CHAPTER 4

Convolution and Fourier transform

29. Direct product of distributions.

29.1. Direct product of regular distributions. Let f(z) and g(y) be lo-
cally integrable functions of their arguments, x € RY and y € R
Then the function of two variables that is the product of f and g is
locally integrable

hz,y) = f(x)g(y) € Lioc (RN

Indeed, any bounded region  in R¥* is contained in the direct prod-
uct Br, X Bpg, of two balls, || < R; and |y| < Bg,. For example, if
z € R and y € R, then any bounded region in R? is contained in a
rectangle

QO C BR1 X BRQ = (—Rl,Rl) X (—RQ,RQ)
In general, if z € RV*M | then
2P =laf +yl? = 2] < el + ]yl

so that |z| < Ry + R and

/ I, y)|dVwdy < / @) dVe / 9()] dMy < oo
Q Bry Bry

by local integrability of f and g.

With every pair of regular distributions f(z) and g(y) one can asso-
ciate a unique regular distribution of two variables h(z,y) = f(x)g(y)
that acts on a test function of two variables by the rule that follows
from the Fubini’s theorem:

he) = [[ hepetegyaedy
- [ st ( [ s (x,y>dMy) 0

= (f4), @)= / o)l y) My
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Or, alternatively

(h, ) = / / h(z, y)p(e,y) d¥zd"y

= [t ([ s@etanac) ay

~ (0.9), wwzjfumuww%:

This shows that the action of the distribution of two variables h(z,y)
on a test function is defined via the actions of distributions of single
variable, provided the result of the actions of these distributions on a
test function of two variables is a test function:

¥(@) = (9). pla.y)) € DRY),

oly) = (f(2).¢(a.y)) € DERY)

This is indeed so by Proposition 19.2. Thus, the product of two reqular
distributions of distinct variables is a linear continuous functional of
two variables.

29.2. Direct (or tensor) product of distributions. Proposition 19.2 holds
for all distributions. This allows us to extend the direct product to all
distributions of distinct variables.

DEFINITION 29.1. The direct (or tensor) product of two distribu-
tions f(x) € D'(RY) and g(y) € D'(RM) is a distribution of two
variables h(z,y) € D'(RN+M), denoted as

ha,y) = f(z) - g(y)
that acts on any test function of two variables ¢(z,y) € D(RNTM) by
the rule

(h@. ) @) = (£.9), ¥@) = (9. 0(,v))

or, in brief,

This rules does define a functional on D( by Proposition
19.2. However its linearity and continuity is yet to be established.
A proof is based on interpreting the direct product distribution as
the adjoint transformation of a linear continuous transformation of the
space of test functions into another space of test functions. The ad-
joint transformation maps a space of distributions to another space of
distributions and this transformation is linear and cotinuous.

RN+M)
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For any distribution g € D'(RY) the transformation (19.3) defines a
linear map Ty, : D(RVTM) — D(RY). If T, is proved to be continuous,
then its adjoint

T;: D'(RY) — D'RYM)
is also a linear continuous transformation, and 75, (f)(x,y) = f(x)-g(y)
because

(73 ¢) = (£.70) = (F@), (9. 0(x.9))) = (£ - 9.9)

Thus, for consistency of the definition of the direct product it is suffi-
cient to establish continuity of the transformation Tj,.

THEOREM 29.1. (Consistency of the direct product)
For any distribution g € D'(RM), the transformation T, of D(RN+M)
into D(RY) defined by

Ty(p)(z) = (g(y),w(:v,y))

is linear and continuous so that its adjoint T, (f) = f-g is a distribution
from D' (RNTM) for any distribution f € D'(RY).

By Proposition 19.2

DT, (¢)(x) = (9(). Dl )
Suppose that ¢, (z,y) — 0 in D(RY*M), Let us show that
Yo =Ty(pn) —0 inDRY) <« lim sup|DYP,| =0

for any a > 0. Suppose that the latter is false. Then there exist 3 and
a sequence of points {x,} such that

| D4 ()] > 6 >0

for some § > 0. Supports of all 1, lie in an interval |z| < R if sup-
ports of all ¢, are in a ball of radius R. Therefore the sequence {z,}
is bounded. By the Bolzano-Weierstrass theorem, every bounded se-
quence in RY contains a convergent subsequence z,,, — z’ as k — oo.
Since D¢, (x,y) converges uniformly to zero,

sup | DS on, (Tn,,, y)| < sup |Dyon, (z,y)] — 0
Yy €,y

as k — oo, from which it follows, by continuity of the functional g,
that

lim Da’l/)nk ([L’nk) = lim g(y)>Dggpnk (znk7y) = 0>
k—o0

k—o0

which is not possible because | D%y, (x,, )| > d > 0 for all k, leading
to a contradiction. Thus, Tj is continuous. Then the direct product
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of distributions is a linear continuous functional on D(R¥ M) by the
standard argument:

Jim (- g, ) = lim (T7(f), pn) = lim (f,Ty(pn)) = 0

by continuity of f. The linearity of f - g is established in a similar way
and follows from linearity of T, and f.

29.3. Delta-function of several variables. Let us show that the delta-
function of two variables is the direct product product of two delta-
functions:

o(z,y) =6(x)-0(y), xeRY, yeRY.

Indeed, for any test function of two variables ¢(z,y),
(5) - 5w, ola9)) = (8(), (50 o(w.9) ) ) = (3@, (2, 0)
= ¢(0.0) = (3(z,y). olx.y))

as required. It is also clear that the direct product of delta-functions
is commutative and distributive:

d(x) - 3(y) = 3(y) - 8(x)
5(2)- (3(y)-0(2)) = (8(a) -0()) - 8(2)

In particular, the delta-function of z € R¥ is the direct product of the
single-variable delta-functions:

0(z) = 0(w1) - 6(x2) -~ 6(an)

29.4. Properties of the direct product of distributions. The dot denoting
the direct product of distributions is often omitted as its properties are
similar to the product of ordinary functions of different variables. Here
it will be kept in what follows for consistency.

29.4.1. Approximations of test functions by polynomials. In what follows,
the classical theorem about approximations of continuous functions by
polynomials will be used.

THEOREM 29.2. (Weierstrass) B
Let Q be bounded and open in RN and 1 € CP(Q). Then for any e > 0
there exists a polynomial P such that

sup |D%Y(x) — D*P(z)| < €.

a<p,
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The Weierstrass theorem asserts that the space of polynomials is

dense in C?(2). Any test function can also be approximated by poly-
nomials in the following sense.

PROPOSITION 29.1. For any test function @, there exists a sequence
of test functions ¢, that converges to ¢ in D and p,(x) is a polynomial
for all x from the support of p.

Let us construct the sequence ¢,, with required properties explicitly.
The support of a test function ¢ is a closed subset in an open ball
Bp. Therefore one can construct a bump function 7, that is equal
to 1 in a neighborhood €2 of supp ¢ and n,(z) = 0 if |z| > R. Here
suppp C € C Bg. By the Weierstrass theorem, for every ¢ = 1

n=1,2, ..., one can find a polynomial P, such that "
1
|D%p(x) = D*Po(x)] < —, 2| <R, a<n,
n

because ¢ € C=(Q). Then the sequence
(29.1) () = no(2) Pu(z)

converges to ¢ in the topology of D. Indeed, if x € Q, then D, (z) = 0
for any o > 0, then
1 _

[D%p(x) — D¢u(x)| = [D%(z) = D*Pu(2)| < =, 2 €QC Bg.
If z is not in Q, then D¥p(z) = 0 for any o and |D°P,(z)| < L for
any # < o < n. Using the binomial expansion of the derivative of the
product

[e% o 1 ﬁ a—ﬁ _ Aa raY
D) = Dpu(a)] < 37 Clsup D Py = 22 0 gD

f<a

where C¥ are the binomial coefficients. Therefore for any « and n > «
Jo' Jo' Ca
[D%p(x) = Do¢n(x)| < —=, 2| < R,

where C,, = max{1, A,} are independent of n. Since the supports of
all terms ¢, lie in the ball Br by construction, the latter inequality
implies that

e

C,
sup |[D%p(x) — D%pp(z)] < — — 0,
n

as n — o0, which means that ¢,, — ¢ in D.
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29.4.2. Commutativity and associativity. The direct product is commu-
tative and associative:

f(@)-g(y) = g(y) - f(z)
f@) - (9tw) - () = (F(2)- 9)) - ()

In the case of regular distributions, the assertion follows from Fubini’s
theorem. The details are left to the reader as an exercise. To prove it
for all distributions, note that the commutativity and associativity of
the product of distributions of distinct variables holds for test function
of the form

on(2,y) = Z 65 (x)0;(y)

where ¢ and 1) are test functions of a single variable. Indeed, by lin-
earity of functionals f and g

(7 ge0) = (10 0 onlzs)) = 3 (7). (960, 50) )@

=3~ (50 (76060 5) = (0 .

and similarly for associativity. Next, given a test function of two vari-
ables ¢(z,y), one can construct a sequence (29.1) that converges to ¢
in D(RN+M).

on(z,y) = m(x)n2(y) Pul, y)

where 7; o are test functions of one variable that take unit value in a
neighborhood of a ball of radius R if the support of ¢ lies in a ball
of radius R, |z|* + |y|* < R%. Since any polynomial is a linear combi-
nation of monomials of the form z“y”, the terms of this sequence are
linear combinations of products of test functions of a single variables
for which the commutativity and associativity holds. The functionals
f-gand g- f are continuous as any adjoint transformation of a continu-
ous transformation of a space of test functions. Therefore by taking the
limit n — oo, the commutativity of the direct product is established
for all test functions of two variables:

(f-9:¢) = lim (f-g,n) = lim(g- f,n) = (9- f, )

and similarly for the associativity.
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29.4.3. Differentiation of the direct product. The following rule for dif-
ferentiation of the direct product of distributions holds:

D3 (f(@) - 9(y)) = D*f() - g(v)

just like in the case of the product of two smooth functions of different
variables. Indeed, for any test function ¢(z,y), one has

Qﬁﬁ@%mw)Wwy) )° Dg(r,y))

-1 (Ute
a( ( s@(w,y)))
(e ( »m@wn)
_ (Da(f(ar), (g(y)) o(,y ))
_ ((Daf(x) -g(y)),s@(x,y))

where the first equality holds by the definition of a distributional de-
rivative, the second is by definition of the direct product, the third is
by Proposition 19.2, the forth and fifth are valid again by definitions
of distributional derivatives and direct product, respectively.

«

29.4.4. Multiplication by a smooth function. Let a(z) be from C*°. Then

a@)(£(2)- 9p) = (a@)f@)) - 9()

for any two distributions f(z) and g(y). A proof of this property is left
to the reader as an exercise.

29.5. Change of variables in the direct product of distributions. The di-
rect product of distributions is a distribution of two or more variables.
By changing variables in the product, new distributions of several vari-
ables can be obtained. For example, let

f(z,y) =0(z)-d(y).
Then
g(w,y) = 0(x + 2y) - 0(x +y)

is a distribution because it is obtained from the distribution f by a
non-singular linear change of variables defined by the matrix

(12 (-1 2
=) = =)
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and det A = 1. Using the rule of changing variables in a distribution,
the action of g on a test function can be computed via the action of f
on the associated transform of the test function:

(a(e9)-pla) = T (). oy — a2 =)

= /000 o(—z,z)dx.

The sign of the direct product is often omitted, which may lead to
the question of how to interpret products of single-variable distributions
in which the arguments are replaced by a function of several variables.
There should exist a change of variables such that such a product be-
comes the direct product of distributions of independent Variables. For
example, consider a singular function of two real variables (z* —y?)™!.
The singularity on the line y = x is not locally integrable in R?. This
function admits a distributional regularization that can be constructed
as follows. Using the partial fraction decomposition,

1 1 ( 1 1 )
w2 —y2 2y\z—y ax+y/
Consider the direct product of the principal value and Sokhotsky dis-
tributions, Pi - +zo Then a distributional regularization of the above

singular function can be obtained by a linear change of variables in
each term of this product:

1 1 1 1 1
Reg :—73—-< — — )
2?—y2 2 y \x—y+i0 z+4+y+1i0

29.6. Exercises.

1. Prove the commutativity and associativity of the direct product
of regular distributions. Hint: Use Fubini’s theorem.

2. Prove the rule for multiplication of the direct product of distri-
butions by a smooth function.

3. Let x and y be real variables and ¢(x,y) be a test function of
two variables. Put

P(x) = (Pé,go(x,y)) = P.U./SO(‘Z, y) dy




29. DIRECT PRODUCT OF DISTRIBUTIONS. 389

(i) Show that ¢(x) is a test function and

D(@) = (P, Do)

by a direct use of the theorem about differentiation of an integral with
respect to parameters x.
(i) Suppose that ¢, (z,y) is a null sequence in D(R?). Show that

Yn(x) = (Péa on(T, y))

is a null sequence in D(R), by a direct verification of uniform conver-
gence of the sequences of all partial derivatives to zero.

4 Let x and y be real variables and a(z) and b(y) be smooth func-
tions. If a(0) = ap, a/(0) = ay, and b(0) = by, find

(a(2) + b(y)) s (3(2) - 8(3))

in terms of constants ag, by, and a; and direct products of delta-
functions and their derivatives.

5. If t ¢ R and z € R?, find
) !
ZA, L
5y 2 (000) m)

6. Let g and f be a distribution of a real variable. Show that f(x) -
g(x — y) is a distribution of two real variables z and y. In particular,
show that

o(z)- gy —x) =6(z) - g(y)
for any distribution g(y). Next show that
D.[f(x)-gly —x)] = f'(x) - gly —2) — f(x) - ¢'(y — x).
7. Let x and ¢ be real and ¢ be a constant. Use the definition of
distributional derivatives to show that

Dy0(t)0(x + ct)] = 6(t) - O(x) + cO(t) - 0(x + ct)
D,[0(t)0(x + ct)] = 6(t) - 6(x + ct)

Compare the result with the last equation in the previous problem by
showing that f(x)g(x —y) = f(z) - g(x — y) for regular distributions f
and g. Use the result to show that

Qﬁ-&pﬁﬂd—upz%&oﬁ@)
Hint: Express 0(ct — |z|) in terms of products of §(¢) and 6(x + ct).
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30. Convolution of distributions.

30.1. Convolution of regular distributions. Suppose that f and ¢ are
locally integrable functions of z € RY such that

”/V@M@—yN@@EE&m

is also a locally integrable function. Then the convolution

W) = (f * g)(x) = / Fw)g(a —y)dy

exists and is a locally integrable function, and the convolution is com-
mutative:

frg=gx*f

The assertion follows from Part 2 of Fubini’s theorem. By the hypoth-
esis

[ [t -l ayave < oo
Br
for any ball Bg. This implies that the function

w(z,y) = f(y)glx —y) € L(BrxR")

is Lebesgue integrable on Br x RY. By Fubini’s theorem the func-
tion h(x) = [wu(z,y)d"y exists and is Lebesgue integrable on any ball
Bgr. The commutativity is established by changing integration vari-
ables y — x — y.

It should be noted that the (classical) convolution does not exist
for any two locally integrable functions. For example, take f(z) =
g(x) = 1, then the convolution integral diverges. If f(z) has a bounded
support, then the classical convolution always exist. In particular, the
convolution of two test functions always exists.

Since f and g can also be viewed as regular distributions, one can
define the convolution of regular distributions and attempt to extend
the definition to all distributions just like it was done for the direct
product. Suppose that f % g exists (e.g. under the above sufficient
conditions on f and g). Then for any test function ¢(z), one infers
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that

(Feg.0) = [(Fr0)@e d= [ [ o)) dyetz)
/ /fz— 2)dNzdNy
/ /f oz +y)dVzdVy

- (f(af) 9(y), so(a:+y))

where Fubini’s theorem was used to change the order of integration, and
x = z—yso that dVz = dVx for any y. This shows that the convolution
can be interpreted as the direct product of the distributions of different
variables acting on a smooth function of two variables

Yz, y) =p(r+y).

The problem with this interpretation is such that ¥ (x,y) is not a test
function of two variables! Since the support of ¢ is bounded and lies in
a ball of radius R, the support of ¢(z,y) lies in an unbounded cylinder
|z + y| < R because the function 1 (z,y) takes a constant value on any
hyper-plane = 4+ y = k in R?". Therefore it is not possible to use the
right side of the last equality as a definition of the convolution even for
any two regular distributions.

30.2. Unit sequences in the space of test functions. Let 7,(z) be a se-
quence of test functions with the following properties:

(i) For any closed and bounded region Q@ C RY, there exist an
integer m such that
m(x)=1, z€Q, n>m
(ii) All partial derivatives of n, are bounded uniformly for all n:

sup | D ()| < Cq

where the constant C,, is independent of n.
Any sequence of test functions with the stated properties is called
a unit sequence in D(RY), and one writes
m(z) =1 in RY as n— oo.

Let us show that such a sequence exists. Recall that one can always
construct a test function that has unit value in any ball. For example,
let

neD, plx)=1, |z]<1.
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Put
x
() = 77(5) .

Then n, is a test function for any n. If the support of 7 lies in a ball of
radius R, then the support of 7, lies in the ball of radius nR. Evidently,
for any bounded region one can an integer m such that the region lies
in any ball of radius n > m so that 7, = 1 in this region for all n > m.
Furthermore,

(6% 1 (6% (6% (6%
D% ()] = | D*n(x)] < [D*n(x)| < sup |D%n| = Ca

Thus, all derivatives of 7, are uniformly bounded, and 7, is a unit
sequence.

Let f(z) and g(x) be regular distributions. Suppose that the inte-
gral

(1@ st +)) = [ 1(0) [ oot +) ¥y

exists for any test function ¢(z), that is, the classical convolution
(f * g)(x) exists. Then for any unit sequence n,(z,y) in R2N

Tim (/@) - (), m(x w)e(e + ) = (/@) 9(y), (@ + )
The assertion follows from the Lebesgue dominated convergence theo-
rem. Indeed the integrand has a Lebesgue integrable bound indepen-
dent of n:

£ (2)g(y)nn (2, v)e(x + y)| < Col f(x)g(y)e(z +y)| € LIR?Y)

by the hypothesis and that |n,(x,y)| < Cy for all n. Therefore the
order of integration and taking the limit can be interchanged and the
conclusion follows because n,(x,y) — 1 in R?Y.

Note that n,(z, y)e(x+y) is a test function of two variables. So, the
value of the direct product of any two distributions at it exists for any n.
All these values form a numerical sequence. If the sequence converges,
then it can be used to define the convolution of the corresponding
distributions, just like in the case of regular distributions. If it does
not converge, then the convolution of the corresponding distributions
does not exist. In this approach, whenever the classical convolution of
two locally integrable functions is locally integrable, the distributional
convolution also exists and is equal to the classical one.
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30.3. Definition of the convolution of distributions. Let f and g be dis-
tributions from D'(RN). If the limit

lim (f(af) “9(y)s (2, y)p( + y))

n—oQ

exists for any test function ¢ and any unit sequence n,(z,y) of two
variables and is independent of the choice of 0, then it defines a dis-
tribution f * g € D'(RYN), called the convolution of distributions f and
g, that acts on a test function by the rule

(f*g,¢) = lim (f(af) ~9(Y), (2, y)p( + y)) :

A consistency of this definition requires proving that f x ¢ is a linear
continuous functional on D(RY). Consider a sequence of linear func-
tionals on D(R?) defined by the rule

(hns ) = (f(af) ~g(y), mn, y) oz + y)) , n=12 ..

By the completeness theorem for distributions, if A, is a sequence of
distributions (linear continuous functionals) that converges in 7', then
its limit is a distribution. Thus, it is sufficient to show continuity of
functionals hA,,.

Let ¢, — 0 in D(RY) as m — oco. Then

Um(2,y) = ma(@,y)pm(z +y) — 0 in DRN)

as m — oo for every n. This follows from the binomial expansion of
derivatives of the product and from the estimate:

sup | D (2, y) D’ o (z + y)| < Cosup |D’pp| — 0 as m — oo.

By continuity of the direct product (h,,p,) — 0 as m — oo for
every n. Thus, h, is a continuous functional on D(RY) and, hence,
h, — h = f x g € D' by the completeness theorem.

30.3.1. Convolution with a test function. Any test function w defines
regular regular distribution. In Sec.19.3 the convolution w * f was
defined for any distribution f. Let us show that this convolution is
consistent with the above general definition. One has to show that

(@ f.0) = lim (£(@), (w@)ml@ el +1)) = (Frw-xp)

The function w(y)e(z + y) vanishes if |y| > R and |z + y| > R for
some large enough R and, hence, it is a test function of two variables
because. For any test function of two variables v (z,y) and any unit
sequence 7, (x,y), the sequence of test functions 7,1 converges to 1
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in D(R*) because D%(n,1) = D for all large enough n (such that
N, = 1 in a neighborhood of supp ¢). Then

(wt)meela+) = [ mewtlo+ vy
= e+ nay = @ s o))

in D(RY) as n — oo because the transformation of reduction of the
number of variables in test functions defined in Sec.?? is continuous.
The conclusion follows from continuity of the functional f.

30.4. Convolution with a delta-function. The convolution of any distri-
bution with the delta-function is equal to that distribution:

fxo=0bxf=f, feD

Let 0, (z,y) be a unit sequence in R*¥ and ¢(z) be a test function from
D(RY). By the definition of convolution

(f 6.) = lim (f(@) - 3(y),m(.y)ple +3)

= I (#(@). (60).m(a.)ela+)))
= Jim (f(2).m(2.0)0(x)) = (£.)

by continuity of f. Note that the sequence of test functions ¢, (x) =
Nn(x,0)p(x) converges to ¢(x) in the topology of D. Indeed, since the
support of ¢ is bounded, for all sufficiently large n, ¢, = ¢, by the
properties of a unit sequence so that D%yp,, = D*p. Similarly, one can
show that (6 % f,¢) = (f, ).

30.5. Properties of the convolution. The convolution defines a product
on the space of distributions. As noted, this product does exist for dis-
tributions from D’. Let us investigate basic properties of this product.

30.5.1. Commutativity and distributivity. The convolution is a commu-
tative product of two distributions

frg=gxf
if it exists. It follows from the commutativity of the direct product of

distributions. Put ¢(z,y) = ¢(z + y) for a test function ¢ for brevity.
Then

(f*9,9) = lim (f-g,n¢p) = lim (g - f,n.00) = (g f, )



30. CONVOLUTION OF DISTRIBUTIONS. 395

The space of distributions is linear and the convolution defines a
distributive product

frlgth)=frg+fxh

provided the convolutions f x g and f x h exists. This follows from the
limit laws and distributivity of the direct product:

(f*(g+h),p) = lim (f-(g+h),my)

= lim [(f “gsma®) + (f - hynatd)

= lim (f - g,np) + lim (f - b, o))
= (fxg.9) +(fxh¢).

Note well that the existence of f * (¢ + h) alone does not imply the
distributive law because f * g and f * h may not exist.

30.5.2. Differentiation of the convolution. Suppose that f * g exists.
Then

D*(fxg)=Df*g= fxD%

It is sufficient to show that the rule holds for a first-order partial de-
rivative. For any unit sequence, the sequence

(2, y) = M (2, y) + Do nn(2, )

is also a unit sequence because 7, is constant in any bounded region
for all sufficiently large n, and all derivatives are uniformly bounded:

sup | DNy | < Co + Cotr

Since f *x g exists,

(f*g,¢) = lim (f(:v) -g(y)ﬂ7n(:v,y)s0(x+y))

n—oQ

= lim (f(2) - g(y), (. y)plo+ )

n—oQ

It follows from this equality that

lim (f(:v) 9(y), Denn(, y)e(x + y)) =0

n—oQ
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for any test function .

(D(f *g),so) - —(f *g,DsO)

— _ lim (f(x) - 9(y), (. y) Dop(a “/))

n—oQ

= — lim [(f(x) 9()s Doz, y)o(z + ?/)])

n—oQ

- (f(af) “9(y), Dann(z, y)p(z + y))}

= lim (Du(f(x) - 9(u)). ma(a )l + )

n—oQ

= Tim (Df(2) - 9y), m(z y)p(z +y))

n—oQ

= (Df xg,9).

Since Dyp(z +y) = Dyp(x + y), the derivative D, in the above lines
of equations can be changed to D, so that

(D(f *g),s@) - (f*Dg,so) :

It is important to stress that the rule of differentiation of the con-
volution holds under the assumption that the convolution exist. If the
convolution f+*g does not exist, but convolutions with derivatives, D fxg
and f * Dg, exist, then in general

Dfxg# f=Dg
For example,

1=0x1=0%1
but

0=0x0=0x1

Note that in this case the convolution 6 * 1 does not exist. Indeed, the
step and unit functions are regular distributions. So, their convolution
should be the classical convolution if it exists, but the convolution
integral diverges

/e<y>1<x—y>dy=/0°°dy=oo

Thus, the existence of f * g implies the existence of Df x g and f * Dyg.
But the converse is false.
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30.5.3. Associativity. The convolution is not generally an associative
multiplication of distributions. Here is an example. Take a unit distri-
bution:

1=0x1=0x1=(@"*§)*1=(0%5)*1
Take the zero distribution:
0=0x0=0x(0x0)=0x(0x1")=0=x(0"x*1)
Since 0 # 1,
(O@x0")x1#0x (0 *1)

However, there are subspaces in the space of distributions for which
the convolution exists and is commutative and associative. Let f, g,
and h be distributions from D’. Define the double convolution by the
rule

(f *gxh, s@) = lim (f(af) ~9(y) - h(2), (@, y, 2)p(x + y + Z))

where 7, is a unit sequence in R*", provided the limit exists and is
independent of the choice of a unit sequence. In fact, one can define
a multiple convolution of any number of distributions in this way. By
commutativity and associativity of the direct product of distributions,
the multiple convolution does not depend on the order fxgxh = hxgx f
etc.

PROPOSITION 30.1. Suppose that the convolutions f+g and fxgxh
ezists in D'. Then the convolution (f * g) * h exists and

(fxg)xh=fxgxh

so that for a class of distributions for which the convolution and double
convolution exist, the convolution is commutative and associative.

Let , and &, be unit sequences in RV, then the double sequence

wkn($> Y, Z) = 77k(517> y)gn(z + Y, Z)

is a unit sequence in R3*V. Since the double convolution exists, the
following double limit exists

lim (f(2) - 9(y) - (=), Yin( . 2)p(a+y+2)) = (fxgxhyp)

n,k—o00
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for any test function (. This means that the repeated limits also exist.
Put s=z+vy

(f g hig) = lim lim (f(@)- g(y)- h(=),m(x y)als, (s + 2))

n—o0 k—o00

= lim lim (f(g;) ), k(. y) (h (s+2)))

n—o0 k—oo

= lim ((f * 9)(s), (A(). (5. 2)ip(s + z)))
= Tim ((f #9)(s) - h(2). &uls. 2)ip(s + 2))

n—oQ

= ((f*g) *h,s@)
as required.

30.5.4. Shift of the argument. Let f,(z) = f(z + h) be the shifted dis-
tribution f. If f % g exists, then the convolution f} * g exists and

(fnxg)(@) = (f*gn)(@) = (f*g)(x+h)
A proof of this assertion is left to the reader as an exercise. For example,
f(x)*xd(x+h)= f(x+h)
for any distribution f.

30.5.5. Non-continuity. For every g € D', the convolution g * f can be
viewed a transformation of D’ into itself. Note that this transformation
is not defined on the whole D’ but on its subset that consists of distri-
butions for which their convolution with g exists. This transformation
1s not continuous in general. This means the following.

Suppose f, is a sequence of distributions that converges to a distri-
bution f in the sense of distributions,

Suppose that the convolutions g * f and g * f,, exist for all n and some
distribution g. Then the sequence g * f, does not generally converge to
gxf inD'. So, in practical terms, the order of taking the limit and the
convolution is not generally interchangeable.

Here is an example. Put f,(z) = §(z — n) so that

lim (f,,, p) = lim ¢(n) =0

because the support of ¢ is bounded. Therefore f,, — 0 in the sense of
distributions. On the other hand, take g(z) = 1 so that

(9% F)(x) = g(x) 5 — ) = g(z —n) =1
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and hence g * f,, converges to the unit distribution.
30.6. Exercises.

1. Show that the convolution

fx DY
exists for any integer @ > 0 and any distribution f, and find the con-
volution in terms of distributional derivatives of f.

2. Prove the shift property of the convolution.

3. Consider a space of locally integrable functions with support in
a half-line, x > 0.

(i) Show that the convolution exists in this space of regular distribu-
tions and

(f % 9)(x) = / 9w fe —y)dy

Hint: Sketch the support of f(z)g(y)p(z + y) in the plane where ¢ is
a test function.
(i) Show that the convolution is associative. Hint: Investigate the dou-
ble convolution.

4. Let g(z) =Y, cxd(z — k).

(i) Show that the series converges in the sense of distributions for any
choice of the sequence cg. If g,(z) is a partial sum of the series (the
summation is taken over |k| < n), then g, — ¢ in the distributional
sense. Let f be a distribution with unbounded support.

(ii) Show that f x g, exists for any n. Does the limit of the distribu-
tional sequence f * g, always exist?

(iii) Does the convolution f * g always exist?

Hint: Use the definition of the convolution. Take f(x) = 6(x) as an
example. Investigate the limit in the definition of the convolution for
a particular test function, e.g., the hat function ¢ = w,(z) with a = %

5. Find the double convolution 6 % §’ * 1 or show that it does not
exist.
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31. Existence of convolution

The convolution does not exist for all distributions. Here some
classes of distributions for which the convolution exists and is contin-
uous are described. They are important in applications.

31.1. Convolution of a distribution with bounded support.

THEOREM 31.1. Let f and g be distributions from D' (RY) and the
support of g is bounded. Then the convolution f * g exists, and

(31.1) (f9:0) = (£@) 9w) m)ez + 1))

where 14 15 a test function that has unit value in a neighborhood of the
support of g. The convolution is also continuous in both variables, that
is, for any sequence f, that converges to f in D',

foxg— fxg inD
and for any sequence of distributions whose supports lies in a ball with
radius independent of n, supp g, C Bgr, that converges to a distribution
g

fxg,— f*xg inD

As the support of g is bounded, there exists a test function 7, that

has unit value in a neighborhood of the support of g. Then for any test
function ¢

(9:) = (9, 15%)
Therefore for any unit sequence 7, (x,y) in R,

(f*g,¢) = lim (f(a?% (g(y)mn(ar,y)w(x + y)))
= lim (f(@), (9. m(w)ma(x,9)e(x +1)))

n—oQ

Note that ¥ (x,y) = n,(y)e(x + y) is a test function of two variables
because its support lies in a region defined by |y| < Ry and |z+y| < Rs
by boundedness of supports of ¢ and n,. Since 7,90 — ¥ in D(R?Y),
by continuity of g,

(90).mal, p)w,9)) = (9(@), v, v)) € DRY)

by the consistency theorem for the direct product. This shows that the
convolution exists and can be computed by the rule (31.1).
Since f,, — f in D/, for any test function ¢

Tim (fn,6) = (/)
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By the consistency theorem for the direct product the function

o) = (90). m(v)e(a +1))

is a test function for any test function ¢. Therefore

Tim (fu(). (9) m@e+v)) = (£, (90).m@)e( +1)))

or, by the first part of theorem,
Tim (fox g,0) = (f*9,¢)

for any test function o, which means that f, xg — f* g in D'
Let 1, be a test function such that n,(z) = 1 if |z| < R and the ball
Bpg contains support of any ¢,. Then

(9n, ) = (gn: 1)
for any test function. Let ¢,, — ¢ in D. By continuity of f,

Tim (f, ¢n) = (f, ¢)

Consider the test function of two variables

Y(x,y) = ng(y)e(z +y)
Put
Pn(z) = (gn(y),w(x,y))

If the support of ¢ lies in a ball of radius Ry, then ¥ (z,y) = 0 for all
|| > R+ Ry and, hence, the support of all terms in the sequence of
test functions ¢, lies in a ball Brip,. Then it also follows that

Tim 6,(z) = 6(x) = (9(v), ¥(x.v))
for any =. By the consistency theorem for the direct product
lim D% (2) = Tim (gn(y),Dﬁw(x,y)) = (g(y),Dﬁw(x,y))
= D%¢(x)

The stated properties of the sequence ¢, imply that ¢, — ¢ in D.
Therefore

lim (f(2). (gn(v).0(x,9)) = (F@). (o). ¥(x.9) ))

n—oo

or, for any test function ¢,
Tim (f * gn, 0) = (f * 9, )

as required.
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31.2. Convolution algebra D',. Consider a subspace of the space of dis-
tributions of one real variable x that consists of all distributions with
support in the positive half-line > 0. It is denoted by D/, :

feD, = suppfCl0,00)
or
(f.¢) =0, suppe C (o0, 0]
for some § > 0. For example,
seD,, 6 e D,

It appears that the convolution defines a commutative and associative
product on D', . For this reason D', is also called a convolution algebra.

THEOREM 31.2. Let f and g be distributions from D',. Then their
convolution exists and belongs to D',. It can be computed by the rule

(12)  (Fxg.9) = (f(@) - 9 m@mw)e( +1)))

where m o2 € C* and mao(x) = 1 if & > =6 for some § > 0 and
me(z) =0 if v < —a for some a > 6. The convolution is continuous:

fo—=finD, = foxg— fxginD, .
The convolution is associative on D’+ :

(f*g)xh=Ffx(gxh),  fgheD,

A proof of this theorem is analogous to the previous case of con-
volutions with a distribution with bounded support. So, it will be
sketched leaving some of technical details to the reader as an exercise.
Let us first show that smooth functions 7 2(z) exist. Take a shifted
step function O(x + §) for some § > 0, then its convolution with the
hat function

e}

n(fv)sza(y)Q(f—y+5)dy=/ wa(y) dy

z+6

is a C'* function such that n(x) = 1ifx > —d and n(x) = 0if x < a+4.
For any distribution f from D',

(fs) = (finy)
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Therefore

(fxg,0) = lim ( f(z), (g(y),nn(x,y)w(x+y)))

(
= lim (f(w),m(:v) (g(y)mz(y)nn(x,y)so(x + y)))
(f(af), (g(y% (2, y)m ()1 (y) o + y)))
= (f(fv), (g(y), m(@)na(y)e(r + y)))
= (f(af) ~9(y); m(z)m(y)p(e + y))) :

for any choice of smooth functions 7, » with properties stated above.
Note that the product ¥ (z,y) = m(z)n2(y)e(x +vy) is a test function of
two variables. If the support of ¢ lies in the interval [— R, R|, then the
support of ¢ (z,y) lies in the triangle |z + y| < R, x > 0, and y > 0.
Associativity of the convolution follows from the associativity of the
direct product and the rule (31.2).

31.3. Convolution equations. A convolution equation has the form

gxu=f

where g and f are given distributions from D'(R¥"), and the problem
is to find a distribution u. In particular, all linear partial differential
equations with constant coefficients can be formulated as the convolu-
tion equation. Put

g(x) = agD’s(x) = L(D)é(x).
5=0
By the properties of convolution

gxu= ZagDﬁu = L(D)u
5=0

Therefore
LDu=f < gxu=Ff.

If g is locally integrable, then the convolution equation is called an
integral equation of the first kind:

g % uz) = / u(y)g(a —y) d¥y = f(x)
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and if g(z) = §(z) + h(z) where h is locally integrable, the convolution
equation is called an integral equation of the second kind:

g+ u() = (o) + [ uw)hle - )y = f(@).
Linear finite-difference equations with constant coefficients

S asule — x5) = f(2)
B

can also be viewed as convolution equations

g(@) =Y agb(z —w5) = gxulz)=) asu(r—up).
B B

So, techniques for solving convolution equations are important in ap-
plication.

31.3.1. Solving a convolution equation. The inverse (or reciprocal) ¢!
of a distribution g relative the convolution multiplication is called a
fundamental solution for the convolution operator gx. So, by definition,

g Rg=gxg =0
because the delta function plays the role of a unit element in the con-
volution multiplication (§ x f = f % ¢ = f for any distribution f). The

significance of a fundamental solution is that the convolution u = g~1x f
is a solution to the convolution equation with any right-hand side:

gru=gx (g7 xf)=(gxg )xf=0xf=f.

This conclusion is based on several assumptions that need be verified.
First, note that ¢g—! is not unique even if it exists. For example, if
g = &', then a general solution to gxu =dor v =d5isg ' =0+ C
where C' is a constant distribution. Second, suppose that ¢=' and
u= g ! x f exist in D’. However, the distribution u cannot always be
a solution to the convolution equation because the convolution is not
associative in general:

gru=gx (g7 xf) #£(gxg ) xf=0xf=f
For example, let ¢ = 0. Then ¢! = §’. Indeed,
00 =(0x0)=0=9¢

Let f = 1. The convolution u = g7 s f = ¢'*1 = (§%1)’ = 1’ = 0 exists,
but it is not a solution to g *u = f or @ xu = 1 because # %0 =0 # 1.
The origin of this problem is in the non-associativity of the convolution
of the distributions 6, ¢’, and 1 noted earlier.
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Suppose that ¢g~! exists. Define a subset D; C D’ that consists of
distributions for which the convolution ¢! * f and the double convo-
lution ¢ * ¢! * f exist

31.3 feD. cD : glsxfeD, gxglxfecD.
g

The existence of the double convolution guarantees (see Proposition
30.1) that the distribution u = ¢g~! % f satisfies the equation g * u =
f because the convolution is associative in this case. Furthermore,
the associated homogeneous equation has only trivial solution in the
subspace D :
gxu=20 .
u € D;} < u=0

Indeed, let u be from D; and also a solution to the homogeneous equa-
tion, then

1 -1

u=uxd=ux(gxg ') =uxgrg = (uxg)xg = (gxu)*g
=0%xg =0

The associativity of convolution is crucial for the conclusion. The fol-

lowing theorem has been proved.

THEOREM 31.3. Let f € Dy, where D, is defined in (31.3). Then
the equation g xu = f has a solution that is given by
u=g ' *f
and the solution is unique in D;.

31.3.2. Equations in the convolution algebra D’,. The space of distribu-
tions D/, is closed relative to the multiplication defined by the convolu-
tion and the convolution is associative. By Theorem 31.3 the following
assertion holds.

COROLLARY 31.5. If the reciprocal g~ exists in D'y, then the equa-
tion g * u = f has a unique solution given by u = g~ ' * f for any
feD,.

The inverse of any distribution in D’ has the same properties as
the inverse in reals. In particular,

(Gr%g2) " =g1 g5
A proof is based on a direct verification of the equality
(gr%g2) " (g %g50) =0

using the associativity and commutativity of the convolution in D', and
is left to the reader as an exercise.



406 4. CONVOLUTION AND FOURIER TRANSFORM

31.3.3. Example. Forced vibrations of a harmonic oscillator. Consider a
differential equation for a harmonic oscillator

u”(t) +wru(t) = f(t), f(t)=0, t<0.

where w > 0 is a numerical parameter (the frequency of the oscillator),
and f(t) is an external force that starts acting on the oscillator at ¢ = 0.
This equation can be cast as a convolution equation in 7, :

(6" +w*0) xu=f, weD,.

This implies that the oscillator was at rest for ¢ < 0 (because u(t) =0
if u € D) and then makes forced vibrations under the action of the
external force. This problem is known to have a unique solution in
mechanics.

Let us show that the reciprocal of the distribution g(t) = ¢"” + w?§
is given by
sin(wt)

g () =0(t)

where Z"(t) + w?Z(t) = 0. Indeed, recall that ¢'(t) = 6(¢) and, since
sin(wt) is from class C*°, one infers that

=0(1)Z(t)

(6" + W20) % (02) = (02)" + w07 = 6 + e(z“ n sz) —
because by the Leibniz rule

(02) = Z(0)5(t) + 0(t) Z'(t) = 0(£)Z'(¢),
(02)" = (02') = Z'(0)5(t) + 02" (t) = 6(t) + 0() 2" (t).

If f(t) is a regular distribution, then the problem has a unique solution
that is given by

a(t) = (g # )(1) = / Tt - () dr
= l/0 sin(w(t — 7)) f(1)dr

w
If f is continuous on [0, 00), then u is from class C?(¢ > 0) and satisfies
the equation for all ¢ > 0. The function u and its derivative v’ have
continuous extensions to ¢ = 0 such that «(0) = 0 and «/(0) = 0. These
facts are readily established by the theorem about differentiation of
the integral with respect to parameters. In mechanics, the said initial
conditions mean that the oscillator was at rest at t = 0 (and it would
remain so if f(t) = 0).
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31.4. Exercises.

1. Show each of the convolutions exists and find its value
(i) z[*0"(x)
(i) 6Ox0
(i)  (|sin(@)|0(x)) * Y '(x — wk)
£>0
2. Let f and g be distributions from D’ . Show that
(e® f(x)) * (e*g(x)) = e*(f * g)(x)

3. Let z € R3. Find
1

— x Ad(x)

|z]
4. Let fo(x) € D', be defined by

0
o) = 3 020, L) = fiale) i a0
where the latter relation is understood recursively (e.g., if a = —3/2,
then f_gn = [y 5 = f{)2).
(i) Prove that
fa * .fb = fa—l—b

(ii) and, in particular, for an integer n,
fon *u(z) = D"u(x)

so that for a positive n, the convolution operator f_,* is equal to the
nth order derivative, and for negative n, f_,* is the nth order anti-
derivative. For non-integer a, the operator f,* is called an operator of
fractional differentiation, if a < 0, and fractional integration if a > 0.

(iii) Show that

1 d [* u(y)dy
DY?u =D = ——/
u (fl/Q*u) \/7_de 0 T—y

(iv) Show that the function
sin(ma) /z f'(y)
u(x) = d
R A

is a solution to Abel’s integral equation:

/m%dy:ﬂx)’ f(0)=0, feC(z>0), 0<a<l
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Hint: To find f, x fp, recall
['(a)I'(b)

/0 O

Show next that fy = 0 and therefore f_,* f, = 6. Takea = —n, n > 0,
then f_, = fén) = 6. Next show that (f, *u)™ = u, n > 0. In Part
(iv) restate Abel’s integral equation as a convolution equation and use
properties of the convolution operator f,x*.

5. Solve the system of equations in 7, :

3k fi4+0 % fo=0
5/*f1+6//*f2:0

6. Let f(x,t) be locally integrable function, (z,t) € R?. Show that the
following convolution exists and find its integral representation:

O(ct — [2]) = (00 f(w,1))
where ¢ > 0.
7. Let f(z,t) be locally integrable function, z € R? and ¢ is real.
Show that the following convolution exists and find its integral repre-
sentation:

(et — [z]) + (00 f(,1))

where ¢ > 0 and

(6(ct—|x|),g0(x,t)) :/OOO /M:Ctgp(a:,t) ds, dt

8. Show that
(grxg2) " =gr" % g5
for any distributions g; » from D', that have the inverse in D/, .
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32. Temperate distributions

32.1. Extension of the space of test functions. The following notation for
a power function of several variables will be used in what follows:

=iy a, a1 ta+--F+ay =, reRY.
Consider a space of functions that are smooth and all their derivatives
decrease to zero at infinity (|z| — oo) faster than any reciprocal power

function. This space is called the Schwartz space and will be denoted
as S(RY) or simply S:

peS: welC™®, supl|r®Dpl <0, a,3>0.

It is clear that any test function from D belongs to § because of bound-
edness of the support:

DcCS.
Any smooth function that is exponentially decreasing with increasing
|z| belongs to S. For example, the Gaussian function eIl belongs to
S but it does not belong to D. For any function from S and any p > 0
there is a positive constant Mg such that

M,

DPoy(x)] < A , €S.

Dple)| < i ¢
32.1.1. Topology on the Schwartz space. A sequence {¢,} C S is said to
converge to ¢ € S if for any a and (3, the sequences xDPp,, converge
uniformly to x*DP p:

Y —@in S : lim sup [2*D" ¢, — z*DPp| = 0.

If p, — ¢ in D, then ¢, — ¢ in § by boundedness of the support of
functions from D.

PROPOSITION 32.1. The space D of test functions with bounded
supports is a dense subset in S.

To prove this assertion, let us show that for any ¢ € S there exists
a sequence in D that converges to ¢ in the topology of §. Let n € D
be a bump function for the ball |x| < 1. Then for any ¢ € S the terms
of the sequence ¢,(x) = ¢(z)n(x/n) belong to D, and ¢,(x) = ()
if |x| < n. Since Dn(x/n) = 0 if |z| < n so that D(¢, — ¢) = 0 if
|z| < n, |D'n(z/n)| < Myn~7 (cf. Theorem 14.1, Property (v)), and
D7 tends to zero faster than any power function as |z| — oo, it is
concluded that

lim sup |2 D" (pn — )| =0

n—oQ

for any o and 3. Therefore ¢,, — ¢ in S.
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Proposition 32.1 implies, in particular, that any function from § can
be uniformly approximated by a test function with bounded support
with any desired accuracy: for any € > 0 and any ¢ € S one can find
¢ € D such that

sup [ — ¢ < e

32.1.2. Space of slowly increasing smooth functions. Recall that the prod-
uct of a test function with bounded support with a smooth function is
a test function with bounded support. This property does not hold for
the space S. For example, o(z) = e ** € S(R) and a(z) = e2* € O™,
but the product a(z)p(z) = € is not in S. Let us describe a subset of
smooth functions whose product with a test function from S is a func-
tion from &. Since any function from S cannot grow faster than any
reciprocal power function with increasing |x|, the growth of a smooth
function in the product must be restricted by the growth of a power
function. Define a subset Oy C C* as a collection of functions whose
derivatives cannot grow faster than a power function with |z| — oc:

a€ Oy : a€C™, |Dﬁa(x)|§Cg<1+|x|)mﬁ

for some constant Cs and mgz > 0. Here z € RY. Then
a(x)p(z) € S, ac€Oy, peS§

The linear space Oy, will be called a space of slowly increasing smooth
functions.

32.2. Linear and continuous transformations of S. A linear transforma-
tion T' of S(RY) into S(RM) is continuous if it maps a null sequence in
S(RY) to a null sequence in S(RM). The results of Sec.?? are readily
extended to the space of temperate test functions.

32.2.1. Differentiation in S. Differentiation is a linear and continuous
transformation of S into itself:

T:9peS — D'eS.

If p is a test function from S, then any its partial derivative is also a

test function, D%p € §. Linearity of this transformation is obvious. If

n is a null sequence in S, then D%y, is also a null sequence because
lim sup |27 DT, (z)| =0

n—oQ

for any non-negative p and gq.
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32.2.2. Multiplication by a slowly increasing smooth function. Let
T: oS —-T(p)=apeS

where a € Oy;. Then T is linear and continuous. The assertion follows
from the binomial expansion of the derivatives of a product and the
characteristic properties of functions from O, similarly to the case of
multiplication of test functions from D by a smooth function discussed
earlier. Linearity is obvious. Let ¢, be a null sequence in S. Then
|2P D7 (apy,)| does not exceed a linear combinations of terms

2" D?aD%py| < Cp(1 + |z])"|2? D*pu(2))|
where o 4+ 3 = 7. Each such term converges uniformly to zero because

sup |2D%p,| — 0 for any « and g.

32.2.3. Affine transformations of the argument. Let
T: px)eS —T(p)(x)=¢p(Az+b) €S

where det A # 0. Then T is linear and continuous. The assertion
follows from the chain rule and its proof is left to the reader as an
exercise.

32.2.4. Convolution transformations. Let
T: pe$§ —=T(p)=wxpeS

where w € § is a temperate test function. Then T is linear and contin-
uous. The function w(y)p(z — y) is Lebesgue integrable with respect
to y because it falls off faster than any reciprocal power as |y| — oo
and it is from class C'* in the variable . So the convolution

(% 0)(z) = / wy)pe —y) dVy

exists and is from class C'> because the derivatives of the integrand
have an integrable bound independent of x:

w(y)Die(x —y)| < Malw(y)l € £, My = sup[Dp|

Next, one has to show that |z|*|(w * ¢)(x)] — 0 as |x| — oo. This
would mean that w* ¢ € §. To this end, note that for any y, ¢(x — y)
is a temperate test function so that |z|*D°p(z — y)| — 0 as |z| — oo.
To interchange the order of the limit || — oo and the integration with
respect to y, it is sufficient show that the integrand has a Lebesgue in-
tegrable bound independent of x and the conclusion would follow from
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the Lebesgue dominated convergence theorem. Using the binomial ex-
pansion, the required bound is obtained

ootz - ) < (Ivl+ o - ol) Lotz - y)
<Y CiMulyl*Plw(y)| € L,
3=0

where Mg = sup |z|°|¢(2)], and C§ are the binomial coefficients.
The linearity of T" follows from the linearity of the integral. Let ¢,
is a null sequence in &, then its image is also a null sequence:

|2* DT (pn)| < ZCE/|y|“‘5|w(y)|dNysupIzﬁD”wnl
B=0

where the identity z* = (y + (z — y))® = (y + 2)* and its binomial
expansion were used again. This inequality holds for all x and by
taking the supremum in the left-hand side, it is concluded that the
convergence ¢, — 0 in § implies the convergence T'(¢,) — 0 in S.

32.2.5. Transformation of S into D. Consider a transformation of S
defined by the rule

T: pe8 — T(p)(z) =w()p(x) €D
where w € D. This transformation is linear and continuous. Let ¢,, be
a null sequence in S, then supports of all T'(y,,) lies in one ball that
contains the support of w. By the binomial expansion, the derivatives
D T (gy,) are bounded by a linear combination of terms
|Dw() D%y (x)| < sup|Dw| sup [D |
where o + 3 = 7. Therefore if ¢, — 0in S, then T'(¢,) — 0 in D.

32.2.6. Injection of D into S. Consider a linear transformation of D
into S defined by the injection

T: peD — T(p)=p€eS

Then T is continuous because the convergence ¢, — 0 in D implies
the convergence T'(¢,) = ¢, — 0 in the topology of S (see Sec.32.1.1).
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32.3. Temperate distributions. A linear continuous functional on the
Schwartz space is called a temperate distribution. A space of all tem-
perate distributions is denoted by S:

f: &S§—R
(f,cro1 + o fo) = ar(f, 1) + ca(f, 2)
pn—@inS = lim(f,0n) = (f,9).

Note that the space S is larger than the space D and, hence, not
every distribution from D’ can be extended from D to S, just like for
ordinary functions, a rule to find the value of the function in an interval
cannot always be extended to the whole real axis. For example, f(z) =
e’ is a regular distribution from D’ and its action on a test function ¢
is defined by the integral of the product ey () which exists thanks to
the boundedness of the support of ¢. If ¢ € S, then the product e*p(x)
is not integrable in general because ¢(z) can, for example, decrease as
e™%/? as x — o0o. Therefore f(x) = e® is not a temperate distribution,
f ¢ §'. The term “temperate” refers to regular distributions with
somewhat moderate growth.

On the other hand, every temperate distribution can be reduced to
the domain D C §. Thus,

S c?D.

The reduction of f € &’ on D can be viewed as the adjoint transfor-
mation 7% : & — D’ of the injection T': D — S defined by T'(¢) = ¢
(see Sec.32.2.6):

(1), ) = ([, T(9) = (f,9), ¢€D

By linearity and continuity of 7', T*(f) is a linear and continuous func-
tional on D, i.e., T*(f) € D'. Furthermore, If f, — f in &', then
this distributional sequence also converges in the topology of the larger
space D' because T*(f,) — T*(f) in D' by continuity of the adjoint
transformation.

32.3.1. Support of a temperate distribution. Since any temperate dis-
tribution f € S’ can always be reduced on D(£2) for any open €2, the
support of f is defined in the same way as the support of distributions
from D’'. A temperate distribution f is said to vanish in an open set €2
if (f,») =0 for any ¢ € D(Q2). The support of f is the complement of
the largest open set on which f(z) = 0.
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32.3.2. Delta function as a temperate distribution. The delta-function is
a linear functional on S:

(0,0)=¢(0), eS8

It is also continuous. Indeed, the convergence ¢, — 0 in S implies
that ¢, converges to 0 uniformly and, hence, ¢,(0) — 0 as n — oc.
Therefore 6 € S'.

32.3.3. The principal value distribution. Let us show that the principal
value distribution is a temperate distribution. For any test function
p eSS, put

Then ¢ (z) € C*. It follows that

1
(P—,gp): lim/ @d:ﬂ:lim (/ _|_/ )@dx
L =0T Jjz|>a T a=0% \Ja<|z|<R |z|>R T

St ([ T e [ )

= xr)dx @da?
lz|<R ) +/|

z>rR T

This shows that 73% is a linear functional on S. Let ¢, is a null sequence
in §. This implies, in particular, that

M, = sup |z[[on(z)] — 0, M =sup|g,| — 0

as n — oo The former, in turn, implies that

M,
|on ()] < Tl jz[ > R >1

}/ ¥ (x)dft}§2Mn/ d—fz — 0
>R & R T R

Therefore

as n — oo. Next, ¥,(z) = (¢n(x) — ©n(0))/z = ¢l (x,) for some z,
between 0 and x. Hence, |, (x)| < sup |¢/,| for all |x| < R. Therefore

(el <[, vl +| [ 2P ]
2M,

< 2RM! + R"—>0

as n — o0o. Thus, the principal value functional is continuous on S.
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32.3.4. Extension of distributions with bounded support to S.

PROPOSITION 32.2. Any distribution from D' that have a bounded
support can be uniquely extended to S and, hence, defines a temperate
distribution, by the rule

(fro)=(finre), ¢€S8

where 1y is any test function from D such that ng(x) = 1 in a neigh-
borhood of the support of f.

This assertion follows from that the extension rule is nothing but the
adjoint transformation 7% : D' — &’ of the transformation T': S — D
defined in Sec.32.2.5 where w = 7. Indeed, by the definition of the
adjoint transformation

(T*(f),0) = (f, T(p)) = (f,nr) -

By linearity and continuity of 7', the adjoint is also linear and con-
tinuous and, hence, defines a temperate distribution. The distribution
T*(f) does not depend on the choice of n; because (f, (n; —n})p) =0
for any two test functions 7y and 7} that take unit value in a neigh-
borhood of the support of f.

32.3.5. On an extension of a distribution to S. Not every distribution
from D’ has a continuous extension to the larger set of test functions
S. Since the space D is dense in S (see Proposition 32.1), a continuous
extension of a functional f can be obtained by

(f,gp)zJi_}rng,%), {on} CD, ¢p—¢inS,

provided the limit exists for any ¢ € § and is independent of the
choice of the sequence {¢,}. If f has a bounded support, then this
limit process reproduces the extension rule stated in Proposition 32.2.
If the limit does not exist for a particular choice of the sequence or it
exists for any two sequences but has different values, then f cannot be
extended to S because it does not define a continuous functional on S.

To illustrate this assertion, let f(z) = e*. As noted earlier, f is
a regular distribution in D" but not in §&’. Let n(z) > 0 be a test
function of one real variable x with support in |z| < 1. Consider a
sequence ¢, (x) = M,n(x —n). Then

|DPn(x —n)| < sup | DPn(z)| = Cp
for all n and x, and therefore

|2|*| D gn(x)| < Mu(n +1)°[Dn(z —n)| < CsMy(n +1)°
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for all z, where the first inequality follows from that the support of
n(z — n) lies in |z — n| < 1. Therefore if M,n* — 0 for any o > 0 as
n — oo, then ¢, — 0 in §, and for any such ¢,

= Mnenfemn(:v) dor = CM,e™.

If f had a continuous extension to S, then the sequence (f, ¢,) should
converge to zero for any M, that decreases faster than any reciprocal
power of n with increasing n. This is not so. The limit depends on the
choice of the sequence. For example, if M,, = e~?", then M,e" — 0,
but if M,, = e™, then M, e” — 1 or, if M,, = e_ﬁ, then M,e" — 0.
Thus, f cannot be extended to S.

32.4. Differentiation of temperate distributions. Differentiation is a lin-
ear continuous transformation of & onto itself as shown in Sec.32.2.1.
Therefore the adjoint transformation of any f € &', denoted by D*f,
is a temperate distribution defined by the rule

(D*f,0) = (=1)*(f, D%p)

It is called the derivative of f. Clearly, all properties of differentiation
on D' are readily extended to S’. In particular, if f € D’ has an exten-
sion to 8, then D*f also have extensions to S and the derivatives of
the extension are equal to extensions of the corresponding derivatives,
that is, if (D*f)s € §’, @ > 0, is an extension of D*f € D', then

D(f)s = (D“f)s -

For example, l defines a regular temperate distribution in R3, that is,

(2)s = &, so that Eq. (21.15) holds in &', too.

|lz[ /5 =

32.5. Multiplication by a slowly increasing smooth function. Multiplica-
tion of tests functions by a slowly increasing smooth function is a linear
continuous transformation (see Sec. 32.2.2). Therefore its adjoint is a
linear continuous transformation on the space of tempered distribution.
If f eS8 and a € Oy, then the product af is a tempered distribution
defined by the adjoint rule

(af, @)= (fap), p€S
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Since D*a € Oy, the Leibniz rule for differentiation also holds for
tempered distributions:

D*(af) =) (O‘)Da—ﬁapﬁf, fes, aecOy.
Bla b
Any bump function 7 for a set 2 is from class Oy, (a C* function
whose values are between 0 and 1 and n(z) = 1 in a neighborhood of

). If ny is a bump function for the support of a temperate distribution
f, then

f(@) = ns(2) f ().

32.6. Regular temperate distributions and their derivatives. Any bounded
function |f(z)| < M defines a regular temperate distribution

/f

because |f(z)p(z)] < M|p(z)| is Lebesgue integrable. Continuity of
this functional follows from the inequality

M,
n(T)| < ;
on(@)] < T

Indeed, if ¢, — 0 in &, then M,, — 0 as n — oo for any a > 0. By
taking & > N + 1, it is concluded that

My = sup [(1 + |2|*)@n ()|

W) <M )| &Nz < MM, = CMM, — 0
(o)l < M [ ool ae < 20, [ 00 E

as n — 00, where C is the value of the integral for a > N + 1.
Furthermore, any locally integrable function f defines a regular
temperate distribution if it grows no faster than a power function

|f(x)| < M(1+[z|P), |z|>R.

In this case, for any temperate test function ¢, the integral
/ |f(@)l[e(z)] < M (L +]z)|p(z)]dVe < oo
|z|>R |z|>R

exists because ¢(x) decreases faster than any power function as |z| —

oo. Therefore the integral
- [ f@ypta)avs

converges absolutely and defines a linear continuous functional on S.
However one should not get an impression that locally integrable
functions that grow faster than any power function cannot define a
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tempered distribution. Note that any such function defines a regu-
lar distribution from D’ and some of such distributions can have an
extension to §. As an example, put f(x) = e®cos(e®). Then |f(x)]
grows exponentially as ¢ — co. Nonetheless this regular distribution
in D’ can be extended to S. Let ¢, be a sequence of test functions
from D that converges to ¢ € S in the topology of S. Differentiation
is continuous on S so that ¢/, — ¢’ in S. Since f(z) = ¢'(x) where
g(x) = sin(e”), using integration by parts

R R
(o= [ f@nta)is == [ gla)s) @) de = ~(0.65)
-R -R
because the support of any ¢,, is bounded (R can depend on n). Since
g(x) is bounded, it defines a regular tempered distribution. Therefore
by continuity of the functional g on S

(f,9) = lim (f,¢n) = = lim (g, ¢;,) = —(9,¢')

= —/ sin(e®) ¢ (z) dw
and the limit exists for any ¢ € S and does not depend on the choice
of {¢n} C D. It defines a linear continuous functional on S and its
reduction on D coincides with f(x). Note that the integration by parts
is not permitted in the last integral if ¢ € S but permitted if ¢ € D.

32.7. General structure of temperate distributions. The analysis given
at the very end of the previous section can be extended to define a
large class of distributions from D’ that can be extended to S. A
temperate continuous function is a continuous function which grows no
faster than a power function:

geC”, lg(@)| S MQ+|zf), zeRY

for some constants M and p > 0. Then any temperate continuous
function defines a regular temperate distribution:

(9,9) = /g(af)so(a:) Nz, ¢€S.

Any such function is also a regular distribution from D’ and, hence,
the distributional derivatives D%¢ are also from D’. The derivatives
can be extended to §. Let ¢ € §. Put

(D9, 0) & (—1)°(g, D) = (~1)° / g(z) D% pla) dVx
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By linearity and continuity of differentiation on &, this rule defines a
linear continuous functional on S. This is an extension of D%g € D' to
S. If g is from C'*°, the integration by parts is not permitted if ¢ € S
because the derivatives D¢ are not temperate functions, in general, as
shown in the previous section. However, if ¢ € D, then the integration
by parts is permitted and the distributional and classical derivatives of
g coincide in D',

The analysis shows any distribution from D’ that is a sum of deriva-
tives of temperate continuous functions can be extended to S and de-
fines a tempered distribution. It turns out that the converse is also
true. In other words, any tempered distribution can be written in this
form.

THEOREM 32.1. (L. Schwartz)
For any temperate distribution f, there exist temperate continuous func-
tions g, that vanish outside a neighborhood of the support of f of arbi-
trary small radius, and

fx) =) Dl

a<p
for some integer p > 0.

Thus, for any f € &’ one can find a finite collection of temperate
continuous functions such that

(9= S0 [ oD o(a) ¥

a<p

The Schwartz theorem 32.1 is also known as the structure for temper-
ate distributions. Note that singular distributions like delta functions,
principal value distributions, and Sokhotsky type singular distributions
are tempered distributions and, hence, can be written as a linear com-
binations of distributional derivatives of continuous functions. Practi-
cally, all distributions used quantum field theory and Green’s functions
for linear differential operators are of this type! A proof of Theorem
32.1 is based on another theorem due to L. Schwartz

THEOREM 32.2. In order for a linear functional f on S to be con-
tinuous (to be a temperate distribution) it is necessary and sufficient
that for any test function ¢ € S there exists an number C' > 0 and an
integer p such that

(£,9) < C sup [(1+[2])"|D%(w)

aSp7‘r
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32.7.1. Completeness of the space of tempered distributions. Using the
Schwartz theorem one can show that the space &’ is complete. Let { f,}
be a sequence of temperate distributions such that (f,p) converges for
any test function ¢ € S. Then the functional f defined by the rule

(f,¢) = lim (fn, )

1s linear and continuous on S, that is, f is a temperate distribution.

32.8. Topology in S’. A sequence of temperate distributions is said to
converge to a temperate distribution if for any test function from S the
numerical sequence of values of terms of the sequence converges to the
value of the limit distribution on the test function:

fo— finS lim (fn, ) = (f.9), Vp€S§
It follows from this definition that the convergence in &’ implies con-
vergence in D'
fo—finS = f,— finD.
Indeed, recall that the injection of D into S is linear and continuous
(see Sec.32.2.6). Therefore its adjoint 7% : & — D’ is reduction of any

temperate distribution on D, and 7™ must also be linear and continu-
ous. For any test function ¢ € D (so that T'(¢) € S)

Tim (T%(fn), ) = lim (fa, T(p)) = (£, T(p)) = (T7(f), ¢)

which means that the convergence f,, — f in &’ implies that conver-
gence of the reduction of f,, on D to the reduction of f on D, that is,

T (fa) = T7(f)-
32.8.1. Example. Let us show that

sin(nz)

" — 7wo(z) inS8’(R)asn — oo.

Put f,(z) = sin(nz)/z. Then |f,(z)| < n is bounded for any n and,
hence, defines a regular temperate distribution. Consider the sequence

R = [ ) dy = / "inG)

z

For every n, F,, € C'!is continuously differentiable function and F!(z) =
fn(x). Its pointwise limit reads

lim F,(x) = gsign (x), F.(0)=0
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Therefore F,(z) is a bounded sequence |F,,(x)| < M and M is inde-
pendent of n (recall also Abel’s theorem about conditionally convergent
integrals in this regard). By integrating by parts one infers that

(o) = [ fuladola) o = [ pla)aFate) = - [ Fla)e'(@)da

the boundary terms vanish because ¢,, vanishes at infinity and F,, is
bounded. Since the integrand is bounded by an integrable function

|Fn(2)¢' ()] < Ml (z)] € £

that is independent of n, by the Lebesgue dominated convergence the-
orem

™

lm (fup) = = [ sign a)¢/(a) ds

:g/O ¢’(x)dx—g/0mw’(x)d$

= mp(0) = (0, )
Thus, f, — 0 in §'.

32.9. Direct product of temperate distributions. The direct product of
temperate distributions is defined in the same way as the direct product
of distributions from D’. First, one has to construct a linear continuous
transformation of temperate test functions of two variables to the space
of temperate test functions of one variable induced by a temperate
distribution. Then its adjoint defines the direct product of temperate
distributions.

32.9.1. Reduction of variables in temperate test functions. Let g(y) €
S'(RM). Consider the transformation

(821) T, pla,y) € SEYM) = T(0)(@) = (9(v). olx.y).

PROPOSITION 32.3. The transformation (32.1) is a linear and con-
tinuous transformation of S(RNTM) into S(RY) and

(32.2) DT, () (@) = (9(). Dl )

Using the same line of arguments as in the proof of Proposition 19.2,
one shows that Ty(p) € C* and (32.2) holds. Next, one has to show
that T,(y) is a temperate test function, that is, D*Ty(¢) decreases to
zero faster than any reciprocal power function as |z| — oo for all @ > 0.
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By Theorem 32.2 applied to g, there exist numbers p > 0 and C' > 0
such that

2 DT, ()| = o7 (9(w), Dl )|

< € sup (1 + Iyl D} (o )|
y,8<p
Since Dg D%p(x,y) decreases to zero faster than any reciprocal power
function of two variables x and y, the limit of the left-hand side is zero
when || — co. Thus, Ty(¢) € S.

Let us prove continuity of Tj,. Let ¢, be a null sequence in S(RY ).
One has to show that its image T,(,) is a null sequence in S(RY).
By replacing in the above inequality T(¢) by Ty(¢,) and taking the
supremum over x in the right-hand side, it is concluded that

|27 DTy (pn)| < My = C Sup (1 +[y))?|=" D) DS pulw, y)| — 0

z,y,6<p
as n — oo for any non-negative a and + by the definition of conver-
gence ¢, — 0 in S(R¥*M). This implies that 27 D*T,(p,) converges
uniformly to zero as n — oo for any v and «, or T,(¢,) — 0 in S(RY).

Consider the adjoint transformation 7. It is a linear continuous
transformation of S'(RY) into S(RY+M) defined by the rule

(T;(.9) = (1.1,(0) = (£(@). (90). ¢(.0)))

The tempered distribution of two variables defined by this rule is called
the direct product of tempered distributions f(z) and g(x):

Ty, y) = f() - g(y) -
By construction, it is a linear and continuous functional on S(RN+M).

PROPOSITION 32.4. (Properties of the direct product in ')
The direct product is commutative and associative in S':

f@)-g9(y) =g(y) - fx)
(f(z)-9(y) - h(z) = f(z) - (9(y) - h(2))
for any tempered distributions f, g, and h of independent variables x,

y, and z spanning Fuclidean spaces.

A proof of this assertion follows from the commutativity and as-
sociativity of the direct product in D’'. Since D is dense in S for any
o(z,y) € S there exists a sequence @, (x,y) € D that converges to
o(z,y) in S. Therefore for any ¢ € S,

(f-9:¢) = lim (f - g,n) = lim(g- f,n) = (9- f, )
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and similarly for the associativity.
In particular, f(z)-1(y) = 1(y) - f(x) implies that

@29 (f@. et dy) = [ (Fe)ele)dy

for any test function of two variables .
Owing to the commutativity and associativity, in what follows, the
dot indicating the direct product is often omitted. For example

5(2) = 6(z1) - 8(a) -+ - 6(w,) = 6(21)6(22) - - - 8 (), wERY
0(z) - o(y) = 0(x)o(y), =, yeR.

32.10. Convolution of temperate distributions. Suppose that f and g are
temperate distributions so they can always be reduced to the subspace
D C S. Suppose that their convolution f * g exists in D’. Then their
convolution in &’ can be defined as an extension of f x g to S. As
was shown, not every distribution from D’ can be extended. So, the
question is: Under what conditions f * ¢ € S’ and the convolution
transformation f € 8’ — fx g € S’ is continuous? This is a difficult
question in general. It turns out that for all three important cases in
which the convolution exists in D’ covered by Theorems 31.1, 31.2, and
43.1 the answer to this question is affirmative.

32.10.1. Convolution with distributions with bounded support. By Propo-
sition 32.2 any distribution g € D’ with bounded support has an exten-
sion to &, and the convolution any two distributions one of which has a
bounded support always exists in 7’. It turns out that this convolution
is also a tempered distribution.

THEOREM 32.3. Let f and g be temperate distribution and the sup-
port of g be bounded. Then the convolution f * g is a temperate distri-
bution defined by the rule

(f*g,0) = (f(:v) ~g(),ny)e(x + y)) , pES,

where 1 1s any test function from D that has unit value in a neighbor-
hood of supp g. Furthermore, the convolution is continuous with respect
to both arquments, that is,

fo—f inS = foxg— fxg inS
Jn — ¢ inD = frgn— fxg in &'
By Theorem 31.1 the convolution f * g exists in D’ and is defined

by the same rule where ¢ € D. One has to show that the rule can
be extended to S and defines a linear continuous functional on S. Let
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¢ € 8. Then n(y)e(z+y) € S(R?) is a temperate test function of two
variables. Indeed, for any given x, this function vanishes for all large
enough y (by the properties of 7(y)), and for any given y, it and all
its derivatives are decreasing faster than any reciprocal power function
(by the properties of p(x 4 y)). So, by linearity of the direct product,
the convolution is a linear functional on S(RY). To show continuity,
let ¢, — 0 in S(RY). Then n(y)en(r+y) — 0 in S(R?Y). Indeed, one
has
sup |2y D7n(y) D°pu(2)] < Mgy sup [2°D% i (2)] — 0

where Mg, = sup |y’ D'n(y)|, because ¢, — 0in S. Using the binomial
expansion of 2% = (z — y)® and of the derivative D7 of the product,
one infers that that above uniform convergence implies that

Tim sup |2°y” DY (n(y)¢a(z +y))| =0

for any «, 3, and 7, as required. Thus, f *x g € §’. The direct prod-
uct of two temperate distributions is the adjoint transformation for
(32.1). So, the convolution is continuous by continuity of the adjoint
transformation.

32.10.2. Convolution algebra S’,. Put S, = D/ NS’, that is, S, consists
of all temperate distributions of one variable whose reduction on D is a
distribution from D’ . Theorem 31.2 describes the convolution in D, .
Then the convolution of any two distributions f and g from S’ can be
extended to & by

(824)  (Fx9.9) = (O - gD mOm(et+1)), €S,

where 772 are any bump functions for the half-line [0,00), and the
convolution is continuous, that is,

fo—f inS = fixg— fxg inS

where the sequence f,,, its limit f, and g are from S’,. In other words,
Theorem 31.2 holds for all tempered distributions whose support lies
in a half-line. In this sense, S’ is the convolution subalgebra of T, .

A proof of this assertion goes along the same lines as the proof
of Theorem 32.3. For any temperate test function ¢(t) of one vari-
able, the function 7, (¢)n2(7)p(t + 7) is a temperate test function of
two variables so that the convolution is a linear functional on § be-
cause so is the direct product. The convergence ¢,, — 0 in S, that is,
sup |t*DPp(t)] — 0 as n — oo, implies that

lim sup [t*7° DY (1 ()2 (T)n(t + 7)) = 0.
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So, fxg € S'. Finally, (f *g,p) =0 for any ¢ € D whose support lies
in (—00,0). This means that (f * g)(xz) =0 in (—00,0) or fxg € S'.
The continuity of the convolution follows from the continuity of the
direct product.

32.10.3. Convolution of tempered distributions with support in a light cone.
Let f(x,t) and g(z,t), € RY and t € R be temperate distributions
such that

flz,t)=0, t<0, suppgCT+
where I'" is the positive light cone, ¢t > |z| and ¢ > 0 for some ¢ > 0.
Then the convolution of their reductions on D exists in D’ by Theorem
43.1. Then the convolution can be extended to S by the rule (43.1)

where ¢ € S(RV*1), and f * g = g * f is continuous with respect to
both arguments:

fo—f inS = f,xg— f*xg inS
gn—f InS = fxg,—fxg inS

where supp g, € I't and f,(z,t) = 0, t < 0, for all n. A proof of this
assertion is similar to the previous case in Sec.32.10.2. Put

T(p)(x,t) = n(t)n(T)n(cr? — [yl )p(z +y,t + 1)

where 7 is defined in Theorem 43.1. One has to show that T is a linear
continuous transformation of S into S, that is

peS = T(pesS
on—0 inS = T(p,) —0 inS

while the linearity of 7" is evident. The technical details are left to
the reader as an exercise. Once these properties of T" are established,
that is, f x g € &', the continuity of the convolution follows from the
continuity of the direct product in S,

32.10.4. Convolution with a test function. Let w € S and f € §’. Then
w and f can be viewed as distributions from D’. Their convolution in
D’ can be found by the limit process defined in Sec.30.3, provided the
limit exists. Then one can try to extend the convolution w * f to S.

PROPOSITION 32.5. Ifw € S and f € §', then the convolution w* f
exists in S’ and is defined by the rule

W fog) = (F0), la)= / w(y)ple +y)dVy.
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The convolution is continuous

fo—=f im8S = wxfp—owxf inS

Wwp —ww inS = wyxf—owxf inS

Furthermore the convolution is a regqular tempered distribution defined
by a function from Oy

(w* flly) = (fx),wly—=)), D’(wxf)y)=(f(z), Djw(y —z))
for all g > 0.

First, note that ¢¥/(y) = T(¢)(y) where T is the convolution trans-
formation of S into S induced by a test function w(—z). In Sec.32.2.4,
this transformation is proved to be linear and continuous. Therefore
the adjoint 7%(f) is a temperate distribution for any f € &’ that is
defined by the rule

(T7(f)0) = ([, T(0) = (f,¥) = T(f)=wxf.

Furthermore, 7% is a linear continuous transformation so that 7*(f,,) —
T*(f) in S"if f,, — fin S If w,(x) — w(z) in S, then w,(—x)
converges to w(—x) because non-singular linear transformations of the
argument are linear and continuous transformations on S. So, ¥, (z) =
wn(—2) * p(xr) — w(—x) * p(zr) = ¥(x) in S by continuity of the
convolution transformation induced by a test function ¢. By continuity
of the functional f, (f,v,) — (f,%) and, hence, w, * f — w* f in &',

Second, note that w(y)p(r +y) € S(R*Y) is a test function of two
variables. It is obtained from w(y)p(z) € S(R?Y) by a non-singular
linear transformation of the argument, y — y and x — x+y. Therefore
by (32.3)

wrfp) = (@), [tz - 2)o()d"2)
= [ (#@)rwtz - 0))etz) ¥,

where the change of variables y = z—x has been done. This shows that
(w* f)(2) = (f(z),w(z —z)) is a regular distribution. By Proposition
32.3 the integrand in the last integral is a test function. Therefore the
convolution is a smooth function. Let us calculate its derivatives. One
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has
(Dw ).¢) = (5 £.D9) = = (f@), [wlz = 2)Dop(a) ")
— (f(x),/Dzw(z—z)gp(z) sz)
= / (f(x),Dzw(z—z))gp(z) dVz.

Therefore
D*(w s f)() = (f(x), Dow(z — ).
Finally, let us show that w * f € Oy;. By Theorem 32.2

| D*(w s f)(@)] = [(f(y), Diw(y — x))]
< C sup (1 +[y])"| D Dyw (= — y)|

B<py
= C sup (1 + |z — 2|)?|D*PPuw(z)|
B<p,z
< 2PC(1+ |z[)? sup (1 + |2])P| D" Pw(2)]

B<p,z

where the inequality (a+b)? < 2PaPb? o > 1 and b > 1, has been used to
obtain the last inequality. Therefore all derivatives of the convolution
are bounded by a power function, which means that the convolution is
a smooth slowly increasing function.

32.10.5. Example. Let w(z) = e "I* where 2 € R2 and f(z) = dc(x) is
a surface delta function with support on a circle |z| = a. Let us calcu-
late the convolution w % d¢. Since w is a test function, by Proposition
32.5

s = (se we =) = [ wle—y)ds,
y|=a
:ae_mz_“Z/ e~2al#1e0s0) 49 = omae 1"~ [y (2a|z|)

where the line integral is evaluated using a parameterization in which
(x,y) = |z||y| cos(#) = a|z|cos(8), ds, = adf, and Iy(2) is the modified
Bessel function. Note that I is analytic and its power series repre-
sentation contains only even powers. Therefore the convolution is an
analytic function of |z|* and, hence, from C*°(R?). For large values of
the argument Iy(z) = (2mz)~"/2¢*(14+O(2)). Therefore the convolution
is from S C Oy,.
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32.11. Regularization of temperate distributions. Suppose that w, is a
sequence of test functions from D such that their supports are in a ball
Bpg, for all n and w, — § in D'. Then w, are regular distributions that
can be extended to § because they have a bounded support. Then by
Theorem 32.3

wp*f—0xf=f inS
for any temperate distribution f. By Proposition 32.5

fa(@) = (wn * f) (@) = (f(y), wn(x —y)) € O .

So, any temperate distribution can be viewed as a distributional limit
of a sequence of smooth slowly increasing functions. This also means
that Q) is dense in the space of temperate distributions. Furthermore,
for any n € Oy,

—ela|?

e "n(z) = nr) ins

as ¢ — 0T. This implies that the subspace of regular temperate dis-
tributions defined by test functions is dense in Oy, C &', and, hence,
S is dense in 8’. So, for any temperate distribution f one can find a
sequence of test functions that converges to f in &’. For example, one
can take f-(z) = e~?*(w. * f)(x) where w. is the hat function. Then
feeSand f. —» finS ase — 0F.

32.12. Exercises.

1. Let {a,} be a numerical sequence. Consider the series

Z and(x —mn)

(i) Show that the series converges in D’ but not necessarily in §’. Give
an example of a, such that the series does not converge in §'.

(ii) Show that the series converges in &' if
lan,| < Mn?

for some p > 0.

2. Show that the distribution Pﬁ € D'(R),

1 () — ¢(0) (z)
<PH’¢) - /|m|<1 : |£E|S0 ot /|m|>1 S0|7| “



32. TEMPERATE DISTRIBUTIONS 429

has an extension to S defined by the same rule with ¢ € §.

3. Show that the distribution Pﬁ € D'(R?),

1 () = ¢(0) ()
ODW’SD) N /|m|<1 - |$|2S0 Tt /|m|>1 %d !

has an extension to S(R?) defined by the same rule with ¢ € S.

4. Let C be a smooth curve in RY and u(z) be a continuous func-
tion. Suppose that C' is not bounded but any ball contains a part of C
that has a finite length.

(i) Show that the linear functional pdc defined by the rule

(uSerp) = / (o) ds

is a distribution from D' (RY).

(i) Show that the functional pdc does not generally have an extension
to S for arbitrary p and C. Give an example of the density p and a
smooth curve C' for which pdec is not a temperate distribution. Show
that if there exists some k& > 0 and p > 0 such that

ds
— < < M(1 P
| <o lute) < M1+ jap),

then uoc € S'.

5. Write the following distributions as a linear combination of dis-
tributional derivatives of continuous functions:

(i) o(z), 73%, Pé—w where x € R

(i) v(x)ds, (z) (the spherical delta function in RY with density v)
(i) (Jx|* —m? £40)~! where z € R3.

6. Find the following convolutions in &’ or show that they do not
exist:

1
(i) 73; x0'(x), rTeR

(i) P% x0'(x), zeR

(iii) P%*[Q(x—a)—@(z—b)], reR, a<b
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33. Fourier transform of distributions

33.1. Preliminaries. Let f be an integrable function on R¥:

Jlr@lae<oo.

Then its Fourier transform
FU®) = [ ¢ f(o)

is a continuous function for all k& € RY. Therefore f and F[f] are
regular distributions in D', and for any test function ¢ € D

/]—“ k)dVk = // k) f(2)p(k) dNaz dV k
// kD) f () (k) dVk dV —/f |(z)d™z

where the order of 1ntegrat10n can be changed by Fubini’s theorem
because

// i(ha) )}dN AN = /|f ) &Nz /|g0 )| dVk < oo

The obtained relation defines the value of the regular distribution F|f]
on a test function via the value of the original distribution f on the
Fourier transform of the test function.

If one wants to extend the Fourier transform of ordinary functions
(or regular distributions) to any distribution, then this rule looks ap-
propriate. However, the Fourier transform of a test function from D
does not belong to D

peD = Flo¢D,

because the function F[p](k) does not vanish for all |k| > R and some
R. Therefore, the value (f, F|p]) is not defined for all f € D'. To make
the definition consistent, one has to expand the domain of distributions
so that the Fourier transform of any test function would also be a test
function. It turns out that the space of temperate test functions has
the required properties.

33.2. Fourier transform on S.

PROPOSITION 33.1. The Fourier transform
F:peS — FlpleS
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s a linear and continuous transformation of S onto itself, and

(33.1) D*Flgl(k) = FI(iD) p](k)
(33.2) K Flel(k) = FI(iD) ) (k).
Let us first prove that F[¢] € S. The function e!®®y(z) is from

C® in the variable k for any z and its derivatives have integrable
bounds independent of k:

| D™ Pp(x)] < |a]*lp()| € £

Therefore Fp] € C* and the order of differentiation and integration
can be interchanged:

D Flg(k) = / DEe e o) N = (i)l (k).

Using the integration by parts

kﬁ}"[gp](k:) = /(—z’Dm)ﬁei(k’z)gp(z) ANy = /ei(k’m)(z’D)ﬁgp(x) dVx
= F[(iD)%¢] (k).

It follows from the established properties of the Fourier transform
that for any non-negative a and (3

KD Fle|()| = |F[D)? ((i2)7) | ()

< /|Dﬁ(xagp)|de:M< 00

for all k¥ € RY. This inequality implies that F[p] and all its partial
derivatives are decreasing to zero faster than any reciprocal power |k|=?
as |k| — oo. Thus, Flp] € S.

Next let us prove that the Fourier transform is linear and continuous
transformation. The linearity follows from the linearity of the integral

Flerpr + capa] = a1 Flp1] + caF 2] , p12€S, capeR

Therefore it is sufficient to show that any null sequence in S is mapped
to a null sequence by F.
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Let ¢, — 0in S. Using (33.1) and (33.2) one infers that
|k D Flion) (k)| = |F(D) (i) pn] (k)]

/|Da (7 ()] dV
1+ |z|P
= [ |D*(z"p, dy
/1 (xw(w))|1+|x|p .

< Mysup {|D" (2" pu ()] (1 + 2]}

dVz
M,=[| ——< > N.
P /1—|—|l’|p OO? p

Since x? D4¢p,, converges uniformly to zero for any non-negative p and
q, it is concluded that

lim sup |k D’ Flp,] (k)] = 0
for any non-negative o and 3. So, F is continuous.

33.2.1. The inverse Fourier transform on S. Let us show that the inverse
Fourier transform exists and is defined by the rule

f_l[gp(k‘)](l’) _ (27T)N /6_i(k’m)g0(k‘) ANk = ﬁ/ei(k’m%@(_k) ANk

One has to show that
FHFlell =

for any test function ¢ € S. Consider the one-dimensional case first,
N = 1. One has

FAFIAN@) = 5= [ [ oly) dy i

= — ]1m/ / ik(y—2) dy dk
2T n—oo

=L sO(y)/ M) o(y) dk dy

2T n—oo

— Liim e(y

T n—o0

L <Sin;ny),go(x+y)) = ¢(x)

T n—o0

)sin(n(ﬁg x)) dy
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where the order of integration has been changed by Fubini’s theorem
because

D o(y)] = o)) € £((-n,n) x R)

and the last equality follows from that the sequence sin(ny)/y converges
to mo(y) in S’ (see Sec.32.8.1). A generalization to the N dimensional
case is simple. The above line of arguments is applied to integrations
over each variable, dydk = dy;dk;, j =1,2,...,N.

33.3. Fourier transform of temperate distributions. The adjoint 7™ of the
Fourier transform 7' = F of S onto § is a linear continuous transfor-
mation of the space temperate distributions & onto itself. The Fourier
transform of a temperate distribution f € S’ is defined as the adjoint
transformation:

(FIflo) =, Flel), ¢€S§.

By linearity and continuity of 7' = F, F|f] is a linear continuous func-
tional on S for any temperate distribution f. Furthermore, if f, — f
in &', then F|f,] — F[f] in & by continuity of the adjoint transfor-
mation:

lim (F[fu], ) = lim (fu, Flo]) = (f, Flo)] = (FIf], @) -

n—oo n—oo

33.3.1. The inverse Fourier transform of a temperate distribution. The
inverse Fourier transform 7" = F~! is also a linear and continuous
transformation of S onto itself. Therefore its adjoint is a linear contin-
uous transformation of S’ onto itself:

FUfR)] = @) N Ff(=k)], feS.
It follows from this definition that
FHFIUN =FIFA
for any temperate distribution f. Indeed,

(FHFLAMER)], ) = o) (FIFLR)], 0)
= (2m) "V (F[fI(=k), Flel (k)
= (2m) Y (F[f1(k), FLel(=k)) = (FLf], F~'[e])
= (f, FIF'Lell) = (£, ).

The other relation is proved by repeating the above equalities backward
after using F[Fpl] = FHF[¢]].

The inverse Fourier transform is linear and continuous on S':

fo—f inS = FlUfJ)—F'f] inS.

f
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33.4. Examples of distributional Fourier transforms. Here a few exam-
ples of calculating the Fourier transforms of basic distributions are
considered.

33.4.1. The shifted delta function. Let us show that
Flo(x — o)) (k) = e,
f[e_i(k’m)](a?) = 2m)No (2 — x0) .
The first equality follows from

(FWow = 20))s0) = (3@ = 20), Flgl() ) = Fliel(xo)
_ /6i(k,m0)gp(k) AN — <6i(k,m0)’¢(k))

The second is proved by applying the inverse Fourier transform to the
first equation:
O(a — o) = F ™| (2) = (2m) N Fle7 ] (x)
In particular, setting xo = 0, one infers that
F)(x) = (2m)™(2)
33.4.2. Poisson summation formula. The series

Z d(x —2mn) and Z el

converge in §’. Indeed, Terms of the sequences of partial sums for these
series are are temperate distributions. So, for any test function ¢ € S,

( Z 5(x—27m),g0(x)) = Z (27mn) ng (27mn)
[n]<m [n|<m

because a test function is decreasing to zero faster than any reciprocal
power function with increasing the argument and, in particular,

M M
2 < <
eml < e Y <

For the other series, one has

(X emv@) = 3 [ = 3 Lo

|n|<m |n|<m |n|<m

- Fleln)
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where the series converges because F|p] is a test function. The conver-
gence in &’ implies the convergence in D’. Thus, the Poisson summation
formula holds in S":

S 6z — 2mn) = % 3 e = % S° Flo (k- ))(x)

n

so that for any test function ¢,
27 3" p(2mn) = 3 Flel(n)

This relation is known as the classical Poisson summation formula.

33.4.3. Gaussian distributions. Let a > 0. Then f(z) = e is a
regular temperate distribution. Its Fourier transform is obtained from
the Gaussian integrals discussed earlier

—ax2 o —az?+ikx _ z _ k_z
Fle ™ |(k) = /6 dx = \/;exp< 4a>

Let A be an N x N symmetric positive matrix. Then e~ (®4%) is a
temperate distribution of N real variables, and its Fourier transform is
given by the Gaussian integral:

Fle =49 (k) = / -tenyitha) gy _ T exp<_ Lk A—lk:))
Vdet A 4>
33.4.4. Complex Gaussian distributions. The function f(z) = e™” is

bounded and, hence, defines a regular temperate distribution. Con-
sider a family of regular temperate distribution f,(x) = e’ =ar® where
a > 0. Let us show that f, — fin 8" as a — 0T. For any test function
@ € S, one has by the Lebesgue dominated convergence theorem

lir&(fa,gp) = lim [ ™" (z)da :/ lim e’ =% o(z) da

a—0t a—0t
=/ﬁwwmzmw

because the integrand has an integrable bound independent of param-
eter a:

2

e o(@)] < |p(x)| € £
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By continuity of the Fourier transform on S’

Fle)(h) = lim Flew o)) = [ e g

a—07t

=t () e (- )

iz ()

where the Gaussian integral was used. Similarly, for any positive sym-
metric matrix A

f[ i(x Am)] (k‘) li f[ i(z,Az)—a(z m)] (WZ)N/z
e = 1m e ’ =
a—0+ Vdet A

33.4.5. Step function. Consider a family of regular temperate distribu-
tion f,(z) = O(x)e * where a > 0. Then f, — 6 in §" as a — 0
because

exp ( - %(k‘, A‘lk‘)) .

i (farp) = lim, [ e pla)do = [ pla)do = (0,9)
a—>0+ a—>0+ 0 0
where the Lebesgue dominated convergence theorem was used:
le™o(x)] < [e(z)| € L(0,00)

By continuity of the Fourier transform in S’

T 1 OO —az+ikx
FlOl(k) = lim Flf](k) = lim e dx
= lim ! — = z.
a—0t k+1a  k+i0F
1

So, the Fourier transform of the step function is proportional to the
Sokhotsky’s distribution. It follows also from the above relation that

1
Flo(—x)|(k) =7mé(k) — 2'73% :
33.4.6. The principal value distribution. The sign function e(z) = 0(x)—
0(—x) is a regular temperate distribution. Then using the Fourier
transform of the step function one infers that

Fle(z)|(k) = 22'73%
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Applying the inverse Fourier transform to this relation

(@) = 27 [Pr] @) = 2F[P 5| @) = —=F [P @
Therefore
]—“[Pﬂ (k) = ime(k)

33.4.7. Spherical delta function. Let us find the Fourier transform of
the spherical delta function dg, in R3. For any test function, one has

(Fls.], ) = (9s., Flel) = Flel(z) dS

|z|=a

_ ]{ / ¢ik) o (k) P dS,
|z|=a
= / o(k) ]{ "B ds dk
|z|=a

2T I
= / o(k) / / etklacos(®) g2 sin(¢)de db d*k
0 0

= 47m/g0(k‘)% d’k

The order of integration can be changed by Fubini’s theorem because

/1.

This shows that

D (k) |d*k ds, < 4ra? / o(k)| dk < oo

sin(a|k|)
k|
Note that the Fourier transform is a smooth function. It will be shown

below that this is true for the Fourier transform of any distribution
with compact support.

Flos, (k) = 4ra

33.4.8. Retarded propagator. Let us find the Fourier transform of the
fundamental solution to the 2D wave operator (see Sec.??):

1
Ggr(xo,z) = 59(%)9@3 —2%), wm€eR, zeR.

Up to the factor of %, this regular distribution coincides with the char-
actericic function of the positive cone I't : x5 > |z| > 0. To do so, let
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us show first that the distribution f,(zo, x) = e "*Gr(xo, x) converges
to Gr in 8" as a — 01, For any test function p € S

1
lim (f,, ) = = lim // e p(xg, x) dr dxg
a—07t I+

2 a—0+
1
= 5// ¢(wo, z) dz dzg = (GRr, ) -
r+

The order of taking the limit and the integral can be interchanged
by the Lebesgue dominated convergence theorem because the inte-
grand has an integrable bound independent of the parameter a > 0,
e (x0, 2)| < |(w0, )| € L(I'T).

The continuity of the Fourier transform on &’ is used to find F[Gg):

f[fa] - f[GR] n Sl

as a — 0T. Since f, € £(R?), its Fourier transform is given by

Flfa) ko, k) = / £ (0, 7)™ i o

1 . .
— 6—amgezkgmg+zkmdl, dl’(]
2/ Jos

1 0 o
— _ / 6—amg+zkgmg / €kadl’ dl’(]
2 0 —x0

_i( 1 _ 1 )
~ 2ik \i(ko +ia+ k) i(ko+ia— k)
1
k2 — (ko + ia)?”

In the limit a — 0T, this distribution becomes a distributional regular-
ization of the singular function (k3 — k?)~! that is obtained by shifting
the poles kg = £|k| in the complex ky plane down into the half-plane
Im ko < 0 similarly to Sokhotsky distributions. For brevity,

1
k2 — (ko + 0)2

The Green function G of the wave operator is called a retarded propa-
gator. As shown earlier, it describes a causal wave propagation. If the
poles are shifted up, k2 — (ko — i0)?, then the corresponding Green
function is called an advanced propagator. It is proportional to the
characteristic function of the cone I'" : —ky > |k| where ky < 0. These
and other Green functions of wave operators will be discussed in detail
in the next chapter devoted to applications.

F|Gr](ko, k) =
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33.5. Properties of the Fourier transform of distributions. Let f be a
temperate distribution. Then

(33.3) DF(f] = Fl(x)* f],
(33.4) FDf] = (—ik)*F[f]

These properties follow from the corresponding properties of the Fourier
transform of test functions (33.1) and (33.2). For example,

(D*FIf), ) = (~D)*(FIf], D) = (~1)* (f(2), FD*¢] (=)
= (=1 (f(), (i) Flel(@)) = (i) f(2), Fle(x))
= (FlG)f).0).

33.5.1. Linear transformations of the argument. The Fourier transform
of a distribution with a shifted argument is given by
(33.5) Flf(@ = z0)](k) = B F[f] (k) .

Indeed, for any test function ¢,

(FU @ = 20)l,0) = (F(z = w0), Flel(@)) = (f(a), Flel (@ + o))
= (f@). Fle ™)) = (FIFIk),Bp)
= (¢BFSR).0).

A shift of the argument of the Fourier transform is given by
(33.6) FLIk + ko) = Fle'™o®) f(2)](k).

which can be proved in a similar fashion.
There are generalizations of these relations to a general linear trans-
formation of the argument, x — Ax — b where A is non-singular square

matrix:
il Ak,D)

B | det A

where AT denotes the transposed matrix A. Let ¢ be a test function.
Then

Flol(Az+b) = / FHEADHED () Ve

|de1t A| /6i(k,z)+i(k,A1Tb)SD(A—1Tk:) dN k

B 1
~ |det A

(33.7) Flf(Az = b)](F) FLf(@)(A™k)

F [6i(k,A*1Tb)S0(A—1Tk) (l’)
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where k = AT¢. Tt follows from this relation that

(FIf(Az = b)) = (f(Az =), Fl¢]())
= det A|™!(f(a), Flp(k))(A™ (@ + b)) )
= (f(@), Fl @A (ATh)] ()
= (FUR). S p(ATh))

(il Ak,D)

= Tqer) (FUIATTR) o(h)

In particular, for a scaling transformation of the argument, r — sz
where s # 0

Flf(sz))(k) = ﬁf[f(w)](f)-

33.5.2. Distributions invariant under linear transformations. Suppose that
a temperate distribution f(z) is invariant under transformations z —
Ax, that is,

f(Az) = f(z).
Then it follows from (33.7) that

FIA(AT k) = | det(A)|F[f](k)

In particular, if A is an orthogonal matrix, A7 = A~! and det A = +1,
then the Fourier transform is also invariant under this transformation.
For example, the Fourier transform of any distribution invariant under
rotations or Lorenz transformations is invariant under these transfor-
mations too.

33.6. The Fourier transform of distributions with compact support. Let
f be a distribution with compact support. Then its Fourier transform
s from Oy and

(33.8) FIAK) = (F@) s ™).

where 1 is any test function from D such that n(z) =1 in a neighbor-
hood of the support of f.
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Let us show first F[f] is a smooth function. For any test function
©, one has

Here (1) is by definition of the Fourier transform of a distribution, (2)
by Proposition 32.2, (3) by definition of the Fourier transform of a
test function, (4) follows from (32.3) applied to the test function of two
variables ¢(z, k) = e!®®n,(x)p(k) € S(RHY), (5) follows from linearity
of f. This proves (33.8) and that F|[f] is a smooth function because
the integrand in the last integral is a test function. By property (33.3)

DFI)(k) = () f (), e Epp(a) ) = (fl@), € F i) ny () ).

To show that F|[f] is a smooth slowly increasing function, Theorem
32.2 is applied to the above relation:

[D*FIf](k)| < C sup (1 + |a|)?|DJ (e (2))]

B<p,z

< Ca(1+ |K[)P

for some constants C, because the derivatives D, produce powers of
k up order p and sup(1 + |z|)?|D7y| < oo for any test function and,
in particular, for ¢» = x“n;. Thus, the Fourier transform and all its
derivatives cannot increase faster than a power function and, hence,

Flf] € Ou.

33.6.1. Fourier transforms of simple and double layer distributions. Let
us use the above equation for the Fourier transform of a distribution
with compact support to find integral representation for the Fourier
transforms of the single and double layer distributions. Let S be a
bounded smooth surface oriented by the unit vector n, p and v be
continuous functions on S, and ng be a test function from D that takes
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unit value in a neighborhood of S. Then

Flubs) () = (s, nse’ ™) = [ p(a)eee)as,.
S

Fl= gm0 0) = (= 089 mse™) = [ vfa) bl as,

= z/ v(z) (n, z) e ™) ds,
s

33.7. Fourier transform of the convolution. Suppose that ¢ and ¢ are
test functions. Then their convolution is also a test function. Let us
find the Fourier transform of the convolution

Flo* o)k / i(k,z) / y) dVydN
= [ sy / et g — y) dVa dy
= Flel(k)Flol(k)

where the order of integration has been changed by Fubini’s theorem
(because p(y)o(z — y) is integrable on R?Y). Can the relation

(33.9) Flf =gl =FIf1Flgl,  fgeS,

be extended to distributions? First note that the right-hand side is not
defined as a distribution, unless the Fourier transform of one of the
distributions is from Oy; so that the product of Fourier transforms is
well defined in S’. The latter is not generally true even if the convo-
lution exists. Therefore, the relation (33.9) cannot be extended to any
temperate distributions. However, if the convolution exists in &', its
Fourier transform can be used to defined the product of distributions.
Let us analyze the Fourier transform of the convolution for four cases
in which the convolution exists.

PROPOSITION 33.2. Letw € S and f € §'. Then the relation (33.9)
holds.

Note first that the convolution exists and is a function from class
Op. So it is a regular temperate distribution, and, hence its Fourier
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transform is a temperate distribution. For any ¢ € § one has
1 2 ,
Flos flop) @ £ 7D 2 (@), [w) [ dvravy)

= (f(:v),/ei(k’z)gp(k:)/ei(k’y)w(y) dNdek:)

D (1, FleFl) 2 (FLf], Flole)

= (FWIFIf], ),

as required. Here (1) is by the definition of the Fourier transform on &,
(2) follows from Proposition 32.5, (3) holds by Fubini’s theorem because
lw(y)p(k)| € LR*Y), (4) and (5) are by the definition of the Fourier
transform on S and on &', respectively, and (6) follows from the rule of
multiplication of a distribution by a smooth function Flw] € & C Oy.

—
=

PROPOSITION 33.3. Let f € S8’ and g be a distribution with bounded
support. Then the relation (33.9) holds.

Note that F[g] € O by by Theorem 32.3. Therefore the product
of Fourier transforms in the right-hand side is a temperate distribution.
For any test function ¢, the following chain of equalities holds

(FIf * gl9) 2 (f * g, Flg))

(f (2), (g(y)mg(y) / ekt o (k) de:))
2 (f(af), / (g(y)mg(y)e“’““y)) o(k) de;)
(7). [ Flalo) otw) 4 V)

FlglFLfl 9)

as required. Here (1) is by the definition of the Fourier transform on &,
(2) is by Theorem 32.3, (3) follows from (32.3) because 1,(y)p(k)e!*:=+9)
is a test function of two variables for any z, (4) is by (33.8), and (5)
and (6) follow from the definition of the Fourier transform and that
Flg] € On and, hence, its product with any temperate distribution
exists in §'.

33.7.1. Example. Let us find the Fourier transform of the convolution
O(R — |z|) and PL, where z € R. Since §(R — |z|) has a bounded
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support
FIO(R ~ |a]))(k) =

Therefore by Proposition 33.3

/R ok g — 2sin(kR)
_R k

2sin(kR)
k

rie(k) = 2mi Smf;iR)

FlotR— 1))« P (k) =

33.7.2. Fourier transform of the convolution in the algebra S',. If f € Sy,

then the relation (33.9) holds for any g € S by Proposition 33.2.

However, it can fails for convolutions of any two distributions from &',
Put

ft)=0(t), g(t) =tf(t) =t0(t).
They are regular distributions from S’ and their convolution reads
2

(F + o)t /f gt —7)d :9(t)/0(t—7')d7':%9(t)

Let find the Fourier transforms. Note that the Fourier transform maps
S’ to §’. In other words, the Fourier transform of any distribution
from &' does not generally belong to &'.. Using the Fourier transform
of the step function (see Sec.33.4.5) and the properties of the Fourier
transform, one infers that

i

Flfl(k) = mo(k) —|-z"Pl —

k k+i0’
Flal(h) = i FUNE) = —iw' (k) = Pz =~
FLf+0)0) = ~5 7PN = =58 (0) + iP5 = ~ G

The singular supports of F[f] and F|g] consist of the single point k = 0.
Therefore their product cannot be defined in S&" by the localization
method. Thus, the relation (33.9) fails in this case.

33.7.3. Distributions supported in a light cone. A higher dimensional
analog of the convolution in the algebra &' is the convolution of dis-
tributions supported in a light cone (see Sec.32.10.3). In this case, the
relation (33.9) can fail too. As an example, consider the convolution
Ggr * Gg, where G is the retarded propagator for the 2D wave op-
erator whose support lies in the future light cone I'". Therefore the
convolution exists in &’ and so does its Fourier transform. However
the Fourier transform F[Gg|, found in Sec.33.4.8, is a singular distri-
bution whose singular support is the double cone k2 = k?. Therefore
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the product F|Gg]F|[Gg| cannot be defined by the localization method
and the relation (33.9) makes no sense.

33.8. Product of distributions via the Fourier transform. Let us try to
define a product of distributions in S if their singular supports have
common points. Clearly, the localization method would fail. However,
the examples studied above when the relation (33.9) fails have one
common feature. The convolution exists in &’ and, hence, so does its
Fourier transform, but the product of the Fourier transforms does not
exist in S’ only because the product of distributions with overlapping
singular supports is not defined. This suggests that the relation (33.9)
can be used as a definition of this product in this case.

Let f and g be tempered distributions. Suppose that the convolu-
tion F~1[f] « F1[g] exists in S’. Then put

fl@)gla) = F|F S+ F g (@)

By construction, the product is a temperate distribution even if the
singular supports of f and g have common points. This definition can
also be written in terms of the Fourier transforms using the relation
between F and F 1

(33.10) Flfgl(k) = @m) ™ (FIf) % Fla) ) (k)

Here the product fg is defined via its Fourier transform. So, the prod-
uct fg exists in &’ whenever the convolution of the Fourier transforms
of f and ¢ exists in §'.

33.8.1. Example. Let us try to find the product fg using (33.10) if

1 1

f@)= g 9@ =10 =

The singular supports of these distributions coincide and contain the
single point = 0. One has

FIf)(k) = F| = ind() + P }(k)z—zme(—k),
Flol(k) = F[— (k) = ikFLf](k) = 20k6(—)
(FIf] * Flal) (k) = —4n? / 0(—p)(k — p)0(p — k) dp

= —4n%i0(—k) /O(k‘ —p)dp = 27%ik*0(—k).
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Since the convolution of the Fourier transforms exists in §’, the product
fg also exists in §" and is given by

f(@)g(x) = miF ' [K*0(—k))(z) = %f[kQQ(k‘)]

i d? 142 1
= 22 PO =5 0m %
= [ es

This example is to be compared with the discussion in Sec.33.7.2. The
definition (33.10) has been motivated by the example in Sec.33.7.2.

33.8.2. Extension of the product to D’. Not every distribution from D’
has a Fourier transform. A direct extension of (33.10) to D’ is not
possible. However the Fourier transform of n(x)f(x), n € D, exists
because nf has a bounded support. So, the product f(x)g(x) can be
defined in a neighborhood of a point x(, provided the convolution of
the Fourier transforms of nf and ng exists near xy for some 7 that
is a bump function for a neighborhood U(x¢). If this product can be
defined for any zy € €2, then by the localization theorem the product
exists in D' (€2). The Fourier transform of nf is a smooth function from
O (see Sec.33.6). Its growth is bounded by a polynomial. Therefore
Fnf]* Fng| is the classical convolution of functions from Oy, which
may or may not exist. By Fubini’s theorem, it exists if the convolution
integral converges absolutely (see Sec.30.1). If, in addition, the inverse
Fourier transform of the convolution exists, then the relation (33.10)
can be used to define the product near xg.

DEFINITION 33.1. A distribution h € D'(Q) is the product of distri-
butions f and g if for any point in Q there exists a test function n € D
such that it is equal to 1 near the point and

FIhl(k) = @m)™ (Fln] « Flng] ) ()

— @0 [ Fnflo)Flngl (k=) a¥p
where the convolution integral converges absolutely for all k € RY.

It should be noted that the product does not exist for any distribu-
tions. For example, if f(z) = g(x) = d(z), then F[5](k) = 1, but the
convolution of two unit functions does not exist. So, d(z)d(z) is not
defined as a distribution.

A consistency of Definition 33.1 requires proving uniqueness of the
product if it exists.
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PROPOSITION 33.4. For any two distributions f and g, there exists
at most one distribution h that satisfy Definition 33.1

By the localization theorem, it is sufficient to show the uniqueness
in a neighborhood of any point. Let h; and hy be two distributions sat-
isfying Definition 33.1 with some test functions n; and 7, respectively,
that have unit value near xy. One has to show that h; = hy near zg.
Since zq is arbitrary, by the localization theorem h; = hs.

Let w be a test function. The assertion follows from the identity

(33.11)  Flwn’h] = (2m) "V Flunf] * Flng] = (2m) " Fnf] * Flwng]

Indeed, setting w = 73 in Flwnihi] and w =7} in Flwnihs), it follows
from (33.11) that F[ninihi] = F[ninshs]. Therefore hy = hy near zg
as required.

Let us prove (33.11). Put G = (2r)NF[n?h] for brevity. For any
test function ¢ € S the distribution in the left-hand side of (33.11) has
the following value

(Flortie)v) = (6.7 [wrtal]) 2 (6.7l 4 0)
2 (Flol +Gy)

where (1) is obtained using the explicit form of the Fourier transform
of a test function:

(2m) N F 0= [ [t D@ apas
= [ o) F )~ p) " = (Flw )

where w™(z) = w(—x), and the order of integration has been changed
by Fubini’s theorem (because the integrand is an integrable function
of two variables z and p for any k). The equality (2) follows from the
definition of the convolution of a distribution with a test function (see
Sec.19.3). Using the explicit form of G,

(1l 2 G) 1) = [Flolla) [Flaf (o) F )k~ 0 = p)d*p s
/fnf /f Flngl(k —q—p)a¥qd™p
2 (Fnf)+ (Flwl  Flng) ) (k)
= (Flns)« F |77 | Fl) = Flng) || ) ()

© e (Fnsl Flongl)
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as required. Here the order of integration in (1) has been changed by
Fubini’s theorem because the integral for the convolution G' converges
absolutely by the hypothesis and, hence the integrand is an integrable
function of two variables, p and ¢, for any k. The equality (2) follows
from the definition of F~! and the Fourier transform of the convolution
of a test function with a distribution. Finally, if the roles of f and g
are swapped in the above calculations, the second part of (33.11) is
established.

33.8.3. Properties of the product. The product of distributions given in
Definition 33.1 has the following properties

(i) The product is compatible with multiplication of a distribution
by a smooth function. If ¢ = a € C'*° in Definition 33.1, then
the product af exists for any f € D' and

(af, @)= (f,ap), weD.

(ii) The product is commutative and associative

fa=gaf, flgh)=(fg)h

provided fg, gf, f(gh), and (fg)h exist.
(iii) If the singular supports of distributions f and ¢ are disjoint,

then fg exists and coincides with the product fg defined by
the localization method.

33.8.4. Sufficient conditions for the existence of the product. Suppose
that f and ¢ in Definition 33.1 have bounded supports. Then their
Fourier transforms are from class Oy;. In this case, Definition 33.1 is
reduced to (33.10). If the integral

(7151 710) 0 = [ FUNGFII0 - p) D
converges absolutely and it is a slowly increasing function

’(fm *f[g])(k‘)’ < M(1+ |k|)?

for some constants M > 0 and p > 0, then the product fg exists in D.
By the absolute convergence of the integral G = F|[f] x F|g] is locally
integrable and for any ¢ € §

(G, 9)| = /|G(k)||30(k‘)|de < M/(l +[2]) (k)| d™k

dVk
< M sup ‘(1 + |k‘|)p+N+180(k‘)‘ / (1 + [k)N+ < 0
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By the Schwartz theorem 32.2, G € S’ and, hence, its Fourier transform
is also a temperate distribution, that is, fg = (27) N F 1G] exists in
S’

The same reasonings in combination with the localization theorem
lead to the following assertion. If for every point xo € ) there ex-
ists a test function n such that n(xo) # 0 and the convolution integral
wn Definition 33.1 converges absolutely and defines a slowly increasing
function of k, then the product fg ezists in D'(€2).

33.9. Exercises.

1. Show that
1 1
f[Pﬁ} (k) = =nlk], Flle|] = —2P
2. Find the Fourier transform of f(x) = 6(x)x™ where n is a non-
negative integer.

3. Let |a,| < MnP. Show that the series

Z and(x —mn)

converges in S’ and find its Fourier transform.

4. One can show that if the support of a distribution f is a point
x = 0, then this distribution is uniquely represented by linear combi-
nation of the delta function and its derivatives, that is, there exist a
unique collection of coefficients ¢, such that

f) =) caD"3(x)

Use this fact, to prove that any distribution f with support {z = 0}
that is invariant under orthogonal transformations is uniquely repre-
sented by

f(z) = L(A)é(x)

where A is the Laplace operator, and L is a polynomial.
5. In the fundamental solution &(x,t) = 5-0(ct — |z|) for the 2D wave

operator, put xy = ct. Find the Fourier transform F[E](k, ko) where kg
is the Fourier variable for xg.

6. Find the Fourier transform of dg, () if x € R?.
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7. Find the Fourier transform of the double layer distribution if v(z) =
(b,z)? and S is a sphere |x| = R in R3.

8. Let G be the retarded propagator for the 2D wave operator (see
Sec.33.4.8).
(i) Show that

(G G, ) = S0(a)0(200 — lal)g(ao, ),

(229 — z)? , To < x <20,
) 2zp(mo+ ) —2?, 0<z<uxH,
9(xo,7) = 2r0(vo + ) + 22, —z0<1<0,
—x(2z9 + ) ., —2xp< 1< —1

(i) Find the Fourier transform F[Gr*Gg|. Hint: Use the continuity of
the Fourier transform for the distribution e **°Gr*xGr — GrxGrin S’
as a — 07, and the properties of derivatives of the Fourier transform.
(iii) Use the product of distribution defined via the Fourier transform
to find the product in &’
1 1
(xo+10)2 — 22 (xo+140)2 — 22~

9. Does the Leibniz rule hold for differentiation of the product of
distributions defined by (33.10)7
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34. Laplace transform of distributions



