CHAPTER 5

Vector Calculus

41. Line Integrals of a Vector Field

41.1. Vector Fields. Consider an air flow in the atmosphere. The air ve-
locity varies from point to point. In order to describe the motion of the air,
the air velocity must be defined as a function of position, which means that
a velocity vector has to be assigned to every point in space. In other words,
in contrast to ordinary functions, the air velocity is a vector-valued function
on a point set in space.

DEFINITION 41.1. (Vector Field).
Let E be a subset of a Euclidean space. A vector field F on E is a rule that
assigns to each point P of E a unique vector F(P) = (Fi(P), F5(P), F5(P)).
The functions Fi, Fs, and F3 are called the components of the vector field
F. The set E is called the domain of the vector field F.

Let r be a position vector of a point P in a set F of an n—dimensional
Euclidean space relative to some rectangular coordinate system. Then the
components of a vector field F on FE are functions of n variables:

F(r) = (Fi(r), Fo(r), F3(r)).

In particular, if the domain of a vector field lies in space, then r = (z,y, 2)
and the components of a vector field are functions of three variables. For
example, a stationary flow of fluid or air can be described by a velocity
vector field of three variables. If the flow is not stationary; that is, it can
also change with time, then such a flow is described by a vector field of four
variables (x,y, z,t) where t is time. In general, one can think of a vector field
as a rule that assigns a unique element of a Euclidean space to each element
of a set in another Euclidean space. The dimension of the Euclidean space
where the vector field takes its values determines the number of components
of the vector field, and the dimension of the domain determines the number
of variables on which the vector field depends. Here only two- or three-
dimensional vector fields of two or three variables will be studied. A vector
field is said to be continuous if its components are continuous. A vector field
is said to be differentiable if its components are differentiable. For example,
a vector field F(z,y, z) is differentiable if its components are differentiable
functions of the variables (z,y, z).

A simple example of a vector field is the gradient of a function, F(r) =
V f(r). The components of this vector field are partial derivatives of f:

F(r)=Vf(r) < k@) =/F£f), F(r)=fr), Fr)=Ffir)
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Many physical quantities are described by vector fields. Electric and mag-
netic fields are vector fields whose components are functions of position in
space and time. All modern communication devices (radio, TV, cell phones,
etc.) use electromagnetic waves. Visible light is also electromagnetic waves.
The propagation of electromagnetic waves in space is described by differen-
tial equations that relate electromagnetic fields at each point in space and
each moment of time to a distribution of electric charges and currents (e.g.,
antennas). The gravitational force looks constant near the surface of the
Earth, but on the scale of the solar system this is not so. If one thinks
about a planet as a homogeneous ball of mass M, then the gravitational
force exerted by it on a point mass m depends on the position of the point
mass relative to the planet’s center according to Newton’s law of gravity:

GMm T Y z
F(r) = — =5 v = (~GMm=, ~GMm%, ~GMm=),

where G is Newton’s gravitational constant, r is the position vector relative
to the planet’s center, and r = ||r|| is its length. The force is proportional
to the position vector and hence parallel to it at each point. The minus sign
indicates that F is directed opposite to r, that is, the force is attractive; the
gravitational force pulls toward its source (the planet). The magnitude of

the force
GMm

7)==
decreases with increasing distance r. So the gravitational vector field can be
visualized by plotting vectors of length ||F|| at each point in space pointing
toward the origin. The magnitudes of these vectors become smaller for
points farther away from the origin. At each point P in space, the vector F is
directed along the line through the origin and the point P. This observation
leads to the concept of flow lines of a vector field.

41.2. Flow Lines of a Vector Field.

DEFINITION 41.2. (Flow Lines of a Vector Field).
The flow line of a vector field F in space is a spatial curve C' such that, at
any point r of C, the vector field F(r) is tangent to C.

The direction of F defines the orientation of flow lines. The direction of
a tangent vector F is shown by arrows on the flow lines as depicted in the left
panel of Fig. 41.1. For example, the flow lines of the planet’s gravitational
field are straight lines oriented toward the center of the planet. Flow lines
of a gradient vector field F = V f # 0 are normal to level surfaces of the
function f and oriented in the direction in which f increases most rapidly
(Theorem 24.2). They are the curves of steepest ascent of the function f.
Flow lines of the velocity vector field of the air are often shown in weather
forecasts to indicate the wind direction over large areas. For example, flow
lines of the air velocity in a hurricane would look like closed loops around
the eye of the hurricane.
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FIGURE 41.1. Left: Flow lines of a vector field F are curves
to which the vector field is tangential. The flow lines are
oriented by the direction of the vector field. Right: Flow
lines of the vector field F = (—y, z,0) in Example 41.1 are
concentric circles oriented counterclockwise. The magnitude
|F|| = /22 + y? is constant along the flow lines and linearly
increases with the increasing distance from the origin.

The qualitative behavior of flow lines may be understood by plotting
vectors F at several points r; and sketching curves through them so that the
vectors F; = F(r;) are tangent to the curves. Finding the exact shape of the
flow lines requires solving differential equations. If r = r(¢) is a parametric
equation of a flow line, then r’(t) is parallel to F(r(¢)). So the derivative
r’(t) must be proportional to F(r(t)), which defines a system of differential
equations for the components of the vector function r(t):

r'(t) = q(t)F(x(1)),
for some positive continuous function ¢(t). The shape of flow lines is inde-
pendent of the choice of ¢(t) because one can always reparameterize the flow
line by choosing the parameter s = s(¢) such that
dr(s
ds =& (t)dt = q(t)dt = d( ) _ F(r(s)).
s
By the inverse function theorem s(t) is one-to-one because s'(t) = q(t) > 0
and in the new parameterization dr/dt = (dr/ds)(ds/dt) = (dr/ds)q so
that ¢ is cancelled in the above equation for the flow line. To find a flow
line through a particular point rg, the differential equations must be sup-
plemented by initial conditions, e.g., r(tg) = ro. If the equations have a
unique solution, then the flow line through rg exists and is given by the
solution. Methods of finding solutions of a system of differential equations
is the subject of courses on differential equations.

ExaMPLE 41.1. Analyze flow lines of the planar vector field F =
<_y7$70>‘
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SOLUTION: By noting that F - r = 0, it is concluded that at any point F is
perpendicular to the position vector r = (z,y, 0) in the plane. So flow lines
are curves whose tangent vector is perpendicular to the position vector. If
r = r(t) is a parametric equation of such a curve, then

r(t) Y =0 = %(r(t)-r(t))zo S ()% = const

the latter equation implies that r(t) traverses a circle centered at the origin
(or a part of it). So flow lines are concentric circles. At the point (1,0,0),
the vector field is directed along the y axis: F(1,0,0) = (0,1,0) = és.
Therefore, the flow lines are oriented counterclockwise. The magnitude
|F|| = /2% 4+ y? remains constant on each circle and increases with increas-

ing circle radius. The flow lines are shown in the right panel of Fig. 41.1.
O

41.3. Line Integral of a Vector Field. The work done by a constant force
F in moving an object along a straight line is given by

W=F-d,

where d is the displacement vector (Section 3.6). Suppose that the force
varies in space and the displacement trajectory is no longer a straight line.
What is the work done by the force? This question is evidently of great
practical significance. To answer it, the concept of the line integral of a
vector field was developed.

Let C be a smooth curve that goes from a point r, to a point r; and
has a length L. Consider a partition of C' by segments C;, ¢ = 1,2, ..., N,
of length As = L/N. Let d; be a vector from the initial point of C; to its
final point. Since the curve is smooth, each partition segment C; can be
approximated by a straight line segment of length As oriented along the
unit tangent vector T(r}) at a sample point ri € C; so that

(41.1) d; = T(r))As.

(see the left panel of Fig. 41.3). Recall that if r(s) is the natural parame-
terization of the curve, then r/(s) = T(s) = T(r(s)) (the last notation is to
explicitly indicate that the unit tangent vector is taken at the point r(s)).
Suppose that r; = r(s;) and r;11 = r(s;41), where s; = iAs, are the position
vectors of the endpoints of C;. Then, for any s € [s;, s;+1] one infers by
using the linearization of r(s) at s that

d; = rip1 — 1 = r(sip1) — r(si) = r(sip1) —r(sj) +r(si) —r(s)
= 1'(s]) (841 — 87) +1'(s7) (5] — 81) = 1'(57) (8041 — 84)
— T(r})As,
where terms decreasing to zero faster than As have been neglected. Thus,

variations of a sample point within C; result only in changing terms that
decreases to zero faster than As so that the approximation (41.1) becomes



41. LINE INTEGRALS OF A VECTOR FIELD 613

FIGURE 41.2. Left: To calculate the work done by a con-
tinuous force F(r) in moving a point object along a smooth
curve C, the latter is partitioned into segments C; of ar-
clength As. The work done by the force along a partition
segment is F(r})-d; where the displacement vector is approx-
imated by the oriented segment of length As that is tangent
to the curve at a sample point r}, i.e., d; = ’i‘(rf)As where
T is the unit tangent vector along the curve. Right: An
illustration to Example 41.2. The closed contour of integra-
tion in the line integral consists of two smooth pieces, one
turn of the helix C; and the straight line segment C5. The
line integral is the sum of line integrals along C7 and Cj.

more accurate as N — oo. The work along the segment C; can therefore be
approximated by

AW; =F(r}) T As = W=AW,+AWy+---+AWy.

The actual work should not depend on the choice of sample points. This
problem is resolved by the usual trick of integral calculus by refining a par-
tition, finding the low and upper sums, and taking their limits. If these
limits exist and coincide, the limiting value should not depend on the choice
of sample points and is the sought-after work. Note if one sums N terms
of order As ~ 1/N, the result is of order N - (1/N) = 1 (a number) in the
limit N — oo, while the sum of N terms each of which is decreasing to zero
faster than As ~ 1/N is expected to vanish in this limit. Put

AW; = Fr(r})As,  Fp(r)=F(r)-T(r),

where T(r) denotes the unit tangent vector at a point r in C. The scalar
function Frp is called the tangential component of F to the curve C. The
approximate total work looks like a Riemann sum of Fp along C. Its con-
vergence is guaranteed for any choice of sample points if the corresponding
upper and lower sums converge to the same value. If M; = supg, Frr(r) and



614 5. VECTOR CALCULUS

m; = infc, Fr(r), then

N N N
miAs < W; < M;As = ZmiAs < ZWZ < ZMZ'AS.
i=1 i=1 n=1
Therefore, if the function Fp is integrable on the curve C, then the upper
and lower sums converge to the same limit and the work is the line integral
of the tangential component F -'T of the force.

DEFINITION 41.3. (Line Integral of a Vector Field).
The line integral of a vector field F' along a smooth curve C' is

/F.dr:/F.Tds:/FT(r)ds,
C C C

where T is the unit tangent vector to C, provided the tangential component
F - T of the vector field is integrable on C.

The integrability of F - T is defined in the sense of line integrals for
ordinary functions (see Definition 38.1). In particular, the line integral of a
continuous vector field over a smooth curve of a finite length always exists.

41.4. Evaluation of Line Integrals of Vector Fields. The line integral of
a vector field is evaluated in much the same way as the line integral of a
function (the line integral of the tangential component Fr).

THEOREM 41.1. (Evaluation of Line Integrals).
Let F = (Fy, Fy, F3) be a continuous vector field on a spatial region E and let
C be a smooth curve in E that originates from a point r, and terminates at
a point ry. Suppose that r = r(t) = (x(t), y(t), 2(t)), a <t < b, is a smooth
parameterization of C' oriented so that r(a) =r, and r(b) =ry. Then

A b /
/CF(r)-dr:/CF-Tds:/a F(r(t)) - r'(t) dt
b
(41.2) = [ (R0 + B ® + BEw)2 )

PROOF. The unit tangent vector reads T = r'/||r/|| and ds = ||r/|| d¢ so
that Tds = r'(t)dt. As the curve is smooth, T(t) is continuous on [a, b]
and, by continuity of the vector field, the tangential component Fr is also

continuous on the curve, Fp(r(t)) = F(r(t))-T(t), as the dot product of two
continuous functions. Then by Theorem 38.4

b b
Léww:Lmemmwwlemmmwﬁ

which is the conclusion of the theorem. O
Equation (41.2) also holds if C is piecewise smooth and F is bounded
and not continuous at a finite number of points of C, much like in the case
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of the line integral of ordinary functions. Owing to the representation (41.2)
and the relations doz = 2/dt, dy = y'dt, and dz = 2'dt, the line integral is
often written in the form:

(41.3) / F.dr = / Fidx + Fydy + F3dz
C C

For a smooth parametric curve r(t), the differential dr = (dz,dy,dz) is
tangent to the curve.

In contrast to the line integral of ordinary functions, the line integral
of a vector field depends on the orientation of C. The orientation of C is
fixed by the conditions r(a) = r, and r(b) = r; for a vector function r(¢),
where a < t < b, provided the vector function traces out the curve only
once. If r(t) traces out C from rj to r,, then the orientation is reversed,
and such a curve is denoted by —C. The line integral changes its sign when
the orientation of the curve is reversed:

(41.4) /_CF-dr:—/CF-dr

because the direction of the derivative r'(t) is reversed for all t. If C is
piecewise smooth (e.g., the union of smooth curves C; and C3), then the
additivity of the integral should be used to evaluate the line integral:

/F-dr:/ F-dr—i—/ F -dr.
C Cy Cy

Line integral along a parametric curve. A parametric curve is defined by a

vector function r(t) on [a, b] (recall Definition 10.4). The vector function r(t)

may trace its range (as a point set in space) or some parts of it several times

as t changes from a to b. Furthermore two different vector functions ry(t)

and ry(t) on [a, b] may have the same range. For example, ry = (cost, sint, 0)

and rq(t) = (cos(2t),sin(2t), 0) have the same range on [0, 27|, which is the

circle of unit radius, but ra(t) traces out the circle twice. The line integral

over a parametric curve is defined by the relation (41.2). A parametric

curve is much like the trajectory of a particle that can pass through the

same points multiple times. So, the relation (41.2) defines the work done

by a non-constant force F along a particle’s trajectory or parametric curve

r =r(t).

The evaluation of a line integral includes the following basic steps:
Step 1. If the curve C is defined as a point set in space by some geometrical
means, then find its parametric equations r = r(¢) that agree with
the orientation of C. Here it is useful to remember that, if r(t)
corresponds to the orientation opposite to the required one, then
it can still be used according to (41.4);
Step 2. Restrict the range of ¢ to an interval [a, b] so that C' is traced out

only once by r(t);
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Step 3. Substitute r = r(t) into the arguments of F to obtain the values
of F on C and calculate the derivative r’/(¢) and the dot product
F(x(t)) - 1'(1);

Step 4. Evaluate the (ordinary) integral (41.2).

EXAMPLE 41.2. Evaluate the line integral of F = (—y,x,2%) along a
closed curve C' that consists of two parts. The first part is one turn of a
helix of radius R, which winds about the z axis counterclockwise as viewed
from the top of the z axis, starting from the point r, = (R,0,0) and ending
at the point ry, = (R, 0,2wh). The second part is a straight line segment from
ry tor,.

SoLUTION: Let C; be one turn of the helix and let C5 be the straight line
segment. Two line integrals have to be evaluated. The parametric equations
of the helix are

r(t) = (Rcost, Rsint,ht) = r(0)=r,, r2m)=1r, = 0<t<2rm

as required by the orientation of C;. Note the positive signs at cost and sin ¢
in the parametric equations that are necessary to make the helix winding
about the z axis counterclockwise (see Study Problem 10.1). Therefore,
r'(t) = (—Rsint, Rcost, h),
F(r(t)) -r'(t) = (—Rsint, Rcost, h*t?) - (—Rsint, Rcost, h)
— R4 132,

/C1 F.dr = /027r F(r(t))-r'(t)dt

2mh)?
_opp2 4 2T
3
The parametric equations of the line through two points r, and r;, are r(t) =
r, + vt, where v = r, — r, is the vector parallel to the line, or in the

components

r(t) = (R,0,0) +t(0,0,27h) = (R,0,2rht), 0<t<1

21
/ (R? + h3t?) dt
0

but r(0) = r, and r(1) = rp whereas r, must be the initial point of Cy. So
the found parametric equations describe the curve —C5 (it has the opposite
orientation). One has r'(¢) = (0,0, 27h) and hence

F(r(t)) -r'(t) = (0, R, (2wh)*t?) - (0,0, 2rh) = (27h)3?,

1 3
/ F-dr:—/ F.dr:—(2wh)3/t2dt:—(2”h).
Co —Cy 0 3

The line integral along C is the sum of these integrals:

/F-dr:/ F-dr—i—/ F.dr =27R>.
C Cy Cy
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EXAMPLE 41.3. Evaluate the work done by the force
F = (32% + yz, 2y + 2z, 32%1y)
along the curve C' that consists of three straight line segments connecting
the points (0,0,0) — (1,0,0) — (1,2,0) — (1,2,—1); C is oriented from
(0,0,0) to (1,2,-1).
SoLuTIiON: Let Ci, Cy, and C5 be three line segments of C. Since the line
segments are parallel to the coordinate axes,

Cl: (ZL’,y,Z):(ZL',0,0), dr:<d$7070>7 0§$§17

Cy: (z,y,2)=(1,9,0), dr=(0,dy,0), 0<y<2,

03: ($7y7z):(1727z)7 dr:<0,0,—d2’>, —1§Z§0,
the sign of dz has been reversed because the line (1, 2, z) starts at (1,2, —1)
and ends at (1,2,0) as z increases from —1 to 0, whereas C3 should have the
opposite orientation. Note that the dot product F - dr depends only on the

first component F; on C1, the second component F5 on Cy, and the third
component F3 on C3. Therefore

1 2 0
/F-dr :/ Fl(:L',0,0)d:L'—I—/ Fg(l,y,O)dy—/ F5(1,2,2)dz
c 0 0 1

1 2 0 B
:/ 3:L'2d£L'—|-/ 2ydy—/ 62%dz
0 0 -1

=144-2-(0—(-1)%) =

41.5. Study Problems.

Problem 41.1. Find the line integral of the vector field F = g(r)(a x r),
where a is a constant vector, g is continuous function, and r = ||r||, along
a straight line segment parallel to a.

SOLUTION: For a straight line segment parallel to a, the tangent vector dr
is parallel to a. Therefore

F-dr=g(r)(axr)-dr=0
as the triple product of coplanar vectors vanishes. Thus, the line integral of
F vanishes for any such straight line segment. O

Problem 41.2. Find the work done by the force F = (2x,3y?,42%) along
any smooth curve originating from the point (0,0,0) and ending at the pont
(1,1,1).

SorLuTION: If r(t) = (x(t), y(t), 2(t)) are parametric equations of a smooth
curve, a < t < b, such that r(a) = (0,0,0) and r(b) = (1,1, 1), then by the
chain rule

F - dr = 2zdx + 3y°dy + 423dz = d<m2 + 93 + z4> .
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Note that here the vector field is taken on the curve F = F(r(¢)) so that
x =xz(t), y = y(t), and z = z(¢) in the above equation and the chain rule
applies. By the fundamental theorem of calculus ff df(t) = f(b) — f(a) and
therefore

b

b
-dr = ZL'2 3 Z4 — ZL'2 3 Z4 — 3.
LFde= [Ca(a0 + 70+ 20) = @0+ 20+ 0] =3

a

O

Problem 41.3. Find the work done by the engines of a space craft of
mass m against the gravitational pull of a planet of mass M if the space
craft moved from the position r, to ry relative to the center of the planet.

SOLUTION: Let r = r(t), a <t < b, be a smooth parameterization of the
trajectory of the space craft. Then

r-dr 1 d(r-r) 1 du
F-dr=-GMm —— = ——-GMm ——= = ——GMm ——
' CEE T R R T 2w
where u = r-r = |[r|2. Put uq = ||ra]|? and uy = |rp||>. The force

exerted by the engines should compensate the gravitational force and, hence,
its tangential component must be opposite to the tangential component of
the gravitational force of the planed exerted on the space craft. For any
trajectory going from r, to rp, the work done by the engines is

b 1 “ du
W:—/F-dr:—/ F(r(t))-dr(t):—GMm/ —=75
C a 2 Ug ’LL/2

w  GMm GMm

o el el

= —GMm u Y2

O

Problem 41.4. A magnetic field B(r) exerts the Lorentz force F =
(e/c)v x B on a charged particle (see Study Problem 12.3), where v is the
velocity of the particle. Prove that the work done by the Lorentz force is
always zero for any trajectory of the particle.

SOLUTION: Let r(t) be a trajectory of the particle. Then dr(t) = r/(t)dt =
v(t)dt and, hence, along the trajectory

F-dr=(e/c)(vxB)-vdt=0

as the triple product of coplanar vectors vanishes. Therefore, the work done
by the Lorentz force is zero for any trajectory. O

41.6. Exercises.
1-6. Sketch flow lines of the given planar vector field.

1. F = (ax, by), where a and b are positive constants;

2. F = (ay, bx), where a and b are positive constants;
3. F = (ay, bx), where the constants a and b have different signs;
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4.
5.
6.

F = Vu, u=tan"!(y/z);
F = Vu, u=In[(z* +y*) /7]
F = Vu, u=In[(z —a)? + (y — b)?].

7—15. Sketch flow lines of the given vector field in space.

7.
8.

9.
10.
11.
12.

13.

14.
15.

F = (az, by, cz) where a, b, and ¢ are positive constants;

F = (ax, by, cz) where a and b are positive constants, while ¢ is a
negative constant;

F = (y, —x, a) where a is a constant;

F=V]|r|,r={(zy 2);

F=V|r|™r=(z,y2);

F =Vu, u=(z/a)’ + (y/b)* + (z/c)*;

F=Vu u=/22+y2+ (2+¢)2 + /22 + y% + (2 — ¢)2 where ¢
is a positive constant;

F = a x r, where a is a constant vector and r = (z,y, 2);

F=Vu,u=z/\/22+y%+22.

16. A ball rotates at a constant rate w about its diameter parallel to a unit
vector n. If the origin of the coordinate system is set at the center of the
ball, find the velocity vector field as a function of the position vector r of a
point of the ball.

17-30. Evaluate the line integral |, o F - dr for the given vector field F and
the specified curve C.

17.

18.

19.

20.

21.

22,

23.

24.

25.

F = (y,7y,0) and C is the parametric curve r(t) = (t2,t3,0),
0<t< 1,

F = (z,yx,2y) and C is the ellipse x?/a? + 3%/b> = 1 oriented
clockwise;

F = (z,yz, zy) and C is the parametric curve r(t) = (2t,¢ + 12,1+
t3) from the point (—2,0,0) to the point (2,2,2);

F = (—y,z,2) and C is the boundary of the part of the parabo-
loid z = a®? — 2% — y? that lies in the first octant; C is oriented
counterclockwise as viewed from the top of the z axis;

F = (—2,0,z) and C is the boundary of the part of the sphere
22 +y? 422 = a® that lies in the first octant; C is oriented clockwise
as viewed from the top of the z axis;

F = a x r, where a is a constant vector, r = (x,y, z), and C' is
straight line segment from rq to rs;

F = (ysinz, zsinz, zsiny) and C is the parametric curve r =
(cost, sint, sin(5t)), 0 <t < 2m;

F = (y, —zz, y(2% + 2%)) and C is the intersection of the cylin-
der 22 4+ 22 = 1 with the plane z + y + z = 1 that is oriented
counterclockwise as viewed from the top of the y axis;

F = (—ysin(n2?), z cos(mz?), e®¥?) and C is the intersection of the
cone z = /2 + y2 and the sphere 22 + y? + 22 = 2; C is oriented
counterclockwise as viewed from the top of the z axis;
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26. F = (ev¥,¢”,0) and C is the parabola concave up in the zy plane
from the origin to the point (1,1);
27. F = (z,y,2) and C is an elliptic helix r(¢t) = (acost, bsint, ct),
0<t< 27,
28. F = (y~', 271,27 1) and C is the straight line segment from the
point (1,1, 1) to the point (2,4, 8);
29. F = (e¥ %, 7% e*7Y) and C is the straight line segment from the
origin to the point (1,3,5);
30. F = (y + z,—x,3y — 3z) and C the shortest arc on the sphere
22 4+ y% + 22 = 25 from the point (3,4, 0) to the point (0,0,5).
31. Find the work done by a constant force F in moving a point object
along a smooth path from a point r, to a point rp.
32. Find the work done by the force F = f’(r)r/r in moving a point object
along a smooth path from a point r, to a point r, where the derivative f’
of f is a continuous function of r = ||r||.
33—34. Find the work done by the force F = (—y, x, ¢), where ¢ is a constant,
in moving a point object along each of the following curves.
33. thecircle 22 + 42 =1, 2 =0;
34. the circle (z —2)2 +y?=1,2=0.
35. The force acting on a charged particle that moves in a magnetic field B
and an electric field E is F = eE + (e¢/c)v x B where v is the velocity of the
particle, e is its electric charge, and c is the speed of light in the vacuum.
Find the work done by the force along a trajectory originating from a point
r, and ending at the point ry if the electric and magnetic fields are constant.
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42. Fundamental Theorem for Line Integrals

Recall the fundamental theorem of calculus, which asserts that, if the
derivative f’(z) is continuous on an interval [a, b, then

b
/ f'(2) dz = f(b) — f(a).

It appears that there is an analog of this theorem for line integrals.

42.1. Conservative Vector Fields.

DEFINITION 42.1. (Conservative Vector Field and Its Potential).
A vector field F in a region E is said to be conservative if there is a differ-
entiable function f, called a potential of F, such that F=V f in E.

Conservative vector fields play a significant role in many practical ap-
plications. It has been proved earlier (see Study Problem 24.3) that if a
particle moves along a trajectory r = r(¢) under the force F = —V U, then
its energy E = mv?/2 + U(r), where v = ||v|| and v = r’ is the veloc-
ity, is conserved along the trajectory, dE/dt = 0. In particular, Newton’s
gravitational force is conservative,

GMm

]|
The result of Study Problem 24.3 shows that the work done by the gravi-
tational force in moving a point object of mass m does not depend on the

trajectory of the object and is determined by the values of its potential U
at the endpoints of the trajectory

W:/CF-dr:U(rb)—U(ra).

(42.1) F=-VU, Ul)=—

It turns out that this is a common feature of all conservative vector fields.

THEOREM 42.1. (Fundamental Theorem for Line Integrals).
Let C be a smooth curve in a region E with initial and terminal points r, and

rp, respectively. Let f be a function on E whose gradient V f is continuous
on C. Then

(42.2) /CVf ~dr = f(ry) — f(ra).

PROOF Let r = r(t), a <t < b, be a smooth parameterization of C' such
that r(a) = r, and r(b) = rp. Then, by (41.2) and the chain rule,

b d
[vrar= [t gy sha= [ & rewya= s - s

a

The latter equality holds by the fundamental theorem of calculus and the
continuity of the partial derivatives of f and r/(¢) for a smooth curve. O
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42.2. Path Independence of Line Integrals.

DEFINITION 42.2. (Path Independence of Line Integrals).
A continuous vector field F has path-independent line integrals if

/ F-dr:/ F-dr
Cl CQ

for any two simple, piecewise-smooth curves in the domain of F with the
same endpoints.

Recall that a curve is simple if it does not intersect itself (see Sec-
tion 10.3). An important consequence of the fundamental theorem for line
integrals is that the work done by a continuous conservative force, F = V f,
is path-independent. So a criterion for a vector field to be conservative would
be advantageous for evaluating line integrals because for a conservative vec-
tor field a curve may be deformed at convenience without changing the value
of the integral. Let us introduce a special notation of a line integral along a

closed curve
}{ F-dr.
C

A circle on the integral sign indicates that the line integral is evaluated along
a closed curve C.

THEOREM 42.2. (Path-Independent Property).
Let F be a continuous vector field on an open region E. Then F has path-
independent line integrals if and only if its line integral vanishes along every
piecewise-smooth, simple, closed curve C in E. In that case, there exists a
function f such that F =V f:

F=Vf «— 7{F-dr:0.
c

PROOF. Suppose first that there is a function f such that F = Vf in F.
Then by the fundamental theorem for line integrals, the line integral of F
vanishes along any simple closed curve in E because the initial and terminal
points of C coincide. Conversely, suppose that F has vanishing line integrals
along any simple closed curve in E. Pick a point ry in £ and consider any
smooth curve C from r( to a point r = (z,y, z) in E. The idea is to prove
that the function

(42.3) f(r)= /CF -dr

is a potential of F, that is, to prove that V f = F under the condition that
the line integral of F vanishes for every closed curve in E. This “guess” for
f is motivated by the fundamental theorem for line integrals (42.2), where
rp, is replaced by a generic point r in . The potential is defined up to an
additive constant (V(f + const) = V f) so the choice of a fixed point ry is
irrelevant. The value of f is independent of the choice of C. Indeed, consider
two such curves C7 and Cy. Then the union of C; and —C5 (the curve Cy



42. FUNDAMENTAL THEOREM FOR LINE INTEGRALS 623

whose orientation is reversed) is a closed curve, and the line integral along
it vanishes by the hypothesis. On the other hand, this line integral is the
sum of line integrals along C; and —C5. By the property (41.4), the line
integrals along C7 and Cy coincide. To calculate the derivative

f/ (r) = lim f(r+ hep) — f(r)

h—0 h

) é1:<17070>7

let us express the difference f(r + hé;) — f(r) via a line integral. Note that
FE is open, which means that a ball of sufficiently small radius centered at
any point in E is contained in E (i.e., r + hé; in E for a sufficiently small
h). Since the value of f is path-independent, for the point r + hé;, the curve
can be chosen so that it goes from rg to r and then from r to r + hé; along
the straight line segment. Denote the latter by AC. Therefore,

f(r—l—hél)—f(r):/ACF-dr

because the line integral of F from rg to r is path-independent. A vector
function that traces out AC is

AC: r(t)=(t,y,z), z<t<x+h.
Therefore,
r'(t)=e& = F(r(t)) de(t) =F(r(t))- édt = Fi(t,y, z)dt.
Thus,

f;(r):flzli%h/ Fi(t,y,z t—hm / / Fi(t,y, 2)

— 5 | Rt dt= Fie.0 = A

by the continuity of F;. The equalities fz// = Fy and f = F3 are established
similarly. The details are omitted. O

Although the path independence property does provide a necessary and
sufficient condition for a vector field to be conservative, it is rather imprac-
tical to verify (one cannot evaluate line integrals along every closed curve!).
A more feasible and practical criterion is needed, which is established next.
It is worth noting that Eq. (42.3) gives a practical method of finding a
potential if the vector field is found to be conservative (technical details are
given in Study Problem 42.2).

42.3. The Curl of a Vector Field. According to the rules of vector algebra,
the product of a vector a = (ai, ag, asz) and a number s is defined by sa =

(saq, sas, sas). By analogy, the gradient V f can be viewed as the formal
product of the vector V = (9/0x, 0/dy, 0/0z) and a scalar f:

Vf:<a 0 6> :<8f of 8f>'
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The components of V are not ordinary numbers, but rather they are oper-
ators (i.e., symbols standing for a specified operation that has to be carried
out). For example, (0/0x)f means that the operator 0/0z is applied to a
function f and the result of its action on f is the partial derivative of f with
respect to x. The directional derivative Dy f can be viewed as the result of
the action of the operator

N 0 0 0
Du—U'V—’Lﬂ%—i—uga—y—i—ug&

on a function f. In what follows, the formal vector V is viewed as an
operator whose action obeys the rules of vector algebra.

DEFINITION 42.3. (Curl of a Vector Field).
The curl of a differentiable vector field F is

curl F =V x F.

The curl of a vector field is a vector field whose components can be
computed according to the definition of the cross product:
é & é3
VxF—det |2 £ 2
F F F
8F3 8F2 8F1 6F3 R 8F2 6F1 R
- (@ ~Ta (G- )er (5o a—y>63'
When calculating the components of the curl, the product of a component

of V and a component of F means that the component of V operates on
the component of F, producing the corresponding partial derivative.

EXAMPLE 42.1. Find the curl of the vector field F = (yz, xyz, z%).

SOLUTION:
& €&y é3
_ 2 98 B8
Yz TYz x?

0, 5 0 9 0 0 0
(5,0 = 352~ ) + 52 2), 5o(ew=) = 5 (v2))
= (—zy, y — 2z, yz — 2).
O
The geometrical significance of the curl of a vector field will be discussed

later in the section devoted to Stokes’ theorem. Here the curl is used to
formulate sufficient conditions for a vector field to be conservative.

On the Use of the Operator V. The rules of vector algebra are useful to
simplify algebraic operations involving the operator V. For example,

caurlVf=Vx(VH)=(VxV)f=0
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because the cross product of a vector with itself vanishes. However, this
formal algebraic manipulation should be adopted with precaution because
it contains a tacit assumption that the action of the components of V x V
on f vanishes. The latter imposes conditions on the class of functions for
which such formal algebraic manipulations are justified. Indeed, according
to the definition,

(s3] €9 ég
o) e} o)
VRV =det (G dy o | = S e £ £ S,
! ! !
T Y fz
This vector vanishes, provided the order in which the partial derivatives are
taken does not matter. In other words, Clairaut’s theorem must hold for the
class of functions for which formal algebraic manipulations with the operator
V are justified. Thus, the rules of vector algebra can be used to simplify the
action of an operator involving V if the partial derivatives of a function on
which this operator acts are continuous up to the order determined by that
action.

42.4. Test for a Vector Field to Be Conservative. A conservative vector
field with continuous partial derivatives in a region E has been shown to
have the vanishing curl:

F=Vf = curlF=0.

Unfortunately, the converse is not true in general. In other words, the
vanishing of the curl of a vector field does not guarantee that the vector
field is conservative. The converse is true only if the region in which the
curl vanishes belongs to a special class. Recall that an open region E was
defined as a connected set (Definition 28.1); that is any two points of E
can be connected by a curve that lies in E. In other words, F cannot be
represented as the union of two or more non-intersecting (disjoint) regions.

DEFINITION 42.4. (Simply Connected Region).
A region E is simply connected if every closed curve in E can be continu-
ously shrunk to a point in E while remaining in E throughout the deforma-
tion.

Naturally, the entire Euclidean space is simply connected. A ball in
space is also simply connected. If E is the region outside a ball, then it is
also simply connected. However, if E is obtained by removing a line (or a
cylinder) from the entire space, then F is not simply connected. Indeed, take
a circle such that the line pierces through the disk bounded by the circle.
There is no way this circle can be continuously contracted to a point of E
without crossing the line. A solid torus is not simply connected. (Explain
why!) A simply connected region D in a plane cannot have “holes” in it (see
Figure 42.1).
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&

),

FIGURE 42.1. From to left to right: A planar connected
set (any two points in it can be connected by a continuous
curve that lies in the set); a planar disconnected set (there
are points in it which cannot be connected by a continuous
curve that lies in the set); a planar simply connected set
(every simple closed curve in it can be continuously shrunk
to a point in it while remaining in the set throughout the
deformation); a planar region that is not simply connected
(it has holes).

THEOREM 42.3. (Test for a Vector Field to Be Conservative).
Suppose F is a vector field whose components have continuous partial deriva-
tives on a simply connected open region E. Then F is conservative in E if
and only if its curl vanishes for all points of E:

curl F = 0 on simply connected £ <= F =V /fon F.

This theorem follows from Stokes’ theorem discussed later in this chapter
and has two useful consequences. First, the test for the path-independence
of line integrals:

curl F = 0 on simply connected £ <= F.-dr= / F . dr
Ch Cs

for any two curves C; and C5 in E originating from a point r, in F and
terminating at another point ry in E. It follows from Theorem 42.2 for the
curve C that is the union of C] and —Cs. Second, the test for vanishing line
integrals along closed paths:

curl F = 0 on simply connected £ <= j{ F.-dr =0,
C

where C is a closed curve in . The condition that E is simply connected
is crucial here. Even if curl F = 0, but F is not simply connected, the line
integral of F may still depend on the path and the line integral along a
closed path may not vanish! An example is given in Study Problem 42.1.
Equation (42.1) shows that Newton’s gravitational force can be written
as the gradient of the function U(r) everywhere except the origin. Therefore,
its curl vanishes in the region E that is the entire space with one point
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removed; it is simply connected. Hence, the work done by the gravitational
force is independent of the path traveled by the object and determined by
the difference of values of its potential U (called also a potential energy) at
the initial and terminal points of the path. More generally, since the work
done by a force equals the change of the kinetic energy (see Section 3.6), the
motion under a conservative force F = —V U has the fundamental property
that the sum of kinetic and potential energies, mv?/2 + U(r), is conserved
along a trajectory of the motion (recall Study Problem 24.3).

EXAMPLE 42.2. Evaluate the line integral of the vector field
F= <F17F27F3> = <yZ, $Z+Z+2y, :Ey+y+2z>

along the path C that consists of straight line segments ABy, B1Bsy, and
By D, where the initial point is A = (0,0,0), By = (2010, 2011,2012), By =
(102,1102,2102), and the terminal point is D = (1,1,1).

SOLUTION: The path looks complicated enough to check whether F is con-
servative before evaluating the line integral using the parametric equations
of C'. First, note that the components of F are polynomials and hence have
continuous partial derivatives in the entire space. Therefore, if its curl van-
ishes, then F is conservative in the entire space by Theorem 42.3 as the
entire space is simply connected:

€, € é3 €1 € €3
el e} e} e} e} e}
V x F = det 9r 9y 0z = det oz By 9z
F, F, Fj3 Yz Tz+z2z+2y zy+y+2z

= ((Fy)y = (R)l —(B), + (P, (Fa)l — (1))
={(z+1—(z+1), —y+vy, z—2)=0.

Thus, F is conservative. Now there are two options to finish the problem.

Option 1. One can use the path-independence of the line integral, which
means that one can pick any other curve C; connecting the initial point
A and the terminal point D to evaluate the line integral in question. For
example, a straight line segment connecting A and D is simple enough to
evaluate the line integral. Its parametric equations are r = r(t) = (t,,1),
where 0 < ¢ < 1. Therefore,

F(r(t))-r'(t) = (3, 2 +3t, 2 +3t)- (1, 1, 1) = 3t* + 6t

1
/F-dr:/ F-dr:/ (3t% + 6t) dt = 4.
C C1 0

Option 2. The procedure of Section 20.1 may be used to find a potential f
of F (see also the study problems at the end of this section for an alternative
procedure). The line integral is then found by the fundamental theorem for
line integrals. Put Vf = F. Then the problem is reduced to finding f

and hence
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from its first-order partial derivatives (the existence of f has already been
established). Following the procedure of Section 20.1,

fo=Fi=yz = f(z,y,2)=2yz+g(y, 2),

for some function ¢(y, z). The substitution of f into the second equation
fy = F yields

rz+g,(y,2) =xz+2+2y = gy, 2) =2+ 2y + h(z),

for some function h(z). The substitution of f = zyz + y% + zy + h(z) into
the third equation f, = F3 yields

zy+y+h)=zy+y+22 = h(z)=22+c¢

where ¢ is a constant. Thus, a potential of the vector field in question is
f(z,y,2) :iﬂyz+yz+z2+y2—|—c and

/ F.-dr= f(1,1,1) — f(0,0,0) =4
C
by the fundamental theorem for line integrals. O

42.5. Study Problems.

Problem 42.1. Consider the vector field in space

Yy T
F:F,F,F:<— : ,2>.
(F1, Fz, F3) 21y? T4y z
(i). Show that curl F = 0 in the domain of F.
(ii). Let 0 = 6(x,y) be the polar angle as a function of rectangular
coordinates (x,y) as defined in Section 32.1. Show that

at all points where f is differentiable.

(iii). Evaluate the line integral of F along the circle C: x? + y? = R?
in the plane z = a. The circle is oriented counterclockwise as
viewed from the top of the z axis. Does the result contradict to the
fundamental theorem for line integrals? FExplain.

(iv). Is there a subregion of the domain of F where F is conservative?

SOLUTION: (i). Since the first two components do not depend on z and the
third component does not depend on z and y, it follows from Definition 42.3

that
2 2 2
. r AT y-—x T~ —vy
V< F = (B~ (F);)& = (oo + gy

for all (x,y,z) that are not on the z axis (that is, (z,y) # (0,0)) as the
vector field is not defined on the z axis.
(ii). For definitiveness, let us use Eq. (32.1) that defines 6(z, y) in the range

2

>é3:0
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[0,27) for all (z,y) # (0,0). It follows from Eq. (32.1) that 6(z,y) has
continuous partial derivatives for x < 0 and for = > 0, y # 0:

fg/gze;:—%_i_ynglv f{,z%zﬁﬂzng, fL=2z=F3

The function 0(x,y) is not continuous in the positive x axis (x > 0 and
y = 0) and, hence, is not differentiable there. If x = 0, then 6(0,y) = 7/2
fory > 0and 0(0,y) = 37 /2 for y < 0. In either case, 0;(0, y) =0= F50,y).
The partial derivative 0/ (0,y), y # 0, is calculated by using the definition of
partial derivatives. Put p=1ify > 0 and p = —1 if y < 0. Then for y # 0

0 —6(0 tan~1(¥) — pZ 1
lim (z.9) ( ,y): lim M:_ lim %:__
z—0+ T z—0T T xz—0t %+ Yy Y
0 —6(0 tan—1 (%) + pZ 1
2—0— T z—0— x x—0— %+ Y Yy

where I’Hospital’s rule has been used to find the limits. Since the left and
right limits exist and coincide, it is concluded that

/ =i = —_—— = F
em(oay) i{% z Y l(an)

= F=Vf,

for all (x,y, z) except the points on the half of the xz plane with x > 0. Note
that 6, and 0; are continuous at all points of the y axis except the origin.
(iii). Parametric equations of the curve C' can be chosen in the form

r(t) = (Rcost, Rsint, a), 0<t<2r.
Then r/(t) = (—Rsint, Rcost,0) and
F.dr = F(r(t))-r'(t)dt
(—R71sint, R™' cost,2a) - (—Rsint, Rcost,0)dt
= (sin® ¢ + cos? t)dt = dt

27
j{F-dr: dt = 27.
C 0

The result does not contradict the fundamental theorem for line integrals.
First note that the domain of F is not simply connected. Indeed, the domain
of F is the entire space with the z axis removed. Any closed curve encircling
the z axis cannot be continuously shrunk to a point without crossing the z
axis. Thus, the fact that the curl of F vanishes is not sufficient to conclude
that F has the path-independence property (Theorem 42.3). Second, note
that F = V f does not hold in the entire domain of F' because the function
f is only differentiable in space with the half-plane 6(x,y) = 0 removed.
In turn, this implies that the chain rule used to prove Eq. (42.2) is not
applicable for any curve that crosses the half-plane 6(x,y) = 0 (see the left
panel of Fig. 42.2). The line integral of V f along a curve encircling the z
axis must be viewed as an improper integral where the initial and terminal
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FIGURE 42.2. Left: An illustration to Study Problem 42.1.
Right: An illustration to Study Problem 42.2. To find a
potential of a conservative vector field, one can evaluate its
line integral from any point (zg, 0, 20) to a generic point
(z,y, z) along the rectangular contour C' that is the union
of the straight line segments Cy, (5, and C5 parallel to the
coordinate axes.

points of the curve approach the same point on the half-plane where V f
does not exist. If the fundamental theorem for line integrals is applied to
such a curve, then no contradiction arises because the values of f on the
opposite sides of the half-plane differ exactly by 27 in full accordance with
the conclusion of the theorem.

(iv). The vector field F is conservative in the region E that is the entire
space with the half-plane 6(z,y) = 0 removed and its potential is given by
f (up to an additive constant). Indeed, the region F is simply connected as
closed curves encircling the z axis are no longer contained in E (the point
of intersection of the curve with the half-plane is not in £) and V x F =0
in it. By Theorem 42.3, F is conservative in E. The line integral of F over
any closed curve in E vanishes (the total variation of # along such a curve
is zero). With any other definition, the function #(x,y) must exhibit the
27 —discontinuity on some ray extended from the origin as the polar angle
has to change from 0 to 27 along any closed curve encircling the origin in the
xy plane, and the above conclusions hold for any other definition of (z, y).
O

Remark. The example considered is not merely a mathematical exercise to
illustrate subtleties of the path-independence property of vector fields, which
is only of academic interest. In fact, non-conservative vector fields with zero
curl in not simply connected regions of space do occur in nature. They
describe vortices in fluid flows. They are also used in theoretical foundations
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for the existence of magnetic monopoles, fundamental particles that are
believed to carry magnetic charges and whose properties may shed light on
the early evolution of our Universe. A search for magnetic monopoles is still
underway.

Problem 42.2. Prove that if ¥ = (Fy, Fy, F3) is conservative, then its
potential is

T Y z
f(‘rvyvz):/ Fl(tvy(]vz(]) dt+/ F2($,t,Z0) dt—l—/ F3($7y7t) dtv
zo Yo 20
where (9, Yo, 20) 18 any point in the domain of F. Use this equation to find

a potential of F from Ezample 42.2.

SOLUTION: In (42.3), take C' that consists of three straight line segments,
(z0, Y0, 20) — (z, Y0, 20) — (,y, 20) — (x,y, 2) as depicted in the right panel
of Fig. 42.2. The parametric equations of the first segment are

Ch: I'(t):<t,y072:0>, xo<t<uw.

Therefore, r'(t) = (1,0,0) and F(r(t)) - r'(t) = Fi(t,y0,20). So the line
integral of F along C; gives the first term in the above expression for f.
Similarly, the second term is the line integral of F' along the second segment

02: I'(t):<ZL',t,Z(]>, yOStSyv

so that r'(t) = (0,1,0) and F(r(t)) - v'(¢t) = Fa(z,t,20). The third term is
the line integral of F along the third segment

Cs: r(t)=(z,y,ty, z0<t<z,

so that r'(t) = (0,0,1) and F(r(¢)) - r'(¢t) = F3(z,y,t).

In Example 42.2, it was established that F = (Fy, Fy, F3) = (yz, xz+2z+
2y, zy+1y+2z) is conservative. For simplicity, choose (xg, yo, 20) = (0,0, 0).
Then

x y z
f(mvyvz) = / Fl(t,0,0)dt+/ F2($7t70)dt+/ F3(:L'7y7t)dt
0 0 0
= 04192+ (zyz+yz + 2%) = 2yz + yz + 22 + 2,
which naturally coincides with f found by a different (longer) method. O

Problem 42.3. (Operator V in curvilinear coordinates)
Let the transformation (u,v,w) — (x,y, z) be a change of variables. If &,,
&y, and &, are unit vectors normal to the coordinate surfaces (see Eq. (36.7)
in Section 36.6), show that

V = [ Vuleu o + I Volen + [Vuléy -

In particular, find the V operator in the cylindrical and spherical coordi-
nates.
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SOLUTION: By the chain rule,
0 Oud Ovwd Owd
9z 0xdu  dzdv | Oz dw
and similarly for 0/0y and 9/0z. Then

.0 .0 .0
V=e +teé— +é3-
€z Yy

0 0
= Vuﬁ + Vv% + Vw%

. 0 . 0 . 0
= [IVulleuzy - + VUl €0 + |Vl &ws -,

where the unit vectors are defined in (36.7). Making use of equations (36.8),
(36.9), (36.11), and (36.10), the operator V is obtained in the cylindrical
and spherical coordinates:

~Tor o0 T oz
N TR B
P00 T p %04 " psing 00"

42.6. Exercises.
1-5. Calculate the curl V x F of the given vector field F on its domain.

1. F = (zyz, —y*z,0);

2. F = (cos(zz), sin(yz),2);

3. F = (h(z),9(y), f(2)), where the functions h, g, and f are differ-

entiable.

4. F = (In(zyz),In(yz),Inz);

5. F = a x r, where a is a constant vector and r = (x,y, z).
6. Suppose that a vector field F(r) and a function f(r) are differentiable.
Use the vector algebra rules for the operator V to show that V x (fF) =
f(VxF)+VfxF.
7. Use the vector algebra rules for the operator V to find V x (¢ x rf(r))
where r = ||r||, f is differentiable, and c is a constant vector.
8. A fluid, filling the entire space, rotates at a constant rate w about an
axis parallel to a unit vector n. Find the curl of the velocity vector field at
a generic point r. Assume that the position vector r originates from a point
on the axis of rotation.
9-16. Determine whether the given vector field F is conservative in its
domain and, if it is, find its potential.
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9. F = (2xy, 22+ 2y23, 3222 +1);
10. F = (yz, w2z +2ycosz, vy — y?>sinz);
11. F = (&Y, ze¥ — 22, —2yz);
12. F = (6ay + 2%y, 322 + 2%z, 4232y) ;
13. F = <yz(2:n +y+2),zz(z+2y+2), zy(x +y+ 2z)> :
14. F = (—y(«® + )7 + 2, 2(2* + y*) 7", @) ;
15. F = (ycos(xy), x cos(zy), 2 + y) ;
16. F = (—yz/2?%, z/z, y/z).

17—21. Determine first whether the given vector field F has the path-
independence property (or it is conservative) in its domain and then evaluate
the line integral |, o F - dr by making a convenient deformation of the curve
C' if applicable.

17. F = (y%2% + 22 + 2y, 2xyz? + 22, 2zy%2 + 1) and C consists of
there line segments: (1,1,1) — (a,b,¢) — (1,2, 3);

18. F = (zx,yz, 2%) and C is the part of the helix r(t) = (2sint, —2 cost, t)
that lies inside the ellipsoid 2 + y? + 222 = 6 and oriented in the
direction of increasing t.

19. F = (y — 2%, 2 +sinz,ycosz — 2xz) and C is one turn of a helix
of radius a from (a,0,0) to (a,0,b).

20. F = g(r?)r where r = (z,y, 2), r = ||r||, ¢ is differentiable, and C
is a smooth curve from a point on the sphere z2 + 2 + 22 = a® to
a point on the sphere 22 + 32 + 22 = b>. What is the work done by
the force F if g = —1/737

21. F = <2(y—|—z)1/2, —x(y+2)%/2, —:E(y—l—z)_3/2> and C' is a smooth
curve from the point (1,1,3) and (2,4,5).

22. Suppose that F and G are continuous on a simply connected open re-
gion F. Show that fC F.dr = ffc G - dr for any smooth closed curve C' in
FE if there is a function f with continuous partial derivatives in F such that
F-G=V/.

23. Use the properties of the gradient to show that the vectors e, =
(cosf,sinf) and and €y = (—sinf, cos#) are unit vectors orthogonal to the
coordinate curves r(z,y) = const and #(x,y) = const of polar coordinates.
Given a planar vector field, put F = F,.e, + Fypég. Use the chain rule to
express the curl of a planar vector field F(r, §) in polar coordinates (r, ) in
terms of F., Fy, €., and €.

24. Evaluate the pairwise cross products of the unit vectors (36.11) and
the pairwise cross products of the unit vectors (36.10). Use the obtained
relations and the result of Study Problem 42.3 to express the curl of a vector
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field in spherical and cylindrical coordinates:

1 Jd(singlFy) OFy)\ .
VxF = psin¢ ( 0 00 G
V(1 oR, 0R)Y, | 1(dF) oR
+p <Sin¢ 06 dp Co t p op oo N
_ (10F. 0F)\ . (0F, OF.\ .
VXF_(?@@‘E) " <8z_8r>e9
1 (0(rFy) OF; 5
r or 00 ) 7

where the field F is decomposed over the bases (36.11) and (36.10): F =
Fpép + F¢é¢ + Fypép and F = F, e, + Fypéy + F.e,.

Hint: Show 0é,/0¢ = ey, 0€,/00 = sinf &y, and similar relations for the
partial derivatives of other unit vectors.
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43. Green’s Theorem

Green’s theorem should be regarded as the counterpart of the funda-
mental theorem of calculus for the double integral.

DEFINITION 43.1. (Orientation of Planar Closed Curves). A simple closed
curve C in a plane whose single traversal is counterclockwise (clockwise) is
said to be positively (negatively) oriented.

A simple closed curve divides the plane into two connected regions. If
a planar region D is bounded by a simple closed curve, then the positively
oriented boundary of D is denoted by the symbol 0D (see the left panel of
Fig. 43.1).

Recall that a simple closed curve can be regarded as a continuous vector
function r(t) = (x(t),y(t)) on [a,b] such that r(a) = r(b) and, for any
t1 # to in the open interval (a,b), r(t1) # r(te); that is, r(t) traces out C
only once without self-intersection. A positive orientation means that r(¢)
traces out its range counterclockwise. For example, the vector functions
r(t) = (cost,sint) and r(t) = (cost, —sint) on the interval [0, 27] define the
positively and negatively oriented circles of unit radius, respectively.

THEOREM 43.1. (Green's Theorem).
Let C be a positively oriented, piecewise-smooth, simple, closed curve in the
plane and let D be the region bounded by C = dD. If the functions Fi and
F5 have continuous partial derivatives in an open region that contains D,

then aF OF
// —2——1>dA:7{ Fidx + Fody.
aD

Just like the fundamental theorem of calculus, Green’s theorem relates
the derivatives of F; and F5 in the integrand to the values of F} and F5 on
the boundary of the integration region. A proof of Green’s theorem is rather
involved. Here it is limited to the case when the region D is simple.
PROOF (FOR SIMPLE REGIONS). A simple region D admits two equivalent
algebraic descriptions:

(43.1) D = {(z,y) [ ypot(z) <y < yrop(x), a <z < b},
(43.2) D = {(z,y) | zbot(y) < 2 < iop(y), c <y < d}.
The idea of the proof is to establish the equalities

(43.3) ngFld:n— // OF 4 faDngy_// @d/x

using, respectively, (43.1) and (43. 2) The conclusion of the theorem is then
obtained by adding these equatlons. The technical details will be given to
establish the first relation in (43.3) using the description (43.1) of D as a
vertically simple region. The second relation in (43.3) is proved along the
same line of reasoning by using the description (43.2) of D as a horizontally
simple region.
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The line integral is transformed into an ordinary integral first. The
boundary 9D contains four curves, denoted Ci, Co, C3, and Cy (see the
right panel of Fig. 43.1). The curves C; and Cj5 are the graphs y = ypot ()
and y = Yiop(), respectively. Their parametric equations are

Cr: r= <t7 ybot(t)>7 a<t<b,
Cs3: r={(t yop(t)), a<t<b.

These vector functions traverse the graphs from left to right. The positive
orientation of 9D implies that the graph y = ypot(x) must be oriented from
left to right, whereas the graph y = wyop(z) from right to left. So the
orientation of C'3 must be reversed to obtain the corresponding part of 9D,
which is achieved by changing the sign of the line integral along C3 (the
curve —Cj is the part of D). The boundary curves Co and Cy (the sides
of D) are segments of the vertical lines x = b (oriented upward) and = = a
(oriented downward), which may collapse to a single point if the graphs
Y = Ybot(x) and y = yrop(x) intersect at x = a or & = b or both. The line
integrals along Cy and Cy do not contribute to the line integral with respect
to x along 0D because dx = 0 along Cy and Cy. By construction, x = ¢t and
dx = dt for the curves C; and C3. Hence,

f FldiL':/ Fldl'-i—/ Fidx
oD Cy —Cs

= /j(F(ZE, ybot(lﬂ)) - F(iﬂa ytop($))> dz,

C’4 C 2

/\/
oD C

FIGURE 43.1. Left: A simple closed planar curve encloses a
(connected) region D in the plane. The positive orientation
of the boundary of D means that the boundary curve 0D
is traversed counterclockwise. Right: A vertically simple
region D is bounded by four smooth curves: two graphs C
and Co and two vertical lines Cy (x = b) and C3 (z = a).
The boundary 9D is the union of these curves oriented coun-
terclockwise.
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where the property (41.4) has been used. Next, the double integral is trans-
formed into an ordinary integral by converting it to an iterated integral:

Ytop (T)
e [ [
ybot(‘r

-/ (F(:c,ymp< ) = (@, () ),

a

where the latter equality follows from the fundamental theorem of calculus
and the continuity of F7 on an open interval that contains [ypot(2), Ytop(2)]
for any = in [a,b] (the hypothesis of Green’s theorem). Comparing the
expression of the line and double integrals via ordinary integrals, the validity
of the first relation in (43.3) is established. O

Suppose that a smooth, oriented curve C' divides a region D into two
simple regions D1 and Dy (see the left panel of Fig. 43.2). If the boundary
0D1 contains C (i.e., the orientation of C' coincides with the positive orien-
tation of 9D1), then 0Dy must contain the curve —C' and vice versa. Using
the conventional notation Fy dx + Fydy = F - dr, where F = (F}, Fy), one
infers that

j{ F-dr:j{ F-dr—i—}{ F-dr
8D 6D, 0D;
[ (O [ (22,
D1 a;U Do aLU
e @_@ "

The first equality holds because of the cancellation of the line integrals along
C and —C' according to (41.4). The validity of the second equality follows
from the proof of Green’s theorem for simple regions. Finally, the equality
is established by the additivity property of double integrals. By making use
of similar arguments, the proof can be extended to a region D that can be
represented as the union of finitely many simple regions.

Green’s Theorem for Non-simply Connected Regions. Let regions D; and
D5 be bounded by simple, piecewise-smooth, closed curves and let D5 lie in
the interior of D (see the right panel of Fig. 43.2). Consider the region D
that was obtained from D; by removing D5 (the region D has a hole of the
shape Ds). Making use of Green’s theorem, one finds

[ [ (0O [ (R,
ox ox
= fF-dr—j{F-dr:}{F-dr—i— }{ F-dr

0Dy 0Ds 0Dy —0D>

(43.4) = ngF . dr.
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FIGURE 43.2. Left: A region D is split into two regions by
a curve C. If the boundary of the upper part of D has posi-
tive orientation, then the positively oriented boundary of the
lower part of D has the curve —C. Right: Green’s theorem
holds for non-simply connected regions. The orientation of
the boundaries of “holes” in D is obtained by making cuts
along curves C1 and Cy so that D becomes simply connected.
The positive orientation of the outer boundary of D induces
the orientation of the boundaries of the “holes”.

This establishes the validity of Green’s theorem for not simply connected
regions. The boundary 9D consists of dD; and —3D»; that is, the outer
boundary has a positive orientation, while the inner boundary is negatively
oriented. A similar line of reasoning leads to the conclusion that Green’s
theorem holds for any number of holes in D: all inner boundaries of D must
be negatively oriented. Such orientation of the boundaries can also be un-
derstood as follows. Let a curve C' connect a point of the outer boundary
with a point of the inner boundary. Let us make a cut of the region D along
C. Then the region D becomes simply connected and 0D consists of a con-
tinuous curve (the inner and outer boundaries, and the curves C' and —C).
The boundary 9D has to be positively oriented. The latter requires that
the outer boundary be traced counterclockwise, while the inner boundary is
traced clockwise (the orientation of C' and —C' is chosen accordingly). By
applying Green’s theorem to D, one can see that the line integrals over C
and —C' are cancelled and (43.4) follows from the additivity of the double
integral.

43.1. Evaluating Line Integrals via Double Integrals. Green’s theorem pro-
vides a technically convenient tool to evaluate line integrals along planar
closed curves. It is especially beneficial when the curve consists of several
smooth pieces that are defined by different vector functions; that is, the
line integral must be split into a sum of line integrals to be converted into
ordinary integrals. Sometimes, the line integral turns out to be much more
difficult to evaluate than the double integral.
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2
D 1
2 1 12

FIGURE 43.3. Left: The integration curve in the line inte-
gral discussed in Example 43.1. Right: A general polygon.
Its area is evaluated in Example 43.3 by representing the
area via a line integral.

EXAMPLE 43.1. Ewvaluate the line integral of
F = (y% + % 3zy — sin(y?))

along the curve C that is the boundary of the half of the annulus: 1 <
224+ y? <4 andy > 0; C is oriented clockwise.

The curve C' consists of four smooth pieces, the half-circles of radii 1

and 2 and two straight line segments of the x axis, [—2, —1] and [1,2] as
shown in the left panel of Fig. 43.3. Each curve can be easily parameterized
and the line integral in question can be transformed into the sum of four
ordinary integrals which are then evaluated. The reader is advised to pursue
this avenue of actions to appreciate the following alternative way based on
Green’s theorem (this is not impossible to accomplish if one figures out
how to handle the integration of the functions e“*** and sin(y*) whose anti-
derivatives are not expressible in elementary functions).
SoLUTION: The curve C is a simple, piecewise-smooth, closed curve and
the components of F have continuous partial derivatives everywhere. Thus,
Green’s theorem applies if 0D = —C' (because the orientation of C' is neg-
ative) and D is the half-annulus. One has 0F; /0y = 2y and 0Fy/0x = 3y.
By Green’s theorem,

fF.dr:_jf Fodr— — // @_@ dA = — //ydA
C oD

:—//rsinerdrdez—/smede/ 2dr———,

o J1 3

where the double integral has been transformed to polar coordinates. The
region D is the image of the rectangle D' = [1,2] x [0, 7] in the polar plane
under the transformation (r,0) — (z,y). O

Changing the Curve of Integration in a Line Integral. If a planar vector
field is not conservative, then its line integral along a curve C' originating
from a point A and terminating at a point B depends on C. If C’ is another
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curve outgoing from A and terminating at B, what is the relation between
the line integrals of F over C' and C’? Green’s theorem allows us to establish
such a relation. Suppose that C' and C’ have no self-intersections and do not
intersect each other. Then their union is a boundary of a simply connected
region D. Let us reverse the orientation of one of the curves so that their
union is the positively oriented boundary 9D, say, 0D is the union of C' and
—(C'". Then

}{ F-dr:/F-dr—l—/ F-dr:/F-dr—/ F-dr
oD C -C’ C ’

By Green’s theorem

B OF, OF

which establishes the relation between lines integrals of a non-conservative
planar vector field over two different curves that have common endpoints.

EXAMPLE 43.2. Ewvaluate the line integral of the vector field
F = (2y + cos(z?), z +9°)

along the curve C which consists of the line segments (0,0) — (1,1) and
(1,1) = (0,2).

SOLUTION: Let C’ be the line segment (0,0) — (0,2). Then the union of C
and —C" is the boundary 9D (positively oriented) of the triangular region D
with vertices (0,0), (1,1), and (0, 2). The relation (43.5) can be applied to
evaluate the line integral over C. The parametric equations of C’ are x = 0,
y=t,0<t<2. Hence, along C', F -dr = F5(0,t)dt = t3dt and

2
/ F-dr:/ t3dt = 4.
/ 0

Then 0F»/0x = 2z and 0F1/0y = 2. The region D admits an algebraic
description as a vertically simple region: x <y <2 —z, 0 <z < 1. Hence,

/A)(%—%—?)d/x://L)(2x—2)dA:2/01(x—1) :_mdydg;
= —4/01($—1)2dm:_é

Therefore, by Eq. (43.5)

/F-dr:4—é:§.
c 3 3
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43.2. Area of a Planar Region as a Line Integral. Consider the planar
vector field F = (F}, Fy), where F» = x and F} = 0. Then

// @_@>dA:/DdA:A(D).

The area A(D) can also be obtained if F = (—y,0) or F = (—-y/2,z/2). B
Green’s theorem, the area of D can be expressed by line integrals:

1
(43.6) AD) = wty=—f yar=3 4 way-yan
oD oD 2 Jop

assuming, of course, that the boundary of D is a simple, piecewise-smooth,
closed curve (or several such curves if D has holes). The reason the values of
these line integrals coincide is simple. The difference of any two vector fields
involved is the gradient of a function whose line integral along a closed curve
vanishes owing to the fundamental theorem for line integrals. For example,
for F = (0,z) and G = (—y,0), the difference is F — G = (y,z) = Vf,
where f(x,y) = zy, so that

7{ F-dr— G-drz% (F—-G)-dr = Vf-dr=0.
oD oD oD oD

The representation (43.6) of the area of a planar region as the line integral
along its boundary is quite useful when the shape of D is too complicated
to be computed using a double integral (e.g., when D is not simple and/or a
representation of boundaries of D by graphs becomes technically difficult).

ExAMPLE 43.3. (Area of a polygon)
Consider an arbitrary polygon whose vertices in counterclockwise order are

(z1,11), (2,Y2), -y (T, yn). Find its area.

SoLUTION: Evidently, a generic polygon is not a simple region (e.g., it may
have a star-like shape). So the double integral is not at all suitable for finding
the area. In contrast, the line integral approach seems far more feasible as
the boundary of the polygon consists of n straight line segments connecting
neighboring vertices as shown in the right panel of Fig. 43.3). If C; is such
a segment oriented from (z;, y;) to (zj+1,yi+1) fori =1,2,...,n—1, then C,
goes from (x,,yn) to (z1,y1). A vector function that traces out a straight
line segment from a point r, to a point ry is

r(t)=ro+(rp—ry)t, 0<t<1.

For the segment C;, take r, = (x;,v;) and ry, = (241, yi+1). Hence, para-
metric equations of C; are

r(t) =z — (Tip —z)t =i+ Azit,  y(t) = yi + (Yir1 —vi)t = yi + Ayt
For the vector field F = (—y, x) on C;, one has
F(r(t))-r'(t) = (—y(t), 2(t)) - (Awi, Ays) = 23 Ay; — y; Aw
= Ti¥Yi+1 — YiTi+1;
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that is, the t dependence cancels out. Therefore, taking into account that
Cy, goes from (xy,,yn) to (x1,y1), the area is

1 1 &
A:—f zdy —ydr == /:Edy—ydw
2 Jop 2; C;

1 n—1 1 1 1
=5 Z/ (TiYiy1 — YiTig1) dt + B / (ny1 — ynx1) dt
i=1 70 0

n—1
= %( Z(!Eiyiﬂ — Yiit1) + (Tnyn — yn$1)>-
i=1
O
So Green’s theorem offers an elegant way to find the area of a general polygon
if the coordinates of its vertices are known. A simple, piecewise-smooth,
closed curve C' in a plane can always be approximated by a polygon. The
area of the region enclosed by C' can therefore be approximated by the area
of a polygon with a large enough number of vertices, which is often used in
many practical applications.

43.3. The Test for Planar Vector Fields to Be Conservative. Green’s the-
orem can be used to prove Theorem 42.3 for planar vector fields. Consider
a planar vector field F = (Fy(x,y), Fa(z,y),0). Its curl has only one com-
ponent:

€ € €3

OF, OF;

o) o) o) ~ 2 1
Fl(l',y) F2($7y) 0

Suppose that the curl of F vanishes throughout a simply connected open
region D, V x F = 0. By definition, any simple closed curve C in a simply
connected region D can be shrunk to a point of D while remaining in D
throughout the deformation (i.e., any such C' bounds a subregion Dy of D).
By Green’s theorem, where C = 9Dy,

or, 0or
forer= ], G ==, paa=o

for any closed simple curve C' in D. By the path-independence property
(Theorem 42.2), the vector field F is conservative in D.

43.4. Study Problems.

Problem 43.1. Evaluate the line integral of F = (y + €, 3z — sin(y?))
along the counterclockwise-oriented boundary of D that is enclosed by the
parabolas y = x% and © = y>.
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Y = 2 )
A 4 A
C
1 T = y2 Ca
oD \ >

y
D (Da/&//a

FIGURE 43.4. Left: An illustration to Study Problem 43.1.
Right: An illustration to Study Problem 43.2. The region
D, is bounded by a curve C' and the circle C,.

SOLUTION: One has 0F;/0y = 1 and 0F»/0z = 3. By Green’s theorem,

1 pVZ 1 9
7{ F-dr://QdA:2// dyd$:2/(\/5—$2)dm:—.
oD D 0 Ja2 0 3

The integration region D is shown in the left panel of Fig. 43.4. U

Problem 43.2. Prove that the line integral of the planar vector field

P )
- ;U2 + y2 ’ ;U2 + y2
along any positively oriented, simple, smooth, closed curve C that encircles

the origin is 2w and that it vanishes for any such curve that does not encircle
the origin.

SOLUTION: It has been established (see Study Problem 42.1) that the curl
of this vector field vanishes in the domain that is the entire plane with the
origin removed. If C' does not encircle the origin, then 0F,/0x —0F; /0y =0
throughout the region encircled by C, and the line integral along C' vanishes
by Green’s theorem. Given a closed curve C' that encircles the origin, but
does not go through it, one can always find a disk of a small enough radius
a such that the curve C' does not intersect it. Let D, be the region bounded
by the circle C, of radius a and the curve C. Then 0F,/0x — 0F,/0y = 0
throughout D,. Let C be oriented counterclockwise, while C, is oriented
clockwise. Then 0D, is the union of C' and C,. By Green’s theorem,

j{ F-dr=0 = %F-dr:—}{ F-dr:}{ F.-dr =27
oD C Co —Caq

because —C,, is the circle oriented counterclockwise and for such a circle the
line integral has been found to be 27 (see Study Problem 42.1). g

Problem 43.3. (Volume of axially symmetric solids)
Let D be a region in the upper part of the xy plane (y > 0). Consider the
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solid E obtained by rotation of D about the x axis. Show that the volume of
the solid is given by

V(E) = —wj{ yidx
oD

SOLUTION: Let dA be the area of a partition element of D that contains a
point (x,y). If the partition element is rotated about the z axis, the point
(z,y) traverses the circle of radius y (the distance from the point (z,y) to
the x axis). The length of the circle is 2my. Consequently, the volume of the
solid ring swept by the partition element is dV = 2rydA. Taking the sum
over the partition of D, the volume is expressed via the double integral over

V(E) = 2r / /D ydA

In Green’s theorem, demand 0F;/0y = 2y and 0Fy/0z = 0 so that the
above double integral is proportional to the left side of Green’s equation.
In particular, F; = y? and F, = 0 satisfy these conditions. By Green’s

theorem,
F
V(E) :77// @dA: —w% Fidz = —w% yzd:ﬂ
p Oy oD oD

as required. O

43.5. Exercises.
1-2. Evaluate the given line integral by two methods: (a) directly and (b)
using Green’s theorem.

1. ¢, zy*dz—y*zdy, where C is the triangle with vertices (0,0), (1,0),
(1,2); C is oriented counterclockwise;

2. fc 2yxdx + x2dy, where C consists of the line segments from (0, 1)
to (0,0) and from (0,0) to (1,0) and the parabola y = 1 — 22 from
(1,0) to (0,1).

3—11. Evaluate the given line integral using Green’s theorem.

3. §, xsin(z?)dz + (zy* — 2®)dy, where C' is the positively oriented
boundary of the region between two circles 22 +y? = 1 and 2% +y? =
4;

4. ffc (y3dm —$3dy), where C is the positively oriented circle 22 —|—y2 =
a?;

5. fc(ﬁ + y3)dx + (2% + VY)dy, where C consists of the arc of the
curve y = cosx from (—7/2,0) to (7/2,0) and the line segment
from (7/2,0) to (—7/2,0);

6. . (y* —In(z*+y?))dz + 2tan~ ' (y/x)dy, where C is the positively
oriented circle of radius a > 0 with the center (z¢,yo) such that
xo>aand yg > a;

7. fc (x+1y)%dz — (22 +1y?)dy, where C is a positively oriented triangle
with the vertices (1, 1), (3,2), and (2,5);
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10.

11.

12-14.

. ffc xy?dx—x?ydy, where C is the negatively oriented circle 22 +y? =
2.

a=;

. $o(x 4+ y)dx — (z — y)dy, where C is the positively oriented ellipse

(x/a)® + (y/b)* =1;

$o €*[(1—cosy)dx—(y—siny)dy], where C is the positively oriented
boundary of the region 0 < y <sinz, 0 <z < 7;

b e~ [cos(2zy )da — sin(2zy)dy], where C is the positively ori-

ented circle 22 + y? = a?.

Use the contour transformation law (43.5) to solve each of the

following problems.

12.

13.

14.

Let F = ((x+vy)?, —(z—y)?). Find the difference between the line
integrals of F over two curves C7 and (5 originating from the point
(1,1) and terminating at (2,6) if C; in the straight line segment
and Cy is the parabola through (1,1) and (2,6) that also passes
through (0, 0);

Find fc(em siny — qx)dz + (e* cosy — q)dy, where ¢ is a constant
and C' is the upper part of the circle 22 + y? = ax, y > 0, oriented
from (a,0) to (0,0),a > 0;

Find [o[g(y)e” — qyldz + [¢'(y)e” — g]dy, where g(y) and ¢'(y)
are continuous functions and C is a smooth curve from the point
Py = (x1,y1) to the point P, = (x2, y2) such that it and the straight
line segment P; P, form the boundary of a region D of the area
A(D).

15. Use Green’s theorem to find the work done by the force F =
(3xy? + 3, y*) in moving a particle along the circle 22 + y?> = a? from

o (0, a) counterclockwise, a > 0.

Use a representation of the area of a planar region by the line

integral to find the area of the specified region D.

(07 _a) t

16—23.
16.
17.
18.

19.

20.

21.

22,

23.

D is bounded by an ellipse x = acost, y = bsint, 0 <t < 2m;

D is under one arc of the cycloid = = a(t —sint), y = a(1 — cost);
D is the astroid enclosed by the curve z = acos®t, y = asin®t;

D is bounded by the curve x(t) = acos?t, y(t) = bsin(2t), where
0<t<m,

D is bounded by the parabola (x + y)? = ax and by the z axis,
a>0;

D is bounded by one loop of the curve 23 + 43 = 3azxy, a > 0.
Hint: put y = tx;

D is bounded by the curve (22 + y?)? = a?(2? — y?).

Hint: put y = xtant;

D is bounded by (z/a)™ + (y/b)" =1, n > 0.

Hint: = = acos™?t, y = bsin™?¢.

24. Let a curve C have fixed endpoints. Under what condition on the
function g(z,y) is the line integral [ g(z,y)(ydz + zdy) independent of C?
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25. Let D be a planar region bounded by a simple closed curve. If A is the
area of D, show that the coordinates (z.,y.) of the centroid of D are
y2dx

Te $2dy, Ye = —

24 Jop 24 Jop
Hint: Use an approach similar to the derivation of (43.6).

26. Let a lamina with a constant surface mass density ¢ occupy a planar re-
gion D enclosed by a simple piecewise smooth curve. Show that its moments
of inertia about the x and y axes are

I, = —27{ yide, I, = zy{ z3dy
3 Jop 3 Jop

Hint: Use an approach similar to the derivation of (43.6).
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44. Flux of a Vector Field

The idea of a flux of a vector field stems from an engineering problem of
mass transfer across a surface. Suppose there is a flow of a fluid or gas with
a constant velocity v and a constant mass density o (mass per unit volume).
Let AA be a planar area element placed into the flow. At what rate is the
fluid or gas carried by the flow across the area AA? In other words, what
is the mass of fluid transferred across AA per unit time? This quantity is
called a flux of the mass flow across the area AA.

Suppose first that the mass flow is normal to the area element. The flow
may occur in two opposite directions. To distinguish these two cases, a unit
normal vector n is set on the area element. Suppose first that the flow occurs
in the direction of n; that is, the velocity vector is a positive multiple of the
normal: v = vn, where v = ||v/|| is the flow speed. Consider the cylinder with
an axis parallel to v with cross section area AA and height h = v At, where
At is a time interval. The volume of the cylinder is AV = hAA =v At AA.
In time At, all the mass stored in this cylinder is transferred by the flow
across AA. This mass is Am = o AV = ocv At AA, and the flux is

A
AD = A—T = ovAA.
The flux becomes negative A® = —gv AA if the velocity of the mass flow
is a negative multiple of the normal v = —wvn. More generally, the flux

depends on the angle between the normal n and the velocity of the mass
flow. If the velocity is parallel to the area element (or perpendicular to
the normal), then no mass is transferred across it and the flux vanishes. A
vector v can be uniquely decomposed into the sum of two orthogonal vectors
one of which is parallel to n. If 8 is the angle between v and n, then the
component of v parallel to n is v,, = v,n, where v, = vcosf = v -1 is the
scalar projection of v onto n. Only the normal component v,, of the flow
contributes to the flux (see the left panel of Fig. 44.1):

(44.1) AD =ov, AA=ov -AAA=F -nAA=F, AA,

where the vector F = ov characterizes the mass flow (“how much” (o) and
“how fast” (v)) and F,, is the scalar projection of F onto the normal n.
Observe that the value of the flux is unambiguously defined by setting a
normal vector to the surface element as the sign of the flux depends on the
direction of the normal.

Suppose S is a smooth surface such that it has a continuous unit normal
vector (n is a continuous vector field on S). If the mass flow is not constant;
that is, F becomes a vector field, then its flux across a surface S can be
defined by partitioning S into small surface elements S;, i = 1,2,..., N,
whose surface areas are AS; as shown in the right panel of Fig. 44.1. Let
rf be a sample point in S; and let n; = n(r}) be the unit normal to S; at r}.
If the size of S; (the radius of the smallest ball containing \S;) is small, then,
by neglecting variations of F and the normal n within S;, the flux across .5;
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h

FIGURE 44.1. Left: A mass transferred by a homogeneous
mass flow with a constant velocity v across an area element
AA in time At is Am = oAV where AV = hAA is the
volume of the cylinder with the cross section area AA and
the hight h = Atv,; v, is the scalar projection of v onto
the normal n. Right: A partition of a smooth surface S
by elements S;. If r] is a sample point in S;, n; is a unit
normal to S at r}, and AS; is the surface area of the partition
element S;, then the flux of a vector field F(r) across S; is
approximated by A®; = F(r}) - n;AS;.

can be approximated by (44.1), A®; ~ F(r}) - n; AS;. The approximation
becomes better when N — oo so that the sizes of S; decrease to 0 uniformly
and hence the total flux is
N N N
= lim » A®; = lim Y F(r})-f;AS; = lim Y fu(r}) AS;,
=1 =1

N —oo 4 ] N —oo 4 N—oo 4
1=

where f,, = F - n denotes the normal component of the vector field F. A
comparison with Eq. (39.1) shows that the sum in the above equation is
nothing but the Riemann sum of the function f,(r) over a partition of the
surface S. If the normal component f,(r) is integrable over S, then the
above limit is the surface integral of f,(r) over S. For example, if F is
continuous on S, then by continuity of n, f,, is continuous on S and, hence,
integrable on S.

44.1. Orientable Surfaces. Consider a mass flow along a smooth surface.
In this case the flow lines lie in the surface hence are perpendicular to the
normal. In this case, the flux across any part of the surface is zero. Since
the flux vanishes, no mass can get from side of the surface to the other,
that is, across the surface. For example, a portion of a plane has two sides,
say, the upper and lower (e.g., relative to a normal to the plane). A mass
flow along the plane cannot transfer mass from one side to the other. A
sphere also has two sides, the outer and inner sides. A mass flow along the
sphere cannot transfer mass from one side to the other. Strangely enough,
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(=3
n

FIGURE 44.2. Left: If there is a continuous unit normal
vector n on a surface S, then n changes continuously along
any closed curve C' in S so that its initial direction should
match the final direction. Right: A small patch AS of a
surface S can be oriented in two different ways according to
two possible choices of a unit normal vector, i or —n. If there
is a “one-sided” surface, a face-up patch can be transported
along a closed curve in S to a face-down patch at the same
position on S. If S has a boundary, then the closed curve is
not allowed to cross the boundary.

there are smooth surfaces for which a particle (or a pont) can get from one
side of the surface to the other just by sliding along the surface! In other
words, there are smooth surfaces for which a tangential flow can transfer
mass across the surface. So, the above definition of the flux is not suitable
for such surfaces. The objective is therefore to describe the class of surfaces
for which our definition of the flux is applicable.

Let S be a smooth surface. Since S is smooth, a continuous normal
n = n(r) can always be defined in a neighborhood of any point on S as a
continuous vector field. If two neighborhoods overlap, then the normal must
be same at their common points. Suppose that, by doing this procedure of
constructing n in neighborhoods of some points of S and matching 1 in their
overlaps, a continuous normal n can be obtained on the whole S. Then n
has to be continuous along every closed curve C in S. In other words, if one
moves the obtained normal n around a closed curve C in S, then the normal
does not reverse its direction as illustrated in the left panel of Fig. 44.2. If
n(r) is a unit normal at a point r of S, then —n(r) is also a unit normal
at r. By continuity the direction of n(r) defines one side of S, while the
direction of —n(r) defines the other side. For example, the outward normal
of a sphere is continuous along any closed curve on the sphere (it remains
outward along any closed curve) and hence defines the outer side of the
sphere. If a normal on the sphere is chosen to be inward, then it is also
continuous and defines the inner side of the sphere. Evidently, the flux is
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well defined for two-sided surfaces. (no tangential mass flow can transfer
mass across a two-sided surface).

Are there one-sided surfaces? If such a surface exists, it should have
quite remarkable properties. Take a point on it. In a sufficiently small
neighborhood of this point, one can always think about two sides of a smooth
surface. One side is defined by a normal n (face-up patch), while the other
has the same shape but its normal is —n (face-down patch) as shown in
the right panel of Fig. 44.2. For a one-sided surface, face-up and face-down
patches must be on the same side of the surface. This implies that there
should exist a closed curve on the surface such that a face-up patch can be
transported along it to a face-down patch at the same position on S and,
if S has a boundary, this transport of a patch is not allowed to cross the
boundary. This shows that a continuous normal cannot be defined on a
one-sided surface.

Examples of One-Sided Surfaces. One-sided surfaces do exist. To construct
an example, take a rectangular piece of paper. Put upward arrows on its
vertical sides and glue these sides so that the arrows remain parallel. In
doing so, a cylinder is obtained, which is a two-sided surface (there is no
curve that traverses from one side to the other without crossing the boundary
circles formed by the horizontal sides of the rectangle). The gluing can
be done differently. Before gluing the vertical sides, twist the rectangle
so that the arrows on its opposite sides have opposite directions and then
glue the sides together. The procedure is shown in Fig. 44.3. The resulting
surface is the famous Mébius strip or Mdbius band (named after the German
mathematician August Mobius). It is one-sided. A face-up patch can be
transported into a face-down patch at the same position along a closed
curve in the band. The original rectangle is two-sided. Make a horizontal
line that cuts the rectangle into two equal-area pieces. The line on one side
cannot be continued to the line on the other side if the vertical edges of the
rectangle are glued parallel to obtain a cylinder. Thanks to the twisting
of the glued sides, the line on one side of the original rectangle becomes a
continuation of the line on the other side of the rectangle, thus making a
closed curve in the band along which a face-up patch can be transported
into a face-down patch at the same position.

There are one-sided surfaces without boundaries (like a sphere). The
most famous one is a Klein bottle. Take a bottle. Drill a hole in the side
surface and in the bottom of the bottle. Suppose the neck of the bottle is
flexible (a “rubber” bottle). Bend its neck and pull it through the hole on
the bottle’s side surface (so that neck fits tightly into the hole). Finally,
attach the edge of the bottle’s neck to the edge of the hole in the bottom
of the bottle. The result is a surface without boundaries and it is one-sided
(see the left panel of Fig. 44.4). A small patch of this surface has two sides.
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FIGURE 44.3. A construction of two-sided surface (a por-
tion of a cylinder) from a band by gluing its edges (left).
A construction of one-sided surface (a Mobius band) from a
band by gluing its edges after twisting the band (right).

x

FIGURE 44.4. Left: A Klein bottle is an example of one-
sided closed surface (it has no boundaries). Right: An illus-
tration to Example 44.1

A bug sitting on one side of the patch can crawl along the surface and get
to the other side of the patch.
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DEFINITION 44.1. (Orientable Surface).
A smooth surface is called orientable if there exists a continuous unit normal
vector field on the surface.

DEFINITION 44.2. (Orientation of an Orientable Smooth Surface)
An orientation of an orientable smooth surface is a choice of continuous
unit normal vector field.

DEFINITION 44.3. (Oriented Smooth Surface)
An oriented smooth surface is an orientable smooth surface together with an
orientation.

As already argued, every connected orientable surface has exactly two
orientations. A flux of a vector field can only be defined across an orientable
surface. Furthermore, there is a simple criterion whether a given smooth
surface can be oriented.

COROLLARY 44.1. (Test for a smooth surface to be orientable)
A smooth surface is orientable if and only if there is no closed curve in it
such that a unit normal is reversed when moved around this curve.

For example, if a smooth surface is defined either as a graph of a function
with continuous partial derivatives, or as a level set of a function whose
gradient is continuous and non-vanishing, or by parametric equations, then
a continuous unit normal vector field can be defined in a neighborhood of
each point of a closed curve in the surface. It remains then to check if the
directions of the normal match on overlaps of neighborhoods; that is, the
defined normal is continuous on any such curve, e.g., by studying the values
of the unit normal vector field n(r) on a closed parametric curve r = r(t),
a<t<b, r(a)=r().

44.2. Flux as a Surface Integral.

DEFINITION 44.4. (Flux of a Vector Field).
Let S be an oriented smooth surface, and let n be the chosen unit normal
vector field on S. The flur of a vector field F across S is the surface integral

<I>://F-f1dS,
S

provided the normal component F -1 of the vector field is integrable on S.

The integrability of the normal component F,(r) = F - n is defined in
the sense of surface integrals of ordinary functions (see Definition 39.2). In
particular, the flux of a continuous vector field across a smooth oriented
surface exists.

44.3. Evaluation of the Flux of a Vector Field. Suppose that a surface S
is a graph z = g(z,y) and g has continuous partial derivatives in a region D
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bounded by piecewise smooth curves. There are two possible orientations of
S. One of these is the continuous unit normal vector field

n(r,y) = n(z,y), n(z,y)=(-g,(z,y), —g,(z,9), 1);

[In(z,y)|l
n is the normal vector used in Section 21.5 to find equations of tangent
planes. Its z component is positive. For this reason, the graph is said to
be oriented upward. Alternatively, one can take the normal vector in the
opposite direction,

n(z,y) = (g,(z,v), gy(z,y), —1).

the graph with this orientation is said to be oriented downward. Accordingly,
the upward (downward) flux, denoted ®; (@), of a vector field is associated
with the upward (downward) orientation of the graph. When the orientation
of a surface is reversed, the flux changes its sign:

O =)

Consider the upward-oriented graph z = g(z,y). The unit normal vector
reads

. 1 1 /
== (g —gl 1, =L+ (0)? + (9))*

]

In Section 39 it was established that the area of the portion of the graph
above a planar region of area dA is dS = J dA. Therefore, in the flux across
the surface area dS can be written in the form

F'fldS:F'Il%JdA:F'ndA,

where the vector field must be evaluated on S, that is, F = F(x,y, g(z,y))
(in accord with Theorem 39.2, the variable z is replaced by g(x,y) because
z = g(z,y) for any point (z,y, z) in S). If the vector field F is continuous,
then the dot product F - n is a continuous function on D so that the flux
exists and is given by the double integral over D. The following theorem
has been proved.

THEOREM 44.1. (Evaluation of the Flux Across a Graph).
Suppose that S is a graph z = g(x,y) of a function g on a region D bounded
by piecewise smooth curves and partial derivatives of g are continuous and
bounded on the interior of D. Let S be oriented upward by the normal vector
= (—gy =9y, 1), and let F be a continuous vector field on S. Then

<I>T_//F nds = // ()

Fu(z,y) = = —g.F1 (2,9, 9) — 9, Fo (2,9, 9) + F3(2, 9, 9).

z=g(z,y)

By this theorem, an evaluation of the flux involves the following basic
steps:
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Step 1. Represent S as a graph of a function g of two variables, e.g., z =
g(z,y) (i.e., find the function g using a geometrical description of
S). If S cannot be represented as a graph of a single function, then
it has to be split into pieces so that each piece can be described as
a graph. By the additivity property, the surface integral over S is
the sum of integrals over each piece.

Step 2. Find the region D that defines the part of the graph that coincides
with S. One can think of D as the vertical projection of S onto
the xy plane.

Step 3. Determine an orientation of S (upward or downward) from the
problem description, n = p(—g;, —g;, 1) where p = 1 and p = —1
for the upward and downward orientations, respectively. The sign
of the flux is determined by the orientation. Calculate F;, = F - n
as a function on D.

Step 4. Evaluate the double integral of F,, over D.

EXAMPLE 44.1. Evaluate the downward fluz of the vector field F =
(rz,yz,2) across the part of the paraboloid z = 1 — x? — y? in the first
octant.

SOLUTION:

Step 1. The surface is the part of the graph z = g(z,y) = 1 — 22 — y? in the
first octant.

Step 2. The paraboloid intersects the xy plane (z = 0) along the circle
22 4 y? = 1. Therefore, the region D is the part of the disk bounded by this
circle in the first quadrant.

Step 3. Since S is oriented downward,

n= <g/m7 92,7 —1) = (22, -2y, 1)
and the dot product of F and n on S is

Step 4. The region D is the image of the rectangle D' = [0, 1] x [0, 7/2] in
the polar plane. Converting the double integral of F), to polar coordinates
and using Fubini’s theorem,

w/2 rl -
X o Jo 24

The negative value of the downward flux means that the actual transfer of
a quantity (like mass), whose flow is described by the vector field F, occurs
in the upward direction across S. O

EXAMPLE 44.2. Evaluate the flur of the vector field F = (—x, 12, 2)
across the part of the surface y = zx that lies between the cylinders x*>+ 2> =
1 and %+ 2% = 4; the surface is oriented so that a normal to it has a positive
Yy component.
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SOLUTION: It is convenient to view the surface as the graph y = g(z, z) = xz
over the region D in the zz plane:

D={(z,2)|1<2®+2*> <4}

which is an annulus with the inner radius 1 and the outer radius 2. Therefore
a normal to the surface can be chosen in the form

= <_g:/m 17 _g;> = <—Z, 17 _:L'>7
an upward normal relative to the direction of the y axis. Then
Fn(ZL', Z) = <_:L'7 (g(lL’, Z))27 Z> : <_Z7 1, = > = $2Z2

The region D is the image of the rectangle D’ = [1,2] x [0, 27| in the polar
plane. Converting the double integral of F;, to polar coordinates in the xz

plane,
o = // F-ndS= // 22dA = // (rcos 0)%(rsin)*r dA’
5 [ L 6|2
:/ cos? @ sin’ 0d9/ dr——/ sin“(20)d0 - = r
0 4 Jo 6 I
21 [*"1 217
=3/, 3 (1 - cos(49)>d9 =3
where the trigonometric double-angle formulas have been used to evaluate
the integral. The integral of cos(46) vanishes by periodicity. O

44.4. Parametric Surfaces. Suppose that an orientable smooth surface S
is defined by parametric equations r = r(u,v), where (u,v) span a region
D. Then, by Theorem 39.3, a normal vector to S can be chosen as

n==+(r, xr))#0

in the interior of D. The sign defines one of the two possible orientations of
S. Since ||n|| = J, where J determines the area transformation law

dS =JdA, dA=dudv, J=]|n|,
the flux of a vector field F across the surface area dS reads
F(r(u,v))-ndS = F(r(u,v)) - ndA = F(r(u,v))- (v, x r) dA
= F,(u,v)dA
and the flux of F across S is given by the double integral

//FndS [ Py aa= [[ R

Naturally, a graph z = g(x,y) is described by the parametric equations

r(u,v) = (u,v,g(u,v)), which is a particular case of the above expression;
it coincides with that given in Theorem 44.1 (z = v and y = v). A descrip-
tion of surfaces by parametric equations is especially convenient for closed
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surfaces (i.e., when the surface cannot be represented as a graph of a single
function).

EXAMPLE 44.3. FEwvaluate the outward flux of the wvector field F =
(2%x, 2%y, 23) across the sphere of unit radius centered at the origin.

SoLUTION: The parametric equations of the sphere of radius R = 1 are
given in (39.4), and a normal vector is computed in Example 39.7:

n =sin(¢)r(¢,0), r(¢p,0) = (cosfsin ¢, sinfsingp, cose),

where the spherical angles (¢, ) span their whole range D = [0, 7] x [0, 27].
This is an outward normal because sin¢ > 0. It is convenient to represent
F = 2%r so that

Fn(¢7 0) = F(I‘(QS, 0)) ‘n = C082 ¢Sin¢ I'(QS, 0) : I'(QS, 0)
= cos® ¢sing ||r(¢, 0)||* = cos? psin ¢
because ||r(¢,0)||> = R?> = 1. The outward flux reads

<I>://SF-f1dS://Dc052¢sin¢dA

2 T 4
:/ dH/ cos® psin g dop = .
0 0 3

O

Non-orientable Parametric Surfaces. Nonorientable smooth surfaces can
be described by the parametric equations r = r(u,v) or by an algebraic
equation F'(x,y,z) = 0 (as a level surface of a function). For example, a
Mobius band of width 2h with midcircle of radius R that lies in the xy plane
is defined by parametric equations:

(44.2) r(u,v) = <[R—|—ucos(v/2)] cosv, [R-+wucos(v/2)]sinv, usin(v/2)>,

where the parameters (u,v) span the rectangle D = [—h, h] x [0, 2x]. This
Mobius band can also be defined as a level set of a cubic polynomial (a cubic
surface):

—R%y + 2%y + y® — 2Rxz — 22%2 — 2%z + y2° = 0.

This is verified by substituting the parametric equations into this algebraic
equation and showing that the left side vanishes for all (u,v) in D.

Let us prove that the surface defined by the parametric equations (44.2)
is not orientable. By Corollary 44.1, one should analyze the behavior of
a normal vector when the latter is moved around a closed curve in the
surface. Consider the circle in the zy plane defined by the condition u = 0:
r(0,v) = (Rcosv, Rsinv,0), 0 < v < 27. It is easy to show that

r,,(0,v) = (cos(v/2) cosv, cos(v/2)sinv, sin(v/2)),
r (0,v) = (—Rsinv, Rcosv, 0).
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When r(0, v) returns to the initial point, that is, r(0,v + 27) = r(0, v), the
normal vector is reversed. Indeed,

I'/U(O,’U—l—QTF) = —r'u(O,v) ) I';,(O,’U—I—QTF) = I';,(O,’U)
= n(0,v+27) = rl,(0,v + 27) x v}, (0,v + 27) = —r},(0,v) x r,,(0, v)
= —II(O, ’U);

that is, the surface defined by these parametric equations is not orientable
because a normal vector is reversed when moved around a closed curve.

So, if a surface S is defined by parametric or algebraic equations, one
still has to verify that it is orientable (i.e., it is two-sided!), when evaluating
the flux across it; otherwise, the flux makes no sense.

44.5. Exercises.

1-7. Find the flux of a constant vector field F = (a, b, ¢) across the speci-
fied surface S without evaluation of the flux integral using only geometrical
means.

1. S'is a rectangle of area A in each of the coordinate planes oriented
along the coordinate axis orthogonal to the rectangle (n = é;,
i1=1,2,3);

2. S is the part of the plane (z/a)+ (y/b) + (z/¢) = 1 in the positive
octant oriented outward from the origin and a, b, ¢ are positive;

3. S is the boundary of the pyramid whose base is the square [—q, g X
[—q, q] in the xy plane and the vertex is (0,0,h). S is oriented
outward;

4. S is the cylinder 22 + y?> = R%, 0 < z < h, oriented inward (f is
directed toward the axis of the cylinder);

5. S is the surface of a rectangular box oriented outward;

6. S is the sphere 22 + y? + 22 = R? oriented outward:;

7. S is a torus oriented inward.

8-20. Find the flux of the given vector field F across the specified oriented
surface S.

8. F = (zy, 2z, zy) and S is the part of the paraboloid z = 1 — 2% —3?
that lies above the square [0, 1] x [0, 1] and is oriented upward,;
9. F = (y, —z, z?) and S is the part of the paraboloid z = 1 —z? —3?
that lies above the zy—plane and is oriented downward;
10. F = (zz, 2y, 22) and where S is the part of the cone z = /2 + y2
beneath the plane z = 2 in the first octant and is oriented upward;
11. F = (z, —z, y) and S the part of the sphere 22 + y? + 22 = R? in
the first octant oriented toward the origin;
12. F = a xr where a is a constant vector and S is the sphere of radius
R oriented outward and centered at the origin;
13. F=2y+=x, y+2z—=x, z—y) and S is the boundary of the cube
with vertices (£1, £1, £1) oriented outward.
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14.

15.

16.

17.

18.

19.

20.

21-26.

F = cr/||r||?, where c is a constant, and S is the sphere of radius
a that is centered at the origin and oriented inward;

F = (2y,z, —2) and S is the part of the paraboloid y = 1 — 22 — 2
in the first octant oriented so that n has a positive y component;
F = (xy, zy, z) and S is the part of the plane 2z — 2y — z = 3 that
lies inside the cylinder 2% 4+ 42 = 1 and is oriented upward;

F = (x,y,2) and S is the part of the paraboloid x = 2% + y? that
lies between the planes x = 0 and x = 1 and is oriented so that n
has a positive £ component;

F = (z,y,2) and S is the boundary of the solid region 0 < a? <
2 + % + 22 < R? oriented outward;

F = (f(z),9(y), h(z)) where f, g, h are continuous functions and S
is the boundary of the rectangular box [0, a] x [0, ] x [0, ¢] oriented
outward;

F=(y—2z z—x, x—y) and S is the part of the cone 2% +y? = 22,
0 < z < h, oriented away from the z axis.

2

Use parametric equations of the specified oriented surface S to

evaluate the flux of the given vector field F across S.

21.

22,

23.

24.

25.

26.

F = (z, —y, 2?) and S is the part of the double cone 22 = z? + 32
between the planes z = —1 and z = 1 oriented so that n is directed
away from the axis of the cone;

F = (22 442, 22+ 2% 22 +4?) and S is the boundary of the solid
enclosed by the cylinder 22 + 22 = 1 and the planes y = 0 and
y = 1. S is oriented outward;

F = (y,z,2) and S is the part of the sphere 22 + y? 4 22 = 4 that
lies outside the double cone 22 = 3(x? 4+ y?) and is oriented toward
the origin;

F = (—y, =, z) and S is the torus with radii R and a oriented
outward;

F = (z7 ! y=!, 27!) and S is the ellipsoid (z/a)?+(y/b)?+(z/c)? =
1 oriented outward;

F = (22, 4%, 22) and S is the sphere (z—a)?+(y—b)?+(2—c)? = R?
oriented outward.
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45. Stokes’ Theorem

45.1. Vector Form of Green’s Theorem. It was shown in Section 43.3 that
the curl of a planar vector field F(z,y) = (Fi(z,y), Fa(x,y), 0) is parallel to
the z axis, V x F' = (0F»/0y — 0F1/0x)és. This observation allows us to
reformulate Green’s theorem in the following vector form:

j{ F-dr://(curlF)-é3 dA.
oD D

Thus, the line integral of a vector field along a closed simple curve is deter-
mined by the flux of the curl of the vector field across the surface bounded by
this curve. It turns out that this statement holds not only in a plane, but
also in space. It is known as Stokes’ theorem.

45.2. Positive (Induced) Orientation of a Closed Curve. Suppose S is an
oriented smooth surface, with a chosen normal vector field n, and suppose
that S is bounded by a simple closed curve C. Consider a tangent plane at
a point rg of S. Any circle in the tangent plane centered at ry can always
be oriented counterclockwise as viewed from the top of the normal vector
n = ng at rg. This circle is said to be positively oriented relative to the
orientation of S. Since the surface is smooth, a circle of a sufficiently small
radius can always be projected onto a closed simple curve C in S by moving
each point of the circle parallel to ng. This curve is also positively oriented
relative to ng. It can then be continuously (i.e., without breaking) deformed
along S so that a part of it lies on the boundary of S after the deformation
and the orientations of the boundary of S and C' can be compared. The
boundary of S is said to be positively oriented if it has the same orientation as
C. The positively oriented boundary of S is denoted by 9S. The procedure
to define a positive orientation of the boundary of an oriented surface S is
illustrated in Fig. 45.1 (left panel).

In other words, the positively oriented boundary 95 of a surface S (or
the induced orientation of the boundary of S) means that if one walks in
the positive direction along the boundary with one’s head pointing in the
direction of n, then the surface .S will always be on one’s left. Let S be a
graph z = g(x,y) over D oriented upward. Then 9S is obtained from 9D
(a positively oriented boundary of D) by lifting points of 9D to S parallel
to the z axis (see the right panel of Fig. 45.1).

THEOREM 45.1. (Stokes’ Theorem).
Let S be an oriented, piecewise-smooth surface that is bounded by a simple,
closed, piecewise-smooth curve that is positively oriented relative to the ori-
entation of S. Let the components of a vector field F have continuous partial
derivatives on an open spatial region that contains S. Then

}{ F-dr://curlF-ﬁdS,
oS S

where 0 is the unit normal vector on S.



660 5. VECTOR CALCULUS
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FIGURE 45.1. Left: The positive (or induced) orientation
of the boundary of an oriented surface S. The surface S is
oriented by a normal vector n. Take a closed curve C in
S that is oriented counterclockwise as viewed from the tip
of the vector n. Deform this curve toward the boundary of
S. The boundary of S has positive orientation if it coincides
with the orientation of C'. Right: The surface S is the graph
of a function on D. If S is oriented upward, then the posi-
tively oriented boundary 0.5 is obtained from the positively
(counterclockwise) oriented boundary 9D.

Stokes’ theorem is difficult to prove in general. Here it is proved for a
particular case when S is a graph of a function.
PROOF (FOR S BEING A GRAPH). Let S be an upward-oriented graph:

St z=yg(x,y), (z,y)€D,

where ¢ has continuous second-order partial derivatives on D and D is a
simple planar region whose boundary 9D corresponds to the boundary 0.S.
The upward orientation of the graph is defined by the normal vector

n-= <_g:/m _ggp 1>
and the upward flux of curl F across S can be evaluated according to The-
orem 44.1 in which F is replaced by V x F:

// curlF - ndS = // (curlF),, dA,
S D

(curlF), = curlF -n = —(%—1;3 - %)% — (% — %)%4_
(5~ %)
ox oy /)’

where the notations 0z/0z = ¢!, and 9z/0y = g; are used to emphasize that
z is not an independent variable on S but a function of z and y. Let z = x(t)
and y = y(t), a <t < b, be parametric equations of D so that z(a) = z(b)
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and y(a) = y(b) (0D is a closed curve). Then the vector function

r(t) = (z(t), y(t), g(z(t),y(?), a<t<b,
traces out the boundary 95, r(a) = r(b). Making use of Theorem 41.1, the
line integral of F' along 0S can be evaluated. By the chain rule,
v’ =y g + gy -
Therefore,

F.r' = (F + F3g,)2’ + (Fa+ Fag)y', F=F (33(75)7 y(t), g(x(t), y(t))) ;

where i = 1, 2, 3, and hence

b
7{ F-dr = / [(F1 + F3g;)x" + (Fa + F3g,)y'] dt
oS a

- ng(Fl—l—Fgg >d:c—|—<F2+Fsg )dy

because z'dt = dx and y' dt = dy along dD, where z = g(z,y) in all
components of F. The latter line integral can be transformed into the double
integral over D by Green’s theorem (Theorem 43.1 where F; and Fy are
replaced by Fy + Fzg, and Fy + Fgg;, respectively):

§orar= [[[2(m+nd)-2(n+ R
(45.1) // (curl F),, dA = // curl F - fds,

where the middle equality is verified by the direct evaluation of the partial
derivatives using the chain rule (which holds by the hypothesis that the
vector field F has continuous partial derivatives and g has continuous second-
order partial derivatives). For example,

8 . 6F2 6F2 ag
%FQ(ZE,Z/,Q(ZE,ZJ)) - %—F 9z a:E

0 0 0Fs 0F3 0g\ 0 0?
K ( j2) 9) ( 3,973 9) g + Py g
ox ay ox 0z Ox/ dy 0xdy

The terms containing the mixed derivatives gy, = g, are cancelled out ow-
ing to Clairaut’s theorem, while the other terms can be arranged to coincide

with the expression for (curlF),, found above. The last equality in (45.1)
holds by Theorem 39.2 (dS = JdA and n = Jn). O

45.3. Use of Stokes’ Theorem. Stokes’ theorem is very helpful for evaluat-
ing line integrals of vector fields along closed oriented curves of complicated
shapes when a direct use of Theorem 41.1 is technically too involved. The
procedure includes a few basic steps.
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So

C =05 =05

FIGURE 45.2. Left: Given the curve C' = 95, the surface S
may have any desired shape in Stokes’ theorem. The surfaces
S7 and Sy have the same boundaries 357 = 9S9 = C. The
line integral over C' can be transformed to the flux integral
either across S7 or Sy. Right: An illustration to Example
45.1. The integration contour C' is the intersection of the
cylinder and a plane. When applying Stokes’ theorem, the
simplest choice of a surface, whose boundary is C, is the part
of the plane that lies inside the cylinder.

Step 1. Given an oriented simple closed curve C, choose any smooth ori-
entable surface S whose boundary is C'. Note that, according to
Stokes’ theorem, the value of the line integral is independent of the
choice of S. This freedom should be used to make S as simple as
possible (see the left panel of Fig. 45.2).

Step 2. Determine the orientation of S such that the orientation of C' is
positive relative to the unit normal of S, that is, C = 05S.

Step 3. Evaluate B = curl F and calculate the flux of B across S.

EXAMPLE 45.1. Ewvaluate the line integral of ¥ = (xy, yz, xz) along the
curve of intersection of the cylinder x> +vy? = 1 and the plane x+y+2z = 1.
The curve is oriented clockwise as viewed from above.

SOLUTION:

Step 1. The curve C lies in the plane x +y + z = 1. Therefore, the simplest
choice of S is the portion of this plane that lies within the cylinder. The
surface S can be represented as the graph z = g(z,y) = 1 — x — y over the
region D that is 22 + y? < 1 (as shown in the right panel of Fig. 45.2).
Step 2. Since C' is oriented clockwise as viewed from above, the orientation
of S must be downward to make the orientation positive relative to the
normal on S, that is,

n-= <g:/m g;a _1> = <_17 _17 _1> .
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Step 3. The curl of F is
e &y é;3
B =V xF =det (% a% % = (—y,—z,—1).
Yy Yz xz

Therefore, substituting z = g(x, y) into the components of B,

By(z,y) = B-n = (—y, -1,-1) =gz, y)+y+z=1,
/F dr_/asF dr_//B A ds = // (2, ) dA
:/DdA:A(D):w.

O

Changing the Curve of Integration in a Line Integral. In Section 43.1 it was
shown how Green’s theorem can be used to change the curve of integration
in a line integral of a planar vector field. Stokes’s theorem can also be used
to change the curve of integration in a line integral of a general vector field.
Let C7 and C5 be two simple smooth non-intersecting curves originating
from a point A and terminating at a point B. Consider the line integrals of
a vector field F along (7 and Cs. The union of C7 and (5 is a closed simple
curve C. Let C be oriented so that

fF-dr:/ F-dr—i—/ F-dr:/ F-dr—/ F-dr.
C Cl —CQ Cl CQ

Suppose S is a smooth orientable surface whose boundary is the closed
curve C. The orientation of S is chosen so that 9S = C. Assuming that
the hypotheses of Stokes’ theorem are fulfilled for the vector field F, the line
integral of F along C' can be converted to the flux of curl F across S, which
yields the following relation between the line integrals of F' along two curves
with common endpoints.

COROLLARY 45.1. (Changing the Curve of Integration in a Line Integral)
Let two simple curves C1 and Cy have common initial and terminal points
A and B and be non-intersecting otherwise. Suppose that Cy and Co are
oriented from A to B so that the union of C1 and —Cy is the positively
oriented boundary S of an oriented surface S. Suppose that the hypotheses
of Stokes’ theorem hold for S and a vector field F. Then

(45.2) / F-dr:/ F'dr—l—//curlF-ﬁdS
(&1 Ca S

Note that any suitable surface may be used in relation (45.2).
EXAMPLE 45.2. Evaluate the line integral of

F = (zy® + 2%, —2%y — 2%y, ze™?)
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along the curve C' that consists of two parabolas z =1—y?, x=0,0<y <1
and z=1—2%,y=0,0<x <1. The curve C is oriented from the point
(0,1,0) to (1,0,0).

SoLUTION: The initial and final points of the curve C lie in the plane
z = 0 in which the vector field F has much simpler form (set z = 0 in
the components of F). This suggests that the curve of integration should
be deformed to a curve in the xy plane to simplify the evaluation of the
integral. Consider the paraboloid z = 1 — 22 — y?. Its part S in the first
octant is bounded by the curve C and by the part C” of the circle 2% +y? = 1
in the first quadrant of the xy plane. The curves C' and C have the same
initial and final points. If S is oriented upward, then C is a part of 95
according to the given orientation of C. By Eq. (45.2) the line integral
in question can be transformed to the line integral of F along C’ where C’
should be oriented from the point (0, 1,0) to the point (1,0,0). Let us take
the standard parameterization of a circle

C': r(t) = (cost, sint, 0), 0<t<7/2.

This vector function traverses C’ from (1,0,0) to (0,1,0). Therefore this
parameterization defines the orientation opposite to the required one and,
hence, setting C; = C and Cy = —C" in (45.2) one has

/F-dr:—/ F-dr—l—//curlF-fldS
C C’ S

The upward orientation of S, which is the graph z = g(x,y) = 1 — 22 — 32,
is defined by the normal

n = <_g;/m —g;, 1> = <2:L'7 2y7 1>7

where (x,y) span the part D of the disk 2 + 42 < 1 in the first quadrant.
Next,

él €9 €3

_ _ 0 9 9

B = curl F = det 9z oy 92
xy? + ze®*  —xly — 2%y xe®?

= <22y, 07 _4$y>7
= day(g — 1) = —day(2® +°),

/2 1
// curl F - ndS = // Bn(:n,y)dA:—4/ sin@cos@d@/ o dr
S D 0 0
— 4.

where the double integral has been converted to polar coordinates. Note
that D is the image of the rectangle D’ = [0, 1] x [0, 7/2] in the polar plane.
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Finally, the line integral of F along C” has to be evaluated. One has
F(r(t))-r'(t) = (costsin®t, —sintcos® t, cost) - (—sint, cost, 0)

—costsin®t — sintcos®t = —sint cost(sin®t 4 cos )

= —sintcost,

/2 w/2 1
/ F.dr = / F(I‘(t)).r/(t) dt = —/ sint costdt = _57
’ 0 0

/F-dr: 1
C

=5
45.4. Geometrical Significance of the Curl. Stokes’ theorem reveals the
geometrical significance of the curl of a vector field. The line integral of a
vector field along a closed curve C' is often called the circulation of a vector
field along C. Let B = V xF and let By = B(rg) at some point ry. Consider
a plane through rg normal to a unit vector n. Let S, be a simple region in
the plane such that rg is an interior point of S,. The unit vector n defines
an orientation of S, and, as usual, 0.5, is the positively oriented boundary
curve of S,. Let a be the radius of the smallest disk centered at ry that
contains S,. If AS, is the area of S,, consider the circulation of a vector
field F per unit area at a point rg defined as the limit

N =
Wl =

O

lim

F.dr,
a—0t ASa 8, r

i.e., in the limit when the region S, shrinks to the point rg. Then by virtue
of Stokes’ theorem and the integral mean value theorem,

1 1
cluig(l)ASa asaF.dr:Clbji%ASa//SGB-ﬂdS:BO-ﬂ:(curlF)o-ﬂ

= [[(curl F)q|| cos @,

where 6 is the angle between n and (curl F)g, the curl of F at the point
ro. Indeed, since the function f(r) = B -n is continuous on S, by the
integral mean value theorem there is a point r, in S, such that the surface
integral of f equals AS, f(r,). As a — 0, r, — ro and, by the continuity
of f, f(ry) — f(rg). Thus, the circulation of a vector field per unit area
1s mazimal if the normal to the area element is in the same direction as
the curl of the vector field (8 = 0), and the maximal circulation equals the
magnitude of the curl.

This observation has the following mechanical interpretation illustrated
in the left panel of Fig. 45.3. Let F describe a fluid flow F = v, where v
is the fluid velocity vector field. Imagine a tiny paddle wheel in the fluid
at a point rg whose axis of rotation is directed along n. The fluid exerts
pressure on the paddles, causing the paddle wheel to rotate. The work done
by the pressure force is determined by the line integral along the loop 95,
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ny, Vxv

08,

FIGURE 45.3. Left: An illustration to the mechanical in-
terpretation of the curl. A small paddle wheel whose axis of
rotation is parallel to n is placed into a fluid flow. The work
done by the pressure force along the loop 05, through the
paddles causes rotation of the wheel. It is determined by the
line integral of the velocity vector field v. The work is max-
imal (the fastest rotation of the wheel) when n is aligned
parallel with V x v. Right: An illustration to Corollary
46.2. The flux of a vector field across the surface S can be
related to the flux across Ss by the divergence theorem if Sy
and So have a common boundary and their union encloses a
solid region E.

through the paddles. The more work done by the pressure force, the faster
the wheel rotates. The wheel rotates fastest (maximal work) when its axis
n is parallel to curl v because, in this case, the normal component of the
curl, (V x v)-n = ||V X v||, is maximal. For this reason, the curl is often
called the rotation of a vector field and also denoted as rot F =V x F.

DEFINITION 45.1. (Rotational Vector Field).
A wvector field F that can be represented as the curl of another vector field
A, that is, F =V x A, is called a rotational vector field.

The following theorem holds (the proof is omitted).

THEOREM 45.2. (Helmholtz's Theorem).
Let F be a vector field on a bounded open region E whose components have
continuous second order partial derivatives. Then F can be decomposed into
the sum of conservative and rotational vector fields; that is, there is a func-
tion f and a vector field A such that

F=V/f+VxA.

The vector field A is called a vector potential of the field F. The vec-
tor potential is not unique and determined up to adding the gradient of a
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function, A — A 4+ Vg, because
VXx(A+Vg)=VxA+Vx(Vg=VxA

for any g that has continuous second order partial derivatives. Electromag-
netic waves are rotational components of electromagnetic fields, while the
Coulomb field created by static charges is conservative. The velocity vector
field of an incompressible fluid (like water) is a rotational vector field.

45.5. Test for a Vector Field to Be Conservative. The test for a vector field
to be conservative (Theorem 42.3) follows from Stokes’ theorem. Indeed, in
a simply connected region FE, any simple, closed curve can be shrunk to a
point while remaining in F throughout the deformation. Therefore, for any
such curve C, one can always find a surface S in E such that 95 = C (e.g.,
C' can be shrunk to a point along such S). If curl F = 0 throughout E, then,

by Stokes’ theorem,
j{F-dr://curlF-ﬁdS:()
C S

for any simple closed curve C in E. Alternatively, if curl F = 0 in a simply
connected region E, then a curve C can be continuously deformed along a
surface S in E to a curve (5 that has the same initial and terminal points.
The path-independence property of F follows from Eq. (45.2) and, hence,
F is conservative. The hypothesis that E is simply connected is crucial. For
example, if E is the entire space with the z axis removed (see Study Problem
42.1), then the z axis always pierces through any surface S bounded by a
closed simple curve encircling the z axis, and one cannot claim that the curl
vanishes everywhere on S.

45.6. Study problems.

Problem 45.1. Prove that the flux of a continuous rotational vector field
F wvanishes across any smooth, closed, and oriented surface. What can be
said about a flux in a flow of an incompressible fluid?

SOLUTION: A continuous rotational vector field can be written as the curl
of a vector field A whose components have continuous partial derivatives,
F = V x A. Consider a smooth closed simple curve C' in a smooth, oriented,
and closed surface S. It cuts S into two pieces S7 and Ss. Since S is a
boundary of a solid connected region, it can be oriented either inward or
outward. In either case, the induced orientations of the boundaries 957 and
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0S5 are opposite: 051 = —0S5. By virtue of Stokes theorem:

//S(VXA)'MSZ//S (V><A)-f1d5+//s (V x A)-ndS

= A -dr + A -dr
851 852

= A -dr+ A-dr=0
851 —851

Recall that the line integral changes its sign when the orientation of the
curve is reversed. Since the flow of an incompressible fluid is described by
a rotational vector field, the flux across a closed surface always vanishes in
such a flow. O

45.7. Exercises.

1-3. Verify Stokes’ theorem for the given vector field F and surface S by
calculating the circulation of F along 9S and the flux of V x F across S.
Choose an orientation of S.

1. F = (y, —z,2) and S is the part of the sphere z2 + y? + 22 = 2
that lies above the plane z = 1;

2. F = (x, y,zyz) and S is the part of the plane 2x +y + 2z = 4 in
the first octant;

3. F = (y,z,x) and S is the part of the plane z +y + z = 0 inside the

sphere z2 + y? + 2% = a?.

4—14. Use Stokes’ theorem to evaluate the line integral of the given vector
field F along the specified closed contour C.

4. F = (x + 9%, y+ 22,2+ 2%) and C is the triangle traversed as
(1,0,0) — (0,1,0) — (0,0, 1) — (1,0,0);

5. F = (yz, 2xz,e¢") and C is the intersection of the cylinder z? +
y? = 1 and the plane z = 3 oriented clockwise when viewed from
above the plane;

6. F = (xy, 3z,3y) and C is the intersection of the plane z +y = 1
and the cylinder y? 4+ 22 = 1, C is oriented counterclockwise when
viewed from the tip of the z axis;

7. F = (z, %, 22) and C is the intersection of the plane z+y+2z =5
and the cylinder 2% + y? = 1, C is oriented counterclockwise when
viewed from the tip of the z axis;

8. F = (—yz, zz, 0) and C is the intersection of the hyperbolic
paraboloid z = y? — 22 and the cylinder 2% + y? = 1, C is oriented
clockwise when viewed from the tip of the z axis;

9. F = (2%y/2, —2%2/2, 0) and C is the boundary of the part of the
cone z =1— \/ 22 + y? that lies in the first quadrant, C' is oriented
counterclockwise when viewed from the tip of the z axis;
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10. F = (y — z, —z, x) and C is the intersection of the cylinder
22 + y? = 1 and the paraboloid z = 22 + (y — 1)?, C is oriented
counterclockwise when viewed from the tip of the z—axis;

11. F=(y—2, z—x,  —y) and C is the ellipse 22 + y? = a2, (v/a) +
(z/b) =1, a >0, b > 0, oriented positively when viewed from the
tip of the z axis;

12. F = (y + 2,z + 2, x + y) and C is the ellipse z = asin®t, y =
2asintcost, z = acos’t, 0 < t < m, oriented in the direction of
increasing t;

13. F = (y? — 2%, 22 — 22, 22 — 9?) and C is the intersection of the
boundary surface of the cube [0,a] x [0,a] x [0,a] by the plane
x+y+ z = 3a/2, oriented counterclockwise when viewed from the
tip of the z axis;

14. F = (3y%z, 2yz, 2¢?) and C is the intersection of the parabolic
cylinder y = 22 with the circular cylinder 22+ 2% = 1, C is oriented
clockwise when viewed from the tip of the y axis. Hint: Choose S
to be a part of the parabolic cylinder.

15. Let C be a simple, closed curve in the plane n-r = d and let the area of
a region in the plane bounded by C be A. If C' is oriented counterclockwise
when viewed from the tip of the vector n, find

fc(nxr)-dr

16—-18. Use Stoke’s theorem to find the work done by the given force F in
moving a particle along the specified closed curve C.

16. F = (—yz, zx, yx) and C is the triangle: (0,0,6) — (2,0,0) —
(0,3,0) — (0,0,6);

17. F = (—yz, 2z, 2?) and C is the boundary of the part of the
paraboloid z = 1 — 22 — 92 in the first octant that is traversed
clockwise when viewed from the tip of the z-axis;

18. F = (y +sinz, 22 + cosy, z%) and C is traversed by r(t) =
(sint, cost, sin(2t)) for 0 < ¢ < 2w, C' is oriented in the direction
of increasing t. Hint: Observe that C' lies in the surface z = 2xy.

19. Find the line integral of F = (e”ﬂ2 —yz, e’ —xz, 22 —zy) along C which

is the helix # = acost, y = asint, z = ht/(27) from the point (a,0,0) to
the point (a, 0, h);

Hint: Supplement C by the straight line segment BA to make a closed curve
and then use Stokes’ theorem.

20. Suppose that a surface S satisfies the hypotheses of Stokes’ theorem
and the functions f and g have continuous partial derivatives. Show that:

§ Vo= [[ (v xvg)-nis,
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Use the result to show that the circulation of the vector fields of the form
F=fVfand F = fVg+ gV vanishes along 05.

21. Consider a rotationally symmetric solid. Let the solid be rotating about
the symmetry axis at a constant rate w (angular velocity measured in radians
per unit time). Let w be the vector parallel to the symmetry axis such that
|lw|| = w and the rotation is counterclockwise when viewed from the tip of
w. If the origin is on the symmetry axis, show that the linear velocity vector
field in the solid is given by v = w X r where r is the position vector of a
point in the solid. Next, show that V x v = 2w. This gives another relation
between the curl of a vector field and rotations.
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46. Gauss-Ostrogradsky (Divergence) Theorem
46.1. Divergence of a Vector Field.

DEFINITION 46.1. (Divergence of a Vector Field).
Suppose that a vector field ¥ = (Fy, Fy, F3) is differentiable. Then the scalar
function

0Fy n oF, n OF3
Ox oy 0z

1s called the divergence of a vector field.

divF =V . .F =

EXAMPLE 46.1. Find the divergence of the vector field
F = (2% + cos(yz), y +sin(x?2), zyz).
SOLUTION: One has
divF = (2® + cos(yz))., + (y + sin(:nzz)); + (zyz), = 322 + 1+ yz.
Il

COROLLARY 46.1. A rotational vector field whose components have con-
tinuous partial derivatives is divergence free,

divecurl A =0.

PROOF. By definition, a rotational vector field has the form F = curl A =
V x A, where the components of A have continuous second partial deriva-
tives because, by the hypothesis, the components of F have continuous par-
tial derivatives. Therefore,

divF =divewrl A=V -crl A=V - (VxA)=0

by the rules of vector algebra (the triple product vanishes if any two vectors
in it coincide). These rules are applicable because the components of A
have continuous second partial derivatives (Clairaut’s theorem holds for its
components; see Section 42.3). U

Laplace operator. Let F = Vf. Then divF =V -V f = f" + f/' + f/

Tx Yy zz*

The operator V - V = V? is called the Laplace operator.

46.2. Another Vector Form of Green’s Theorem. Green’s theorem relates
a line integral along a planar closed smooth simple curve C of the tangential
component of a planar vector field to the flux of its curl across the region D
bounded by C'. Let us investigate the line integral of the normal component
of a vector field. If a vector function r(t) = (x(t),y(t),0), a <t < b, traces
out the boundary C' of D in the positive (counterclockwise) direction, then
the vectors

() = (70 0. 0). 8

1
[x'(2) ]
T -n=0,

(v, '), 0),
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are the unit tangent vector and the outward unit normal vector to the curve
C, respectively. That n is directed outward the region D can easily be
understood from the right-hand rule for the direction of the cross product.
Indeed, the direct evaluation of the cross product shows that it is parallel
to the z axis:

A x T = ﬁ (0, 0, (&/(1)2+ (5/(£)2) = (0,0,1) = &.

x

On the other hand, under the condition that T defines the counterclockwise
orientation of C, the cross product fi x T points in the direction of the z axis
if and only if n is the outward normal. Similarly, if the parameterization of
C is such that T defines the clockwise orientation of C, then n defined by
the above equation is the ‘nward normal.
Consider the line integral
7{ F-nds
C

of the normal component of a planar vector field F along C'. One has
ds = ||r'(t)||dt, and hence

F -nds=Fy dt — Fox'dt = Fidy — Fodx = G - dr,

where G = (—F, F}). By Green’s theorem applied to the line integral of
the vector field G,

j{Fnds_ij dr—// @—@ // aFl 8F2>dA

The integrand in the double integral is the divergence of F. Thus, another
vector form of Green’s theorem has been obtained:

}{ F-flds:/ divF dA.
oD D

For a planar vector field (think of a mass flow on a plane), the line integral
on the left side can be viewed as the outward flux of F across the boundary
of a region D (e.g., the mass transfer by a planar flow across the boundary
of D) . An extension of this form of Green’s theorem to three-dimensional
vector fields is known as the divergence or Gauss-Ostrogradsky theorem.

46.3. The Divergence Theorem. Let a solid region E be bounded by a
closed smooth orientable surface S. If the surface is oriented outward (the
normal vector points outside of E), then it is denoted S = OF (the inward
oriented boundary of a solid region is then —0F).

THEOREM 46.1. (Gauss-Ostrogradsky (Divergence) Theorem).
Suppose E is a bounded, closed region in space that has a piecewise-smooth
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boundary OF (oriented outward). If components of a vector field ¥ have
continuous partial derivatives in an open region that contains E, then

//aEF-ﬁdS:///EdideV.

The divergence theorem states that the outward flux of a vector field
across a closed surface S is given by the triple integral of the divergence of
the vector field over the solid region bounded by S. It provides a convenient
technical tool to evaluate the flux of a vector field across a closed surface.

Remark. It should be noted that the boundary 0F may contain several
disjoint pieces. For example, let E be a solid region with a cavity. Then OF
consists of two pieces, the outer boundary and the cavity boundary. Both
pieces are oriented outward in the divergence theorem.

Green’s and divergence theorems are two- and three-dimensional exten-
sions of the fundamental theorem of calculus:

/“ﬁ?dmzﬂw—fww

It it relates the integral of the derivative to values of the function on the
boundary of the region of integration, much like Green’s and divergence
theorems.

EXAMPLE 46.2. Evaluate the outward flux of the vector field F = (xz , xy, yz)
across the boundary of the cube E = [0, 1] x [0, 1] x [0, 1].

SoLUTION: The components of the vector fields are polynomials and there-
fore have continuous partial derivatives everywhere. The boundary of the
cube is a piecewise smooth surface. So the hypotheses of the divergence
theorem are fulfilled. One has

divF = (z2), + (zy), + (y2), =z + 2 +y,
// F-ﬁdS:// divF dV = /// x4+ y+ z)dedydz
OFE
=3+3+5=p
where Fubini’s theorem has been used to evaluate the triple integral. O

EXAMPLE 46.3. Evaluate the inward flux of the vector field
F = (4zy’z + €, dyz’z, 2" +sin(zy))

across the closed surface that is the boundary of the part of the ball z% +v> +
22 < R? in the first octant.

SoLuTION: The divergence of the vector field is

divF = (4zy’z + €*)) + (4ym2z); + (2* + sin(zy)), = 42(z% 4+ 3* + 22).
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By the hypotheses of the divergence theorem, the boundary of a solid region
must be oriented outward. Since the reversal of an orientation of the surface
changes the sign of the flux,

F-ndS = — 4z(2® + y* + 22) dV = — 4p3 sin pJdV’
S E ’

w/2 /2 R
= —/ dH/ cos¢sin¢d¢/ 4p° dp
0 0 0

7 1 4RS T RS
2°2 6 6

where the triple integral has been converted to spherical coordinates, dV =
JdV', J = p?sin¢, and the region F is the image of the rectangular box
E' =0, R] x [0, 7/2] x [0, 7/2] spanned by spherical coordinates. The reader
is advised to try to evaluate the flux without using the divergence theorem
to appreciate the power of the latter! O

The divergence theorem can be used to change (simplify) the surface of

integration in a flux integral.

COROLLARY 46.2. (Changing the Surface in a Flux Integral)
Let the (outward oriented) boundary OF of a solid region E be the union of
two surfaces S1 and Sy that have a common boundary curve and no other
common points. Suppose that all the hypotheses of the divergence theorem
hold. Then

(46.1) //S F-ﬁdS:///EdideV—//s F-fds.

ProoOF. The flux of a vector field F across OF is the sum of the flux
integrals over S7 and Sy (see Fig. 45.3 (right panel)). On the other hand,
the integral over OF can be expressed as a triple integral by the divergence
theorem, which establishes the stated relation between the fluxes across Sy
and Ss. O

Note that the surfaces S7 and Sy in Eq. (46.1) are oriented by an outward
normal. If, for example, S; is oriented by an inward normal (relative to the
solid E the surfaces S; and Sy enclose), then the sign of the flux integral
over S; is reversed in Eq. (46.1).

EXAMPLE 46.4. Evaluate the upward flux of the vector field
F=(z2tan (4?2 + 1), 2*In(z® + 1), 2)
across the part of the paraboloid z = 2 — x% — y? that lies above the plane
z=1.

SoLuTION: Consider the solid £ bounded by the paraboloid and the plane
z =1 (see the left panel of Fig. 46.1). Let S be the part of the paraboloid
that bounds E and let S7 be the part of the plane z = 1 that bounds FE.
If S5 is oriented upward and 57 is oriented downward, then the boundary
of FE is oriented outward, and Corollary 46.2 applies. The surface 57 is
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divF <0

FIGURE 46.1. Left: An illustration to Example 46.4. The
solid region E is enclosed by the paraboloid z = 2 — 22 — y?
and the plane z = 1. By Corollary 46.2, the flux of a vector
field across the part So of the paraboloid oriented upward
can be converted to the flux across the part Sy of the plane
z = 1 oriented downward. The union of S; and S is a closed
surface oriented outward. Right: The divergence of a vector
field F determines the density of sources of F. If divF > 0
at a point, then the flux of F across a surface that encloses a
small region E, containing the point is positive (a “faucet”).
If divF < 0 at a point, then the flux of F across a surface that
encloses a small region F, containing the point is negative (a
“sink”).

the part of the plane z = 1 bounded by the curve of intersection of the

paraboloid and the plane: 1 = 2 — 22 —¢y?2 or 22 + 3> = 1. So S5 is

the graph z = g(x,y) = 1 over D, which is the disk z? + y? < 1. The

downward normal vector to S1 is n = (g, g,, —1) = (0,0, —1), and hence
F,=F -n=—-F3(x,y,9) = —F3(z,y,1) = —1 on S; and

//le“dS // :EydA——/ dA = —A(D) = .

Next, the divergence of F' is
divF = (z%tan"'(y* + 1)L + (2* In(2® + 1), +(2),=04+0+1=1.

J[[Lawrav = [[[ av - /2/ /”rdzdrde

—271'/ (1—7r2 )rdr——,
0 2

Hence,
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where the triple integral has been converted to cylindrical coordinates for
E={(2,y,2)|200t = 1 < 2 <2 — 2% — 9> = 210p, 2> +y* <1},

which is the image of the region £’ : 1 < 2z < 2 — 2 and (r,0) span the
rectangle D' = [0,1] x [0, 27]. The upward flux of F across the paraboloid
is now easy to find by Corollary 46.2:

// F-ﬂdS:/// dideV—// F hdS— " 4n—>"
Sa E S1 2 2
0

The reader is again advised to try to evaluate the flux directly via the surface
integral to appreciate the power of the divergence theorem!

COROLLARY 46.3. The flux of a rotational vector field, whose compo-
nents have continuous partial derivatives, across an oriented, closed, piecewise-
smooth surface S vanishes:

// curl A -ndS =0.
S

PROOF. The hypotheses of the divergence theorem are fulfilled. Therefore,

//curlA-ﬁdS:/// divecurl AdV =0
S FE

by Corollary 46.1. O

By Helmholtz’s theorem, a vector field can always be decomposed into
the sum of conservative and rotational vector fields. It follows then that
only the conservative component of the vector field contributes to the flux
across a closed surface:

div(Vf+V x A)=V3f + V- (V x A) = V*f

So the divergence of a vector field is determined by the action of the Laplace
operator on a scalar potential f of the vector field. This observation is
further elucidated with the help of the concept of sources of a vector field.

46.4. Sources of a Vector Field. Consider a region E, of volume AV, whose
(outward oriented) boundary JF,, is a connected surface (F, has no cavities).
Let ro be an interior point of F,. Let a be the radius of the smallest ball
that contains F, and is centered at ry. Let us calculate the outward flux per
unit volume of a vector field F across the boundary 0F,, which is defined
as the limit of the ratio

1
li F.n .
ai>I(r]le AVa //BEa nds

Suppose that components of F have continuous partial derivatives. By virtue
of the divergence theorem and the integral mean value theorem,

iig(l) AlVa //aEaF-fldS:CILiB%]Alva ///EadideV:divF(ro).
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Indeed, by the continuity of divF and the integral mean value theorem,
there is a point r, in E, such that the triple integral equals AV, div F(r,).
In the limit @ — 0", r, — ro and div F(r,) — divF(rg) by continuity of
partial derivatives of F. Thus, if the divergence is positive divF(rg) > 0,
the outward flux of the vector field across any small surface around rg is
positive. This, in turn, means that the flow lines of F are outgoing from
ro as if there is a source creating a flow at ry. Following the analogy with
water flow, such a source is called a faucet (see the right panel of Fig. 46.1).
If divF(rg) < 0, the outward flux across any small surface around rg is
negative, which means that the inward flux is positive. Therefore the flow
lines should go toward rg. Such a source is called a sink again by analogy
with water flow. Thus,

e the divergence of a vector field determines the density of sources of
a vector field.

For example, flow lines of a static electric field originate from positive electric
charges and end on negative electric charges. The divergence of the electric
field determines the electric charge density in space.

The divergence theorem states that the outward flux of a vector field
across a closed surface is determined by the total source of the vector field
in the region bounded by the surface. In particular, the outward flux of
the electric field E across a closed surface S is determined by the total
electric charge in the region enclosed by S. In contrast, the magnetic field
B is a rotational vector field and, hence, is divergence free. So there are
no magnetic charges also known as magnetic monopoles. These two laws of
physics are stated in the form:

divE = 470, divB=0

where o is the density of electric charges. Flow lines of a static magnetic
field are closed, while flow lines of a static electric field end at points where
electric charges are located (just like indicated by arrows in the right panel
of Fig. 46.1).

Remark. Magnetic monopoles are forbidden by the laws of classical electro-
magnetism. However the laws of quantum physics, which are more general
than the laws of classical physics, allow for magnetic monopoles to exist if
their magnetic charge is determined by the electric charge of an electron in
a certain way. Such magnetic monopoles are known as Dirac monopoles.
As of now, no Dirac monopole or a similar particle predicted by modern
fundamental laws of physics have been found despite an extensive search.

46.5. Study Problems.

Problem 46.1. (Volume of a solid as the surface integral)
Let E be bounded by a piecewise smooth surface S = OFE oriented by an
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outward unit normal vector n = (ny, ng, ng). Prove that the volume of E is

// -rdS = // nizdS = // noy dS = // n3zdS
oF oF oF oF

SoLUTION: Consider the vector field F = (x,y, z). Then
divF=14+14+1=3.

Then by virtue of the divergence theorem

//aEﬂ.rdS://aEﬂ-FdS:///EdideV:3//EdV:3V(E)

and the first equality in the asserted result follows. The other equalities
are established similarly by considering the vector field F = (z,0,0), or
F = (0,y,0), or F = (0,0, z). O

46.6. Exercises.
1-8. Find the divergence of the specified vector field F in its domain. If F
contains a general function of a vector field, express divF in terms of the
operator V acting on that function or vector field and simplify the action
of V as much as possible.
1. F =V [, where f = /22 + 32 + 22;
2. F =r/r, where r = ||r|| # 0;
3. F = af(r), where r = ||r||, f is differentiable, and a is a constant
vector;
4. F = rf(r), where r = ||r|| and f is differentiable. Find all f for
which the divergence vanishes everywhere except possibly at r = 0;
5. F = ag where a is a constant vector and Vg is continuous and
vanishes nowhere. If the divergence of F vanishes everywhere, what
can be said about level sets of g?
6. F = a x r, where a is a constant vector;
7. F =a x Vg, where a is a constant vector;
8. F = a x G where a is a constant vector.

9-12. Prove each of the following identities assuming that the appropriate
partial derivatives of vector fields and functions exist and are continuous.
9. div (fF) = fdivF+F-Vf;
10. div(F x G) =G -curlF — F - curl G;
11. div(Vf x Vg);
12. curlcurl F = V(divF) — V?F.

13. Let a be a fixed vector and n be the unit normal to a planar closed
curve C directed outward from the region bounded by C'. Show that

fa-ﬁds:o.
C

14. Let C be a simple closed smooth curve in the zy plane and n be the
unit normal to C' directed outward from the region D bounded by C. If
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A(D) is the area of D, find §,r - fds.
15-16. Verify the divergence theorem for the given vector field F on the
region E by calculating both sides of the equation stated in the divergence
theorem.
15. F = (3z, yz, 3xz) and E is the rectangular box [0, a] x [0, b] x [0, ] ;
16. F = (32, 2y, z) and E is the solid bounded by the paraboloid
2z =a? — z? — y? and the plane z = 0.

17. Let a be a constant vector and S be a closed smooth surface oriented
outward by the unit normal vector n. Prove that

//a-ﬂdSzO.
s

18-30. Evaluate the flux of the given vector field F across the specified
closed oriented surface S. In each case, determine the kind of source of F
in the region enclosed by S (sink or faucet).

18. F = (22 y?% 2?) and S is the boundary of the rectangular box
[0, a] x [0,b] x [0, c] oriented outward;

19. F = (23,92, 2%) and S is the sphere 22 + y? + 22 = R? oriented
inward;

20. F = (zz, yz+sin(zz), cos(yz)) and S is the boundary of the solid
enclosed by the parabolic cylinder z = 1 —z? and the planes z = 0,
y=0,y+2z=1. S is oriented outward;

21. F = (—xy?, —y2?%, 222) and S is the sphere 22 + y? + 22 = 1
oriented inward;

22. F = (zy, 2%y, zz) and S is the boundary of the solid region inside
the cylinder 22 4+ y?> = 4 and between the planes z = +2. S is
oriented outward;

23. F = (z2%, 43/3, 23> + xy) and S is the boundary of the part of
the ball 22 + y? + 22 < 1 in the first octant oriented inward;

24. F = (yz, 2’z + vy, z — zy) and S is the boundary of the solid
enclosed by the cone z = /22 4 y2 and the sphere 22 + 3% +2%2 =1
oriented outward;

25. F = (z+tan(yz), cos(xzz) —y, sin(xy) + z) and S is the boundary
of the solid region between the sphere 22 + 3% 4+ 22 = 2z and the
cone z = /2?2 + y? oriented outward;

26. F = (tan(yz), In(1 +2%2?), 22 +¢e¥*) and S is the boundary of the
smaller part of the ball 22 + y? + 22 < a? between two half-planes
y=1x/v3 and y = V/3z, x > 0, oriented inward;

27. F = (zy?, 2z, z2?) and S is the boundary of the solid bounded by
two paraboloids z = 2 + 32 and z = 1 4+ 22 + y? and the cylinder
2% 4+ y? = 4, oriented outward;

28. F = (z,y, z) and S is the boundary of the solid obtained from the
box [0, 2a] x [0,2b] x [0,2¢| by removing the smaller box [0, a] x
[0,b] x [0,¢]. S is oriented inward;
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20. F=(r—y+z,y—2z+x,2z—x+y) and S is the surface |x —
y+zl+|y—z+ x|+ |2 —x+y| =1 oriented outward. Hint: Use
a suitable change of variables in the triple integral to simplify the
equation of the boundary;
30. F = (23, 43, 23) and S is the sphere 22 + y? + 22 = x oriented
outward.
31. Let S; and Sy be two smooth oriented surfaces that have the same
boundary and non-intersecting otherwise. Suppose that F = curl A and
components of F' have continuous partial derivatives. Compare the fluxes of
F across S; and Ss.
32—-35. Use the divergence theorem to find the flux of the given vector field
F across the specified surface S by an appropriate deformation of S.

32. F = (xy? y2?, z2? + 2?) and S is the top half of the sphere
x2 + y% + 2% = 4 oriented toward the origin;

33. F = (zcos(y?), 22In(1+2?), 2) and S is the part of the paraboloid
2z =2 — 2?2 — y? above the plane z = 1, S is oriented upward;

34. F = (yz, 2z, xy) and S is the cylinder 2 + 4% = a?, 0 < z < b,
oriented outward from its axis of symmetry;

35. F = (ytanz + 22, 2223, 2y) and S is the part of the cone z =
1 — /22 + 9?2 that lies above the xy plane and is oriented upward.

36. The electric field E and the charge density o are related by the Gauss
law div E = 4mo. Suppose the charge density is constant, o = k > 0, inside
the sphere 22 4+ y? + 22 = R? and zero otherwise. Find the outward flux of
the electric field across the ellipsoid z2/a? + y?/b% + 22/c? = 1 in the two
following cases: first, when R is greater than any of a, b, ¢; second, when R
is less than any of a, b, c.

37. Let F be a vector field such that divF = oy = const in a solid bounded
region F and div F = 0 otherwise. Let S be a closed smooth surface oriented
outward. Consider all possible relative positions of E and S in space (the
solid region bounded by S has or does not have an overlap with E). If V' is
the volume of E, what are all possible values of the flux of E across S7

38. Use the vector form of Green’s theorem to prove the Green’s first and
second identities:

//vazgdA:ng(ng)'ﬁds_//ngzfdA
//D(fV2g—fV2g)dA: }gD(ng_gi)'ﬁds

where D satisfy the hypotheses of Green’s theorem and the appropriate
partial derivatives of f and g exist and are continuous.

39—-41. Use the result of Study Problem 46.1 to find the volume of a solid
bounded by the specified surfaces.

39. The planes z = £c¢ and the parametric surface x = a cosu cosv +
bsinusinv, y = acosusinv — bsinu cosv, z = csinu;
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40. The planes x = 0 and z = 0 and the parametric surface + = u cosv,
y =wusinv, z = —u + acosv where u > 0 and a > 0;
41. The torus x = (a+Rcosu) cosv, y = (a+Rcosu)sinv, z = Rsinu.

42. Use the results of Study Problem 42.3 to express the divergence of a
vector field in the cylindrical and spherical coordinates:

10(rF,) 10F, OF.

V== " T e
v.p_ L d(p?F),) 1 d(sin pFy) N 0Ly
P2 Op psing 0¢ 00

Hint: Show 0e,/0¢ = ey, 0&,/00 = sinf &g, and similar relations for
partial derivatives of other unit vectors.

43. Use the results of Study Problem 42.3 to express the Laplace operator
in the cylindrical and spherical coordinates:

2p 10 (OF\ 10 O
Vf_r@r "or +r2 829+8z2
2p_ 10 (50f L 0 (anodf) L O
V= p20p P p * p2sing 0¢ Sln¢8¢ * p?sin? ¢ 062
Hint: Show 0e,/0¢ = €y, 0&,/00 = sinf &g, and similar relations for
partial derivatives of other unit vectors.
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Selected Answers and Hints to Exercises

Section 41.6. 17. 35. 18. 0. 19. {33, 20. Za?. 21. Za®. 22. ry-(axry).
24. 0. 25. —.

Section 42.6. 1. (0,zy, —y*> — 2y). 2. (—ycos(yz), —xsin(zz),0). 3. 0.
4. (=11 Ly 5 2a. 9. 2%y + 9?22+ 2+ ¢ 10. zyz +y?cosz +c. 11.

2727 oy

ze¥ —yz? +c. 17. 39. 18. % 19. —ab?.

Section 43.5. 1. —5. 2. 0. 3. 7. 4. —3ma’. 12. —2. 13. 1ga®. 16.
wab. 17. 3ma’.

Section 44.5. 1. aA, bA, or cA if the surface is in the yz, xz, or zy planes,
respectively. 2. %abc. 3. 0. 4. 0. 5. 0. 8. 17—2 9. —%. 10. 0. 11. —%R?).
13. 24. 15. 32 — Z. 18. 4n(R® —d®).

Section 45.7. 4. —1. 5. —37. 6. 0. 7. —m. 9. 0. 10. —67. 14. 0. 15.
2|n||A. 17. 0. 18. —7. 19. 3h®.

Section 46.6. 1. 2,7 = [[r| #0. 2. 2,7 = [[r|| #0. 6. 0. 7. 0. 13. Hint:

o
Use the form of Green’s theorem as the divergence theorem for planar vector
fields. 14. 2A. 15. 3abc+ fabc® + 3a’be. 16. 3ma. 18. a’be+ ab®c+ abc?,

faucet. 19. —%wR5, faucet. 20. %, faucet. 21. %77, sink. 22. %—477,

faucet. 23. —5, faucet. 24. 4{(1 - %), faucet. 25. m, faucet. 26. 0, no

source. 32. —%lm. 33. 3. 36. 16w%kabc/3 (first) and 1672k R3 /3 (second).
37. The flux changes from 0 to ooV (when S encloses E).



