, which implies in particular that the
sequence of values ¢,,(0) converges to zero:

l0n(0)] < sup |gn(z)] =0 as n — oo.

Thus, the Dirac delta-function is a linear continuous functional on D
and, hence, it is a distribution.
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Let us show that the Dirac delta function is a singular distribution.
Suppose conversely that there exists a locally integrable function §(z)
such that

/5(:17)(@(:5) ANz =p(0), ¢eD.

By Theorem 14.1 there exists a test function 0 < 7,(x) < 1 supported
in a ball B, for any choice of a > 0, and 7,(x) = 1 in a smaller ball
|z| < a/3 (a neighborhood of x = 0). Then the product ¢n, is also a
test function and

2(0) = p(0)7(0) = (5, oma) = / 5(@)(a)a(x) AV

- / 5(x)p(x)n(z) Ve

a

It follows from this representation that

|£(0)] S/ |6(2)¢()na(x)| d¥a < sup |y ; [6(2)| d™a .

Since the measure (volume) of the integration domain B, can be made
arbitrary small (by taking the radius a small enough), the integral
can also be arbitrary small for any locally integrable function ¢ by
Theorem 6.2. But the value |¢(0)] is not zero for all test functions,
hence, a contradiction. Thus, the Dirac delta-function is not a reqular
distribution and its action on a test function cannot be written in the
integral form.

15.4.2. Derivatives of the delta function. Let us show that all deriva-
tives of the delta function, defined by the rule (13.6), are distributions.
Since ¢ € C™, the rule makes sense for any test function. Linearity
follows from the linearity of differentiation on the space of test func-
tions. Finally, let ¢,, — 0 in D as m — oo. Then the functional §
is continuous because

(8™, )| = [£5(0)] < sup [@()] = 0 as m — oo
by definition of that ¢, — 0 in D.

15.4.3. Shifted delta functions. Consider a functional on the space of
test function defined by the rule

(3(z = w0), ()] = plx0)

for any x9 € RY. The rule makes sense for any test function . The
functional is linear. If ¢,, — 0 in D, then the numerical sequence
wm(zo) converges to 0 for any point xy because |, (xo)| < sup |@n,| —
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0 asm — oo. Thus, the functional is a distribution. It is called a shifted
delta function. It is singular distribution. A proof of this assertion is
similar to the proof of singularity of the Dirac delta function and left
to the reader as an exercise.

15.4.4. The principal value distribution. Define a functional 73% on the
space of test function of a real variable x by the rule

(15.1) (P%,gp) Gl:ofp.v./@dz ' Jim / @dz,

X a—07t T
lz|>a

where p.v. indicates that the improper integral is understood as the
Cauchy principal value (defined by the subsequent equality). Note
that the function 1/z is not locally integrable (its integral does not
exist over any bounded interval that contains x = 0). Let us show that
P21 defines a (singular) distribution. It is called the the principal value
distribution.

Existence. Since the support of ¢ is bounded, supp ¢ C [—R, R] and
d - BN d
p.v./—x:lim(/ —l—/)—:p:O,
xr  a—0t \J_p W ) T
|z|<R
one infers that

(Pl,go): lim /@dl«: lim / £) 4y
T a—0+ T a—0+ T

|z|>a a<|z|<R

pla) —e0) , / plz) —»(0) ,

T

= lim
a—0t xT
a<|z|<R lz|<R

X .

The latter integral exists because the integrand can be continuously
extended to x = 0:

lim p(r) ; p(0) _ #(0)

so that it is continuous on the interval [—R, R| and, hence, integrable
on it.
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Linearity. One has
191 () + copa()

1
(P—,C1s01 —|-02S02) = lim / dx
xr a—0 xr
a<|z|
0, c; lim / 2160 dx + co lim / pa(x) dx
a—0 x a—0 x
a<|z| a<|z|

1 1
= (P—, QOl) + (P—, QOQ) ;
x x
here (1) follows from linearity of the Lebesgue integral and the limit

laws.

Continuity. Let ¢, — 0in D. This implies that the sequence of deriva-
tives ¢/ (z) converges uniformly to the zero function:

lim sup |¢! (z)] = 0.

By the mean value theorem there exists a point z* between 0 and x

such that

en () — n(0)
x

\ — I ()] < sup |

Then the following chain of inequalities holds:

(PLo)| = o [ 22020 0

[ am-e©
p. ./|m|<R d

< p.w. /
|z|<R

(3)
< sup |¢},] dz = 2Rsup |¢;| — 0
|z|<R

(2

~

o)~ 0:0) o,

as n — oo. Here (1) holds because supports of all terms ¢,, are in an
interval [—R, R] for some R; (2) is true because the Cauchy principal
value integral of 1 over the interval (—R, R) vanishes; (3) follows from
the inequality derived from the mean value theorem.

15.4.5. Generalized principal value distributions. For any integer n > 1,
the function 7" is not locally integrable. But it is possible to associate
a distribution with it by the rule similar to (15.1):

1 5 — P
(15.2) (Px—n,gp) d:fp.v./sp(z) ZZ 2(7) de, n=23,..,

T
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where

Pn—2()

is the Taylor polynomial of ¢ about x = 0 of order n—2. The existence
of this functional follows from the relation

(’Pi Qp) — lim QO([L’) _pn—2(l') do
[L’n’ a—0+ |z|<a xn
(15.3) - lim+ p(z) — pn—2(z) 4+ pn;z(x) dx
a—0 xn n
a<|z|<R |z[>R

that holds for any test function ¢ with support in the interval [—R, R].
The last integral exists because p,_» /2" ~ 1/2% as |x| — oo. In the first
integral the Taylor polynomial p,_s can be replaced by p,_; because
the integral of 1/x over the symmetric interval a < |z| < R vanishes.
Therefore the first integral converges in the limit a — 0" because

' z—0 ik nl

Linearity of the functional follows from linearity of the integral and
that a Taylor polynomial of a linear combination of two functions ¢,
and ¢ is the corresponding linear combination of the Taylor polyno-
mials for ¢, and ¢9. Let us show continuity. Let ¢,, — 0 in D as
m — oo. Supports of all ¢, lie in an interval [—R, R|. Replacing ¢
by ., in (15.3), one can see that the integral over the interval |x| > R

vanishes in the limit m — oo
—2 (k) 0 k
[ e, SO [,
lz|>R ¥ =0 k! lz|>R ¥

because |g0£lrf)(0)| < sup|g0£’rf)| — 0. As already noted, p,_2 can be
replaced by p,_1 in the first integral. By the Taylor theorem, there
exists a point z* between x and 0 such that

(@) = par(2) _ ol ()
il n!

so that

_ (n)
lz|<R n.
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15.5. Spherical delta-function. Consider a distribution of N real vari-
ables defined by the surface integral of a test function over the sphere
[zl =a

(55, 0) = /| _ elw)as.

The integral is reduced to an iterated integral using parametric equa-
tion of the sphere as shown in Sec. 8.3.1. For example, for N = 2, the
integral is evaluated in polar coordinates. If € is the polar angle, then
dS = adf is the arclength on a circle of radius a so that

/|m |:as0(x) dS =a /0 wa(a Cos(e),asin(e)) de .

In three-dimensional space, the surface integral is evaluated in spherical
coordinates

/|m|:aw(‘””) ds = a* /0 ) /0 Wso(ar(cb, 0)) sin(¢) do do ,

where ¢ and 0 are, respectively, the zenith and polar angles in the
spherical coordinates.

The existence and linearity follows from the existence and linearity
of the surface integral of a smooth function. If ¢, — 0 in D, then ¢,
converges to the zero function uniformly

lim sup |p,| = 0.

Hence,

(05,001 < [ len@lds sl [ s

|z|=a
= a¥ oy sup|p,| — 0
as n — oo. Here oy is the surface are of the unit sphere || = 1 in RY.
So, dg, () is a distribution of N real variables.

15.5.1. The distribution Jg, is singular. By Theorem 14.1, there exists
a bump function 7. for the sphere |x| = a which is a test function with
support in a spherical layer a — e < |z| < a + ¢ (denoted by Bg+c
for brevity), and 7. has unit value in a neighborhood of the sphere.
Suppose there exists a locally integrable function dg, (x) such that

(65,1 0) = / b5, () () dVa
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for any test function ¢. Then 7. is also a test function and therefore

/M _ ola)ds = /| _ nle)ete)ds = (s, 10)

Bate

‘ / d5‘<suz)|s0| / 155, (2)] dVa.
|z|=a

Bate

because 0 < 7n.(x) < 1. The measure (volume) p(By+e) = O(e) tends
to 0 as ¢ — 07 and, hence, the right-hand side of this inequality can
be made arbitrary small for any locally integrable function dg,(x) by
Theorem 6.2, but the left-hand side is finite. This contradiction im-
plies that no such locally integrable function dg, (x) exists, and Jg, is a
singular distribution.

Therefore

15.5.2. Physical significance of ds,. In R?, the distribution dg,(z) can
describe a mass density of a thin circular uniform wire occupying the
circle |z| = a. If m is the total mass of the wire, then its mass density
1s

m

— 2
p(z)_2ﬂ 65(1( )? :L’ER

In R?, this distribution can be used to describe the mass density of a
thin uniform spherical shell, |z| = a. If the total mass is m, then the
mass density is

p(z) 47Ta2 65(1( ) Y x E Rs

Similarly, in R, the mass density of a thin spherical shell can be
modeled as the distribution

N
p(I):aN 10 65(1( )> r e RY.

15.6. Delta-functions on smooth A -surfaces in RY. The concept of a
spherical delta-function can be extended to general smooth surfaces of
dimension M in R¥. It is assumed that a smooth M-surface S has a
finite area in any ball |z| < R. Let v(x) be a function that is continuous
on S. Define a functional by the rule

(v, ) = / v(2)p(x)dS, peD.
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The surface integral is calculated by means of a parameterization of .S
(see Sec.8.3). Since the support of ¢ lies in a ball Bg, the integration
is reduced to Sgp = S N Bpg, the part of S that lies in Bg. Owing to
continuity of v on S, |v(x)p(z)] < M on Sg, and therefore, the integral
exists because Sk has a finite area by assumption. Linearity and conti-
nuity vdg are verified in a similar fashion as in the case of the spherical
delta-function. The distribution vdg is singular, which is again estab-
lished by the same line of arguments as for the spherical delta-function.
The technical details are left to the reader as an exercise.

The distribution vdg can describe a density of some quantity dis-
tributed over an M-surface in RY with a surface density v(x) (amount
per unit surface area at a point z of the surface). For example, a dielec-
tric wire in space can have a non-uniformly distributed electric charge.
In this case, v(x) is an electric charge per unit length of the wire at a
point x of the wire.

15.6.1. Mass density of moving objects. Consider a collection of M par-
ticles moving in space along trajectories © = x,(t), p = 1,2, ..., M. The
mass density of the system can be viewed as a distribution in space
and time variables, p(z,t). It acts on a test function by the rule

(o) =D, [ "l (0), 1)) dt

where m, are masses of the particles. Thanks to the boundedness
of support of ¢ the integrals always exist. The rule resembles the
definition of the shifted delta-function for this reason this distribution
is often formally written as

plet) =3 myd(e — (1))

Consider a one-dimensional object of a finite length L moving in
a space, like a string. Then it sweeps a two dimensional surface in
spacetime, x = u(&, t). This function defines the shape of the object at
each moment of time t and 0 < & < L is the natural parameter along
the string. If () is the linear mass density of the object (v(§)d¢ is
the mass of a portion of the string of length d¢ at a point £), then the
mass density p(z,t) is the 2-surface delta-function, defined by the rule

(0.) = / / O p(ule, 1), 1) dr de
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15.7. Complex-valued distributions. A complex-valued function is a test
function from D(€Q) if its real and imaginary parts are from D(€2). A lin-
ear continuous functional f can take complex values on the space of test
functions, that is, (f,¢) € C. In this case, f is said to be a complex-
valued distribution. For example, a locally integrable complex-valued
function f(x) = €' of a real variable x defines a complex-valued dis-
tribution

()= [ (o) do

for any real or complex parameter £.
A complex-conjugated distribution f is defined by the rule

(f.0)=(f.9)

for any complex-valued distribution f. The linear combinations

Ref=s(f+7). ms=_(f7)
7
are called the real and imaginary parts of the distribution f, respec-
tively. A distribution is said to be real if its imaginary part is the zero
distribution.
For example, the delta-function is a real distribution:

(6,9) = (0,9) = 2(0) = p(0) = (&,%).

15.8. Topology in the space of distributions. In the process of modeling
a mass density of a point particle, or more generally, a density of some
quantity distributed over a set of measure (volume) zero, a limiting
process was designed in which a sequence of smooth functions converges
to a distribution. Since every smooth function can be viewed as a
distribution, this limiting process can be defined as convergence in the
sense of distributions or weak convergence. It will be shown later that
any distribution can always be viewed as a weak limit of a sequence of
smooth functions.

A sequence of distributions {f,} C D'(Q) is said to converge to
a distribution f if for any test function the sequence of values of f,
converges to the value of f:

Tim (fu, ) = (f,0), ¢ €D(Q).
In this case, one writes

fo— f inD'(Q).
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This is somewhat similar to pointwise convergence of a sequence of
ordinary functions, with just one difference that ”"points” at which a
sequence of values is computed are now test functions.

Convergence of series of distributions is defined via convergence of
a sequence of partial sums. The series ) f, converges in D’ if the
limit of » ., (fn, ¢) as k — oo exists for any test function, and the
equality

S ful@) = fa) € D

means that

lim Y (fa ) = (f,9), @€D.

k—o0
In|<k

15.8.1. Example. Let us find the limit of smooth integrable functions
a\l) = —FY——,

fa(@) x2+a?
as ¢ — 0 in the distributional sense. It is not difficult to see that

The objective is to calculate the limit

. [ ap(x) : p(ay)
(llli%(faﬂp) = (llli% L a+ a2 dz = Clbl_r}% o2+l

reR,

(e e}

dy .

The Lebesgue dominated convergence theorem is a main technical tool
to calculate distributional limits of sequences of classical functions.
Since the support of ¢ is bounded

i Pl@y) _ 0(0)
a—0 y2 +1 y2 +1
for any y. The integrand has an integrable bound that is independent
of the parameter a:
play)l _
v+l Tyt
By the Lebesgue dominated convergence theorem, the orger of taking
the limit and integral can be interchanged:

tig(fove) = [t 50y —o(0) [~ B~ wpr0)
= (0, ¢)
Thus, in the sense of distributions
fa(x) = wé(z) in D’

€ L, M=suplyl.
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as a — 0.

15.8.2. Distributional limit of rapidly oscillating functions. The function
fi(x) = e is locally integrable and defines a regular distribution for
any t:

(p) = [ epta)da.

Its action on a test function gives the Fourier transform of the test
function. The function f;(x) rapidly oscillates with increasing ¢ and
has no pointwise limit anywhere expect z = 0 as t — oco. However, the
limit exists in the distributional sense. Indeed, using the integration
by parts and boundedness of the support of ¢,

1 [F . e,
— d e wtx, d
hoo) =5 | elorder = — [ ooy an,
where the boundary term vanishes as p(£R) = 0. Since the absolute
value of the derivative |¢'(x)| is integrable, it follows that

I M
(ool <7 [ W@ldo =T =0

as t — oo. Thus, in the distributional sense

tlim =0 inD.
15.8.3. Classical vs distributional limits. Let f,, be a sequence of locally
integrable functions that converges to a function f uniformly on any
compact set K:

lim sup | f(z) — ful2)| = 0.
n—oo K

Then the function f is bounded on K (by completeness of the space
B(K)) and, hence, locally integrable. Therefore it defines a regular
distribution. Let us show that f, — f in D', that is, classical and
distributional limits coincide in this case. For any test function ¢ with
support K

(= ful = | [ (= dod¥e| <supls = il [ Iola¥e =0

as n — o0o. The example in the previous section shows that there are
sequences of bounded functions that have no classical limit but the
limit exists in the distributional sense. Do such distributional limits
make sense in a physical reality? In general, the answer is affirmative.

Let us illustrate it with an example similar to the one in the pre-
vious section. Think of a dielectric rod in which electric charge is
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distributed by periodically arranged layers carrying opposite charges
so that a negatively charged layer is followed by a positively charged
layer an so on. All layers have the same total charge (either positive
or negative) that is distributed uniformly so that the charge density is
periodic along the rod.

Next, imagine that the thickness of each layer is getting smaller. For
example, each layer is cut in half and some of the neighboring layers
with opposite charges are swapped so that a positively charged layer
is followed by a negatively charged one. The process can be repeated.
With every step of the process, the period of oscillations is reduced by
factor of 2, while the amplitude remains the same. The charge density
begins to rapidly oscillate along the rod and does not converge to any
function. However, from the practical point of view, the density at a
point is defined by a measured charge of a portion of the rod that has
unit length and contains the point. When the period of oscillations
becomes much less than the smallest length that can be measured, the
rod would appear electrically neutral, that is, the measured electrical
charge density is zero. Indeed, the total charge of any interval being
exactly an integer multiple of the period is zero. Therefore the total
charge over any interval oscillates between zero and the total charge
of a single layer. This implies that the charge density at any point is
decreasing to zero with increasing the number of oscillations per the
minimal length. The argument can be made rigorous if the limit charge
density is understood in the sense of distributions (see Problem 8 in
Exercises).

So, the distributional interpretation of the charge density is more
adequate for mathematical modeling than the picture based on classi-
cal functions and their limits because the former takes into account a
general concept inherent to our perception and understanding of the
physical reality that all quantities distributed in space and time cannot
be measured at a point of space or at an exact moment of time but
rather their measurements include some averaging procedure of small
regions of space or intervals of time.

15.9. Completeness of the space of distributions. If f,, — f in D', then
the sequence {f,} is a Cauchy sequence in the distributional sense,
meaning that the numerical sequence (f,, ¢) is a Cauchy sequence for
any test function. Suppose {f,} is a Cauchy sequence in the distri-
butional sense. Then by the Cauchy criterion for numerical sequences
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every sequence ( f,, ) has a limit and, hence, this limit defines a func-
tional on D. Is this functional a distribution? Or, in other words, is
the space D' complete? The answer is affirmative.

THEOREM 15.1. Let {f,} be a sequence of distributions such that

the numerical sequence (fn, ) converges for any test function p. Then
the functional f defined by

(f;9) = lm (fn, ), €D
1s linear and continuous, that is, f is a distribution.

A proof requires to verify linearity and continuity of f. Linearity
follows from the limit laws. A verification of continuity is a bit technical
and omitted here®.

The completeness theorem also implies that the enlargement of the
set of classical functions (or regular distributions) by adding all limits of
weakly convergent sequences of classical functions cannot give anything
larger than D’. The completeness property of the set of distributions is
shown to drastically simplify differential calculus for classical functions
and their sequences and series if they are treated as distributions. In
particular, any functional series or sequence converging in a distribu-
tional sense can be differentiated term-by-term infinitely many times
to get the corresponding derivatives of the limit distribution!

15.9.1. Example. Let f,(z) = 2 ndzif [z| < 2 and f,(z) = 0 otherwise.
For every n, f, defines a regular distribution

3nd =
(fm%p)ZT/lIQO(I)d{L’, peD.

Let us investigate the convergence of this numerical sequence. Making
the substitution y = nx and integrating by parts, one infers that

(frs ) = 37“/_1@/@(@//71) dy

= 3ot - o-1m) =2 [ man.

The limit of the first term is not difficult to compute:

1 1 1
n(p(1/n) = e(=1/m)) = n (2@0/(0)E + o(ﬁ)) =20(0)+0().
3A proof can be found, e.g., in: G. Grubb, Distributions and operators, Theo-
rem 3.9
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The limit of the second term can be found by means of the Lebesgue
dominated convergence theorem. Let g,,(y) = y*¢'(y/n). Then g, (y) —
y20'(0) as n — oo for any y. To justify interchanging the order of tak-
ing the limit and the integral by means of the Lebesgue dominated
convergence theorem, one has to find an integrable bound for g, (y)
that is independent of n. Since |¢'(x)| < M for all x (as any contin-
uous function with a bounded support), |g.(y)] < My* € L(—1,1).
Therefore
1 1
lim [ y%(y/n)dy = / lim y*¢'(y/n) dy
n—oo J_4 _1Mn—0

= 0) [ sy = 540,

1

and
3 1

Jim (fn, ) = 52'(0) = 5 ¢'(0) = ¢(0).

By the completeness theorem, the functional

(f,0)=¢'(0), ¢eD,
is a distribution, that is, it is a linear continuous functional on D. In
Sec.15.4.2 it was also shown that f(z) = —d'(x).

15.10. Exercises.

1. Show that the rule (f, ) = ¢™(zy) where ¢ € D defines a dis-
tribution.

2. Show that 6, — & in D’ as a — 07 for each of the following
families of smooth functions:

(i) da(z) = ¢

(i) 6u(z) = — sin (5)

(i) du(z) = %xz sin? (2)

3. Let = be a real variable. Consider the sequence of functions f,(z) =
n —n?|x| if |z| < 1/n and f,(z) = 0if |z| > 1/n. Find the limit of the
sequence in the sense of distributions using only the definition of such
a limit.

4. Let fo(z) = n’e(z) if |z] < £ and f,(z) = 0 otherwise, where
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e(x) is the sign function; it is equal to 1 if x > 0 and to —1 if x < 0.
Show that the sequence {f,} converges in the sense of distributions
and find the limit distribution.

5. (i) Find a sequence of locally integrable function f,(z) in R? that
converges to the spherical delta-function:

fo b5, i D, <5sa,so>=]4 () dS

|z|=a

(i) Find a sequence of test functions ¢, € D(R?) that converges to the
spherical delta function in the distributional sense.
Hint: Use a suitable regularization of a sequence from Part (i).

6. Show that the functional defined in Sec.15.6 is a singular distri-
bution, that is, show that it is a linear continuous functional on the
space of test function D, and there exists no locally integrable function
such that the value of this functional on a test function is given by the
integral of the product of the locally integrable function and the test
function.

7. Let n be a positive integer and #(x) is the step function. Find
the following limits in the distributional sense or show that the limit
does not exist:

lim ¢"e"”
t—o00

(i)
0

Y

tlim e
) tlim sin”(tz),
) lim e™0(z),

t—o0

(
(
(iv
(v)  lim t"e"g(x).

t—o0

that is, if the limit exists, then give an explicit rule how to compute
the value of the limit distribution for a test function.

8. Let f be a periodic continuous function such that

fa+T) = (), /Of(a:)d:vZO-

Put f.(z) = f(nz), n = 1,2,.... Show that f, — 0 in D’'. Does the
conclusion hold if continuity of f is replaced by local integrability?



15. THE SPACE OF DISTRIBUTIONS 207

Hint: Show first that for any interval [a, b]

}/abf(x)dx} S/OTIf(x)|dx:M

Find the function F,, such that (f,,¢) = —(F,,¢') and show that
sup |F,| < M/n. Proceed.

9. (i) Let {a,} be any sequence or real numbers, and {z,} be a se-
quence that has no limit points. Show the series

Z and(x — x,)

converges in D',

(ii) In part (i), assume that =, — x¢. Does the series converge in
the sense of distributions? If not, construct an explicit example of the
sequence {a,} for which the series does not converge.
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16. Singular functions as distributions

There are functions that are not locally integrable. Can such func-
tion be “turned” into distributions? For example, the function f(z) =
% is not locally integrable because of non-integrable singularity at
x = 0. Although the product f(x)p(z) is not integrable, it is pos-
sible to regularize the integral by means of the Cauchy principal value.
This turns the singular function f(z) into a singular distribution PL.
The function f(z) is from class C* outside any neighborhood of = = 0.
The values of 73% at a test function ¢ whose support lies in |z| > 0
is the same as the value of the integral of ¢(z)/z. So, P: and % only
differ near x = 0. In this sense, 73% is said to be a distributional reg-
ularization of a singular function % Let us try to extend this idea to
other singular functions. To do so, it is necessary to make the above
concept of distributions ”"equal or coinciding near a point” precise.

16.1. Distributions equal in an open set. A singular distribution cannot
be associated with a locally integrable function and, hence, can have no
value at some points. In contrast to classical functions, distributions
cannot be compared pointwise. However, they can be compared in open
sets by comparing their values on test functions supported in such sets.

16.1.1. Distribution vanishing in an open set. A distribution f is said to
vanish in an open set ) if its value on any test function with support
in ) is equal to zero, and in this case one writes

flx)=0, z€Q & (f,¢)=0, @eD)
For example, the Dirac delta function vanishes in any open set that
does not include the origin:
z)=0, € C(—00,0)U(0,00).
Indeed, for any test function ¢ from D(f2)

(0,9) =¢(0) =0
because supp ¢ C ).

If the difference of two distributions is equal to zero in some open
set, then they are equal in this set, that is, two distributions f and g
are said to be equal in an open set Q if their values on any test function
with support in 0 are equal, and in this case one writes

f)=g(z), z€Q < (fio)=(9¢), ¢eDQ).
For example,
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16.1.2. Support of a distribution. Let Oy be the largest open set in which
a distribution f vanishes. Then its complement in called the support of
the distribution f:

supp f = RV \ Oy .

Let us compare distributional and classical supports (see Sec.1.2.4)
for regular distributions. Suppose that a distribution is defined by
a continuous function f. Let A; be a collection of all points where
f(x) # 0. The classical support is the closure of Ay. If x5 € Ay, then
f(z) # 0 near xy by continuity of f so that the integral (f, ) cannot
vanish for all test functions ¢ supported near xy. Therefore zq is not in
Oy. Let 2 be a limit point of Ay that is not in Ay. Then there exists
a sequence , € Ay such that z, — . Suppose that o € Oy. Since
Oy is open, there is a ball B,(xo) that lies in Oy for any small enough
radius a. This implies that x,, € Oy for all large enough n because
T, — Zo, which is a contradiction as Ay and Oy are shown to have no
common points. Thus, the classical support lies in the distributional
support of f. Conversely, let zy be in the distributional support of f.
If f(xo) # 0, then g € Ay. Let f(xo) = 0. Since zo ¢ Oy, f(x) cannot
vanish everywhere in any neighborhood of xg. This implies that one
can find a sequence x,, such that f(z,) # 0 and z, — . Therefore
xo must be in the closure of Ay. Thus, the distributional and classical
supports coincide in this case.

If f is defined by a locally integrable function, then the distribu-
tional and classical supports can be quite different. For example, let
a distribution f be defined by the Dirichlet function. Then f is the
zero distribution and the distributional support is empty. On the other
hand, Ay is the set of all rational numbers and its closure is the whole
R. One can add the Dirichlet function to any locally integrable func-
tion so that the classical support can always be made R for any regular
distribution. However, the distribution and, hence, its support cannot
be changed by adding the zero distribution defined by any function
that vanishes almost everywhere. Recall that distributions can always
be defined on any open set but cannot have pointwise values in general.
The distributional support is designed to capture points in any neigh-
borhood of which the distribution does not vanish. By construction, the
support of a distribution is a closed set.

It follows from the definition that if supports of a distribution f and
a test function ¢ have no common points, then f vanishes on :

(16.1) supp fNsuppp =0 = (f,p)=0.
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The support of the Dirac delta-function is the origin:

suppd = {z =0}

The step-function 0(x), = € R, is continuous for x # 0. Therefore the
largest open set on which 6(z) = 0 is the interval (—o0,0), and

supp f = [0, 00) .

The support of the principal value distribution is the whole real axis:

1
suppP — =R.
x

16.2. Extensions of a distribution. Let {2; be an open subset of an open
set (2o and f(z) be a distribution from D'(£2;). A distribution g €
D'(£)y) is called an extension of f to Qy if

g(x) = f(z), z€ C .

An extension, if it exists, is not unique because one can always add to
it any distribution hA with support in the difference 2\ €2;.

For example, put ) = (—o00,0)U(0, 00) and €23 = R and let f(z) =
1 which is a regular distribution from ’'(€;). Then the distribution

g(x) = P% + h(x), supp h = {x = 0},

is an extension of f for any distribution A with support consisting of
the single point x = 0. For example, the linear combination of the
delta-function and its derivatives has the point support x = 0:

h(xz) = cod(x) + Z 0™ () .

It will be proved in Sec.21.7.1 that any distribution with a point support
has this form.

16.3. Distributional regularization of a singular function. A function f
is said to have a non-integrable singularity at a point z( if it is not
integrable in any neighborhood of xg:

/ @) ¥z = oo.
Ba(mo)

So, f does not define a regular distribution in any open set containing
xo. Let Sy be the set of all non-integrable singularities of a function
f(z). Then f is a regular distribution on R \ S;. Note that Sy is a
closed set in RY. If this distribution can be extended to the whole R¥,
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then this extension is also called a distributional reqularization of the
function f and denoted by Regf(z):

Reg f(r) €D : Regf(r)=f(z), ze€R¥\S;.

Clearly, a regularization, if it exists, is a singular distribution that is
not unique because it is defined up to an additive distribution with
support in Sy.

For example, the function f(z) = 2, z € R, is singular at « = 0 if
n is a positive integer. The principal value distribution is its distribu-
tional regularization because
1 1

In

, x#0.

Indeed, if support of a test function ¢ does not contain x = 0, then ¢
and all its derivatives vanish at = 0. It follows from (15.2) that

1 T
(P—n,s@) Z/Kn)d% 0 ¢ supp .
xr xXr

The existence of the integral is guaranteed by vanishing ¢ in a neigh-
borhood of z = 0.

There are two basic techniques that are commonly used to find a
distributional regularization of a singular function:

(i) Principal value regularizations,
(ii) Shifting singularities into a complex plane.

Later, in Sec.21.7, it will be shown that all distributions can be ob-
tained as linear combinations of distributional derivatives of continu-
ous functions. Therefore if a singular function coincides with a linear
combination classical derivatives of some continuous functions wher-
ever the derivatives exist, then its distributional regularization is the
linear combination of the corresponding distributional derivatives of
those continuous functions. In practice, however, this general approach
is not easy to use for finding a distributional regularization of a given
singular function, whereas the above two techniques often lead quickly
to a desired result. There are singular functions that cannot be writ-
ten as a linear combination of derivatives of continuous functions. Such
functions do not have a distributional regularization. An example is
given below in Sec.16.3.3.

16.3.1. Principal value regularizations. Suppose a function f has a non-
integrable singularity at a single point. Without loss of generality, it is
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set to be at the origin. Suppose further that

f(z):‘T(T)> [L’ERN, Oé>0, gecloc-
x|e

Consider the functional on D defined by the rule
(16.2) (P.f, ¢ / f(z — pm(2) dN:E+ / f(x ydNx

|z|<1 |z|>1
where p,, is the Taylor polynomial of order m for ¢ about the singular
point z = 0,

1
pm(z) = ¢(0) + Djp(0)x; + -+ + %Djl Dy, (0) wy, -y,

The choice of the unit ball, |x| < 1, to isolate the singular point in
the rule (16.2) is a convention. One can choose a ball of any suitable
radius. By Taylor’s theorem, the inequality

1
z) — pm(x)| < Mlz|™, M=——— su DPo(x
o) = pn()] < Mz T, S D)
holds in a neighborhood of x = 0. Therefore the integral over the unit
ball exists if m is such that

g(@)lz™ € L(j2] <1).

For definitiveness, let m be the smallest positive integer for which this
condition holds. In particular, if g is bounded in a neighborhood of
x = 0, then the condition holds if m > a — N — 1 (see Sec.4.5.3). For
example,

1 (z) — (0) N, () N
(16.3) (PTW,SO)Z/MQSDTOZ /m|>1 e

Linearity of the functional (16.3) is obvious. Let us show continuity.
Take a null sequence in D, ¢,, — 0 as m — oco. One has to show that
the numerical sequence defined by (16.3) where ¢ = ¢, converges to
zero. Since supports of all ¢, are in one ball || < R, the second
integral Converges to zero because

}/ 2 4a }/ 2olt) a| < My suplin] — 0
|z]>1 |‘T| 1<|z|<R |‘T|

as m — oo, where

dN Ba
MN:/ _]:\B[:UN/ —T:aNln(R).
1<|z|<R |z 1 T
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By (13.3)
[om (z) — @m(0)] < M|,
where M,, = sup |V¢,,|. Therefore

_ N
‘/ om () = om(0) v ng/ T M, 0.
|z|<1 |z|N -

Continuity of the functional (16.2) is proved along similar lines of rea-
soning. Technical details are left to the reader as an exercise.

If supp ¢ does not contain the singular point of f in (16.2), then ¢
and all its derivatives vanish near x = 0 so that

(Prf.o) = /f(l‘)so(a:) dNz

which means that

Prf(x) = f(x), x#0.
Therefore P, f(x) is a distributional regularization of f or an extension
of a regular distribution f in R\{z = 0} to the whole R". As noted
earlier, an extension is not unique. In particular, for f(z) = &, = € R,
the extensions an and P, fn differ by distributions supported on x = 0.
For example,

1 1 1 1
— = Ir—, S = ITrT 5 — 2
Px P, . sz Pr— d(x)
One has
1 _ A
(PT 12#) :/ () so(02) ¢'(0) dx+/ pla) .
-1 X lz|>1
1 —
B CEEUP
-1 T lz|>1
:p.v./wdx+g0(0)/ d—f
T lz|>1 L

— (P%,g@) +2(5,¢).

It is worth noting that the rule (16.2) defines a distribution for
all large enough m. All these distributions differ from P,.f by terms
containing the delta function and its derivatives. For example, let
N =1, a = 1, and g(z) be bounded near x = 0. Then m = 0 in
(16.2). However, if py = ¢(0) is replaced by pi(z) = po + ¢'(0)x, the
new distribution has an extra term

1

_/_ g(x)¢/f)z dr = —CQ(0) = C(8,p), C :/_ g(z)dz .

1 1
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So, the distribution P, f(x) is changed by adding the term C¢'(x).

16.3.2. Functions with many singular points. As a final remark on prin-
cipal value regularizations, let us define a distributional regularization
of a function with countably many singular points {z,}. It is assumed
that any ball contains at most finitely points from {z,}. Suppose that

fla) = 222

|z — x|’
where g, (z) is locally integrable. Let €, be the complement of the
union of balls |z — z,| < a in RY and f(z) is locally integrable in Q.
Then the principal value regularization of f is defined by the rule

(P, f, Z /f — pu(x) dNa:+/f z)dVz,

" Jz—zn|<a

v — z,| < a,

where p,, is a Taylor polynomial of ¢ about z = xz, of a minimal
order such that f(¢ — p,) is integrable on a ball |z — z,,| < a. The
series converges because there are finitely many points x,, is a ball that
contains support of a test function ¢ (the sum has only finitely many
terms for any test function). Continuity of P, f is proved in the same
way as for the principal value regularization of a function with one
singular point. If support of ¢ contains no singular point, then ¢ = 0
near any x, and any Taylor polynomial of ¢ about any x, vanishes.
Therefore

Pofo) = [F@p@)ds = P = @), o F .
In other words, P, f is a distributional regularization of a singular func-
tion f.

It should be noted that for singular functions of one real variable,
there exists an alternative distributional regularization near z,, if g, is
a smooth function and v, is an integer:

f(2) = gula)yP—"

(x — x,)n
As shown earlier, different distributional regularizations differ only by
distributions supported at © = z,, (by a linear combination of §(z —x,,)
and its derivatives).
For example, let f(z) =

;e —x,] <a.

1
sin(z) *
singularities at * = x,, = mn where n is any integer, and

This function has non-integrable

flry= I gy = T

e I% = (mn —
o O @) xell=(mn—a,m™m+a),
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where 0 < a < 7. Let I, be the complement of the union of all I}.
Note that I, is a set of measure zero if a = 7. Then the principal value
regularization reads

(PT s1n1 Z /za sin( :E)(Wn) ot /Ia SSIOH(ZT)) -
= Z/j Sn(z (wn) dx ,

where I, = I} for a = 7. The regularlzatlon does not depend on «a in

this case because
/ dx
- =0
1oviy ()

by the skew-symmetry of the integrand under the reflection of the ar-
gument about x = wn. Since g, € C*(1[,) and v, = 1, an alternative
regularization based on the Cauchy principal value distribution is

(Psm ) Zp /1 sin(x) dx * /1 Sglpn(é«?) *

For this function, both the regularlzatlons produce the same distribu-
tion because

dx 1 1
p.v./lg sin(z) 0 = 7Drsin(z) N 7Dsin(:v) '

16.3.3. On the existence of a distributional regularization. There are sin-
gular functions that do not admait any distributional regqularization near
their singular points. A singular function can ”"blow up” too fast at a
singular point so that the trick with subtracting a Taylor polynomial
about the singular point will not work. Furthermore, no other reg-
ularization trick will work either. The assertion is illustrated by the
following example.
Let

f(z) =exp (%), x#0.

Clearly, x = 0 is the only singular point because f is smooth everywhere
but z = 0, and f(z) tends to zero faster then any power function when
x — 07, and f(x) blows up to infinity faster than any reciprocal power
function when x — 07:

lim |x| Pei = 0, lim |x|pe% =00, p>0.

z—0— z—0+
Suppose that there exists a distributional extension g of f to R. Then
g must be a linear continuous functional on D(R). Let us show that
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the latter is false and, hence, by contradiction, a distribution g does
not exist.
Let ¢ be a non-negative test function with support in (1,b). Put

I:/gp(a:)da:>0.

If g is an extension of f, then

b
1
9:0)= [ crol)dr.
1
Consider a sequence of test functions in D
on(z) =€ Pnp(nz), n=12..

Then the sequence is a null sequence ¢,, — 0 in D as n — oco. Indeed,
the supports of all ¢, lie in (1,b) and

D pu(2)| < Mae™ 8" M, = sup [D*p(z))|

so that ¢, and D%y, converge uniformly to 0. If g is a distribution,
then
(97 Spn) - 07 n— oo

because g must be a continuous functional on D. On the other hand,
the numerical sequence (g,p,) > I > 0 is bounded from below by
I > 0 and, hence, cannot converge to 0. Indeed,

1 1 2 n_n
(9, ¢n) S, /61%(93) dw 2 /6y bo(y) dy

@ [P (1_1y @ [t
:/ e™myTh gp(y)E/ gO([L’)d{L’ZI>0
1 1

Here (1) holds because supports of ¢, do not contain = = 0; (2) is
obtained by changing variables y = nx; (3) holds because the support
of ¢ lies in (1,b); (4) follows from T > 11 < y < b and the
hypothesis ¢(x) > 0.

16.4. Sokhotsky’s distributions. A distributional regularization of a sin-
gular function, if it exists, can also be obtained by moving singular
points into a complex plane. The idea is first illustrated with an ex-
ample of Sokhotsky’s distributions.

The function % is singular. Consider locally integrable complex-

valued functions of a real variable obtained from % by shifting the

singularity at x = 0 to the complex plane:

Feal) = —

r+ia’

a>0.
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They define regular complex-valued distributions by the rule
()
as - - . d
(Fea:0) / T tia *
for every a > 0. If the limit of (fi,, ) exists for any test function as
a — 07, then by the completeness theorem it defines a distribution.

Since the support of ¢ is bounded and in some interval [— R, R], the
following chain of equalities holds

(fia,SO)Z/_R ol) da::/_R #(0) dg:+/_RMdgj

R T Xia R T Xia R T X
R : R
x Fia ¢(x) — ¢(0)
= (0 d d
o )/_Rx2+a2 ZB_I—/_R x tia *

The first integral is easy to evaluate
R . R/a d R
/ ﬂal:B:():Fz'/ iziﬂz’arctan(—)—ﬁpz’w
_px?+a? “riaY?+1 a
as a — 07. To find the limit of the second integral, let us use the
Lebesgue dominated convergence theorem. Put

() = »(0)
9(w,a) = T +ia
Then the limit of g(x,a) as a — 01 exists for almost every = because
— (0
lim g(z,a) = M’ x40
a—0T x

and |g(z,a)| has a Lebesgue integrable bound

lp(z) —9(0)] _ |p(x) = »(0)
l9(z, a)| = |z +ial = x

€ L(—R,R)

Note that the bound has no singularity at x = 0 because

(@) —e(0)

me e
So, the bound is a continuous function on [—R, R]. Therefore by the
Lebesgue dominated convergence theorem

R _
Jim (fia, ) = Fimp(0) + /_R M dr = (f+,¢).

The limit distributions fi are called Sokhotsky’s distributions and are

denoted as 1

T

f«(x)
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16.4.1. Sokhotsky’s equations. Sokhotsky’s distributions and the princi-
pal value distribution are distributional regularizations of % Therefore
there should exists a relation between them and the delta function and
its derivatives. Let us find this relation. It is known as Sokhotsky’s
equations.

The integral in the value of fi on a test function can be transformed
as follows:

/_’;s@(w);w(O) @alir&(/ /) p@) =)
Y ([ [)7
© P.v./@dx - (P;,go)

here (1) is by continuity of the integral; (2) holds because the integral
of 1/x over the symmetric region a < |r| < R vanishes; (3) is the
definition of the principal value integral and by that ¢(x) = 0 for all
|x| > R. Therefore

) 1
(f. ) = Fim(0,9) + (P;,s@)
for any test function, or
1
x £i0t
which are Sokhotsky’s equations.

1
(16.4) = Find(x) + PL

16.5. A higher dimensional example. The function f(z) = (|z|* —m?)~!

is not locally integrable in R because it has non-integrable singu-
larities on the sphere || = m > 0. One can find a distributional
regularization of f by means of shifting singular points into a complex
plane. Let us show that

1 1
R, = ., zeRY,
P —m? gP—m2yi0’

where

1 def . o(7) N
=1 dx, eD,
<|:B|2—m2+z'0’(’0) air(?*/ |z|2 — m? + ia A
is a distributional regularization of f in the whole R¥.
First, for any test function ¢ € D(RY), the function

b(r) = /| el ds, € DE).
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is a test function of one real variable r. Indeed, if the support of ¢ lies
in a ball of radius R, then the support of ¢ lies in the interval [— R, R].
Any partial derivative of the integrand with respect to parameter r has
a bound independent of r that is integrable on the unit sphere:

‘Dr @ T’y)‘ ‘Djl D)y Y| < sup DY

T=rYy

where |y;| < |y| = 1 was used. Any constant function is integrable
on a unit sphere. Therefore by the theorem about differentiation of a
function defined by a Lebesgue integral, ¢ is a smooth function and,
hence, ¢ € D(R).

By the partial fraction decomposition,

1 1 ( 1 1 )
lz|2 =22 22\|z|—2 |z|+2
where z = m(1 — 2)1/2 =m — i + 0(52) ¢ = 2a/m, one infers that

( 1 ) x)dVz 1 (z)dV
|z|2 — m2+i0°Y) " 2m §~0+ |:17| m+z§ 2m lz| +m
B

R

if the support of ¢ lies in a ball BR. Converting the first integral into
spherical coordinates,

/ Ny Rw(r)rN_ldr
|z| — m+z§ o T—m-+if’

To evaluate the limit & — 07, put ¢(r) = ¥(r)r¥~! which is a smooth
function near r = m > 0. Therefore

®og(rydr [T o(r) —o(m) o dr
/0 r—m+if  Jo, r—m+i€ dr + ¢(m )/0 r—m+ 1§
The limit of the first integral exists because
¢(r) — ¢(m) = ¢'(m)(r —m) + O((r —m)?)

so that the integrand has no singularity at £ = 0. The limit of the
second integral is evaluated directly:

/R dr _/Rm S B €/Rm
o T—m4i& ), s24&2 52 + &2

=3 ln($2 +&7)

R—m R—m
— tarctan ( ) ‘
—m & l—m

R—
(16.5) — In (Tm) —im as&— 07,
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where it was assumed that R > m (otherwise the original integral
exists without regularization). Thus, the rule makes sense for any test
function.

Second, linearity of the functional is obvious. To show continuity,
let ¢, — 0 in D(RY). Then

Y (r) = / on(ry)dS, — 0 in D(R).
lyl=1
Indeed, if supp ¢, C Bg, then supp ¢, C [—R, R], and for any a > 0
Dl < [ DU

ly|=1
The inequality holds for all r, and therefore

dS, <o, sup|D%p,|.

T=rYy

sup [D*¢n| < o sup | D%y

from which the assertion follows. This implies that ¢, (r) = t,(r)r¥ 1
is also a null sequence of test functions. Therefore

N
[ 2 ] <o [ 2
BR|93|+m BR|93|+m
R
_Pa(r)dr /cbn — Pn(m
d‘ Clé,
‘ 0 r—m+20 r—m + Clén(m)]

< Rsup|d,| + Csup|¢n| — 0

where C' is the absolute value of the complex constant calculated in
(16.5). The continuity of the functional in question follows from the
above two limits. Thus, the said functional is a distribution.

Finally, for any test function ¢ whose support does not overlap with

the sphere S,,, = {z| |z| = m}, that is p € D(RV \ S,,),

1 1
<|g;|2—m2+z'o’@) - <|x|2—m2”0)

which means that

1 1
|x|2—m2+20 |z]2 — m2’
So, the distribution is indeed a distributional regularization of the sin-

gular function (]z|> —m?)~!. This regularization is not unique. For
example, the distribution

r € RN\ S,

1 1
R = )
= |22 — m? |x|2—m2—|—z'0+y(x) S ()

is also a regularization where vdg,  is a delta function on the sphere S,,
with density v(z) (see Sec.15.6).
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16.6. Exercises.

1. Use the du Bois-Reymond lemma to show that any distribution
whose support has measure zero is a singular distribution.

2. Find the support of a regular distribution defined by the func-
tion f(z) = sin(x).

3. Find the support of a regular distribution defined by a locally inte-
grable function that vanishes only on a set measure zero.

4. Show that the support of §(x) and all partials D°§(x), » € RY,
is the point x = 0.

5. Find the support of the spherical delta function in R3
5.0 = [ pl)as

6. Let 0(y) be the step function. Then the locally integrable function
ft,x) =0 —|z|*), teR, xeR’

defines a distribution in R*, where ¢ > 0 is a constant. Find its support.

7. Let t € R and 2 € R?. Find the support of the distribution defined

by the rule
o= | /| _ sln.nasa
0 x|=ct

where dS stands for the line integral over the circle |z| = ct, and ¢ > 0
is a constant.

8. Put
(Regl’gp) _ / plz) —o(-2) .
x 2r
for any test function ¢ € D(R).
(i) Show that this rule defines a distribution and
(ii) this distribution is an extension of a singular function X to z = 0,

that is,
1

1
Reg_ =— 7 7é 07
r
in the distributional sense in any open interval that does not contain
x = 0;
(iii) Find a relation between this distribution and the principal value
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distribution 73%.

9. Show that the functional defined by the rule (16.2) is a distribution
(a linear continuous functional on D) if

(iyzeR

(i) x € RV,

Hints: Let ¢, — 0 in D. Let py,, be the Taylor polynomial for ¢,, of
order m about x = 0. Use Taylor’s theorem to show that

[0 () = Pum ()] < Mp|2[™, 2] <a.

for some a < 1 and M,, — 0 as n — oo. Use the above inequality to
show that (P, f, p,) — 0 as n — oo.

10. Let 1

fol@) = 5 (8. (2) = G, ()
where R > a > 0 and g, is a spherical delta-function in R". Find the
distributional limit of f, as a — 0%. Give an explicit rule for the value

of the limit distribution on a test function.

11. Let f(x) = cot(x). It is integrable on any interval [a,b] that
does not contain points z,, = mn, n =0, +1, +2, ....

(i) Show that f(x) does not define a regular distribution from D'(—%, %)
but it has a distributional regularization in (-7, 7), that is, there exists

a distribution g € D'(—7, 5) such that in the sense of distributions

g(x) =cot(z), e (=3,0U(0,3)

Hint: Consider the principal value integral

R
p.v./ cot(r)p(r)dr, 0<R<Z, @eD(-3,3).
-R

(ii) Use the periodicity of cot(z) to show that it has a distributional
regularization in the whole R, and find it.

12. Let f(x) = | cot(x)|.
(i) Use the rule (16.2) to obtain a distributional regularization P, f in
D(—1,1).

272
(i) Use periodicity of f to extend P,f to the whole R.

13. Show that the functional
f($0> [L’) = l’g _




16. SINGULAR FUNCTIONS AS DISTRIBUTIONS 223

defined by the rule

$0, ) N
=1 dxod
(f,¥) alr(lﬁ// P |x|2 T droda,

for any test function ¢, where z € RY, is a distribution on N + 1
variables.
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17. Transformations of distributions

Classical functions are included into a space of distributions. There
are transformations that allows us to make new functions out of the
existing ones. For example, one can multiply two functions, or make
a composition of two functions, or take a derivative or antiderivative,
etc. In this regard, two basic questions arise. First, can standard trans-
formations of classical functions be extended to distributions? Second,
what is a general principle for constructing transformations of a space
of distributions to another space of distributions?

17.1. Adjoint transformations of distributions. Suppose a transforma-
tion 7™ maps a locally integrable function f on RY to a locally inte-
grable function 7%(f) on RM™. The objective is to investigate whether
or not it is possible to extend T™ to singular distributions:

T": feD, CDRY) - T*(f) € D) CDRM).

Distributions from the space D] are defined on a space of test functions
D; C D(RY) and, similarly, distributions from the space D} are defined
on a space of test functions Dy C D(RM). For brevity, put T*(f)(y) =
f-(y). For any test function ¢ € Dy

(T°(9¢) = [ Loy,

Suppose that one can manipulate this integral in some way to reduce
it to the form

(17.1) / £ )ely) d'y = / F(@)or (@) d¥ = (£.T(9)),

where the function ¢, = T'(¢) is a transformation 7" of a test function.
Thus, for any regular distribution one has the rule

(17.2) (T7(f), ) = (£, T(¥)) -

If this rule is to be extended to any f € D, then it is necessary that
T maps a space of test functions to another space of test functions:
(17.3) T: €Dy, CDRM) = T(p) =, € D; CDRY).

However, not any such transformation is suitable. The functional 77(f)
must be linear and continuous on Ds. Since f is linear and continu-
ous on Dy, T*(f) is linear and continuous, provided T is a linear and
continuous transformation:

linearity :  T'(c11 + cap2) = 1T (1) + 2T (v2)
continuity : ¢, @ inDy =  T(p,) — T(p) in Dy
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for any numbers c; o and any test functions ¢ 2 € Ds.

Let us summarize our findings. For any linear and continuous trans-
formation (17.3) on a space of test functions, one can define a transfor-
mation of distributions by the rule (17.2). In this case, the transforma-
tion T is called the adjoint of T'. Conversely, any transformation that
maps a locally integrable function to a locally integrable function can
be extended to all distributions, provided this transformation can be
interpreted as the adjoint transformation of some linear and continuous
transformation on the space of test functions (17.3).

17.1.1. Continuity of the adjoint transformation. Let us show that the
adjoint transformation T* of a space of distributions is continuous,
that is, if a sequence of distributions {f,} converges to f in D}, then
the image of the sequence {T7(f,)} converges to the image of the limit
distribution 77*(f) in Dj:

fo— finDy = T(fu) > T°(f) in Dj.
For any test function ¢ € D, one has

Tim (T%(fn), ) = lim (fa, T(p)) = (£, T(p)) = (T7(f), ) -

because, the hypotheses, the numerical sequence (f,,1) converges to
(f, ) for any test function ¢» = T'(¢) € D;.

17.2. Linear change of variables. Consider a general linear change of
variables in RY:

r=Ay+b, detA#0,
where b is a constant vector. The Jacobian reads
ANz = |det A|dVy .

Let f(z) be a locally integrable function. Then fa,(y) = f(Ay +b) is
also locally integrable function and, hence, defines a regular distribu-
tion by the rule

Uane) = [ Bl ¥y = [ A+ D)) dy
|detA|/f :”_b)) d"z
(17.4) = (). ) = (A e - )

The latter equality establishes a relation between the action of f4, on
a test function and the action of f on a test function.
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Can a linear change of variables be done in any distribution? To
answer this question, let us try to interpret this change of variables as
the adjoint transformation of some linear and continuous transforma-
tion on the space of test functions. Consider a transformation 7" of D
into itself defined by

T ple) — vle) = T(@)w) = o e(47 @ = 0).

The transformation 7' is linear and continuous (see Exercises). There-

fore for any distribution f(x) the adjoint 7™ defines a distribution
T*(f)(x) = f(Az +b)

by the rule (17.2) which has the following form in this case:

(17.5) (f(Az +0),0(x)) = (f, T(¢))-

17.2.1. Linear change of variables in a delta function. A shifted delta-
function defined in Sec.15.4.3 can also be obtained by the rule (17.5)

(3(z = 20). () = (8(2), p(a+ 20) ) = (a0) .

For a general linear change of variables in the delta-function, one infers
that

1 _ o(—A~1D)
A — A 1 — = — -
(5( :B—I—b),gp(x)) | det A (6(58)’(’0( (@ b)) | det A

Comparing this relation with the action of the shifted delta-function
on a test function it is concluded that

S5(Az — b)

1 -1
17.2.2. Distributions invariant under linear transformations. In applica-
tions one often deals with function that are invariant under rotations
of the arguments, or periodic functions, or similar. This concept can
be extended to distributions. A distribution f is said to be invariant
under linear transformation v — Az if f(Azx) = f(z).

Recall that orthogonal transformations in RY preserve the qua-
dratic form |z|? = |Az|%. Any such transformation is uniquely defined
by an orthogonal matrix A, A~ = A”. For example, the principal
value distribution Prﬁ is invariant under rotations in RY. The delta
function is also invariant under orthogonal transformations

§(Ax) = |det A|7'6(x) = 6(2)

because det A = £1 for any orthogonal transformation.
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Lorenz transformations in the special relativity preserve the qua-
dratic form z2 — |x|?, where 7o € R and x € RY. In special relativity,
xo = ct where c is the speed of light in the vacuum and t is time,
whereas x is a position in space. A distribution is said to be Lorenz in-
variant if it is invariant under Lorenz transformations of the argument.
For example the distribution

f($0>$) = !

3 — |z|2 — m2 + 0+

is Lorenz invariant for any parameter m? > 0 (see Exercises in the
previous section). It will be shown later that this distribution defines
the Feynman propagator in the scalar quantum field theory.

17.2.3. Periodic distributions. Let b be a vector in RY. A distribution
f(x) is said to be periodic in the direction of b if f(x +b) = f(z), that

is (f(I)>S0(CE — b)) = (f($)’(p($))  peD.

For example, put

flz) = Z d(z—n), xzeR.

The series converges in the distributional sense because for any test
function ¢ supported in [—R, R], the series

(frp)=lim > o(n)= 3 ¢n)
l<m <R

is a finite sum and, hence, converges. The distribution f is periodic
because f(x 4+ 1) = f(z). Indeed,

(flz+1),0(x) = Y @n—=1) =D @(m) = (f(x),p(z)),

where the shift of summation index has been made, m =n — 1.

17.2.4. Parity transformations of distributions. A distribution f is said
to be even if
f(=z) = f(z)
and f is called odd if
fl=x) = —f(x).
For example, §(z) is even, but ¢’(z) is odd. The latter assertion is
proved by

(0'(=2), 0(x)) = (8'(x), p(—x)) = = (0(x), Drp(—1))
= (0(2), ¢'(=2)) = ¢'(0) = =(&'(x), ()
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that holds for any test function ¢. Similarly, the distributions 73% and

Prﬁ are odd and even, respectively.
Any distribution can written as the sum of even and odd distribu-

tions:

1

f@) = fo(@) + f-@), fal@) = 5(F@) % f(=a),

where f, and f_ are even and odd distributions, respectively. For ex-
ample, if f is a Sokhotsky distribution, then, by Sokhotsky’s equation,
its odd part is 73%, while the even part is proportional to the delta
function.

17.3. Distributions independent of some of the variables. Let f(z,y) be a
regular distribution of two variables # € RY and y € R™. If f(x,y) =
g(x), that is, f is independent of y, then for any test function p(z,y),

<ﬁ@=/ﬂ@/wmww@wwzww» ww=/¢www@.

Can this rule be extended to all singular distributions? In other words,
a distribution f(x,y) is said to be independent of the variable y if there
exists a distribution g(x) such that

are) (el = (o). [ el dy).

The answer is affirmative because the rule (17.6) can be interpreted
as the adjoint of some linear and continuous transformation on the
space of test functions. Consider a transformation of D(RM*) defined
by the rule

T(¢)a) = [ oa.v)aly.
One has to show that
T : DRMN) = DRY)
and 7' is linear and continuous. Then the adjoint
T* - D/(RN) N D/(RN+M)
defines the distribution g = 7*(f) in Eq. (17.6).
Let us show first that T'(¢p) is a test function. The support of ¢ is
bounded and, hence, it lies in a ball |x|? + |y|* < R?. Therefore the

support of T'(y) also lies in a ball |x| < R. The integration range in
T(¢) can be reduced to the ball |y| < R and any constant function is
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integrable on this ball. Therefore partial derivatives of the integrand
with respect to parameters x have integrable bounds independent of x,

|Dgo(z,y)| < sup |Dyp(z,y)| = Mo € L(|y| < R)

and, by the theorem about differentiation of integrals with respect to

parameters,
/ Dio(x,y)d
for all @ > 1. So, T'(p )ED(]RN

Let us show that the transformation
T: DRY™M) — DRY)

is linear and continuous. The linearity follows from the linearity of the
integral. Let o, (z,y) — 0 in D(RYTM). Then supports of all terms lie
in a ball [z|* + |y|* < R? so that

DT () ()] < / D% gn(s y)] dMy < sup | Doz, y)| / My
ly|<R ly|<R

for all z. Therefore

sup | DT (o) (@)| < Var(R) sup | D5 pn(z, )l

where Vj(R) is the volume of the integration ball. This inequality
shows that the convergence o, — 0 in D(RY M) implies that T'(p,,) —
0 in D(RY). The proof is complete

For example, let f(z,y) = 0(x). The distribution f does not depend
on y. In this case

(5(93),@0(:6,@/)) = (5(93),/s0(:v,y) dMy) = /w(O,y) d"y.

More generally, any distribution g(z) can always be viewed as a distri-
bution of two variables f(x,y) = g(x) if f acts on a test function in
the variable y as a regular distribution defined by the unit function in
y. If g(x) is a regular distribution, then

T (9)(w,5) = f(z,9) = 9@1W), T(e)w) = (1), ele,)

where 1(y) is the unit function so that (17.6) holds. Here the product
is understood as the product of pointwise values of g(z) and 1(y). If
g is a singular distribution, then such product does not make sense
because g may not have pointwise values. However, the above relation
can be extended to all distributions if the product of g(x) and 1(y) is
viewed as the direct product of distributions (see Sec. 77).
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17.4. Exercises.

1. Show the transformation 7" : D — D defined in Sec.17.2 is lin-
ear and continuous.
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18. Multiplication by a smooth function

Let f be a regular distribution. Let a(x) be a function such that
the product a(z)f(z) is still locally integrable and, hence, defines a
regular distribution af. Then

(af. ) = / a(2)f(2)p(x) &z = (fap), D).

Let us extend multiplication of a regular distribution by a function to
all distributions. According to our general principle, one must inter-
pret this operation as the adjoint transformation of some linear and
continuous transformation on the space of test functions.

Consider the transformation of D((2)

T p(x) = T(p)(x) = alr)p(z).

The product ayp must be a test function for any ¢ € D(2). Therefore
a must necessarily be from class C*°. Next, one should verify that
T is linear and continuous. The linearity is obvious. Let ¢, — 0 in
D(2). One has to show that T'(p,) — 0 in D(2). The supports of
T(¢n)(x) = a(x)pn(z) lie in a compact set K C  if suppy, C K.
Since a and all its derivatives are bounded on any compact, put

sup |D’a| = My < o0
K
By the product rule
D (alw)pale))| < Mysup ol + Mysup | Dy
K K

Since the inequality holds for all z in the left-hand side, one can take
the supremum in it:

sup ‘D(a(z)gpn(x)) ‘ < My sup |¢n| + Mo sup | Dy, | -
K K K

Therefore DT (¢,,) — 0 uniformly on 2. Similarly

B8
8}
sup | D% (ap,)| < Mjs_, sup | D%, ] .
Kp| (so)|_§ (ﬁ) 5 Kp| ©n|

Therefore D°T'(ip,,)) — 0 uniformly for any 3 because D%p, — 0 uni-
formly for any «.

Thus, for any distribution f and any C* function a, the product
af is a distribution defined by the rule

(18'1) (af, gp) = (f> aSO) P e D(Q) , aeC™.

a=0
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The multiplication of a distribution by a smooth function is linear,
alcifi+cafi) =aafi+cafs, fig€ D', aecC™, caz €R,
distributive and commutative,

(ab)f =a(bf) =0b(af), fe€D, abeC™.

18.1. Multiplication of the delta-function and its derivatives. Let us find
a distribution obtained by multiplication of the delta-function by a
smooth function:

(a6, ) = (3, a) = a(0)(0) = a(0)(6, ) = (a(0)3, o)
Since this relation holds for any test function,
a(x)d(z) = a(0)d(x), xRV,

In particular,
xd(z) =0, xeR.

Similarly, one can calculate the product of a smooth function with
the derivative of the delta function. For any test function ¢

(aDd,p) = (Dd, ap) = —(6, D(ap)) = —a(0)Dp(0) — Da(0)¢(0) .
Since Dp(0) = —(D4, ¢), it is concluded that
a(x)Dé(z) = a(0)DS(x) — Da(0)6(z), =€ RN.

In particular,
xd'(x) = —d(x), x€R.

The latter relation is a particular case of the distribution 2"6®*)(z). For
any test function ¢, one has

(a0, ) = (6", a"p) = (~=1)*(8, D*(z"p)) = (~1)*D*(z"p)

- <—1>’fmi:0 () ranoee

The derivatives D™ (z™) vanish at z = 0 if m < k < n. When k
n, only the term m = n contributes. It follows from D" "¢(0)
(=1)* (0%, ) that

=0

A

—1)"k!
20® () =0, n>k, 2"®(x)= Ek —)n];:' s (), n<k.
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18.2. Multiplication of the principal value distribution. Let us show that

1
zP—=1.
x

For any test function ¢,
1 1
(xP—,go) = (P—,xgp) = lim o(z)dr = (1,¢)
4 T a—0 lz|>a

by continuity of the Lebesgue integral. It also follows from Sokhotsky’s
equations and linearity of multiplication that

1
=1.
rEior
because xd(x) = 0. It follows from the above results that
1 1
"P— ="t (xP—) ="
x x

n 1 _ n—1 ( 1 ) _ .n—1
Texior 0 Uaxior) T
Let a be a C* function. Define the function b by relation a(x) =

a(0) + b(z)z. Then b is also a C* function by the Taylor theorem.
Therefore

1 1 1 1 a(z)—a(0)
—=a(0)P—+0b —=a(0)P- + ———=.
OL(:17)73z a( )Px + (:E):zﬂ?z a( )Pz .
18.3. Multiplication by a bump function. It follows from (16.1) that if

smooth functions a(x) and b(x) are equal in a neighborhood of support
of a distribution f, then

(18.2) a(x) f(x) = b(x)f(z) .

Indeed, for any test function ¢, the supports of f and (a —b)¢ have no
common points and, hence,

(af—bf,go): ((a—b)ﬁ%@): (f,(a—b)gp) =0.

It should be pointed out that the assertion is false if a = b only on
supp f. Let us illustrate this with an example.

Let f = 6™ (see Sec. 15.4.2). The support of f consists of the
single point z = 0 for any n. For any function a € C*

(ad’, ) = (0, ap) = —(ayp) = —a(0)¢'(0) — a'(0)»(0).
This means that in the distributional sense

a(x)d'(z) = a(0)d’(x) — a’'(0)d(x) .

!
=0
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Therefore for any smooth functions a and b that are equal on the sup-
port of &', that is a(0) = b(0),

a(x)d'(x) — b(x)0'(x) = —(a'(0) — '(0))é(x) # 0.

unless a’(0) = ¢'(0). The calculation can be carried out for any n so
that

n

()00 = b = 31 () 000 - 80 015" o)

k=0

This shows that in order for the equality (18.2) to hold for any deriva-
tive of the delta function, the derivatives of a and b of any order must
be equal at = 0. This is guaranteed if a(x) = b(x) in a neighborhood
of x = 0.

Let 1y be a function from class C*° that has unit value in a neighbor-
hood of the support of a distribution f. By Theorem 14.1, a function
ny with the said properties exists and can be constructed by means of
the convolution of the hat function w, and the characteristic function
of supp f (ny is a bump function for supp f). Then by setting a = 7y
and b =1 in (18.2), one infers that

(18.3) n(x)f(w) = f(@).

This rule for multiplication of a distribution by a bump function for its
support will often be used later.

18.4. General solution to 2" f(z) = 0. Consider the equation

a"f(x) =0, feD(R).
It follows from Sec.18.1 that, the distribution

@)=Y o),

is a solution for any choice of constants c,. Let us show that any
solution can be written in this form.

Let n be a test function that has unit value in a neighborhood of
x = 0. Then for any test function ¢,

o) = p(x) = n(x)pn(2)

xn

€D,

where p,_1(z) is the Taylor polynomial of order n — 1 for ¢ about
x = 0. Indeed, p(z) —n(x)pp_1(z) = O(z") as  — 0 because n(x) = 1
near x = 0. Therefore v is from class C'*° and has a bounded support
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because n and ¢ have bounded supports. Let f(x) be a solution to the
stated equation. Then

(fs¢) = (fimpa-1) + (f;2"Y) = (f,mpn-1) + (2" f,0) = (f, npn-1)
_ Z (fak:f" 77) QO(k)(O) — (f,l' 77) (—1)k(5(k),gp)

k!
This shows that

[airy

k=0

(=D*(f, z"n)
k! '

Note that ¢, do not depend on the choice of 1 because the support of
any distributional solution f is x = 0. So, the action of f on a test
function from D(R) is determined by properties of the test function
in a neighborhood of x = 0 where n(z) = 1. The coefficients ¢ are
determined by the action of f on a test function that looks like 2* near
x = 0.

C =

18.4.1. General solution to 2" f(x) = g(z). Consider the algebraic equa-
tion

" f(z) = g(x),
where ¢ is a given distribution. The objective is to find a general distri-
butional solution to this equation. The equation is linear. Therefore if

f1,2 are solutions, then h = f; — fs satisfies the associated homogeneous
equation x™h = 0 whose general solution was found above. Thus,

F@) = o) + 3 e ()

where f, is a particular solution and c; are arbitrary constants.
For example, a general solution to the equation

2 flw) = 2"
reads
1 n—1
> Yl (k)
f(z) Px + Z k0" ().
k=0
where ¢ are arbitrary constants.
18.5. Limits of rapidly oscillating functions multiplied by a distribution.

In Sec.15.8.2 it was shown that a smooth periodic function with period
tending to zero converges to the zero distribution. Consider a similar
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problem when a smooth periodic function is multiplied by a distribu-
tion. Here it is proved that

(18.4) lim ¢ Pl — i (z).

t—o0 X

and as a consequence of Sokhotsky’s equations

) 6itm . ) 6itm
(18.5) tl}—ri—noo T 2mid(z) , tLl_rEloo e T 0

For any test function ¢ with support in [—R, R]
(emp—,go) = (P—,emgp) = lim i A7) #(z) dx
x x

=0 Jo<lz|<R T

. / eitm[¢(Il—¢(0)] dz + o(0) / e; o

a—0
a<|z|<R a<|z|<R

The function

is from class C' because it is smooth for x # 0 and ¥ (z) = ©'(0) +
2 ¢"(0)z 4+ O(x?) near z = 0. This implies that a can be set to 0 in the
first integral and by integration by parts

Rk 6itm R 1 R )
/ e () dr = — ’l/)(l’)‘ - = Y (z)e™ dx .

R 1t
Put

Mo = sup [¢(z)|, M= sup [¢'(z)].
[-R,R)] [-R.R]

The integral can be estimated as

R
‘/ e (z) dw
-R

2My  2MiR
S—t t—

This shows that the integral vanishes in the limit t — oo.

The second integral can be evaluated by means of the Cauchy theo-
rem. If C, and C'r denote semi-circles in the upper part of the complex
plane of radii a and R, respectively, and oriented positively, then by the
Cauchy theorem applied to the function e%#/z that is analytic in the
upper part of the complex plane bounded by the semi-circles it follows
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itx itz itz
e e
dx = / dz — / dz
. z Cr z
=1 / et df — / ettt a0 .
0 0

Since the integrand has a Lebesgue integrable bound independent of
parameters a and ¢

that

—
HG:

a<|z|<R

itaet®
(&

< 6—tasin(9) <le ,C(O,TI')

for all ¢ > 0 and a > 0, by the Lebesgue dominated convergence
theorem

lim [ e’ 4 = / lim e'@t¢” g9 = / do = 1.
0 0 0

a—071 a—

Similarly, the integrand in the integral over C'iz has the same Lebesgue
integrable bound for all £ > 0 and converges to zero almost everywhere
so that

lim et g — / lim R dg = / 0df =0.
0 0 0

t——+o00 t——+o00
Thus,
) ) 6ztm .
lim lim dr =i
t——+00 g—0Tt X
a<|z|<R
and

T
lim (emP;, gp) = mip(0) = 7i(9, )

t——+o0

for all test functions and (18.4) follows.

18.6. Exercises.

1. Show that

: 1 1
(I) I’Px—n = Pxn—l 5

(il a(a?)Pi _ a(r) — pp-1(x) + Za(k)(o)p_

™ ™

where a € C* and p,_; is the Taylor polynomial of order n — 1 for a
about x = 0.
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1. Show that 1

]

1
oP— =¢e(z), 2*Pr— = |7
|z]

where () is the sign function.

2. Prove each of the following distributional limits

—itx

. . €
) Jim g7 =0
—itx
(i) lim ——— = —2mid(z)

t—+oo x 4 10T

. 1
(iii) tl}inoo cos(tx) 73; =0
3. Find all distributions f such that
a"f(z) =1,
where n is a positive integer.
4. Show that
(22 = m2) ! —1, zeRY
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19. Regularization of distributions

It was shown earlier that there are sequences of smooth functions
that converge to singular distributions. Can any distribution be ob-
tained as the limit of a sequence of smooth functions? It turns out that
the answer is affirmative. In fact, for any distribution there exists a se-
quence of test functions that converges to it in the distributional sense.
In other words, the space of test functions D is a dense subspace in the
space of distributions D’. Any distribution can be “approzimated” by
a test function in the sense of weak (distributional) topology.

19.1. The concept of approximating distributions by test functions. The
idea of regularizing any distribution by test functions is based on the
following observations. First, recall that the regularization f,, defined
n (14.4), for a locally integrable function f is a smooth function. The
functions f, and f are also regular distributions and for any test func-
tion ¢ it follows from Fubini’s theorem that

(o x fr) = //cba(:r —y)f(y)e(z)dVydVx
— [ 1w [ onle = e d¥sdy = (7.6, )

where ¢, (x) = ¢o(—x) is the parity transformation of ¢,.
Second, test functions ¢, form a delta sequence because

alirgl+(¢a,gp) = lim —/gb azx)p Nz = lim /gb

— 4(0) / o(2) 4V = p(0) = (6.9)

where the order of taking the limit and integration can be interchanged
by the Lebesgue dominated convergence theorem because |¢(2)p(az)| <
M|p(z)| € L for any a, where M = sup |¢|. Any such sequence has the
following property.

PROPOSITION 19.1. Let w, be a sequence of test functions that con-
verges to the delta function as a — 0 in the distributional sense, then
the sequence of test functions w, * ¢ converges to ¢ in D asa — 0 for
any test function .

A proof will be given shortly. Here let us observe a simple con-
sequence. The regularization f, converges to f in the distributional
sense: f, — fin D as a — 0. Indeed, ¢, (z) — d(—z) = d(z) as
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a — 0 and, it follows from the above proposition that
lim(¢q  f, ) = im(f, 6, * ) = (f,¢), ¢ €D,

because f is a continuous functional. Finally, let n(z) be a bump
function for the unit ball |z| < 1. Then n,(x) = n(az) is a bump

function for the ball |z| < L. Therefore n,(z)f,(z) is a test function
and

Nafa — f inD
as a — 07. Indeed, for all small enough a and any test function ¢,
Na(z)@(x) = p(x) because the support of ¢ is bounded, and, hence

alir(g(nafa,s@) = alir(g(famas@) = alir(g(fa,so) = (f, ).

The idea is to extend the above construction to any distribution f.
This implies that one has to show:

(i) for any test function ¢ and any distribution f, the functional
¢ * [ defined by the rule

(19.1) (pxfoo)=(f.d"*xp), peD,

is a distribution (a linear and continuous functional)
(i) ¢ = f is a function from class C.

These two assertions will be proved below. Then the sequence of
test functions f, = Na(de * f) — fin D' as a — 0 for any sequence
of test functions ¢, — ¢ in D" as a — 0F. This proves the following
theorem.

THEOREM 19.1. (Regularization of a distribution)
For any distribution f, there exists a family of test functions f, such
that f, — f in D' asa — 0. In other words, the space of test functions
D is dense in the space of distributions D'.

This theorem has a paramount significance in physics. Many cal-
culations in physics are carried out formally, that is, a little attention,
if not at all, is paid to questions like smoothness of functions that are
to be differentiated, interchanging the order of summations in a series
and differentiation or integration, etc. Nonetheless, such formal cal-
culations lead to correct answers supported by experimental evidence.
Why? The regularization theorem for distributions provides a justifi-
cation for many formal calculations in physics.

First, physical quantities are distributions, not classical functions
by the very nature of measuring them. Second, most calculus opera-
tions are linear and continuous on the space of distributions as is shown
in the next chapter. Therefore any such operation can be carried out
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for regularizations of distributions (that is, on tests functions) and, by
continuity, the result will also be valid after removing the regulariza-
tion.

19.2. Proof of Proposition 19.1. By hypotheses

lim (. ) = lim / wal(@)(x) ¥z = $(0), G ED.

By Fubini’s theorem (which applies as supports of all functions are
bounded)

warp) = [ [enle = et ¥y o) avs
— [wula) [ o0 = ) dy e = (g <),

Here two changes of variables have been used y — —y and then z =
x +vy. By Sec.14.2.4, the convolution of two test functions is a test
function, ¢~ % ¢ € D. Therefore

lim(wa * ¢, ) = (¢~ * ) (0) = /s@(—y)w(—y) dVy = (¢, 9),

where the change of variables y — —y is used again. This means that
we*p— @inD asa — 0.

19.3. Convolution of a distribution and a test function. Fix w € D and
consider the transformation of D into itself defined by the rule
T: o—=T(p)=w *xp

If T is linear and continuous, then for any distribution f, the rule (19.1)
defines the adjoint transformation, T*(f) = w  f, of D’ to itself.

Linearity of T follows from linearity of the convolution. By the
analysis in Sec.14.2.4,

(19.2) D*wx¢@)=D"PuxDp, 0<p<a.
Let ¢, — 0 in D. Then by the above property

D % )] < / o™ (@ — )| D% pn(y) 4y

< Mswp|D%,|, M =/|w<a:—y>|dNy,

Therefore T'(¢,) — 0 in D. This proves continuity of 7. Thus, the
rule (19.1) defines the convolution of a test function and a distribution
as a distribution.
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To complete the proof of Theorem 19.1, it remains to show that wx f
is a smooth function for any f € D’. This is far from obvious because
for singular distributions basic theorems about smoothness of functions
defined by integrals like (14.4) cannot be used. Let us first check if the
conjecture holds for some examples of singular distributions.

19.3.1. Convolutions with delta functions. Let is calculate w=d. For any
test function, one infers that

(05 6,0) = (G- % @) = (w_ % 2)(0)
- / w(@)p(e)dVz = (w, )

Therefore
wkxd=w.

The convolution is a test function.
Let f = vdg be a surface delta function with density v and sup-
ported on a smooth M-surface S in RY, defined by

(Vos,p) = /SV(:r)go(x) ds .
Then
(w* (Vos), @) = (Vos,w_ x @) = /

_ / o(y) /S y(x)w(z—x) ds, dVy

where the order of integration is changed by Fubini’s theorem which
applies because the integrand is an integrable function on RY x S owing
to the boundedness of supports of w and (. Therefore, the convolution
in question is given by the surface integral

wx (155) () = / v(@)wly — o) dS,

This function is smooth in any ball |y| < R, hence, from class C'*.
Indeed, if support of w is in a ball of radius R,, then the integrand
vanishes for any |z| > R + R, so that the partials |v(z)DJw(y — )| <
Mpg are bounded on the part of S in the ball |z| < R + R, for all
ly| < R. By Theorem 7.2, the surface integral has continuous partials
of any order in any ball |y| < R because S has a finite area in any ball
(see Sec.15.6).

So, the conjecture holds for the examples considered. In the next
section a more general fact, that is also crucial for constructing the

v(x) / w(y — x)ply) dVyds,
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direct product and convolution of distributions, will be established. As
a consequence, w * f is proved to be from class C'*°.

19.4. Test functions generated by distributions. Let ¢(x,y) be a test
function of two variables z € RY and y € RM. For every fixed v,
o(z,y) is a test function in the variable x. Therefore one can define a
function

(19.3) ) = (f@)ele.y)).

where the value of the distribution f is calculated for every (fixed) y
For example, if f is a regular distribution, then

v = [ f@)plwy)de.
If f(z) = Dé(x), then
P(y) = (Do(x), o(x,y)) = =(0(2), Datp(y, 2)) = =Dap(y, 0) .
The function (19.3) has remarkable properties.

PROPOSITION 19.2. For any distribution f € D'(RY) and any test
function of two variables, x € RN and y € RM | the function defined by
FEq. (19.3) is a test function, and

wa) [ (s o) dy = () [ elo) i)

(19.5) Dy (f@),ele,y)) = (£a@), Dyle.y)

Support of 1. Let support of ¢ be in a ball |z|> + |y|* < R?, then
Y(y) = 0if |y| > R because p(z,y) = 0 for all z if |y| > R. Thus, the
support of 9 is bounded.

Continuity of 1. Take a sequence y, — y. Then the sequence of test
functions ¢, (x) = ¢(x,y,) converges to p(x,y) in D(RY) for every y.
Indeed, supports of D%, are closed and lie in a ball |z| < R. By
Sec.1.2.3, ¢ is uniformly continuous and, hence, for any € > 0 one can
find 6 > 0 such that

|D3wn(r) — Dyp(r,y)| <& whenever |y, —y| <9
which holds for all . Therefore
SUP|Dm90n( ) — Dyp(z,y)| < e

for any y. Since y, — y, for all large enough n the distance between
yn and y can be made smaller than §. This implies that D%y, — D3¢
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uniformly in the variable z. This means that ¢, — ¢ in D(RY).
Continuity of ¢ follows from the continuity of the functional f:

Tim ¥(y,) = lim (£().0a(2)) = (£@).p(2.9)) =¥ (0).

1 is a test function. Let e; denote the jth unit vector in the standard
basis in RM. Then by definition

D0) _ | bly ) ~ ()
0y, 50 o

Then for every (fixed) y, the test functions

x,y+ de;) — oz, 0p(x,

bs(x) = PEYF0e) = owy) | 9p(.y)
0 9y;

as 0 — 0. A proof of this assertion is analogous to the proof of conti-

nuity of 1) and left to the reader as an exercise. Then the existence of
partial derivatives of ¢ follows from the continuity of the functional f:

(9??%) = lim (f( ), bs(x )) = (f(l’),%z;y))

Next continuity of partial derivatives D is established in the same
way as the continuity of 1. Thus, 1 is from class C'. Repeating the
argument for partial derivatives of partial derivatives, D* = D(D1)),
and so on for D%, it is concluded that 1) is from class C* and Eq.
(19.5) holds for computing any partial derivative of .

n D(RY)

Integration of ¢. Consider a sequence of Riemann sums for the integral
of ¢ with respect to y

dn(r) = > o(x,9,) AV,

pEP,

where it is assumed that each partition box R, lies in a ball of radius
1/n,n=1,2,.... Let us show that

6u(2) = 0la) = [ play)dy i DERY).
The idea is again based on the uniform continuity of test functions.
Fix € > 0 and find 0 such that
|DSo(x,y) — Dyw(z,yp)| <€ whenever |y=1y,|l <.
By the integral mean value theorem

/ Dgp(w,y)dMy = Dio(x,y;)AY,

peEP, peP,
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for some points y; € R, that generally depend on o and . Note that ¢
vanishes outside some large enough box and the sum has finitely many
terms. Therefore for all n such that % <0,

DG () — D*¢(x)| < Y |DSp(w, ) — Dep(, y,)|AV, < Vi
peEP,

where Vg is the volume of a rectangular box that contains the ball
ly] < R if the support of ¢ is in a ball of radius R. The inequality
holds for all x and, hence,

sup |D%¢n(2) — D*¢(z)| < €

which means that all partial derivatives of ¢, converge uniformly to
the corresponding partial derivatives of ¢.

Equation (19.4) follows from continuity and linearity of the func-
tional f and integrability of :

(f@).6@) = lim (f().én(a)) = lim D" (f(a),ole,5) ) AV,

= lim Y p(y,)AV, = / by) dMy.

pGPn

19.5. Smoothness of the convolution. If f is regular distribution, then
the convolution (w * f)(y) = (f(z),w(x — y)) where w(x — y) is a test
function in the variable x for each y. It turns out that this represen-
tation can be extended to singular distributions and, with the help of
Proposition 19.2, this function is proved to be smooth.

PROPOSITION 19.3. The convolution of a test function and a dis-
tribution is a smooth function:

feD, weD = wx*xfelC™
that can be computed by the rule

(19.6) @+ ) = (@) wly - )
and its derivatives are
(19.7) DP(w« f)(y) = (/@) Dty — o))

If, in addition, the support of f is bounded, then the convolution is a
test function:

feD, suppfCBr, we€D = wxfeD.
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Let ¢ be a test function. Then
@ £0) L (fox0) 2 (@), [ wly - 2)6(0) a")

® / (f(a:), w(y — fv)cb(y)) dy
Q[ (f@)wty - ) ot d

Here (1) and (2) are by definition of the convolutions, (3) follows from
(19.4) where
p(r,y) =wly —)o(y) € DR™)

for any test functions w and ¢, and (4) by linearity of the functional
f. The rule (19.6) follows from the last equality. By Proposition 19.2,
o(y)(w* f)(y) is a test function. This implies that w * f is from class
C*, and partial derivatives D?(w x f) are given by (19.7).

Suppose that the support of f is bounded. Let 7y be a bump
function for supp f. Then 7y is a test function and ny(x)f(z) = f(x)
(see (18.3)). It follows from (19.6) that

(@ ) = (@) @), wlo =) = (F@) @)l - )

The test function ny(z)w(zr — y) = 0 vanishes for all |y| > R; + R, if
supports of f and w are balls of radii Ry and R, respectively. This
implies that the support of w * f lies in a ball of radius Ry + R,, so that
wx feD.

Equation (19.6) gives a technically convenient way to compute the
convolution of a test function with a distribution. For example, the
results of Sec. 19.3.1 immediately follow from this rule.

The proof of the regularization theorem 19.1 is complete.



