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ABSTRACT
The group of extensions between any two irreducible 3-modular representations of the groups

G,(3") and 2G,(3™) is determined.

Introduction

This is the fourth paper in a series [8, 9, 10] with the common goal of computing
extensions between simple modules for groups of Lie type of ranks 1 and 2 over
fields of small characteristic. The methods employed in these calculations have
their origins in the papers [1] and [4] and are perhaps most clearly illustrated in

[8], while they are somewhat obscured by complications in [9] and not fully
developed in [10]. Unfortunately, the present paper is the most elaborate of the

four because we must deal with very intricate module structures.

The work is based on the empirical observation (for which there is also some
theoretical motivation (see [2])), that, in the known cases, a non-split extension &
of simple modules can be factorized into the tensor product &' @ M of a simple
module M with non-split extension €' which is (up to twisting by Frobenius)
isomorphic to a subquotient of the tensor product M’'® M" of two simple
modules with restricted highest weights. With this as a working hypothesis, the
problem of determining all extensions of simple modules falls into two parts; first
one must know enough about the submodule structures of the modules M' ® M"
to be able to determine the extensions €’. Then one needs to find an inductive
argument to prove that all extensions really do arise in the way we have
described. In order to carry out the first stage of this plan we shall make use of
the powerful theory of Weyl modules and good filtrations for representations of
algebraic groups. For the inductive part of the proof, we shall rely on the
representation theory of the finite groups, where two advantages are that the
Frobenius map is an automorphism, not just an endomorphism, and that the
Steinberg module is projective. In actual fact the demarcation between these
techniques will not be quite as sharp as we have just put it and to some extent
they are used in combination throughout.

1. Preliminaries and statement of the theorem

Let G = G,(F) be a simple algebraic group of type G, over an algebraic closure
F of F;. This group is defined over F; so the Frobenius map o: x+—x> of F
induces an endomorphism of G which we shall also call the Frobenius map ¢. In
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characteristic 3, the group G also has a special isogeny t with 2= 0. For each
natural number n, the finite group G,(3") is defined to be the subgroup of G fixed
by ¢”. The subgroup fixed by " will of course be G,(3"?) if n is even, but for
each odd value of n we obtain the Ree group *G,(3"), which may therefore be
considered as the subgroup of G,(3") fixed by the automorphism 7|g,» of order
2. Thus the restriction of 7 to 2G,(3") is equal to the restriction of o"*!7?2,

We introduce the following notation, which will enable us to treat the two
families of finite groups as one. For each natural number m, set

G,(3™) if m is even,

=G =
Glm) ngqummw¢

The groups G(m) are simple for m =2. Except in the appendix, we shall assume
that m > 2 throughout this paper.

When the parameter m is understood we shall abbreviate G(m) to G. We shall
deal only with finite-dimensional FG-modules and rational G-modules over F.
For any G-module V, we denote by V; the G-module obtained by composing the
representation G— GL(V) with the endomorphism 7. We also make the
analogous convention for FG(m)-modules. Thus V, is the first Frobenius twist of
V, and V and V,, are isomorphic as FG(m)-modules.

Let «, be the long fundamental root and «;, the short one in a base of the root
system of type G, associated to G and let A, and A, be the corresponding
fundamental dominant weights, so that (4;, a;’) = §;. Let A denote the weight
lattice, A, the set of dominant weights and A, = A the set

{ad,+bA, | 0<a,b<3 -1}

of 3"-restricted weights. As usual, for each dominant weight A, the simple module
with highest weight A is denoted by L(4), while V(A1) denotes the Weyl module
whose unique simple quotient is isomorphic to L(A), and H°(X) stands for the
dual Weyl module with unique simple submodule isomorphic to L(A). Since L(A)
is G-isomorphic to its F-dual, we have H°()=gHomg(V(4), F). For A=
al, + bA, we have L(A), = L(bA, + 3ak,).

The module L(A;) =V (A,)= H°(4,) is 7-dimensional and may be identified as
the space of elements of trace zero in the Cayley algebra € over F, on which G
operates as algebra automorphisms. The module V(4,) is the 14-dimensional
adjoint module, which may be interpreted as the Lie algebra of derivations of €,
on which G acts by conjugation in Endz(€). As a G-module, it is a non-split
extension of L(A,)=L(A;), by L(4,), the latter corresponding to the ideal of
inner derivations (see [6, p. 14]). The module L(24,)=V(24,)=H"(24,) is
27-dimensional. We shall write L(A,) as E and L(24,) as S, so L(A,)=E, and
L(2A,)=S,. For any G-module V and any finite set / of natural numbers we
define

Vi=QV, (Vo=F).

For G(m), since V,=V,,, we shall always consider only subsets of N = N(m) =
{0, 1, ..., m — 1}, and indices such as i + 1 or i + 2 are to be read modulo m.

By Steinberg’s Tensor Product Theorem (a refined version of the usual one; see
§ 11 of [11]), the simple G-modules are precisely the modules E; ® S;, where [
and J are disjoint finite sets of natural numbers. Furthermore, the simple



EXTENSIONS OF SIMPLE MODULES 329

FG(m)-modules are the restrictions of those simple G-modules for which I and J
are both subsets of N. Thus there are 3™ isomorphism classes of simple
FG(m)-modules (which for even values of m correspond to the elements of A,,,,).
The simple modules with 3-restricted highest weights are F, E, E,, S,
Epy=L(A+4;), §, E;®@S=L(A,+24;), EQS =L(2A, +4;) and S, =
L(2A, +2A,). Thus, S, is the first Steinberg module for G, and Sy is the
Steinberg module for G(m), a projective, simple FG(m)-module. One might
perhaps think of S as the ‘th Steinberg module’ for G. All of the simple modules
are self-dual.
Our aim is to compute the dimensions of the vector spaces

Ext}:c(m)(El ® S_], EA ® SB):

where (I, J) and (A, B) are pairs of disjoint subsets of N. The self-duality of the
simple modules yields:

(1.1) Extpgm)(E;®S), E,® Sp) = EXt;-"G(m)(EmA ® 8,08 Eiva ® Sins),

which reduces the general problem to the case where / = A, B = J. The following
statement therefore describes all the extensions between simple modules.

THEOREM. Lett m>?2 and let (I, J) and (A, B) be pairs of disjoint subsets of N
such that Ic A and B cJ. Then Extpg(E; ®S;, E4 ® Sg) =0 unless one of the
following holds:

(I A=1U{i,i+1},J=B(,i+1¢l);
() A=1U{i,i+1},J=BU{i+1}(i,i+1¢]);
) A=1U{i},J=Bandi+1el(i¢l);
(V) A=1U{i},J=Bandi+1eJ(i¢l).
If one of these conditions holds then the space of extensions is one-dimensional.

Furthermore, the same statement holds for G if the phrase ‘subsets of N’ is replaced
by ‘finite sets of natural numbers’.

The result for G follows from [5, Theorem 7.1], which in our setting states that
for A, u € A,, the restriction map

(1.2) Exth(L(A), L(1)) > Exthoas(L(3), L(1))

is injective if s = r and is an isomorphism for all s sufficiently large compared to r
(note that our ‘G(2s)’ corresponds to ‘G(3°)’ in the notation of [5]. In the course
of our proof we shall make use of a slight variation (Lemma 3.1) of the results
quoted above, namely that for simple modules labelled by pairs of disjoint sets of
natural numbers less than m, the restriction map from G to G(m) of the group of
extensions is injective for odd as well as even values of m. This is what will allow
us to derive the submodule structure of certain FG(m)-modules from their
G-module structures.

The remainder of the paper is organized as follows. Section 2 contains some
calculations in the Grothendieck ring of FG-modules, which -are straightforward
but nevertheless have important consequences for module structures, just as in
[9]. In §3, we obtain quite detailed information about several ‘small’ modules,

1The cases m <2 are given in the appendix.
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especially tensor products of restricted modules. These are described by means of
filtrations by Weyl modules and then the Weyl modules are themselves examined
closely. It is this very precise knowledge which will enable us to prove the
theorem in § 5, after a little more technical preparation in § 4. For completeness
we have included an appendix dealing with the cases m <2.

2. Products of characters

Let 7, denote the class of the simple module E; in the Grothendieck ring Z(G)
of FG and let vy, denote the class of ;. It is clear from our description of the
simple FG-modules in §1 that the multiplication in R(G) is completely
determined by the products 1% nvy and > If we take the classes 7,9, of the
simple modules as a Z-basis of ®(G), it should be clear what is meant by the
simple constituents of an element of #(G) and by the multiplicity of a simple
constituent in an element.

LeMma 2.1. We have

@) n*=y+m+2n+1,

() ny=vy+2n6y+n.+4n,+4n+1,

(c) Y=y +2y, +2y + No,2y +6M0,1y + M2+ 6m, + 50 +35.

Proof. Since E =V(4,) and S =V(24,), we may use the classical formulae (of
Weyl and Freudenthal) to decompose the tensor products of the corresponding
Weyl modules over the complex numbers into other Weyl modules over the
complex numbers. Then, since we may use the same classical formulae to
determine the weight multiplicities in these resulting complex Weyl modules and
since the discussion of § 1 allows us to determine the weight multiplicities of all
simple G-modules, it is a completely mechanical process to find the composition
factors of the reductions mod 3 of these complex Weyl modules. We omit the
details.

The multiplication formulae of Lemma 2.1 suggest that, as in [9], we should
define the mass of the simple module E; ® S; (and of n,y,) to be |I| +2|J|, and
the mass of an arbitrary FG-module to be the maximum of the masses of its
composition factors. This coarse numerical invariant, which is clearly preserved
under twisting by 7, will be useful in some inductive arguments. The following
property, immediate from Lemma 2.1, shows that mass behaves well with respect
to tensor products. Let (I, J) and (A, B) be pairs of disjoint subsets of N. Then

(2.1.1) mass((E,; ®S)) ® (E4 ® Sp)) <mass(E,; ® S,) + mass(E, ® S5)
with equality if and only if BN (I UJ)=Z=JN(AUB).
Lemma 2.2. (a) The class n,(n,yx) has no constituent Wy with |T|> |K|+1,

and none with |T| > |K| ifie K.
(b) The class y;(n,9) has no constituent Y with |T| > |K| + 1.

Proof. The proof will be by induction on mass(7,yx).
(a) If i eJ, then by Lemma 2.1 we have

ni(myx) =1+ ¥; + 20 + i) Mni Yo
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and the conclusion is clear for all terms except 7,,1(9n;¥k), to which we may
apply induction. If i € K, we have

ni(r) = A+ Y + 40, + 20600y + Nisa + 40) WPy

The conclusion is clear for the first three terms and induction on mass applies to
the other terms; for example, the fourth term is 29,.(n,u, Yxv(iy)-
(b) If i € J, we are back in (a). If i € K, we have

Y Yk) = (Willior + 21 + 295 + N ivzy + 67 vy
+ Nz + 61M,0 + 57 + S)NY k)
We apply induction on mass to the term y,,1(7,¥k\(;;) and Part (a) to the other
terms which are not (multiples of) simple elements.
Lemma 2.3. Letl, A, Bc N, ANB=. Then
(27 +1 ifI=B=N,

(a) [(m(mavs):yn]=91 ifAcl, AUB=Nand INB#N,
L0 otherwise;
(3 if B=N,

1 if B=N\{i}and A c {i},
1 ifB=N\{i+1}and A={i+1),
\0 otherwise.

(b) [Yi(naws): ¥n] =1

Here the bracket ‘[?:?]" means the multiplicity of the (simple) element to the right
of the colon as a constituent of the element on the left-hand side.

Proof. (a) Let C=N\(AU B) and J = N\l. Then

NMa¥s = Nina(MinsVins)Nuncyvunay¥ins
= [I Q+wi+2n+n.0)

ielNA

x HB (W + 20441y + M2 + 40,00+ 40, + DnuncyounayYons
je

The sets INA, INB, INC, JNA and JN B are disjoint, so by (2.1.1) a
necessary condition for 9, to be a constituent of this product is that for each of
these subsets K, the corresponding factor has a term of mass 2'X! and that the
union of the subsets be equal to N. Thus we must have INC=J=JNA, and
hence that A = I, and also we must have A U B = N. Assuming these conditions
to be fulfilled, we obtain the term Y,naVins¥sns = Ya¥s = Yy by taking the
product of the 4, in each factor, so these terms yield one 9, in the product. The
only other terms with enough mass have the form

(2.3.. 1) ’([l,ﬂ/}p( H 2n(j,j+1))w.lﬂB forDcINB

je(INB\D

(where c is used in its strict sense). Since AU (J N B)U D = N\((/ N B)\D), we
see from (2.1.1) that there can be a constituent v, in (2.3.1) only if
(UNB)\D)+1=(INB)\D. Clearly, this is not possible unless D= and
I =B =N. In this case (2.3.1) becomes

H(zn{uﬂ)) 2" H n!’

JEN
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of which yy is a constituent with multiplicity 2™, as is easily seen from Lemma
2.1 and (2.1.1). This proves (a).

(b) Twisting by a power of the automorphism t, we may assume i =0. By
(2.1.1) we see that a necessary condition for 1, to appear as a constituent of
Y(nayp) is that |B| =m — 1, and that if A = & then B = N\{0}, in which case we
get one Yy. Suppose A ={j} and B = N\{j}. If j=0, then by Lemma 2.1 and
(2.1.1) we see that y, occurs with multiplicity 1 as a constituent of (Y1) Ym(o. If
J =1, then Y0, ¥my = ¥?11¥me0,1) and the constituent 7,9 in the expansion of
y? gives a term Yy in the product, while no other constituent of ¥ has enough
mass to contribute a yy. If j¢ {0, 1}, then (2.1.1) shows that y, is not a
constituent of Y1 Ym¢;y = Y2(1,¥m;y)- Finally, if B =N, then yyy = Y*Pamo)-
The terms of mass 2 or greater in the expansion of y” are 2y, 1,9, 2y, 61,
and 7,2;. By (2.1.1) the last three do not give rise to any constituents v, in the
product. The term 2y clearly yields 2y and by (a) the product (9,¥)Ym¢y =
N,y has Yy as a constituent with multiplicity 1. The lemma is proved.

Now Sy is a projective FG-module, so its multiplicity as a composition factor of
an FG-module M is equal to dimHomgs(Sy, M). Therefore, since
Homys(Sy, E; ® E, ® Sg) =Homps(Sy ® E;, E, ® Sz), Lemma 2.3 gives the
multiplicity of the projective cover P(E, ® Sg) of the simple FG-module E, ® S
as a direct summand of the projective FG-module Sy ® E,.

CoroLLARY 2.4. We have
(a) SN®EN§(F2’"®SN)®7®NP(SN\T® E'r),

(b) for IcN,
Sv®E, = 762[ P(Smr® Er),

(C) SN RS= SN @ SN 3%) SN @D P(SN\(O)) 185) P(E ® SN\(())) D P(E] ® SN\(]))'

ReMARk. We may invert (a) and (b) to obtain the following formulae in the
Green ring of FG:

(@) [P(EN)]=Lren ()™M [SVEF] — 27 [Sn];
() [P(E; ® Sxu)l = Zres (1)"T[SNIEF] (I # N).
Here [M] denotes the class of the FG-module M.

3. Some results on modules

This section will be concerned with obtaining extremely explicit information
about the structures of EQE, E®S and S®S. We begin by recalling the
following terminology. Let M be an FG-module or a G-module. By the socle of
M, soc M =soc' M, we mean the largest semisimple submodule. Then soc' M is
defined recursively by the formula soc’ M/soc'~' M = soc(M/soc'~' M). We write
soc' M/soc'™' M as (soc'/soc’"")M and call this the ith socle layer of M. Dual to
all this, we define the radical of M, JM to be the intersection of all maximal
submodules of M, so that the head of M, hd(M)= M/JM is the maximal
semisimple quotient of M. Then J'M is defined as J(J'"'M) and the ith Loewy
layer of M is (J"~"'/J )M =J""'M/J'M.
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We shall sometimes write ‘M’ < M’ to mean that the module M’ is isomorphic
to a submodule of the module M.

The first lemma, an adaptation of the argument of [3, Proposition 2.7], tells us
that if V is a finite-dimensional G-module whose composition factors are all of the
form E; ® S, for I, J e N={0, 1, ..., m — 1}, then restricting to G(m) does not
change its socle and Loewy layers.

We shall need some notation for the proof of this result. If we define A, = 4,
tA; =3A,, etc., so that L(7'A) = L(X);, then each dominant weight has a unique
‘t-adic’ expression :

A= a7h, for0<a,<2.
j=0

If the upper limit ~ in the sum is less than m, we shall say that A is t""-restricted.
The ™-restricted weights parametrize the simple G(m)-modules; for A as above,
we have L(A)=E, ®S, where I={j | a;=1} and J={j | a;=2}. Let p=
2%72) ©A,. Then L(p)=Sy and it can be checked using Weyl’s dimension
formula that in fact Sy = H°(p). Finally, we define the linear functional f on A by
f(A) =1, f(4,)=V3, so that if L€ A, is given by its t-adic expression above,
then f(A) =L a;V3’. We have f(a,) =f(24, —34;) = (2V3)—3>0 and f(a,) =
fQA—24)=2-V3>0. It follows that whenever u lies below A in the usual
partial ordering on A we have f(u) <f(A).

Lemma 3.1. Let (I,J) and (A, B) be pairs of disjoint subsets of N =
{0, 1, ..., m — 1}. Then the restriction map

Ext};(E, ® SJ, EA ® SB)_) Ext}:c(,,,)(E, ® SJ, EA ® SB)

is injective.

Proof. Let E;® S, = L(u) and E, ® S5 = L(A) for t-restricted weights u and
A. There are no G-extensions if u and A are either equal or incomparable in the
partial order. Also, we have Extg(L(u), L(A)) = Extg(L(A), L(1)) and the same
holds for G(m). Therefore we may assume p <A. Suppose X is a non-trivial
G-extension of L(u) by L(A). We shall show that L(u) is not a G(m)-submodule
of X. As in [3], Proposition 2.7, we see that there are G-module embeddings

- XoH(A)SH(P)®H(p—A)=Sy@H(p — A).

Thus, it suffices to prove that Hompg.)(L(k), Sy ® H(p — 1)) =
HOom g (m)(Sn, L() @ H(p — A)) =0. To see this, let L(v) be a G-composition
factor of L(u) ® H°(p — A). Then v<pu+ p —A<p. It follows that any G(m)-
composition factor L({w) of L(v) must satisfy

fl@)<f(v)<f(p).

Therefore, Homgg(.)(Sy, L(v)) =0, for all v as above, which completes the
proof.

We sketch briefly why the lemma implies that the socle and Loewy layers are
preserved on restriction from G to G. By duality, it suffices to consider the socle
layers, and by induction on the G-socle length, one is reduced to showing
that socg V =socg V. The induction hypothesis yields socg(V/socg V)=
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socg(V /socg V) which implies socg V csock V. This reduces the problem to
modules of G-socle length 2, where Lemma 3.1 may be applied.

These remarks are relevant in particular to the G-modules EQE, S® E,
S ® S and the Weyl modules we shall discuss, because of our standing assumption
that m > 2.

Good filtrations and Weyl filtrations

A G-module V is said to have a good filtration if there exists an ascending chain
of submodules 0=V°cV!'cV?c... such that -, V' =V and each factor
V#/Vi~! is isomorphic to some H(A;), with A; € A,. We shall need the following
facts (see [7, pp. 238-240)).

(a) A direct summand of a G-module with a good filtration has a good
filtration.

(b) If V is a finite-dimensional G-module and has a good filtration then the
number of filtration factors isomorphic to H°(A) is equal to dim Homg(V (), V)

(c) If V and W have good filtrations then so does V @ W (this is a theorem of
S. Donkin). If the good filtration factors of V and W are known then those of
V ® W can be computed using the classical formulae for Weyl modules over the
complex numbers.

In addition, since Extg(L(A), H%(u)) =0 for u ¥ A (see [7, p. 207]), we have

(d) If V has a good filtration and if H°(A) and H°(u) are two factors, with
pF A, then V has a good filtration in which H°(A) appears higher up than H°(u).
In particular, if V is finite-dimensional and A and u are respectively maximal and
minimal in the set of highest weights of the good filtration factors of V, then
H°(1) is a homomorphic image of V and H°(u) is isomorphic to a submodule
of V.

There is a dual notion of a Weyl filtration (descending filtration by Weyl
modules) and dual versions of (a)-(d) above. If V has a good filtration then of
course its dual Homg(V, F) has a Weyl filtration whose factors are the duals of
the good filtration factors of V. A useful special case of this is that a self-dual
module with a good filtration also has a Weyl filtration.

Lemma 3.2. (a) In the decomposition EQ® E=S*E)® /\*(E) we have
SXE)=F ® S and /\? (E) is uniserial with series E, E,, E.

(b) A\*(E)®E, has a simple head and a simple socle, both zsomorphzc to
E(o 1} and

J(N*(E)®E,)/soc(\*(E)®E,)=E,®E,.

(c) EQS=S®Z, where Z is a G-module with head and socle both isomor-
phic to E. We have

Z ® SN\(O) = P(E ® SN\{Q))

as FG-modules.

d) SOS=(E,®S)DSDSDX DY as G-modules, where X has head and
socle both isomorphic to F, and Y has head and socle both isomorphic to E. We
have FG-isomorphisms

Y® SN\(O} = P(E ® SN\(O})
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and
X ® SN\(O) = P(SN\(O))-

Moreover, Y has a good filtration with factors

H°(%;), H°(A,), H°(A + Ay), H°(3Ay)
and X has a good filtration with factors

H°(0), H°(A,+A;), H°(24,), H(4A,).

Both X and Y are self-dual.
(e) We have

SHS)=XDSDS and N*(S)=YD(E,®S).

Proof. Recalling that E = H°(A,) and S = H°(24,), it is routine to determine
the good filtration factors H’(A) of EQ E, E® S and S® S, and also to find the
composition factors of these dual Weyl modules.

(a) The module E ® E has a good filtration with factors H°(0) = F, H°(A,) =
E, H°(A;) and H°(24,)=S. Since E @ E is self-dual, it follows that both the
submodule F and the quotient module § are in fact direct summands, because
these each occur only once as composition factors. From the structure of H°(A,)
and the self-duality of E ® E, it follows that the complementary summand in
E®E to F®S must be uniserial with series E, E,, E. Consideration of the
dimensions of S*(E) and /\? (E) now finishes the proof of (a).

(b) By (a) we have

Homg(A\? (E)® E,, hd(E, ® E;)) = Homg(/\ (E) ® E,, FB S, DE,)
=Homg(/\?(E), E,® (E,® $,)® (E,®E))),

which is zero since E, ® (E, ® $,) ® (E, ® E,) does not have E=hd /\*(E) as a
composition factor. It now follows from (a) that hd(/\*(E) ® E,) = E o, and by
self-duality that the socle is isomorphic to the head, proving (b).

(c) The module E ® S has a good filtration with factors

H(%,), H°(A), H°(24;), H(A,+ A,), H°(3Ay).

Since H°(2A,) appears once as a factor, we have Homg(V(24,), E® S)=F,
which shows that S = V(24,) is isomorphic to a submodule of E® S. Since EQ S
is self-dual and § occurs only once as a composition factor, it follows that S is
isomorphic to a direct summand of E®S. Let Z be the complementary
summand. Then E = H°(A,) is isomorphic to a submodule of Z. By Corollary
2.4(b), we have

(E®S)® Sy =Snv ® P(E @ Syyoy)

as FG-modules. It follows that Z & Sy oy = P(E @ Sy\(0)) and hence that soc Z is
simple. The assertion about hd(Z) follows by self-duality.
(d) The module S ® S has a good filtration with factors

H(0), H(A:), H(Ay), H(2h2), H°(2Az), H(Ai +4y),
H(\ + 1), H'GA,), HO(2A,), H(A +24;), HY(44,).
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From this we see that Homg(S, S ® S) = Homg(V (24,), S ® §) is 2-dimensional
and that

dim Homg(E, ® S, S ® §) = dim Homg(V(4, +24,), S® S§) =1.

Since these dimensions are equal to the multiplicities of S and E,® S as
composition factors of S ® § and since S ® S is self-dual, it follows that it has a
direct summand isomorphic to S @ S @ (E, ® S). The dimension of this summand
is 243. On the other hand, we have the decomposition S ® S = S*(S) D A2 (S)
into direct summands of dimensions 378 and 351. It follows that the G-module
S®S decomposes into at least five indecomposable direct summands. But
Corollary 2.4(c) shows that the FG-module

(S ® S) ® SN\(O} = SN @ SN @ SN @ P(SN\(O)) @ P(E ® SN\(())) @ P(E] ® SN\(]))
has six indecomposable direct summands and Corollary 2.4(a) shows that
(3.2.1) (S @ S @ (E] ® S)) ® SN\(O} = SN (&) SN (3] SN 87 P(E] ® SN\(I})

accounts for four of these six summands. It follows that § ® S has precisely five
indecomposable direct summands, both as a G-module and as an FG-module. Let
us write

SRS=SOSO(E,QS5)DXDY,

where according to (3.2.1) we may choose X and Y to be such that X ® Sy, =
P(Sanvoy) and Y @ Syyoy = P(E @ Snv0)) as FG-modules. Then X and Y have
simple heads and socles and since it is easy to see that F and E are both
submodules, and hence also quotients, of S ® S, we must have soc X =F =hd X
and socY=E=hdY. We have shown that for m>2 we have FG(m)-
isomorphisms

Y & Snimnioy = P(E @ Snimpnioy) = Z Q Snmpo)-

Since the character of the Steinberg module Sy(,,, of G(m) does not vanish on
3-regular elements, multiplication by 9y, induces an injective endomorph-
ism of R(G(m)). Thus Y and Z have the same composition factors as
FG(m)-modules. Since m may be arbitrarily large, this means that they have the
same G-composition factors, or, equivalently, the same weight multiplicities.
Therefore a good filtration of Y has the same factors, counting multiplicities, as
one of Z. Since we also know the good filtration factors of S ® S, we can deduce
those of X, and (d) is proved.

(e) We see that X has a good filtration factor H(41,). Since 44, is the highest
weight of S® S, it is a weight of S*(S). Then (e) is forced by consideration of
dimensions.

ReMARK. One can show that in fact Y =Z, by showing that an isomorphism
between the bottom factors V(34,) of Weyl filtrations of ¥ and Z can be
extended. We shall not need this, however.

The good filtrations of X, Y, and Z give us the following information about
maps. .
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CoROLLARY 3.3. The following equalities hold:
(i) dim Homg(V (4, +4,), X) =1;
(i) dim Homg(V(24), X)=1;
(iii) dim Homg(V (44,), X)=1;
(iv) dim Homg(V(4,), Y) =dim Homg(V (1)), Z)=1;
(v) dim Homg(V (4, + 45), Y) =dim Homg(V (A, + 1), Z) =1;
(vi) dim Homg(V(34,), Y) =dim Homg(V(34,), Z) = 1.

In order to exploit this new information, we next study the structures of the
Weyl modules appearing in Corollary 3.3. Here, we shall need the general fact
(see [7, p. 207]) that if A, peA,, with u<A, then Extg(L(A), L(u))=
Homg(JV (4), L(1)).

LemMmA 3.4. (a) The module V(2A,) is uniserial with composition factors (in
descending order) S,, E ), F.

(b) We have hd(V (A, +4;))=E o,y and JV(A, + 4;)=V (X)) DF. :

(c) The module V(34,) is uniserial with composition factors (in descending
order) E,, E,, Evyy, E,, E.

Proof. As we mentioned earlier there is an algorithm to find the composition
factors of Weyl modules from the weight multiplicities of the simple G-modules,
which we know. The Weyl modules in this lemma have the stated composition
factors.

Next, let A, u € A, be fixed and let i be a fixed natural number. Then by [5,
Theorem 7.1], we have, for sufficiently large (even) values of m, isomorphisms

Ext&(L(A), L(1t)) = Extrgm(L(A), L(1))
= ExXtrgm)(L(3'A), L(3'w)) = Extg(L(3'A), L(3'n)),

where the middle isomorphism is induced by the automorphism 6’|, and the
end isomorphisms are restriction maps. We may therefore deduce from § =
V(24,) that Extg(S,, F) =0, from which (a) follows. From the structure of V(A,)
we have Extg(E(o.1), F) =F. Also, since V (4, + 4,) is isomorphic to a submodule
of V(A)®V(A)=V(A) ®E, we have

dim Homg(E,, V(4 + 4,)) <dim Homg(E,, V(1,) ® E)
=dim HomG(E(O_]), V(A])) =0.

Since Ext&(E;, F) =0, it follows that JV(A, + 4,) is the direct sum of F and a
non-split extension of E, by E. By the uniqueness of such an extension, it is
isomorphic to V(4,), which proves (b). To prove (c), we must show that JV (34,)
is uniserial with the stated ordering of composition factors. Since V(31,) c
V(4;) ®V(24,)=E ® S, Lemma 3.2(c) implies that soc V(34,) = E. Since by (b)
we have Extg(Eq.), E)=0 and since Extg(E,, E)=F, we must have
(soc*/soc)V (3A,) = E,. Then (J/soc*)V (34,) has composition factors E g (, and E,
and since ExtG(E,, E;) =0, the structure in (c) is forced.

The module V(4A,) will be considered in § 4.

We now summarize the information on G-extensions obtained from the
statement and proof of Lemma 3.4.
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COROLLARY 3.5. We have
(i) Extg(Eiv, E)=F,

(i) ExtL(E;, F)=0,

(iii) Exts(S;, F) =0,

(iv) Ext&(S;, E;) =0,

(v) Extg(Sis1, Eiivy)=F,

(vi) Exte(Egiv1y, Eiv1) =F,
(vii) Extg(Eiva, Eqiisny) =0,
(viii) Extg(E;.o, E;) =0,

(ix) Extg(S;, Eiv1) =0.

The following simple remark will be important in the reduction steps in the
proof of the theorem. '

LEMMA 3.6. There is an embedding of G-modules /\* (E) < Z, and hence an
embedding of EQE < F @ (E®S). The images are uniquely determined.

Proof. From the structures of /A% (E) and Z described in Lemma 3.2 one sees
that there will be an embedding as long as dim Homg(/\?(E), Z)>1. Now
/A?(E) has a good filtration with factors H°(4,) and H°(A,). A straightforward
calculation then shows that a good filtration of E ® /\*(E) has factors H°(0),
H(A,), H°(A;), H°(A,), H°(2A;), H°(24;), H°(A, + A,). Thus, by Lemma 3.2(c),

dim Homg(/\? (E), Z) = dim Homg(A\? (E), E® S)
=dim HomG((S, E® N\*(E))

=dim Homg(V (24,), E ® A\*(E)) =2.

Thus an embedding exists, and moreover, since soc Z=FE =hd /\*(E), the
2-dimensionality of Homg(/\? (E), Z) means that any two embeddings will have
the same image. The assertions about E® E are now immediate by Lemma

3.2(a) and (c).

LemMma 3.7. Let J and T be subsets of N, not both equal to N. Then E;, ® Sy has
2¥T) indecomposable direct summands, both as G-modules and as FG-modules.
The head and socle of each summand are simple and isomorphic. We have

(3.7.1) soc(E; ® Sy) =s0c(E;nr® S;nr) ® Enynty @ Srunm)
= soc(E; ® §;) ® Enynty @ Stvunmy

jeJNT

= D Ex @ Synryk-
W\INT)eKel

Proof. First suppose that J = N. We know the result when JN T =(J and, by
Lemma 3.2(c), when J = T = {j}. It follows that the G-module

E;QSr=E;nr®S8;nr® EJ\(mT) ® S’I‘\(JﬁT)
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has at least 2V""' summands and that Epynr ® Smr has at - least 207
summands. Therefore the G-module

E;QSv=(E;nr®S;n1) ® (Engnmy ® Smr) ® Srunt)

has at least 2¥' summands. On the other hand, Corollary 2.4(b) tells us that the
restriction of this module to G has exactly 2 indecomposable direct summands.
Thus all inequalities above turn out to be equalities. In particular, E; ® Sy has
2VAT! summands. From this we may conclude that each indecomposable
FG-summand of the module E, ® S; is in fact the restriction of a G-summand.
Corollary 2.4(b) also says that the socle of each summand of the FG-module
E,®S, is simple and isomorphic to the head of the same summand. In
particular, the FG-module E; @ Sy has the same number of indecomposable
direct summands as its socle. The same must be true of E; ® Sy regarded as a
G-module, and by the same counting argument as above, one sees that the same
is true of E; ® S7. Thus, each summand of E; ® S, has a simple socle and head.
Now soc(E; ® S;) = E,; D §; by Lemma 3.2 and so

® soc(E;® §))= D E; ®Synryw

jeJnT LeinT
is a semisimple submodule of £, ® S, with 27" summands, so must be the
whole of soc(E;nr+® S;q7). Then since

( @ E.Q S(JnT)\L) ® Engnm ® Srunn) = D Ex® SuuTik
LeiNT N\INT))csKes

is a semisimple submodule of E, ® Sy with 2”""! summands, it is equal to
soc(E; ® Sr). By the self duality of E, ® S, its head is isomorphic to its socle,
but we still have to show that each indecomposable summand has isomorphic
head and socle. Our argument above shows that in fact each summand of E, ® S,
is the tensor product of a summand of E;n;® S, with the simple module
Engnt) ® Sr\ynry- Thus it will suffice to show that for I = N, the indecomposable
summands of E; ® §; have isomorphic heads and socles. Suppose for a contradic-
tion that M is a summand of E, ® S, with hd M % soc M. Since the head and socle
of each summand is simple and since hd(E; ® S;) =soc(E, ® S,), there must be a
different summand M' with hd M =soc M'. Since both E, ® S, and E, ® Sy have
2! indecomposable summands, both M ® Sy, and M’ ® Sy, are indecom-
posable, and since soc(E;® Sy)=soc(E;®S,;)® Sy, and hd(E, ® Sy)=
hd(E; ® S;) ® Sy, we have

hd(M @ Sy\;) = (hd M) @ Sy, = (soc M') ® Syy; = soc(M & San,).

But by Corollary 2.4, E, ® Sy is the direct sum of 2"' non-isomorphic projective
FG-modules, and so M & S\, and M' ® Sy, are two of these. We have reached
a contradiction. This completes the proof of the case where J # N.

Suppose now that J =N, T # N. We know from the previous case that both as
a G-module and as an FG-module E; ® Sr is the direct sum of 2'7' direct
summands, having a simple head of the form E x® Sk, K c T, and isomorphic
socle. Since (Ep\x ® Sx) ® Enr= En\x ® Sk is simple, the lemma will be proved
if we show that for any two disjoint subsets A, B ¢ N, we have

F f A=N\Band BcT,

(3.7.2) Hompg(Ey @ St, E4 ® Sp) = {0 otherwise.
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Suppose first that AU B # N. Pick r e N\(A U B). Then by the case J#N, we
have

HompG(Ey @ Sy, E4 ® Sp) = Hompg(Enviy @ St, Eavgry @ Sp) =0.
Therefore we may assume A = N\B. By Lemma 3.6,

(3.73)  dim Hompo(En ® Sy, Eps ® S5)
=dim HomFG(EB ® ST, EN\B ® EN\B ® SB)

<dim Homp(;(EB ® S’r, ) ® (F ® (E, ® S,)) ® SB)

eN\B

= 2 dim Homgg(E sk ® St, Spux)-

KcN\B

For K = N\B we have, by Corollary 2.4,
Homgg(Epuk @ St, Spux) =Homeg(Sy ® En, S7) =0.

Assume then that K< N\B, so BUK#N. Then by the case where J#N,
particularly (3.7.1), we have

F f BUK=T,

0 otherwise.

Homyc(Epux ® Sr, Sauk) = {

Thus, all terms of the sum in (3.7.3) are zero unless B < T, in which case there is
a single non-zero term, equal to 1, corresponding to K = T\B. Since we already
know that for B T, Exvy® Sris a homomorphic image of Ey ® S, we have
proved (3.7.2), and hence the lemma.

ReMARK. If J=T =N, then the FG-module decomposition of E; ® S has
already been described in Corollary 2.4(a) and we can see that even in this case
the simple submodules of Ey ® Sy are the same as those obtained by setting
J=T=N in the last member of (3.7.1), except that the multiplicity of Sy is
2™ +1 instead of 1. Therefore, when applying this lemma in situations where we
are not worried about multiplicities, for example in proving that there are no
maps from certain modules to E, & S, a reference to Lemma 3.7 is intended to
include the case J=T = N.

One can deduce the G-module decomposition of Ey.y ® Sy(.) from Lemma
3.7; simply choose m’'>m so that N(m)c N(m') and apply the lemma for
G=G(m').

As a corollary of this result we can already exhibit non-trivial extensions for
each of (I)-(IV) of the theorem.

ProvosiTioN 3.8. If (I,J) and (A, B) satisfy one of (I)-(IV) of the theorem,
then Ext}:'G(E, ® S_], EA ® SB) #0.

Proof. By applying a power of the automorphism 1:|G we may take the index i
appearing in (I)-(IV) to be 0. Let / and J be disjoint subsets of N with neither
containing 0 or 1. Let Z be the module defined in Lemma 3.2(c) by SQ E =
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S @ Z. It follows from Lemma 3.7 that
SOC(Z ® EIU{]) ® S]) = EIU(O,I) ® S] = (SOC Z) ® Elu(l) ® Sl'

By Lemma 3.6 and the structure of A*(E) (Lemma 3.2(a)), we have E, <
(soc?/soc)(Z). Therefore, the module-

(EI ® Sj) @ (E[ ® SJU(”) @ (EIU(I) ® Sj) = SOC(EI ® El) ® E[ ® SJ
SE| ®E1U(|) ®Sj
is a semisimple submodule of (Z® E,; ,, ® S,)/s0c(Z @ E;,(1; ® S;). Thus we

have found non-trivial extensions for Cases (I)-(III) of the theorem.
Similarly, Lemma 3.7 implies that

soc(Z®E,;® Siumy) = (socZ)®E; ® Sjuy =Eju0® Syu0y-
Since E; < (soc’/soc)Z and S, < soc(S; ® E,), we have
E,QS;uy<SEQE, QS <(ZOE;®S8,,(1))/50c(ZQ E; ® S;,1)),

which shows the non-triviality of the space of extensions in Case (IV). The
proposition is proved.

4. Some technical lemmas

The proof of the following general lemma is straightforward.

Lemma 4.1. Let A and B be simple FG-modules and d=d(A, B)=
dim Ext}c(A, B). Let X(A, B) be an FG-module with hd X(A, B)y=A and
JX(A,B)=B®... DB (d copies). Let C be any FG-module and D a simple
quotient of B® C. Then

Homy(X(A, B) ® C, D) =Hom;(A ® C, D)
implies d < dim Extp5(A ®@ C, D).

We shall keep the notations d(A, B) and X (A, B) of this lemma throughout
the remainder of the paper.

Whenever we use Lemma 4.1, the module A ® C will be simple and we shall be
trying for inductive purposes to prove that d(A4, B)<d(A ® C, D). Usually, we
shall have AQ® C%# D, so that the desired conclusion will follow from
Homgs(X (A, B), C* ® D) =0. This in turn will be proved by finding a suitable
filtration of C* ® D whose factors can be embedded into modules M for which
special circumstances will allow us to show that Hom;(X (A, B), M) =0. These
remarks are intended as motivation for the remaining results of this section.

Lemma 4.2. Let I,J, KN, INK =@. If |I| > |K| + 2 then
Ext}:G(S,, E_] ® EK) =0.
Proof. The proof will be by downward induction on |I|, starting at the
projective module Sy. We may assume Kcl, since Extyg(S;, E; ® Sx) =

Extrg(Siuk, E; ® Sink). Suppose first that J ¢ 1. Pick r e J\(J N I). We shall use
Lemma 4.1 to show that d(S,, E; ® Sx) <d(S;,y,), E; ® Sk). Then we shall be
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reduced to the case where J < I. Since by Lemma 3.2(c), E,; ® Sk is a quotient of
S, ® (E; @ Sk), the inequality is implied by

HomFG(X(S,, E] ® SK), S, ® (E_] ® SK)) = O,

which is immediate from Lemma 2.2(a), since |I| > |K| + 2.
Suppose now that J < I. Pick r € N\L. It will suffice to show that

d(S;, E; ® Sk) <d(Siu(ry, Er @ Skuiry)-
Since |I|>|K|+2=|KU{r}|+1, Lemma 2.2(b) yields
HomFG(X(S,, EJ ® SK)’ S,- ® (El ® SKU(r))) = O,

so the inequality follows from Lemma 4.1. The lemma is proved.
Lemma 4.3. Ext'(S,, E2,) =0.

Proof. We shall show that
(4.3.1) d(Sy, E(0.2)) <d(S(0.1y, E0.23) <d(S(0.1.2)» E0.2))-

The right-hand end of (4.3.1) is zero by Lemma 4.2. An easy calculation using
Lemma 2.1 shows that §; is not a composition factor of S, ® E o5y and that S ;)
is not a composition factor of S, ® Eq,. Since E(o, is a quotient of both
So® E (2 and S, ® E (g5, the two inequalities follow from Lemma 4.1.

LeMMA 4.4. The module V (44,) has the following Loewy layers:
E{O.Z): E(O,l)t El ®Sl: E{O.l); F.

The socle layers are the same but in reverse order.

Proof. 1t is routine to check that the composition factors of V(44,) are as
stated. By Lemma 3.2(d), we see that V (44,) is isomorphic to a submodule of the
module X of that lemma. Since soc X =F, we have soc V(44,)=F. Let us
abbreviate soc V' (44,) by soc, etc. By Corollary 3.5, the only composition factor
extending F is E (g, and Extg(E o), F) =F, so we must have soc’/soc=E g ).
Therefore J/soc has a simple socle, so it follows that soc’> cJ° By Lemmas 4.3
and 3.1, we have Extg(E (o 2, S;) =0 and by Corollary 3.5, Extg(Eo.2), E1) =0.
Therefore J/J*=E,,. Thus, J/soc has a simple head and a simple socle
isomorphic to E;, and J?/soc’ has a composition factors E; and S,. Since
Extg(S;, E;) =0 by Corollary 3.5, the proof is complete.

LeMMA 4.5. There exists a G-module T, unique up to isomorphism, with the
following structure:

socT=Ey,, T/socT=F®S ®N(E)=E Q®E,.

Any G-module V with socV =E, ,, and V [soc V < T/soc T is isomorphic to a
submodule of T. The module T is isomorphic to a submodule of SQE QE,.

Proof. A module T with the structure described can be found as a submodule
of A*(E)® E,, by Lemma 3.2(b). Since by Lemma 3.6 we can embed /\?(E)
into S ® E, we can embed T into S ® E ® E,. For the uniqueness assertions we
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have first by Corollary 3.5 that Extg(S;, Eo,1)) = F and Extg(F, E ©0.1y) = F, which
shows that any submodule of T whose image in T/soc T is isomorphic to a
submodule of F @ S, is the unique G-module with its Loewy structure. We now
consider submodules of A\*(E,) < T/soc T. Corollary 3.5 gives

ExtL(E,, Eqo1))=F, Exti(E, E,)=0 and Exty(E,, E)=F.

By applying the long exact sequence for Extg, one sees that any submodule of T
whose image in T/soc T is isomorphic to a submodule of A (E,) is the unique
G-module with its Loewy series. The assertions.in the statement about unique-
ness now follow. }

We now look deeper into the structures of the G-modules X, Y and Z of
Lemma 3.2.

LemMma 4.6. (a) X/soc X has a filtration with one factor isomorphic to E ,,
and all other factors embeddable into SQ E or S® E Q E,.

(b) Y and Z have filtrations in which every factor may be embeded into S @ E
orS ® E ® E|.

(c) Z/soc Z has a filtration in which the bottom factor is isomorphic to E, and
every other factor can be embedded into SQ E or SQEQE,.

(d) Let Uc Z be the image of /\* (E) under the embedding of Lemma 3.6.
Then Z = Z/|U has a filtration in which each factor may be embedded into S ® E
orSS®EQE,.

Proof. (a) By factoring out by the first factor H°(0) = F in a good filtration of

X we obtain a good filtration of X =X/soc X,
0cV'eVick,

with V'=H(A, +4,;), V¥/V'=HQA,) and X/V>=H(44,). Let W? be the
preimage in X of soc(V?/V') under the natural map X— X/V'. From the
structure of V', given in Lemma 3.4(a), and the fact that Extg(S,, E)=0, it
follows that Homg(W?, E) =F. Let W' be the kernel of a non-zero G-map from
W? to E. We have soc X = F. Since the composition factors of W' are F, E,, S,
and E oy, it follows from Corollary 3.5 that we must have soc W'=E,,, and
W'/soc W!'=F @S, ® E,. Therefore by Lemma 4.6, we have an embedding of
G-modules W' S® E® E,. By Lemma 3.2(c), W*/W'=E<S®E. By Lem-
mas 3.4 and 4.5, we see that V/W?= H°(24,)/soc(H’(24,)) also embeds into
S®EQ®E,. Next, the structure of X/V?=H4A,) has been described in
Lemma 4.4. Let W3 be the preimage in X of soc(X/V?) = E g ,,. It is immediate
from Lemmas 4.4 and 4.5 that (J?/soc)H°(4A,) and H°(4Az)/JzH°(4AZ) are
isomorphic to submodules of S ® E ® E,. This proves (a).

(b) We start with a Weyl filtration of Y,

OcVievVicVicy,

in which V!=V(34,), V¥/V'=V(4,+1,), V’/V?*=V(4)) and Y/V’=V(A,),
and construct from this a new filtration with the desired properties. Since both
V(4;) and V(A,) embed into S ® E, it will suffice to find a suitable filtration of
V2 Let W? be the preimage in V2 of the trivial submodule of V?/V' (see Lemma
3.4) and let W' =soc? V'. Then W' = V/(4,), so it embeds into S ® E. If F were a
submodule of W?/W!, then since Extg(F, E;) =0, F would be a submodule of Y,
which is not the case. Thus, soc(W?/W')=E, ,,. The triviality of Extg(F, E;)
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also implies that (W?/W')/soc(W?*/W') is isomorphic to a submodule of
F® N\*(E,), so, by Lemma 4.5, W?/W" embeds into S ® E @ E,. Now VZ/W?
has a submodule isomorphic to*V(4,) with quotient isomorphic to E,,, by
Lemma 3.4(b). The submodule embeds into S® E and the quotient into
S ® E ®E,. Thus, Y has a filtration with the stated properties.

Since this construction used only the Weyl filtration of Y and since Z has a
Weyl filtration with exactly the same factors (see Lemma 3.2), the same
construction works for Z, so (b) is proved.

(c) We take the filtration on Z/soc Z induced by the filtration on Z of (b).
Then the bottom factor is W'/soc Z = V(4,)/JV(A,) = E, and all other factors are
as in (b).

(d) We start with a good filtration of Z,

0cV'ceVicVicz,
in which V'= H(4,), V?/V'=H°(,), V*/V?=H'(A, + 4,) and Z/V?®= H(31,).
Since soc Z = E, it follows easily from Corollary 3.5 that V2= /A% (E), and hence
by the uniqueness of U that V2= U. Thus, Z = Z/U has a good filtration

0cV3icZ

with V3= H°(A, + A;) and Z/V>= H°(34;). Thus, soc Z < E0,1, ® E;. We claim
that in fact soc Z =E(,- Since by Lemma 3.2(c), Z has a submodule Z'
isomorphic to V(31,) and, by Lemma 3.4, Z' has Loewy length S, whereas U has
Loewy length 3, it follows that the unique composition factor E, = hd V(34,) of Z
is not a composition factor of soc Z, which proves our claim.

We see from Corollary 3.5 that E, is the only composition factor of Z which
extends E and that Extg(E,, E) = F. Therefore (soc*/soc)Z = E, and so soc* Z =
soc?Z'=soc?U=UNZ'. Let Z' be the image of Z' in Z and let W be the
preimage in Z of socz(Z/Vj) Then since E, is a composition factor of W, we
have Z' = W. Let W = Z' + soc> W. Then from the structures of H’(A, + 4,) and
socX(Z /_175) we see that W/W is an extension of E, by E. It is not clear whether
this extension splits or not, but we shall show that in either case we can still find a
filtration with the required property.

Suppose first that the extension does not spllt Then W/W =V(4,) can be
embedded into § ® E. It is not hard to see that W/soc W =F & J /\?(E,). Since
W < Z and soc Z = E(o,1;, we have soc w =E(,1), so by Lemma 4.5, W embeds
into S®EXE,.

If the extension splits then we have a non-zero G-homomorphism from W to E.
Let W” be the kernel of such a map. Then W/W" = E embeds into § ® E, while
W" is an extension of soc® H°(34,) by W'NV3 Also Z'cW", so E,<
(soc*/soc®)W". It follows that the socle layers of W"/soc W” are (in ascending
order) E\®F, E,, E,. Since we know Exts(E;, F)=0=Extg(E,, E,) and
ExtL(E,, E\)=F, it follows that W"/soc W'=F @ /\?(E,). Since soc W"c
socZ=E(,, Lemma 4.5 shows that W” embeds into S® E®E,. This
completes the proof of the lemma.

Recall that

S®S=SOSD(E,QS)DXDY
and that soc X =F, S<SQ®FE and E,® S <5 ® E® E,. Combining these facts
with Lemma 4.6 leads to following useful criteria.
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CoroLLARY 4.7. Let L and M be FG-modules. Then the following conditions
are together sufficient for Homgg(L, S; ® S; ® M) to be zero. The last three suffice
for Homgq(L, (X /soc X) ® M) =0.

(i) Homgg(L, M)=0;

(ii) Homso(L, S; ® E; ® M) = 0;
(iii) Hompo(L, S ® E; ® E,,, ® M) =0;
(iv) Homgo(L, E; @ E;,, ® M) =0.

" Proof. Since 7| is an automorphism, we may assume i =0. The result now

follows from Lemma 4.6 since G-filtrations and G-embeddings are certainly
filtrations and embeddings of FG-modules.

CoRrOLLARY 4.8. Let L and M be simple FG-modules such that the following
hold:

(1) soc(E;® S, @ M) =s0c(E;®S;)®M;
(i) Homgc(L, S, @ E;@ M) =0;
(lil) Hom,.-G(L, E,‘+1 39 M) = O,'
(IV) Hom,.-G(L, S,- ® E,' ® E,‘+1 ® M) =(.
Then L is not a composition factor of soc*(S; ® E; @ M).
Proof. We may assume that i = 0. By (ii), L $soc(S; ® E; ® M). By (i),
(S ®E; ®@M)/soc(S;®E, QM) =((S: ® E;)/soc(S; ®E;)) ® M,

and by Lemma 3.2(c), this module is isomorphic to (Z/soc Z) ® M. The result
now follows from (ii), (iii), (iv) and Lemma 4.6.

5. Extensions of simple modules

Lemma 5.1. LetI,J, K< N, JNK =@. If |J| >2 then Extpg(S,, E; ® Sx) =0.

Proof. We may assume that K c 1. If J </ then |I|>|K]|+2, so Lemma 4.2
applies. We therefore suppose that J ¢ I. We shall prove that, for r e J\(J N 1),
(5.1.1) HomFG(X(S,, E]®SK), S,®E_/®SK)=O,

which, since E, ® Sk is a quotient of S, ® E, ® Sk, will show by Lemma 4.1 that
d(S;, E; ® Sk) <d(Siu(y, E; ® Sk) and eventually return us to the case where
J c L. Clearly, Homgs(S;, S, ® E; ® Sx) =0, and since by Lemma 3.7,

soc(S, ® E; @ Sx) =soc(S, ® E,) ® Epn,y @ Sk,
(5.1.1) will follow from
(5.1.2) Homg(S,, ((S, ® E,)/soc(S, ® E,)) ® E;\(,y ® Sk) =0.
A composition series of (S, ® E,)/soc(S, ® E,) induces a filtration on

(5, ®E,)/soc(S, ® E,)) @ En,y ® Sk
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with factors (ignoring multiplicities and order)
EJ®SKJ El\{r) ®SK: Er+1 ®(EJ®SK);
Er+1 ® (El\(r) ® SK)) Er+2 ® (El\(r) ® SK)

The first two are simple and not isomorphic to S, By Lemma 3.7, for teN,
E,®S, is either simple or else its head is isomorphic to (E, ® Sn.) D S;.
Therefore, since |J| > 2,

HomFG(Sh E, . ®(E;®Sk)), Homgs(S,, E, .. ® (EJ\(r) ® Sk))

and
Homgs(S), E,+2 ® (Eny @ Sk))

are all zero, which proves (5.1.2).
LemMA 5.2, Let],J,KcN,JNK =@. If I 2J U K then Exti(S,, E; ® Sk) = 0.

Proof. We shall proceed by downward induction on |I|, starting with Sy which
is projective. Assume I < N and pick r € N\I. Our inductive step will be the
inequality '

d(Sly EJ ® SK) = d(SIU(r)’ EJ ® SKU(r))'

, we can assume r = 0. Then Lemma 4.1 will yield the inequality

By applying 7"
if we show that
F ifJ=Q,1=K,

0 otherwise.

(52.1) Homeo(X(S,, E,® S0), (S® ) ® (E, ® )= |

Let us consider the case E; ® Sx = S, first. By Lemma 3.2, we have
S®S)®S; =840 P Siviy P (E1®S1u0)) DX RS)D(YRS)).
Clearly, Homg(X(S;, S), Siu(0;) =0 and by Lemma 3.7,
Homgg(X(S;, S1), E; ® S1u0y) = 0.

This second part of Lemma 3.2(d) implies that soc(Y®S,)=E®S,, so
Homs(X(S,, S;), Y®S,)=0 as well. Hence it suffices to prove that
Homgs(X(S;, S;), X ® §;)=F. The second part of Lemma 3.2(d) shows that
soc(X ®S)=8,=(socX)®S,, so we are reduced to showing that
Homgc(S;, (X/soc X)® S,;)=0. Let us check the last three conditions in
Corollary 4.7 with L=M =S, and i =0:

(il) Hompc(sl, S ® E ® S[) = HomFG(S,U(O), E ® Sl) = 0;

(iii) Homgs(S;, S® EQ E,® S;) =Homgs(S;u(0), EQE, ®S;)=0, by Lemma

3.7;
(iv) Homy(S,, S® EQE,® S;)=Hom;c(E®S,, E,®5,)=0, by Lemma
3.7.
Thus, this case of (5.2.1) now follows from Corollary 4.7.

Now suppose E; ® Sx % S,. This case of (5.2.1) will also be proved using
Corollary 4.7 if we verify the four conditions of that corollary, with L=
XS, E;®8), M=E; ® S and i =0.

(i) Obviously, Homg:(X(S;, E; ® Sk), E; ® Sx) =0.

(ii) We have Homgq(X(S;, E; ® Sk), S® EQE; ® S¢)=0, by Lemma 3.7,

which computes the socle of the right-hand module.
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(iii) We must show that Homqc(X(S;, E; ® Sk), SO EQE,QE,; ® Sx) =0.
If 1¢J, this follows from Lemma 3.7. If 1 e€J, we must first use Lemma 3.6 to
embed (El ® El) RSQEQR El\(l) ® SK into

(SKU(O} ® EJU(O)\(I}) @ (SKU(O.I} ® EJU{O))

before applying Lemma 3.7.

(iv) We must show that HomFG(X(S,, E,QS8), EQE,QE,®S8x)=0. If
2¢J, we can use Lemma 3.7 immediately to compute the socle of E, .2, @ Sk,
while if 2 € J, we can apply Lemma 3.7 after we have used Lemma 3.6 to embed
E((),Z) ®E, ®Sx=(E,® Ez) ® EJU{O)\{Z) ® Sk into

(EJU(O)\(z) ® SK) @ (EJU(O} ® SKU(Z})'
This completes the proof of (5.2.1), so the induction goes through.

LemMma 5.3. Let J,A,Bc N, ANB=, BcJ. Then Extrs(S;, Ea® Sg)=0
unless one of the following holds:

(i) A={i,i+1},J=B;
(i) A={i,i+1},J=BU{i+1};
(iii) A={i},J=Bandi+1€B.
(Notice that these are precisely the conditions of the theorem for I =J.)

Proof. By Lemmas 4.2, 5.1 and 5.2 we may assume that |J\B| <2, |A| <2 and
A ¢ J. Suppose first that |[J| =|B| + 2. Then for r € A\(J N A) we have E, ® Sz <
hd(S, ® E, ® Sg), by Lemma 3.2(c). A short calculation using Lemma 2.1(b) and
Lemma 2.2 shows that S, is not a composition factor of (S, ® E,) ® E\(,; ® S;.
Hence, Lemma 4.1 yields

d(S;, E. ® Sg) <d(S;u(,), Ea ® Sp) =0,
by Lemma 4.2. Thus we are left with the cases

(@) J=BU {1}, A={j},

(b) J=BU{1}, A={i, j} (i #)),

(¢) J=B,A={i, j} (i#)), and

(d) J=B, A={i}.

(a) By Lemma 5.2 we may assume that j #¢ Lemmas 2.1(b) and 2.2 can be
used to check that Sz, is not a composition factor of S; ® (E; ® Sz). Since
E; ® Sp<hd(§; ® (E; ® Sp)), Lemma 4.1 and Lemma 5.2 give

d(Ssuy, E; @ Sp) < d(Spuqy E; @ Sp)=0.
(b) Suppose ¢ ¢ {i,j} or t =j#i+ 1. We claim that
d(saumy E(ij} ® SB) = d(SBu{r i} E(ij) ® SB)'
Since E;;, @ S5 <hd(S; ® (E;;, ® Sp)), this will follow from Lemma 4.1 if we
show that
HompG(X(SBU{,}, E{,‘,/') ® SB)) Si ® E,' ® Ej ® SB) =0.

We shall apply Corollary 4.8 with L =Sz, and M = E; ® S5. Condition (i) of
the corollary holds by Lemma 3.7. We now check the other conditions.
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(ii) Clearly,
Homgg(Sgyy, i ® E; ® E; ® Sg) = Hompg(Spyqiy, Eqijy ® Sg) =0.

(iii) We must show that Homgg(Spyyy, Eiv1 @ E;® S5) =0. If i + 1+ then
either E;., ® E; ® Sp is simple or i=1€ B and Lemma 2.2 gives the desired
conclusion. If i+1=j then E;,, ® E; ® S5 =Spy(i+1), D S5 D (A*(Ei+1) ® Sp).
Only Spy(i+1) has as much mass as Spy(,) but, since i + 1 =j, our hypothesis says
that ¢ #i + 1. Therefore (iii) holds.

(iv) We have

HomFG(SBU(r): SOEQ®E . ® Ej® Sp) = HomFG(SBU(i.t); E..® E(i,j) ®S5) =0,

by considering masses.
Now 'Corollary 4.8 yields (b).
(c) We may choose notation so that j #i + 1. We shall prove that

d(Ss, Eijy ® Sp) <d(Ssuiy Eijy @ Sp).

Then by (b) the right-hand side of the inequality is zero unless i =j + 1. We shall
apply Lemma 4.1 and Corollary 4.8 to prove this inequality. First we note that
E;;j,®Ss<hd(S;®E;,®Sp). We now check the conditions of Corollary 4.8
for L =Sz and M = E; ® Sp. Condition (i) holds by Lemma 3.7 and (ii) and (iii)
are easy to check because i, i + 1#j. The calculation for (iv) is:

Homgg(S5, S; ®E;®E; 1 ® E; ® Sp) = HOmFG(SBU{i)r Ejinjy ®Sp)=0

by Lemma 3.7. The inequality now follows from Corollary 4.8 and Lemma 4.1.
(d) We shall show that if i +1¢ B then d(S, E; ® Sz) <d(Ssuiy, E: ® Sp),
which is zero by Lemma 5.2. Again, we shall use Lemma 4.1 and Corollary 4.8.
Since E; ® S; <hd(S; ® E; ® Sp), it remains only to check the conditions of
Corollary 4.8 with L =Sz, M = Sp. Lemma 3.7 shows that (i) holds and (ii), (iii)
and (iv) are all easy because i + 1 ¢ B.
This completes the proof of the lemma.

LemMa 5.4. Let (I,J) and (A, B) be pairs of disjoint subsets of N with
@#I1c A and B cJ. Then for i € I we have

d(E;® S8, E,® Sp) < d(El\(i) ®S,, Eaiy ® Sp) + d(E ® Ssutiy Ea ® Sg).

Proof. We may assume that i =0. By Lemma 3.2(a), we have
Extr(E; ®S;, E4 ® Sp) =Exti(Epng ®S), (EQ E)® E a0y ® Sp)
= Extrc(Eny @ Ss, Eavioy ® Sp)
® Extic(Eny ® Sy, (S® A\ (E)) ® Eavioy ® Ss).
The lemma will follow from the existence of an embedding

Ether(El\(O) ®S,, (S & N\? (E)) S Esnn® SB)
S Extpg(Enoy @ S), (S ® E) ® E 40y ® Sp).
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Lemma 3.6 gives an embedding S © /\*(E) > S @ E. By Lemma 3.2 and Lemma
3.6, the cokernel is the module Z of Lemma 4.6(d). Thus, by the long exact
sequence for Extgg, it will suffice to show that
HomFG(E[\{O) ® S], Z ® EA\(O) ® SB) =0.

We shall apply Lemma 4.6. First,
HomFG(EI\(O) ®S,SOE® EA\(O} ® Sp) = HomFG(El\(O) ® SJU{O): E,® Sp)=0.
It therefore remains to show that

HomFG(E,\(O) ® S_,, SER® El ® EA\(()) ® SB) =0.

If (I,J)=(A, B) then the left-hand side of (5.4.1) is isomorphic to
Homgg(Epnoy @ Sivoy, E1®E;®S)). If 1¢1UJ, this is obviously zero, and if
1€eJ then this is zero by Lemma 3.7. If 1€/, then E,® E,; ® S, embeds into
(El\(l) ®SJ) & (El ® Sju{])), and Lemma 3.7 then shows that E,\(Q) ®SJU(O) is
not in the socle of this module.

Now suppose that (I,J)# (A, B). Set K=N\({UJ), I'=1U(KNA) and
A’ =A\(K N A). Then (5.4.1) can be transformed to

(5.4.2) Hom g6 (E;n oy ® Siu0y, E1 Q@ E4 @ Sp)=0.
Since A’ cI' UJ and B < J, the assumption (/, J) # (A, B) implies that
mass(E, @ Sg) <mass(E; ® §;) = mass(E;\) ® Spuioy) — 1.
Therefore by (2.1.1),
mass(E; ® E 4 & Sg) <mass(E ;o) ® S;u(0)),

from which (5.4.2) is clear. The lemma is proved.
We may now complete the proof of the vanishing in the theorem.

ProrposiTiON 5.5. Let (I,J) and (A, B) be pairs of disjoint subsets of N, with
IcA and BcJ, and such that Extpo(E, ® Sg, E4 ® Sg) #0. Then these pairs
satisfy one of the conditions (I)-(1V) of the theorem. Furthermore, according to
which of the conditions (1)-(IV) is satisfied by (I, J) and (A, B) we have

(1) d(E,®S), Es® S5)<d(S), Eqiin1, ®S)),
(II) d(E;®S,, E4 ® Sg) <d(Spu(i+1yr Efiiv1y ® Sp),
() d(E; ® S;, E4 ® Sp) <d(S;u(i+1)» Eiiv1y @ S)),
(V) d(E,® S,, E,® Sp)<d(S,, E;®S)).

Proof. By iterating 5.4 we obtain
(5.5.1) d(E;®S,, E,® Sp) < Z d(S;ux> Ecavnuk © Sg)-

Kci

Lemma 5.3 says that d(S,;ux, Ecanux ® Sp) is zero unless one of the following
holds:

() (AN)UK={i,i+1},JUK =B,
(i) (A\DUK={i,i+1},JUK=BU{i+1}
(iii) (A\)UK ={i}, JUK=Bandi+1€B.
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If (i) holds then we must have K=, B=J and A=1U {i, i+ 1}, since
B cJ. Thus (1,J) and (A, B) satisfy (I). For these pairs, the terms of (5.5.1) for
K # & are zero by Lemma 5.3, which proves the inequality for (I).

Next suppose (ii) holds. Then we may have K= or K= {i+1} but not
K={i,i+1}, since KNB=J. If K= then we have J=BU {i+1} and
A=1U{i, i+ 1}, which is Condition (II) of the theorem. Moreover, by Lemma
5.3 the terms in (5.5.1) with K #J are zero, which gives the inequality in the
statement of this proposition for pairs satisfying (II). If K ={i +1} then B=J
and A=1U {i}. Since i+1€Kcl, we have Condition (III). The terms of
(5.5.1) for K#{i+ 1} are zero by Lemma 5.3, so we also obtain the desired
inequality in this case.

Finally if (iii) holds then K=&, B=J, A=1U {i} and i + 1€ J, so (IV) holds.
Again the inequality for pairs satisfying (IV) comes from Lemma 5.3, which
shows that the terms in (5.5.1) for K =(J are zero. The proposition is proved.

In view of our construction of non-trivial extensions in Proposition 3.8, it
remains only to prove the correct upper bound of 1 for the right-hand sides of the
inequalities in the last proposition. This will be done by establishing a chain of
inequalities and finally computing the end term.

LEmMMA 5.6. LetJc N with i,i+1e N\J. Then
(@) d(S), E¢iiv1y @ S)) <d(Siugis1y Efiivny @ 8));
(b) ifre NN\JU{i, i+ 1} then
d(slu(i+l); Eivy ®S)) =< d(SJU{r,i+l}; Eiivy ® Slu(r));
(c) if re N\JU{i, i+1}) then
d(Syugi+1y Ei @ Siu+1y) <d(Siugrivny Ei ® Sjugrisny):

Proof. We may assume that i = 0.
(a)' We shall use Lemma 4.1. First we note that

E(O,l) ® SJ = hd(sl ® E(O,l) ® Sj)
Therefore the inequality will follow from

(5.6.1) Hompo(X(S), E0,1)® 51), Si® E01)® ;) =0.

We check the conditions of Corollary 4.8, with L=S,, M=E®S, and i =1.
Condition (i) holds by Lemma 3.7. For the others, we have:

(ii) Homgs(S), E; ® $, ® E ® §;) = Hompg(S,u 1y, Efo.1y ® 8)) =0;

(iii) Homgg(S), E;® E® S§;) =0, by Lemma 3.7;

(iv) Hompg(S), Sy ® E, @ E, @ E ® S;) =Homps(S,0(1), E0,1.2y @ 8) =0, by

Lemma 3.7.

Thus the conditions of Corollary 4.8 are satisfied and (5.6.1) follows via
Lemma 4.1. :

(b) We can again apply Lemma 4.1 if we first show that

(5.6.2) HomFG(X(S,U(l}, E(O.l) ® SJ), S, ® s, ® E(()_‘} ® SJ) =0.

We shall use Corollary 4.7 with L = X(S,y(1), Eo; ®S)), M=E;(,®S; and
i =r. Condition (i) is clearly satisfied.
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(i) We have Homgo(X(S;u1y, E0y®S)), S, OE, ®E,;®S,)=0, since
by Lemma 3.7, neither S, ;) nor E(o,1, ® S, occurs in soc(E o 1.,y @ S;u(r))-
(iii)) We must show that

HomFG(X(SJU(]}, E(O,l) ® S_[), S, ® E,- ® E(()'l) ® S]) =0.

If r +1+#0, then we can see this immediately by applying Lemma 3.7, as in the
verification of (i). If r+1=0, then we must first use Lemma 3.6 to embed
S,E,Q(EQE)QE,®S, into (E(,,,®S,u() D (Eo,1.) ® Syuq0.r)) before
applying Lemma 3.7 in order to see that neither S, , nor Ey,, ®S; is a
submodule.

(iv) We must show that

Homgg(X(S;uq1y, E01y® ), E,QE, ;@ E1, ®S,)=0.

If r+2¢{0,1} then Lemma 3.7 shows that no composition factor of the left
module is a submodule of the right module. If r +2=0 or r +2=1, we may
reach the same conclusion by first using Lemma 3.6 as in the verification of (iii) to
embed the right module into one to which we can apply Lemma 3.7.

Having checked the conditions of Corollary 4.7 we have proved (5.6.2), and
hence (b).

(c) The proof is similar to that of (b). We must check the conditions of
Corollary 4.7 with L = X (S;4(1y, E ® S;u01)), M =E ® S;u(1y and i =r. It is clear
that (i) holds, and (ii) holds by Lemma 3.7. For (iii), if  + 1 # 0 then Lemma 3.7
applies, while if r +1=0, we must first embed S, ® E, ® (E ® E) ® §,,y, into
(E, ®S;u(1,n) @ (Eo,1y ® Syu¢0.1,r)) using Lemma 3.6, and then Lemma 3.7
yields the desired conclusion. Condition (iv) is checked similarly, using Lemma
3.7, immediately if r +2#0, and after embedding E, ® (E ® E) ® §,,,, into
(E, ® SJU(])) @ (E(O,r} ® SJU(O,])) ifr+2=0.

The lemma is proved.

The proof of the theorem will be completed by the following result.

LemMma 5.7. We have

(a) Extic(Smy Egiivty ® Sniien) =F;
(b) EXt;‘G(SN\{i)y Ei ® S)v\(;)) =F.

Proof. Since we know by Proposition 3.8 that these groups are not trivial, it
will be enough to show that their dimensions are no greater than 1. Also, we may
assume [ = (0. By Lemma 3.2(c) we have

P(E ® SN\(O}) =7 ® SN\{O)-

Since moreover, soc(Z & Syy\(o)) = (soc Z) & Syy(0y, the two parts of the lemma
will follow from

(571) dim HomFG(SN\(O,I) ® El, (Z/SOC Z) ® SN\(O)) =<1
and
(5.7.2) . dim HompG(SN\(o), (Z/SOC Z) ® SN\(O)) =1].

By Lemma 4.6(c), (Z/soc Z) has a filtration with one factor isomorphic to E, and
all other factors embeddable into S® F or S ® E ® E,. We have

Homgc(Smo,1) ® Ey, E\ @ Spvoy) =F,
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by Lemma 3.7. Also .
Homgg(Spvo,1y @ E1, S @ E @ Syvoy) =Homeg(Swvo,1y ® Eo.1y, Sv) =0
and
Homgg(Spmo,1y ® E1, SO E® E, ® Syyoy)
= Homgc(Smo.1y ® E(o,1y, SN® E ) =0,

by Corollary 2.4. This proves (5.7.1), and hence (a). Similarly, (5.7.2) follows
from the following calculations: '

Homgg(Smoy, E1 @ Swvoy) =F,
by Lemma 3.7,
Homg6(Snoy, § @ E @ Syvoy) =Homps(Sy, E ® Syyoy) =0
and
Homfg(Spyoy, S ® E® E; ® Swvo)) =Homgg(Sy ® E,, E ® Syvy) =0,

by Corollary 2.4.
The proof is complete.

Appendix: m <2

We shall describe here the extensions of simple FG(m)-modules for m =1 and
m=2. These do not follow the general pattern and we use some special
arguments to compute them.

Case 1: m=1. The simple FG(1)-modules are F, E and §. The module § is
a projective FG(1)-module, so the following describes all extensions of simple
modules.

ProrosiTioN Al. We have
(1) Extpg(F, F)=F;

(2) Extro(F, E)=F;

(3) Extyg(E, E)=F>

Proof. It is well known that for G =2G,(3) we have an exact sequence
1-L->G—>27Z/37—1

with L = SL,(8). Therefore (1) is clear. We shall prove (2) and (3) by means of
the inflation-restriction sequence

(A.1.1) 0— H'(G/L, M*)— H'(G, M) = H'(L, M)

for appropriate choices of the FG-module M. The restriction to L of E remains
simple, since, for example, the index of L and the dimension of E are coprime. If
we think of L as the group of 2 X 2 matrices over [g of determinant 1, and let B
be the subgroup of lower triangular matrices in L then the permutation
FL-module on the right cosets of B is a 9-dimensional projective FL-module,
which is easily seen to be the projective cover P,(F) of the trivial module. In all
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there are five simple FL-modules. They are F, E and three non-isomorphic
9-dimensional projective simple modules which are the FL-summands of S. Thus
we must have Exty, (F, E)#0 and then it follows from dimensions that
Exty, (F, E)=F and that P,(F) is uniserial with series F, E, F. WNext, a
straightforward matrix calculation shows that Homy; (E ® E, E) = F. From what
we know about the G-module structure of E ® E (Lemma 3.2), it follows that as
an FL-module, /\?(E) is uniserial with series E, E, E. Thus, using Lemma
3.2(a), we have

Ext}, (E, Ey=HL, EQE)=H'(L, F® S ® \*(E))
= H'(L, \*(E)) =Homg, (JP.(F), \*(E))=F.

Let M=E®E in (A.1.1). Since /\*(E) remains uniserial as an FL-module, the
restriction map in (A.1.1) is not the zero map, and (3) is proved. Since FG has
only the simple modules F, E and S, it is obvious that Extrg(F, E) #0. The
correct upper bound for (2) is obtained by setting M = FE in (A.1.1).

Case2: m=2.

ProrosiTION A2. In the table below the dimension of the space of extensions
between two simple modules is the entry of the row labelled by the first module and
the column labelled by the second.

Ext }"G

!
t
;
()
b
IS
°
tn
®
L
o
®

S S(O.])

F
E
E,
S
Sy
Eq.y
E®S,
E®S
Sio.1)

0

COoOOoONODOOOO
O OFR OONOCO
SCO=R R OOoOONO
O OROOOOCC
OO R =R OOOO O
QOO O O = = =N
OO OO ROR OO
COOCOO OO
[l e B e B I e B e B e R ]

Proof. We begin by showing that the spaces of extensions have dimensions
greater than or equal to the entries in our table. Since Homg(E ® E, E|) =0, it
follows, as in Lemma 3.2(a), that /\?(E) is uniserial with series E, E,, E and
hence that A*(E,) is uniserial with series E,, E,=E, E,. We shall show that
J N2 (E)# (/\*(E,))/(soc \*(E,)), thereby exhibiting two non-isomorphic non-
split extensions of E, by E. We have

Homgc(E,® E,, E® E)=Homs(E 1y, E0,1;) = F.

Since F is a direct summand of both EQFE and E,®E,, it follows that
Homgg(/\*(E,), /\* (E)) =0, which is what we wanted. Therefore the entries 2’
are certainly lower bounds.
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The above calculation also shows that Homg(A\*(E)®E,, E,)=
Homgc(/\*(E), E;®E,)=0, so from the filtration of A*(E)® E, having
factors Eyy,y, E,®E,, Ey;, we see that Extpg(E ., E;)#0, and by
conjugating by T we obtain Extrg(E g ;,, E)#0. Since we may twist by 7 and
apply standard isomorphisms, the existence of non-split extensions for all other
non-zero entries in the table will follow if we show that Extyo(E ® S,, S;) #0 and
Extro(E ® S, E,) #0. It is easily checked that, just as in Lemma 3.2(c), we have
E®Spy=Spy®PE®S,), so that P(E®RS)=Z®S, and soc(Z ® S,) =
(soc Z) ® S, as before. By Lemma 4.6(c), Z/soc Z has a filtration with bottom
factor isomorphic to E,;. The required non-vanishing therefore follows from
Homgs(S;, E; ® 8,)#0 and Homgg(E,, E; ®S,) #0, which both follow from
Lemma 3.2(c).

This completes the proof of the existence of the non-trivial extensions in the
table. It remains to show that these lower bounds are sharp.

We use the filtration of Z/soc Z in Lemma 4.6(c) in which the bottom factor is
E, and the other factors embed into either S® E or S ® E ® E,. We make the
following computations.

(a)

Hom,.-G(E,, E1 ® Sl) = F,

Homgg(E,, S ® E ® S;) = Homg(S(0,1), Eo,1)) =0,
HompG(El, S®E ®E1 ® S]) EHomFG(S(O‘l}, E] ® E(O,l)) =0,
and thus Extp(E® S,, E,)=F;

(b)
Homgg(S,, E,® S))=F,

HomFG(Sl, S ® E ®Sl) = HOanG(S{O_l}, E ® Sl) = 0,
HomFG(S], S ® E ® El ® S]) = Hom,:G(S(O'l), E ® El ® S‘) = O,
and thus Extpo(E®S,, S,)=F;

(©) ‘
HomFG(F) El ® Sl) = 0’

HomFG(F, S ® E ®S|) = 0,
Hom,.-(;(F, S®E ®E| ®Sl) =0,

and thus Ext;o(E® S,, F) =0;

(d)
Homs(E, E,® S§,)=0,

HomFG(E S®E ®S|) HomFG(S(O 1} E® E) 0
HomFG(E, SXRE® El ® Sl) = HomFG(S(O'”, EQE® El) = O,

and thus Ext}o(E® S,, E) =0.
Since Syo,1; is projective, we have

Ext}:G(E ® Sl) S) =0 and Ext;:‘G(E ® Sl, El ® S) =0.

We now do the same thing with P(S,). Let X be the G-module defined in
Lemma 3.2. An easy calculation shows that X ® S, =P(5)® S, as FG-
modules and that (soc X) ® S, =soc P(S,). According to Lemma 4.6, X /soc X
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has a filtration in which each factor embeds into either S® E or S® E® E, or is
isomorphic to E ® E,=E ® E. We make some more computations:

(e)
Homg(E,, EQE®S,)=0,

HompG(El, S ® E ® Sl) = O,
HomFG(E], S ® E ® El ® Sl) = HomFG(S{llo), E ® El ® El) = 0,

and thus Ext}g(S;, E;) =0;
® :
HomFG(F, E ® E ® Sl) = 0,
HomFG(F, S ® E ® Sl) = 0)
HOmFG(F, S ®E ® E] ® Sl) = O,

and thus Extgs(S;, F)=0.

Combining (a)-(f) with standard isomorphisms, z-conjugation and the fact that
H'(G, F) =0 because G has no homomormorphic image of order 3, we will have
computed all of the entries in the table once we obtain the correct upper bounds
for '

(l) EXt}’G(E) F)) v (ll) EXt}"G(F: E)! (l“) EXt;’G(E) E(O,l)))
(iv) Extrs(S, S), v) EXt}-‘G(E(O,l)) E0.1), (vi) Extro(Eo.1y, S),
(Vll) Ext}:'G(E ® Sl, E® S])

We first consider (ii). In the notation of Lemma 4.1 and by Lemma 3.7, we have
dim Hom (X (F, E), S® E)
< dim HomFG(F, EI) + dim Hom,.-G(F, S® E) + dim HomFG(F, S®EQ® El) =0.

Therefore, since E is a homomorphic image of S ® E, we may apply Lemma 4.1
to conclude that d(F, E)<d(S, E) =0, by (e). For (i), we have Extys(E, E) =
Extp(F, E® E) =0, because the composition factors of EQ®E are E, E,, F
and S.

In the next stage of our calculation we consider the embedding of G-modules
EQE < F®(S®FE) of Lemma 3.6. The cokernel is isomorphic to the module
Z of Lemma 4.6, which is filtered by modules which embed into either S ® E or
SRERE,.

We apply this first to (iii), and then to (vi), (v) and (vii).

(iii)) We have Homgs(E,, S ® E) =0 and Homgs(E,, S® EQ E,) =0, so we
have an injection

Extio(Ei, E® E) < Extho(E;, F®OS® E)=F,

by (a) and (ii). This is the correct upper bound for (iii).
(Vl) Since HomFG(El, S ® E ® S]) = 0 and HompG(El, S ® E ® E] ® Sl) = O,
we obtain an injection
EXt;:G(E(()_l), E ® Sl) = EXt}:G(El, (E ® E) ® Sl)

b EXt;:G(El, S] ©® (E ® S(l,O))) =0.
by (e)-
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(v) The equations
Homs(E,, S® EQE,)=0 and Homg(E,,S®EQE,QE|)=0
yield
Extrg(E(o.1), Eo.1y) =Extig(E1, (E® E)QE))
S Extlo(E, E, ® (S®E®E)))
=Extpg(E,, E,) ® Extrg(E,1), S® E;) =0,

by (i) and (vi).
(vii) Since Homgs(S,, S® E® S,)=0 and Hom,(S;, S® EQRE, ® S,) =0,
we have '

Exti(E®S,, E®S)) =Ext;(S,, (E®E)®S))
S Extrg(S), $i) © Extrg(S), S ® E ® S,) = Exty6(S:, S)),

as Sy,1) is projective.

Thus (vii) reduces to (iv) and all statements will be proved once we show that
Ext}(S, S) = 0. This will occupy the rest of this appendix.

Bearing in mind our earlier discussion of P(S;), it will suffice to show that
Homgc(S; ® §, X/soc X)=0. In Lemma 4.6, we constructed a filtration of
X = X/soc X by G-modules

OcV'eW?cV2ceWicX,

in which X/V?= H%4A,) and W3/V?= E,,,. Furthermore, it was shown there
that X/W?> and V? have filtrations whose factors embed into either S® E or
S®EQE,. Since Homg:(5,® S,, S®FE)D (S® EQE,)) =0, we are reduced
to proving that there are no FG-maps from §,® S, into W3 such that the
composition with the natural map W3— W?*/V? is non-zero. We note that
($; ® 8,)/soc(S; ® S;) has no composition factor S; and that Homg(S,, E® E) =
0, Homgs(S,, S ® E) =0 and Homg(S;, S ® E ® E,) =0. The last three equa-
tions imply (using the filtration of X) that Homg5(S;, X) =0. It follows that the
image of any FG-map S; ® S,— X does not have S, as a composition factor. We
claim, on the other hand, that any FG-submodule of W> having non-zero image
in W3/V? has S, as a composition factor. The desired result obviously follows
from this claim, which in turn is a consequence of the following two statements:

(a) if M is an FG-submodule of W? such that W>/M has no composition factor
E 1), then M has §, as a composition factor;

(b) if M is an FG-submodule of W* with non-zero image in W3/V?, then
W?/M has no composition factor E g ).

(a) Since the G-module W> has a composition factor E g ,,, it is not hard to see
from the Weyl filtration of X that W3 has a submodule W =V (44,)/soc V (44,).
The G-module JW will play an important role in what follows. Since its
composition factors are E g, E, and §;, Lemma 3.1 shows that it has the same
Loewy structure when considered as an FG-module. In particular, its head as an
FG-module is isomorphic to E g ,,. Thus, if W>/M does not have a composition
factor E o 1,, we must have JW < M, which proves (a).

(b) Consider the G-module W?/W?2 It has a submodule isomorphic to
H°(24,)/soc H°(24,) with quotient isomorphic to E . If Ey,, were a sub-
module of W*/W? then its preimage in W? would be a submodule of W* having
E o2, as a composition factor and only one composition factor E, ;;, contrary to
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the Loewy structure of V(44,). Thus the socle of the G-module W3/W? is E g ,,
and since Ext&(E o2, F) =0, its (ascending) socle layers are Eo 1y, F® E 2.
By Lemma 3.1, the restriction of the extension of F by E, ,, to G does not split.
Since Extg(E 0.2), E0.1y) =F, it is not difficult to show that the extension of E g 5
by E, is isomorphic to E®J /\*(E,). As an FG-module, the latter has
a submodule isomorphic to E(,;, with quotient isomorphic to EQE,=
EQE=F®S® A*(E). Now, EQJ /\*(E,) embeds into EQE,® S, and
Hom;(FOSOE,EQE, ®S,)=0, so we may conclude that as an FG-
module, W3/W? has socle Ey . By Lemma 3.1, the restriction to G of
V'= H°(A, + A;) has a simple socle E ;, and V?/V' = H°(2A,) has a simple socle
W?/V'=S,. Since W*/W?=(W?/V"')/(W?/V") also has a simple socle as an
FG-module, it follows that W3/V'! has a simple socle S, as an FG-module. Since
we have seen that Homgs(S;, X) =0, we have proved that the socle of the
FG-module W? is isomorphic to E,,,. Suppose M is an FG-submodule of W3
with non-zero image in W*/V> Then since soc(W>/W?)= E 4 ,,, we see that the
image of M in W3/W? must have E,,, as a composition factor. Then, since
soc W3=E onyeMn W2, it follows that M has two composition factors isomor-
phic to E,), so W?/M has none. This completes the proof of (b) and of the
proposition.
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