Test 4 with solutions

1 (2 pts). Consider the equation

2 2
%_4%:f@>t>> t>0, —co<x <0
(i) Find a solution if
. ou
ul,_, = sinx). ELO = cos(3z), f(z,1)=0.

(i) Find a solution with the same conditions as in Part (i) but
f(z,t) =sin(z — )

SOLUTION: (i) Using d’Alembert’s formula for a homogeneous wave equation (with ¢ = 2, uy =
sin(z), and u; = cos(3x))

1 1 z+-ct

u(z,t) = §(u0($ —ct) + up(x — ct)) + % /m_ct uy(y)dy
= 1(sin(:v — 2t) 4 sin(x + 2t)) + L (sin(?):v + 6t) — sin(3z — 6t))
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(ii) A particular solution to the wave equation with the zero initial data uy = uy = 0 is given by
d’Alembert’s formula

T4c(t—T) 1 rt
w(z,t) = 20/ /m e dydT__Z/o cos(y — 7)

= Z/ cos(x — 2t + 1) — cos(x + 2t — 37‘)) dr
0

z4+2(t—7)
z—2(t—7)

1. t 1 . t
= Zs1n(:v—2t+7‘)’0+E81n(:v+2t—37‘)’0

“sin(e — £) — 7 sin(a — 21) — - sin(z +20)
= - —t)— =~ —2t) — —sin

5 sin(z 7 s 1g Sz

The solution to the problem is the sum of the solution in Part (i) and w(x,t).

2 (4 pt). Use the reflection principle to analyze the following initial and boundary value problem

0%u 0%u

— —9—=0 t>0, -1l<zx<3

o2 C o2 ’ re
__lzu_zo, t>0,

’ | sin(mx/2) , 0<x <2

t=0 | 0 , —1<zr<0and2<2x<3
ou

E’t:(]:(:v—l—l)(gp—g), -1 <2< 3.

(i) Sketch the graphs of the extended initial data for —5 <z <7;
(i) Find w(1, 3) if u(x,¢) is the solution to the problem.
Suppose that the boundary conditions are changed to
ou o
Oxla=—1 " Oxla=3



(iii) Sketch the graphs of the extended initial data for —5 <z <'T7;
(iv) Find u(1, 3) if u(z,t) is the solution to the problem.

SOLUTION: (i) The graphs of the extended initial data are shown in Figure 1.

Figure 1: Top panel: Extended wuy(z); Bottom panel: Extended u;(z). The extensions are obtained by
reflections of the graphs in the physical interval about the endpoints of the interval. The extended data
are skew-symmetric under these reflections.

i) Setting in d’Alembert’s formula z = 1, t = 2, and ¢ = 3 so that + —ct =1 —4 = —3 and
g 3
x4+ ct =1+ 4 =5, one infers that

u(L,4/3) = 2 (uo(5) + uo(~8)) + %/_53 un()dy = 3 (-1 1) +0= -1

The integral of the extended w; vanishes by symmetry: the integral over [—3, —1] cancels the
integral over [—1, 1], and, similarly, the integrals over [1,3] and [3, 5] cancel each other.

(iii) The graphs of the extended initial data are shown in Figure 2.

Figure 2: Top panel: Extended wuy(x); Bottom panel: Extended u;(z). The extensions are obtained by
reflections of the graphs in the physical interval about the vertical lines through the endpoints of the
interval. The extended data are symmetric under these reflections.

(iv) The same as in Part (ii) but with the extended data shown in Figure 2:

u(1L,4/3) = 2 (uo(5) + uo(~3) +é/_53u1(y)dy: %(1+1)+%/_31 s (y)dy
= 1+%/_31(y+1)(y—3)dy:1+%/04z(z—4)dz:1+%<§—42—3)
32 23
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where the substitution z = y 4+ 1 has been made to simplify the evaluation of the integral. Note
that by symmetry of the extended u;, the integral over [—3, —1] and [3, 5] is equal to the integral
over the physical interval [—1, 3], which explains a factor of 2 in the second equality.

3 (1 pts). Consider the equation

4@—% t>0, —co<z<
ot~ ox2’ P TOS eSS
Find a solution if
0 , z2>1
u’t:(]: T, , O<z<l1
Tg, ZESO

where T} and T5 are positive non-equal constants. Express the answer in terms of the error function

O(2) = \/l%/oz e d

SoLUTION: The solution is given by the Poisson integral (where the parameter a = 1):

(z—y)? Tg 0 _ (z—y)? T1 1 _ (z—y)?

1 [e§)
D= [ e udy= = [ ey o= [ e
wet) = o[ =75 [ S s 2 ey
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where the substitution s = (z — y)/v/t and the property ®(co) = 1 have been used.

4 (1 pt) Consider the initial and boundary value problem
ou_
ot 0%’
u] =Ty, 0<z<L
t=0
ou _ou
Oxle=0 " Oz

where Ty and L are positive constants. If u(z,t) is the solution to this problem, find u(%, ).
Express the answer via parameters 7Ty and L.

t>0,0<z<L,

—0, t>0.
z=L

SOLUTION: The solution is given by the Poisson integral with the extended initial data. The
Neumann boundary conditions require a symmetric extension of the data in the physical interval
under the reflections about the endpoints of the interval. Since uq is a constant function, its sym-
metric extension is also a constant function. Thus, the extended ug(x) = Ty. A constant function
solves the Cauchy problem for the heat equation, that is, u(z,t) = Ty. By the uniqueness of the
solution, no other solution exists. Therefore

u(g, %) =u(z,t) =Tp



Of course, the constant solution is also readily obtained from the Poisson integral with the constant
extended data:
u(w,t) = [~ Gla—y,tuoly)dy =Ty |

(e}
—00 —

Gz —y,t)dy = TO/ G(z,t)dz =Ty

e} e}

by the normalization property of the Green’s function G(z,t) for the heat operator.

5 (Extra credit, 1 pt). Suppose u(z,t) is an amplitude of some “signal” propagating along a
line. The variable = defines a position on the line and ¢ is time. Suppose that u(z,0) is a smooth
function of x that vanishes for all |z| > a. What is the smallest time ¢, > 0 for which u(b,t) # 0

for some b > a and t > t, if the propagation of the signal is described either by u} = c?u”_ or by

uf, = c*u! (in the latter case, u}(z,0) = 0)? Explain your answer!

SOLUTION: In the case of the wave equation, d’Alembert’s formula for the solution to the Cauchy
problem gives u(z,t) = %[uo(:r + ct) + up(z — ct)]. So, the signal propagates in the directions of
positive and negative x without changing the shape of the initial signal with speed c¢. The front
of the initial signal at = a will reach the point x = b > a at the time ¢, = (b — a)/c. For
t = t, + At, the signal at = b is equal to u(b, t) = Lug(b — ct) = Juo(a — cAt) which is not zero
for all A < 2a/c. When At = 2a/c, the rear end of the signal (located at © = —a at t = 0) reaches
x = b, and after that no signal can be detected at x = b. In the case of the heat equation, by the
integral mean value theorem there exists a point y, in [—a, a] such that

a 20 (—wa)?®
uw,t) = [ Gla—y.uoy)dy = 20G(x = yaJuoly,) = 5= uo(ya)

—a QCW

Note that y, can depend on t. Since ug is arbitrary (e.g., non-negative), uo(y,) # 0. This shows
that u(x,t) # 0 for any t > 0 and any x. So, t, = 0.



