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ABSTRACT

The group of extensions between any two irreducible 2-modular representations of the groups
SL;(2™) and SU,(2™) is determined.

1. Introduction

Let F be a fixed algebraic closure of [F,. We shall regard finite extensions of [F, as
subfields of F. Let m be a natural number. We denote by G = G,, either the
group SL3(2™) or the group SU5(2™). The latter is defined to be the subgroup of
SL;(2%™) preserving the hermitian form on V = [ which is represented in the
standard basis by the identity matrix. Thus, we have G,, < SL;(2%") c SL;(F).

For any finite-dimensional vector space E over F, we shall denote its dual by
E*. Let a: A~ A? be the Frobenius automorphism of F and for i € N let E; be the
F-vector space whose underlying group is the same as E but on which Ae F
operates as 0~ ‘(A) operates on E. If E is an FG-module then so is E;, since the
actions of G and F commute. For any FSL;(2™)-module E we have E,,=E. Let
V=F= 17®[Fzzm F. Extending our notation to [y--modules in the obvious way,
we have V,,=V* as FSU,(2")-modules, by definition of SU;(2™), and hence
V,,=V* In view of these remarks, we see that indices for Frobenius twists
should be read modulo m when considering modules for SL;(2"), but they should
be read modulo 2m for FSU,(2™)-modules.

We shall now describe the simple FG-modules. The ‘restricted’ modules are V,
V* and the 8-dimensional space W of traceless 3 X 3 matrices over F on which
SL;(F) acts by conjugation. These are of course related by the formula

(1.1) VOV*=F@®W,

where F denotes the trivial module and the symbol ‘®’ stands for tensor product
over F (we shall keep these conventions throughout).
Let N={0,1, ..., m —1} = N and for each subset I c N, we define

V=@V, Vi=QV! and W,=QW.
iel iel iel
Then by Steinberg’s tensor product theorem, the 22" modules V, ® V; @ W,
where /, J and K are disjoint subsets of N, form a complete set of non-isomorphic
simple FG-modules (by convention, the empty tensor product is F). They are
also the 2™-restricted’ modules for SL;(F). The module Wy is the Steinberg
module. For convenience, we shall refer to the ordered triple (/, J, K) of disjoint
subsets of N merely as a triple from now on.
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Galois action. The powers ¢” of the Frobenius map permute the (isomorphism
classes of) simple FG-modules, but in different ways for SL;(2™) and SU,(2™).
For SL;(2™), the effect of o” is simply to add r and take the remainder modulo m
to all indices in a triple. For SU3(2™), we must first add » and take remainders
modulo 2m and then ‘dualize’ those resulting indices which lie between m and
2m — 1; for example, for SU;(2*), we have

Vo®@ W)=V @ We=V; ® Wy=V3 ®W,.

Note that o™ simply dualizes each simple module for SU;3(2™).

It is clear that in both cases, the permutations induced on the set of triples
preserves the total size |/ UJ U K| of a triple (/, J, K) and also the size of the
third component.

The automorphism t. The group SL;(F) has an outer automorphism 7 sending
an element to the transpose of its inverse, which clearly maps G back to itseif. It
interchanges the FG-module structures of V and V* and hence, by the
description of the simple modules given above, it also interchanges the FG-
module structures of every simple module and its dual. However, it is not true for
a general FG-module M that M* is isomorphic to the 7-twisted module M?, so
the simple modules possess an extra symmetry. An example of this is the
following: if (Z, J, K) and (A, B, C) are triples, then applying v and duality, we
obtain

Extp(;(‘,[ ® V; ® WK; VA ® V; ® WC) = ExtFG(‘/] ® V; ® WK: VB ® V; ® Wc)
=Extec(Va® V3@ W, V,® V] ® W)
= Extro(Vy ® VA ® We, V, ® VI ® Wy).

Regarding these formulae as statements about pairs of triples, we see that they
are obtained from the pair ((1, J, K), (A, B, C)) by applying the permutations id,
(IJ)(AB), (IA)Y(JB)(KC) and (IB)(JA)(KC). In the preceding paragraph, we saw
that the group of field automorphisms of G acts on the set of triples, and hence
also on the set of pairs of triples. We shall call two statements about pairs of
triples which can be obtained from each other by a combination of field
automorphisms of G and the four permutations above variants of each other. Of
course, the set of variants of a given pair of triples will depend on which group we
are considering, so when necessary, we shall use the terms ‘L-variant’ and
‘U-variant’ according to whether G is the linear group or the unitary group.

With all of these conventions we may now state our result.

THEOREM. Supposet m >2. Then for triples (I, J, K) and (A, B, C) we have

Extro(V,QV; Q@ Wi, V,® Vi@ W) =0

unless a variant of one of the following holds, in which case the space of extensions
is one-dimensional:
(a)i) K=C,I=AU{0,1}, and B=J (0,1¢ A);
(i) K=C,I=AU{0},and B=JU{1} (0¢A,1¢J);

t The cases where m <2 do not all follow the same pattern and are described in the appendix.
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(b)) K=CU{1},/=A and B=JU{0,1} (0,1¢J);
(i) K=CU{1)},I=AU{0} and B=JU {1} (0¢A,1¢J);
() K=C,I=(INA)U{0},J=BU{1}and A= (INA)U {1} (0¢A,1¢B).

RemArks. (1) The parts (i) and (ii) in (a) and (b) reflect the natural
isomorphism Ext(A, B* ® C) =Ext(A ® B, C).

(2) The variants of the statements (a)-(c) may be described easily. For
example, to obtain the L-variants corresponding to field automorphisms we
replace 0 and 1 by iand i + 1 for 0s<i=<n —2 or by n and 0. The U-variants are
slightly less obvious. Let us consider just the U-variants obtained by applying
0™, For instance, the U-variant of (a)(i) would be

K=C, J=BU{0}, I=AU{m—1}.

(3) It is known from a result of Cline, Parshall, Scott and van der Kallen [7,
Theorem 7.2D] (see also [2, Proposition 2.7]) that the restriction to SL;(2™) (or
SU;(2™)) of a non-split extension between two simple (rational) SL,(F)-modules
having ‘2™-restricted’ highest weights does not split. Since it will be clear that the
non-trivial extensions of our theorem are in fact restrictions of SL3(F)-module
extensions, the theorem also describes the extensions between simple modules for
the algebraic group SL;(F). This also explains why it is possible to treat the
twisted and untwisted groups simultaneously, and why the answer is in some
sense the same for the two cases. These comments require clarification. In
particular, we point out that not all non-split extensions of simple moduies for the
finite groups will be restrictions of non-split extensions of 2™-restricted simple
modules for the algebraic group, as the following example illustrates.

Let G =SLy(2*"), so that according to the theorem there is a non-split
extension of V} by V,,_, as FG-modules. By the result mentioned above, the
restriction to SL;(2™) yields a non-split extension of V§ by V,_, and the
restriction to SU3(2™) gives a non-split extension of V, by V,,_,. However, there
are no non-split extensions of V;, or of V§ by V,_, as rational SL;(F)-modules.
These ‘wrap-around’ effects are due to the identifications of modules for the finite
groups with some of their Frobenius twists.

Tensor factors. Given an FG-module we shall often refer to its tensor factors,
by which we shall mean those modules which may be tensored with some other to
give back the module in question. Clearly the tensor factors of the simple module
V,® V; ® W for a triple (I, J, K) are precisely those simple modules indexed by
triples (I',J', K') for I'c I, J' < J and K' c K.

Except in the appendix, we shall assume throughout that m > 2.

2. A reduction
LemMma 2.1. Let (I, J, K) and (A, B, C) be triples. Then
Extro(V,® Vi ®@ Wk, VA @ V5 ® We).

= @ EXt;-G(VI' ® V}k ® WK', VA' ® V;' ® WC'):

- ((l'.J'.k').(A'.B'.c'))
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where the summation runs over certain pairs ((I',J', K'), (A', B', C')) of triples
satisfying:
(1) A'cJ'UK',B'cI'UK',C'cK’;
(2) if ((1,J, K), (A, B, C)) satisfies one of the conditions of the theorem (that is,
a wvariant of (a), (b) or (c)) then there is a unique pair
((',J',K"), (A", B', C")) which satisfies a condition of the theorem (though
not necessarily the same one);
(3) if any pair ((I',J', K"), (A', B', C")) satisfies a condition of the theorem,
then so must the original pair ((I,J, K), (A, B, C)).

Proof. We set L=N\IUJUK) and D=N\(AUBUC). Subdividing the
sets in the obvious fashion and applying (1.1), we obtain

Extpo(V,® V@ Wy, V, @ V5@ W)
= EXt}VG(V(mA)u(mB)u(mC)u(mD) ® VZH‘\A)U(JDB)U(JI’WC)U(IF\D) @ Wy,

V(lr‘\A)U(JI’\A)U(KnA)U(LﬁA) ® V?ms)u(ms)u(lm B)U(LNB) ® WC)

=

= Extrg(V, RV W
r;(ln@u(}na) re(Vuneyuunpyuwns) (UNAUUIND)U(LNA) KucuT

V(JnA)u(KnA)u(JnC) ® VFIGB)U(KHB)U(IHC) ® Wknc)-
Setting
I'=(INB)u(IND)U(LNB), J'=UNA)UIND)U(LNA),
K'=KUCUT, A'=JNAUKNAUJINCQC),
B'=(INB)U(KNB)U(UNC), C'=KNC,

we see that (1) holds for the pairs ((I', J', K'), (A’, B, C')), and we shall check
that (2) and (3) also hold. It is not hard to see that variants of the original pair
({1, ], K), (A, B,C)) correspond to variants of the primed pairs
«r,J',K"), (A", B',C")), so in checking (2) and (3) we may assume that
Conditions (a), (b) or (c) of the theorem are satisfied rather than a variant. First
we check (2) for each of the Conditions (a), (b) and (c).

(a)(i) We easily obtain I'={0,1}, J'=O, K'=KUT, A'=0, B'=(J and
C’' =K. Thus, for T = we obtain a pair ((I’,J’, K'), (A’, B', C")) satisfying
(a)(i). We claim that none of the pairs for T # (J satisfies a variant of (a), (b) or
(c). To see this, we may consider, for example, the quantity

[[IUJ|+2]|K|—|AUB|-2|C||

for each pair of triples ((Z, J, K), (A, B, C)), which is clearly preserved upon
taking variants. If T # &, this number would be at least 4 for the primed pairs of
triples but it is at most 2 for the pairs in (a), (b) and (c).

(a)(ii)) WeobtainI'={0,1},J'=C, K'=KUT, A'=0, B'=Jand C' =K,
which is the same as in Case (a)(i).

(b)(i) We obtain I'={0}, J'=0, K'=CU{1}UT, A'=0, B'={1} and
C’'=C. As in Case (a)(i), we see that the only pair satisfying a condition of the
theorem is the one for T = J, which satisfies (b)(ii).

(b)(i)) We again obtain I'={0}, J'=0, K'=CU{1}UT, A'=C, B'={1}
and C' = C, the same pairs as in Case (b)(i).
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(c) We obtain I'={0}, J'={1}, K'=KUT, A'={1}, B'=@ and C'=
and again T = (J gives the unique pair which satisfies a condition of the theorem,
in this instance Condition (c). This proves (2).

Now we shall prove (3), so we suppose that some pair
((r',J', K", (A’, B', C")) satisfies (a), (b) or (c) of the theorem. We consider
them in turn.

(a)(i) We have KUCUT=KNC, so T= and K =C. Also we have

INBYUUND)U(LNB)=JNA)UKNA)UJINC)U {0, 1},
where 0, 1¢ JNA)U(KNA)U(J NC), and
NAUINDYULNA)=UNBYU(KNBYUUINC).

From these equations and the fact that the sets in a triple are disjoint, it is easy to
deduce that I=AU(IND), B=JU(LNB), K=C and IND)U(LNB)=
{0, 1}. The four possibilities for the latter equation all imply that the pair
((1,J, K), (A, B, C)) satisfies a variant of Condition (a) of the theorem, for
example, if /N D ={0} and LN B = {1}, then the pair ((/,J, K), (A, B, C))
satisfies (a)(i).

(a)(ii) Since (1) is preserved under 7 and taking Galois conjugates, we see that
no variant of the pair of triples in (a)(ii) of the theorem satisfies (1), so there is
nothing to check in this case. The same applies to (b)(i).

(b)(ii)) We have

KuCuT=(KNnC)u{o, 1},

INB)UUNDYU(LNB)=(JNAYU(KNAYUINC)u{0},
and

NAUJTND)ULNA)U{1}=UINB)U(KNBYU(INCO),
where 0¢ (JNA)U(KNA)UFNC)and1¢(JNA)UJT ND)U(LNA). Thus,
INB=@andJcB,s01e(KNB)U(INC)c KUC, whence T =J. Suppose
1leKNB. Then K=CU{1} and INC=. Then if IN D ={0}, we obtain
I=AU{0}, B=JU{1}, K= CU {1}, which is (b)(ii), and if L N B = {0}, we
obtain /=A, B=JU{0,1}, K=CU {1}, which is (b)(i). The case where
1eINC is the variant of the case where 1€ KN B under the permutation
(IB)(JA)(KC), so in this case the original pair (({, J, K), (A, B, C)) must satisfy a
variant of (b) as well.

(c) Wehave KUCUT=KNC, so T= and K=C. Also we have

(INB)UUIND)U (LN B)={0},

UNA)UKNA)UJNC)={1}
d
o (JNAYUJND)U(LNA)=INB)UKNBYUUINC)U{l},

where 1¢ (/N B)U(KNB)U(INC). The second of these equations reduces to
JN A= {1} and then it is easy to infer that
J=(JNB)U{1}, I=UNAUUIND), A=(INA)U{1},
B=(JNB)U(LNB) and (IND)U(LNB)=/{0}.
If 0elIND, we obtain J=BU{1}, I=(INA)U{0} and A=(INA)U {1},

which is (c). The case where 0 € L N B is the (IB)(JA)(KC)-variant of this.
The lemma is proved.
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3. Lemmas on characters

The results of this section may be stated and proved in terms of Brauer
characters, but for ease of reference later we shall present them in module-
theoretic language, using the notation of § 1. Most of the results in this section
are simply variations of results proved in [6] and independently in [4].

Lemma 3.1 (cf. [6, Lemma 3.2]).

(a) V;® V; has composition factors V (twice) and V.

(b) V;® W, has composition factors V; (three times), V7, (twice) and VI @ V,,,.

(c) V;®V,;® YV, has composition factors W, (twice), F (twice) and V; ;4.

(d) W, ® W, has composition factors F (four times), W, (twice), W\, Vi1,
(twice) and V73, .1y (twice).

(e) V.®V,®V},, has composition factors V.., (twice), F and W, ,.

Proof. For any finite-dimensional vector space E over F, E ® E has a natural
filtration with factors A*(E), E,, A*(E), so (a) is immediate from this and
the fact that since V is 3-dimensional, there is a natural isomorphism A*(V)=
V* ® A*(V). The other parts follow easily from (a) and (1.1).

Later we shall return to the modules of Lemma 3.1 and study their sub-

module structures. We shall denote the projective cover of the simple module
ViQV;@Wxby P(V,® V] ® W). .

Lemma 3.2.

(a) Wy ® Vn = {P(VN), ifG= SU3(2m)

(b) If I and J are disjoint, proper subsets of N, then
Wa®V,QV))=PV,QV;® Waaun)-
(C) W; ® Wy = P(WN\(,)) 57 Wy D Wy.

Proof. These are all consequences of [6, Lemma 6.1]; for (c) it is necessary
that m > 1.

The above lemma, though character-theoretic in nature, has powerful implica-
tions about modules. For example, from (b) we may deduce that any tensor
factor of Wy ® (V,® V}), such as V, ® Wy, must have a simple head and a
simple socle (the socle of a module is the maximal semisimple submodule and the
head is the maximal semisimple quotient, namely the quotient by the radical).
Lemma 3.2 will often be applied in this way.

We define the mass of the simple module V,® V; ® Wy to be ||+ |J| + 2 |K]|
and the mass of an arbitrary FG-module to be the maximum of the masses of its
composition factors. We observe that mass is preserved when taking duals. Galois
conjugates and t-conjugates. The following statements follow from Lemma 3.1
by an easy induction.
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LemMmAa 3.3. Let (I,J, K) and (A, B, C) be triples.
(a) If ie IUK then
mass(V; ® (V, @ V7 @ Wy)) < |I|+ |J| + 2 |K]|.
U+ +2\K|+1, ifielul,
|\ + V| +2|K|, ifiek.
(c) mass(V,®VI®@ W) ®(V.QVEQW,))
<|I|+|J|+2|K|+|Al+|B|+2|C|,
with equality if and only if IJUKYN(AUC)=d=JUK)N(BUC).

(b) mass(W; ® (V, ® V; ® Wy)) < {

In the following lemma and also later, when we are interested only in the
isomorphism classes of the composition factors (or, more generally, filtration
factors) of a module, we shall usually ignore both the multiplicities and the order
of the factors.

Lemma 3.4. Let (I, J, K) be a triple and i € N.

(a) V,® (V;®@V;® Wx) has no composition factor of the form Wy with
|T|>|K| + 1, and none with |T|> |K| if i € K.

(b) W,®(V,®V;®W) has no composition factor of the form Wy with
|T|>|K| + 1, and none with |T|> |K| if i € K.

Proof. (a) We use induction on |/ UJ U K| and, given | UJ U K|, on |K|. We
may assume by taking Galois conjugates that i = 0. All statements are obvious if
0¢1UJ UK, so we shall consider the cases

(i) 0eJ, (ii)) Oel and (iii)) OeK.
(i) By (1.1), we have
Vo®(V,®V;QWr)=(V,® V;\{O) DW)R®((V,® Vo ® Wkuioy)s

and neither of these simple modules is Wy for |T| > |K]| + 1.
(ii) By Lemma 3.1(a), the composition factors of

VO®(VI®V;®WK)=(V()®VO)®(VI\(0)®V7®WK)

are Vpio) ® V0 ® Wi and those of V; & (Vo ® Vi ® W), so induction on
|1 UJ U K| applies (after conjugation by o™ ").

(i) By Lemma 3.1(b), the composition factors of Wy ® (V, @ V] ® W) =
(Vo®Wp)® (V,® V] ® Win(qy) are Vi 0y ® Vi ® Wi, those of

ViedV,®V;®Wko)

and those of V; ® (V,;® V}U;o) ® Win(0y)- We can apply induction on [[UJUK] to
the second last of these (suitably dualized) and induction on |K| to the last module.
(b) If0elUJ, say 0 e, then

Wo® (Vi@ Vi@ W) =V,® (Vo @V ® Wyoy)

and we have finished, by (a). If 0 € K, we use induction on |K|. For K = {0},
Lemma 3.1(d) gives the composition factors of (W,® W) ® (V,®V}) as
W®V,®V}, V,® V7], those of Vi ® (Viy(0) ® V7), those of VI ® (V; ® V,(q))
and those of W; ® (V, ® V7}), all of which are covered by (a).
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If |K|>1, the composition factors of (W@ Wp) ® (V,® V] ® Wy() are
V[ ® V}k ® WK\{O): ‘/1 ® Vj ® WK; those of V] ® (V[ ® VJU(()) ® WK\(())), those of
VIi® (Vi ® V,ui0) ® Winoy) and those of W, ® (V, ® V] ® Wyy(qy). The result is
true for the last module by (a) and for the other two non-simple modules by
induction. This completes the proof of the lemma.

We end this section with a special case of Theorem 4.5 of [6].

Lemma 3.5. Let (1, J, K) be a triple.

(a) If I and J are proper subsets of N with [UJ # O, then V,® V is not a
composition factor of (V,@ Vi) ® (V, @ V7).

(b) Vn ® Vy has a unique composition factor isomorphic to Vy if G = SL;(2")
and no such composition factor if G = SU5(2™).

4. Lemmas on modules

Let J denote the Jacobson radical of FG. By the Loewy layers of an
FG-module M we shall mean the sequence hd(M) = M/IM, JM/J*M,..., and by
the socle layers the sequence soc(M), soc*(M)/soc(M), ..., where soc'(M) is
defined recursively as the preimage in M of soc(M/soc’”'(M)). Thus, for a
uniserial module the Loewy layers are the socle layers in reverse order; we shall
call the Loewy layers of such a module its series.

We begin with a simple observation of a very general kind which will provide
the basic mechanism for the inductive parts of the proof in § 5 of the theorem. It
is a more general form of Alperin’s induction step used in [1] and [8].

LemMmA 4.1. Let H be a finite group, k an algebraically closed field, L and M
simple kH-modules and d = dim, Ext,,(L, M). Let X be a kH-module with head
isomorphic to L and maximal submodule isomorphic to the direct sum of d copies
of M. Suppose S is a kH-module such that L @, S is semisimple, and let E be a
simple quotient of M Q,. S. Then

Homyy(X ®, S, E) = Homey(L ®, S, E)
implies that d < dim, Ext;,(L ®, S, E).

Since the Loewy length of X is at most 2, the condition of the lemma is
equivalent to

(4.1) Hom, (X, soc*(S* ®, E)) = Hom, (L ®, S, E),

which is how the lemma will sometimes be applied. Most frequently, we shall
have Hom, (L ®, S, E) =0, and we shall actually check the stronger condition

(4.1") Homg,(X, S* ®, E)=0,

by checking, for example, that L is not a composition factor of $* ®, E.

The situations we have in mind are when L=V, ® V; ® Wi and S is chosen to
be either V, @ V; or W, fort¢ ITUJ UK.

It will often be necessary to consider modules like X in Lemma 4.1, so for any
two simple FG-modules L and M we introduce the notation d(L, M)=
dims Extrc(L, M) and X(L, M) for the (unique up to isomorphism) FG-module
with head L and maximal submodule a direct sum of d(L, M) copies of M.



EXTENSIONS OF SIMPLE MODULES 273

REMARK 4.2. At this point we wish to make a further observation about the
automorphism 7. We consider FG-modules M such that M*=M". As we have
already. pointed out, these include the simple modules, and hence also their
projective covers and direct sums and tensor products of any of these. Given such
a module M, suppose it has a quotient Q with the same property. Then by
duality, Q* is a submodule of M* and by z-conjugacy, Q is isomorphic to a
submodule of M. This additional symmetry implies, for example, that the Loewy
layers and socle layers of such a module are the same, that is, M/JM =soc(M),
IM[J?M =soc* (M)/soc(M), etc. We shall make use of these properties many
times, starting with the next lemma.

Lemma 4.3. We have the following statements:

(a) V; ®YV, is uniserial with series V),V ,, V¥,

(b) V;® W, has head and socle isomorphic to V,. It has a quotient and a
submodule isomorphic to VI Q V}; ’

(c) VOV, QV, =W, ® W, ® L;, where L, is uniserial with series F, V; ;. F;

(d) V;®V,®V},, has Loewy layers V{, i1y, F® Wiy, Vi

Proof. The composition factors are given in Lemma 3.1. Part (a) follows from
Remark 4.2 and the calculation

Homgo(V;® V,, V1) = Homeg(V,, VI @ V,,) =0.

(b) That V; ® W, has a simple head and socle follows from the fact that it is a
tensor factor of V; ® Wy and Lemma 3.2(b). Since V,® V,Q V=V, ® (V, @ W),
by (1.1), and since, by (a), (V; ® V;) ® V; has a quotient V' ® V which, again
by (a), is uniserial of length 3, it follows that V{ ® V' is a homomorphic image
of V; ® W,.. In view of Remark 4.2, (b) is proved.

(c) We have

Homgo(V,® V,® V,, W,)=Hom(V.® V,, V@ W,),

which, by (a) and (b), has dimension.not less than 2. Since W, occurs twice as a
composition factor of V; ® V; ® V,, it follows from Remark 4.2 that W, ® W, is a
direct summand. The structure of a complementary summand now follows from
the composition factors and the calculation

Homq(V,®V,® V, V(i,i+1)) =Homg(V,;®V, Vit ® (Vi ® W) =0,

using (1.1) and (a).
(d) By (a), we know that (V;® V,)® V., has a filtration with factors (in
order)

Viiey FOWiny, Vi
The result therefore follows from the calculation
Hompo(V,® V,®@ V., F® W) ~Homp(V;® VY, Vi@ (VI Q@ Wiyy)) =0
and Remark 4.2.
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LemMma 4.4. We have W, Q W, =W, @ W, ® D,, where D, is an indecomposable
module with the following properties:

(a) hd(D;)=F =soc(D;); -
(b) J(D;) has two filtrations:

OCQ,CR,C](D,)

with
Q:i=L;, R/Q:i=V.QV,QV},, J(D)/R:= Vii+1p
and ‘
0cQfcRi<cJ(D)
with

Qf=L;, RiQi=V!®Vi®V,, JD)/Ri= V?i,H—l);
(c) we have O, R}, O R,, QN QF =soc(D,) and R, + R =I(D,).

Proof. We may assume i=0. First, we have Homg(W,® W,, F)=
Homgo(W,, W) = F. Next, we compute Homgo(W, & W,, W,). Since

(Vo®VH B (Vo® V) =F @ W, ® W, D (W, ® W)
and
Homg(V,®@ Vi ® Vo, ® Vi, F® W) =Homq(V,® ViRV, Q V3, V,QV{)
=Homg(Vo® V,® Vo, Vo ® Vi ® V),
which, by Lemma 4.3(c), is 6-dimensional, it follows easily that
Hompo(Wo ® Wy, W)

is 2-dimensional. Since W, occurs twice as a composition factor of W, ® W,
Remark 4.2 implies that W,® W, has a summand isomorphic to W, ® W,.
Let D, be a complementary summand. By Lemma 3.2(c), we have

Wy @ Wy @ P(Wino)) = Wo @ Wy
= (W ® Wy) @ Wpn(o
= (vV() @ W() @ Do) ® WN\{O))
from which we see that
4.5) Do ® W0y = P(Waoy)-

This shows that D, has simple head and socle, which we have already seen must
be F, proving (a). Let & be the projection of (V,®@ V) ® (V,® V§) onto D,,.
The socle series of V§ & V§ induces a filtration

0cBcCcac(V®Vy))®(Vg®VY)

of (Vb®V3)®(Vo® V) with B=V,®V,®V, and C/B=V,®V,® V}. We
define Ry=n(C) and Q,=n(B). By Lemma 4.3(c), B=Z® L, where Z=
W,® W, and L= L,. Clearly, Zc Kerxz. We claim that s|, is injective. Since
V0.1 occurs twice as a composition factor of both D, and of

Vo® V3 ®(V,®VY),
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we see from the structure of L, that J(L) ¢ Ker zr. Then since soc(Dy) = F, we
cannot have L N Ker & =soc(L) either, so our claim is true. Thus Q= L,. The
induced map &: C/B— Dy/Q, is also injective, since soc(V,®@ V,®@ V)=V, ,,,
by Lemma 4.3(d), and by comparing the composition factors of Dy/Q, and
(Vo ® V) ® (Vg ® V), we see that V{1, is not a composition factor of ker 7.
Thus, Ry/Qo=V,® V,® V}. Now by considering the composition factors of Ry,
we see that it is a maximal submodule of J(D,) with J(D)/Ro=V (o ,,. The
existence of the second filtration follows from the fact that D, is the unique
non-simple indecomposable summand of W, ® W, = (W, ® W,)", so that D= D{.
Thus, (b) is proved. Since R, and R are distinct maximal submodules of J(D,),
their sum equals J(D,), and since F is the only module isomorphic to both a
submodule of L, and a submodule of Lj, we have QyN Qg = soc(Dy). Finally,
since Qg= L has no quotient V4 1, =J(Do)/Ro, we have Qgc R, and similarly
Qo < R, proving (c).

It is often helpful to keep the following pictures of modules in mind (although
we shall not attempt to. use such pictures in our proofs):

V(*i.i+1)
v F /N
Vi®V: Vi, Li: Vi ViQV,®VY: F Wy,
v F \ /
V’(ki.i+l}
F
/7 \
Viiey Viiey
/N 7/ \
D: F W, F
N/ \/
Viisy Viiien
\ /
F

Lemma 4.6. Let Jc{i,i+1,...,i+m—1}cN. Then V,® YV, is uniserial.
Moreover, if J={i,i+1,...,i+k}, with0<k=<m — 1, then the series of V,®V,
is
Vl* ® V(i+1 i+k}s V;k+1 ® V(i+2 ..... i+k}s oovy V?—(-k’ ‘/i+k+1: V;k+k1 ceey Vl'*-("l

® Viisaivkys - Vi O Vi iviy

Proof. We may assume i = 0. It is enough to prove the second statement since
Vo® V, is a tensor factor of V,® V. We proceed by induction on k, the result
being true for k =0 by Lemma 4.3(a). We assume k= 1.

Now V,®@ Vio,..ky = (Vo ® Vo) ® V{1, «) has a filtration (induced by the socle
series of V, ® V;), with factors (in order)

k)» Vo ® Va....xy

..........

The top and bottom factors are simple and by the inductive hypothesis, the
middle factor is uniserial with series

V;k ® V(Z,...,k}: ooy V;:; Vk+1) V:J ceny V;k ® V(Z ..... k}>
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so the lemma follows from the calculation
Homi(V,® Vo

...............

k}» V?o,n ® V(Z,....k)) =0.
LeMMA 4.7. Vy is not a composition factor of soc*(Vy ® Vy).

Proof. By Lemma 3.5(b), we may assume G =SL;(2™) and in that case we
know that Vy, @ Vy has a unique composition factor isomorphic to V. By Lemma
4.6, the uniserial module V, ® Vy = (V; ® V(o)) ® V; has a unique filtration

OcXcYcV,®V,
such that Y/X =V, ® V. Now V, is a composition factor of V, ® V,. Therefore,
in the induced filtration
0cX® VN\(l) cY® VN\(l} c VN® VN
of Vy ® Vy, the unique composition factor Vy occurs in the factor
(Y/X)® Vi =(Vo® Vo) ® Vi)

We claim that the lemma will be proved as soon'as we show that

(1) Homge(Vw, (Vo ® Vo) ® Van(1y) =0 and

(2) HompG(SOC(Vg ® VN\(])), VN ® VN) =0.

Indeed, (1) implies that Vy is a composition factor of

| ((Y/X) @ V1)) /s0e((Y/X) @ Vpr(y),
which in turn implies (by Lemma 3.1(a)) that any simple submodule of
(Y/X) ® Va1 is isomorphic to one in soc(Vy @ Vi(,y). Then (2) implies that
soc((Y/X) @ V(1)) maps injectively into (Vy ® Vy)/(X +soc(Vy ® Vy)), which
shows that Vj is not a composition factor of soc*(Vy ® Vy).

It therefore remains to check (1) and (2).
(1) We have

Homgg(Vy, Vo ® V, ® VN\(I)) =Homgs((V; ® V) ® Vo Vo ® Vanay)
= Homgg(Vmioy @ (Vanioy @ Wo), Vo ® V(1))
=Homgs(Vmioy ® V35, Vmy)
@ HomFG(VN\{o) ® W(), V() ® VN\(I))
The first term in the last line is obviously zero, and the second is zero because by
Lemma 4.6, Vo ® Vi, is uniserial and, using Lemma 4.3(a), one sees that its
socle is Vg @ Via,  m-1)-

(2) We have Vg ® Vi =V ® (Vmio.1y ® Wo). By Lemma 3.2(b) and
the remark following it, both of these direct summands have simple socles, which
we can determine using Lemma 4.3(b), yielding
SOC(VS= ® VN\(I}) = VN\{O,I) @ VN\(”.

By (1.1), we obtain :

Homeg(Vmo,1), Vv @ V) = , Homgg(Wr ® V:(),l)’ Vy)=0

and

Hom,.-G( VN\(l), Vv ® VN) =

D
TeN\{0.1

@ HOmFG(WT® Vz‘l}’ VN)=O
T<N\{1}

Thus (2) holds and the lemma is proved.
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5. Proof of the theorem

As in [1] and [8], our plan will be to determine Extys for ‘maximal’ simple
modules, in this case Wy, and V,®@ Wyy;), for i e N, and then to reduce the
general case to these with the aid of Lemma 4.1.

We keep the notation of Lemmas 4.3 and 4.4.

Lemma 5.1. Let (1, J, K) be a triple. Then
Extie(Wmoy, VIO VI @ Wi)=F if K=N\{0,1} and {I,J}={J, {0, 1}},

and is zero otherwise.

Proof. By (4.5), we have Dy @ Wy, = P(Wpq)). Since hd(Dy ® W) =
hd(Dg) ® Wpn(0;, we have JP(Wpo)) =J(Dy) ® Wpn(oy, so the lemma is equiv-
alent to

(5.2) hd(J(Do) ® W) = (Vo1 @ Wano,1y) @ (V:O,l) ® Wno.13)-

By Lemma 4.4(c), J(D,) has homomorphic images Vi, and V{,,,, so by
Lemma 4.3(b), the right-hand side of (5.2) is certainly a homomorphic image of
J(Dp) @ Wiy Since J(Do) =R, + Rg, the lemma will be proved once we
establish the following statements:

(1) (Ro/Q0) ® Wpn(0y has a simple head;

(2) Qo ® Wi SJZ(DO ® WN\(O))-

Indeed, it is immediate from (2) that (Q, + Q5) @ W0, cJ}(D,® Wano0y), and
from (1) that the head of ((Ro + RG)/(Qo + Q) ® Wano) is a direct sum of two
simple modules. It remains to prove (1) and (2).

(1) By Lemma 4.4(b), we have Ry/Qo=(V,® V,) ® V{, which by Lemma
4.3(b) is isomorphic to a quotient of Vg ®@ W, ® V{. Thus, (Ro/Qo) ® Wan(o
is isomorphic to a quotient of (V5 ® V7,,) ® Wy, which by Lemma 3.2(b) has a
simple head for m > 2.

(2) Since by Lemmas 4.4 and 4.3, QO and R§/Qg have no non-zero homomor-
phic images in common, we have (Q,+ Q§)/ 0§ < J(R§/Q¢). Then by (1) applied
to R}/Qg and by (4.5), we have

((Qo+ Q5)/Q8) ® Wy = J(R3/Q8) ® Winy) = J7(Do) ® Wingo)-
Also, by Lemma 4.4 and 4.5),
(QoN Q) ® Win(oy = 50¢(Do) @ Win (o) = soc(Dy ® Wnoy) cJX (D, ® Wano))-
Together, these imply (2), so the lemma is proved.

COROLLARY 5.3. ForOe T < N we have

(a) soc(Wo @ Wr) = Wy © Wy @ Wiy,

(b) soc*(Wy ® Wr)/soc(Wo ® Wr) =soc((Vio.1; ® Wingy) ® (Vo) ® Wnyo))),
with '

Vi, ®Wpryoy if1¢T,

soc(V. Ww. E{
Vio.y ® Wnoy) Vi) ®Wrpo if1€T.
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Proof. Part (a) follows from Lemma 4.4(a) and (4.5). It is clear from Lemma
4.4 and the self-duality of D, that
s0c?(W, @ Wp)/soc(W, ® W) = soc?(Dy)/soc(Dy)

has at least two simple summands. By Lemma 5.1, soc*(W, ® Wy)/soc(W, @ W)
has two simple summands. Now since W, ® Wy = (W, ® W;) ® Wpr,
Wo® Wy =(Wy @ W) @ Wryp),  soc(W, ® Wy) =soc(Wp @ Wr) @ Wayyr  and
soc(Wo @ Wr) = soc(W, ® W) ® W\, it follows that the second socle layer of
(Wp ® Wr) has two simple factors, which are then easily determined from Lemma
4.4 and Lemma 4.3(b).

Lsmma 5.4. Suppose 0, 1 ¢ Kc N. Then
Extrg(Vio,1) ® Wk, W) = F =Extpg(Vio,1y ® W, Wku(y))-

Proof. From Lemma 4.3(a), we see that Extrs(V(o1), F) #0. The lemma will
therefore follow from Lemma 5.1 and the inequalities

d(Vio,1y ® Wk, Wx)<d(Vo,1, ® Wi, Wiy(1y) and
d(Vio.yy ® Wk, Wiuy) < d(Vio.1; ® Wiy Wruy), fortg KU {0, 1}.

We shall apply Lemma 4.1. In order to prove the second inequality of (5.5), we
must check that

HomFG(X(V(O,l) ® W, WKU(]))) SOCZ(VV: ® WKU(!))) =0.

(5.5)

By Corollary 5.3, Vo 1, ® Wk is not even a composition factor of
soci (W, ® Wxy(y)-
The first inequality in (5.5) is equivalent by duality to
d(Wk, Vio.y @ W) <d(Wkuqy, Vieny ® Wy).
We shall apply Lemma 4.1 again. We note that V', ;, ® Wy occurs in
hd(W, @ (Vio,1y ® Wx)),

by Lemma 4.3(b). Thus, by Lemma 4.1, a sufficient condition for the last
inequality to hold is

Homgg(X(Wx, Vio.1y ® W), W, ® (Vo) ® W) =0.

Now W, ® (V{51, ® W) has a filtration (induced by a composition series of
Vi ® W,) with factors isomorphic to Vi, ;, & Wy, V, & (Vi ® W) and

Vi@V, Vi® Wy).

There are obviously no (non-zero) homomorphisms from X(Wx, Vi1, ® W)
to the first of these three modules. The second and' third modules are simple if
2 ¢ K, since m > 2, so there are no (non-zero) homomorphisms in this case either.
If 2 € K, then there are no (non-zero) homomorphisms from X (Wx, V{, ,, ® W),
because by Lemma 3.2(b) and Lemma 4.3(b), their socles are isomorphic to
V@ Vi @ Vingz) and Vi, ® Vi ® Wiy, respectively. This completes the proof
of the lemma.
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LeEmMA 5.6. (a) If (I,J, K) is a triple and IUJUK < T c N, then
EXt}:G(‘/I ® V;‘ ® WK! WT) =(.
(b) For any S, K = N, we have Extig(Ws, W) =0.

Proof. Part (b) follows from (a) since Extkg(Ws, W) = Exthg(Wsnk, Wsuk)-
In order to prove (a) we may assume by taking Galois conjugates that 0 ¢ 7. It
will suffice to show that

d(‘/l ® V.;k ® WK) WT) = d(Vl ® V; ® WKU(O)) WTU{O)):

because Wy is projective. By Lemma 4.1, this inequality will be proved if we
verify that

F ifI=J=@and K=T,

Homg(X(V, ® V} ® W), soc’(W, ® Wru) = {0 otherwise

This is immediate from Corollary 5.3, so the lemma is proved.

COROLLARY 5.7. For any triple (I, J, K) we have
Extha(Vi® VI @ Wi, V,® V} ® Wy) =0.

Proof. We have
Ext}:c(‘/[ ® V;‘ ® WK, ‘/1 ® V_;k ® WK) = @ Ext;:G(WK, WT).

KeTclUJUK

LemMa 5.8. LetI,Jc N with IUJ=Nand INJ =Q. Then

Extro(Wr, V,® V]) =0
for T N.

Proof. We shall argue by downward induction on |T|, the result being true for
T = N. We are free to replace Wr and V; ® V' by their (simultaneous) conjugates
by 7 or field automorphisms, as the hypotheses and conclusion are not affected
and neither is the inductive hypothesis. It will suffice to find some i € N\T such
that :
d(WT, ‘/l ® V}k) = d(WTU(E): ‘/I ® V:) =0.

Since by Lemma 4.3(b), V, ® VJ occurs in the head of W;® (V, ® V7) for all
i € N, this inequality will follow from Lemma 4.1 if we can find i € N\T such that

First suppose |T|> 1. By taking appropriate conjugates, we may assume 0 ¢ 7,
and then by Lemma 3.4, Wy is not a composition factor of the right-hand side, so
we have finished in this case. Therefore, we may assume from now on that
|TI<1.

Next we consider the case in which some conjugate of V,@ VJ is V. Let us
take such a conjugate so that I=N. If 0¢ 7, we choose i =0. Then W, ® V,, =
(Wo®Vy) ® Vo, has a filtration with factors of the form V,® Vi),
VI® Vi and (Vg ® V) ® V(o). Since m >2, the first two modules have no
composition factor Wr. It is easy to see that the last module has no composition



280 PETER SIN

factor Vy, so that any homomorphism from X(W;, V) into it must factor
through Wr. But we have

HomFG(WT: Ve®V,® V(l m—])) =Homg(Wr ®V,, V| ® V..., m—l)) =0

by Lemma 4.6. Thus, if 0¢ 7, we have finished. If G =SL;(2™), then V, is
invariant under field automorphisms, and so, since |T'| <1, we can always choose
conjugates with /=N and 0 ¢ T. If G = SU;(2™) and T = {0}, we choose i = 1. It
is straightforward to check using Lemmas 3.1 and 4.6 that W, ® V), does not have
W, as a composition factor.

We may therefore assume from now on that no conjugate of V,® V; by tora
field automorphism is Vj and that |[T|<1.

We claim that one of the following holds:

(a) there is some conjugate V,, @ V}. of V,® V; with0el’', 1el' and 2eJ’;

(b) for every conjugate V,, @ V. of V, ® VJ such that 0el’, we have 1eJ’
and 2€l’.

To see this, consider the set of conjugates V. ® V7}. of V,® V) with 0el".
Suppose there is one with 1 € I”. Then since I" # N, we may choose the smallest r
with r € J”. Conjugating by 6~“~? yields a conjugate satisfying the conditions in
(a). Suppose then that for every conjugate V,-® V. such that 0 e /" we have
1eJ". Fix such a conjugate. Then conjugating by to~' gives another conjugate
V,, ® V. with 0el'. Thus, 1€J’, which is to say that 2€ ", so (b) holds. This
establishes the claim. . '

For V,,® V. as in (a), the composition factors of W, ® (V,. @ V}.) are readily
calculated to be V; @V}, Vino.y @ V7, Vino.y @ V3@ Wi, Vinoy @ V3o,
Viney @ Viuoney and Vingy @ Vigoney ® Wa. Since m > 2, none of these is F
or W, for t e N.

For V,®V} as in (b), the composition factors of W,® (V, ®V})
are V. QVj, VI'\{O)U()) ® V;'\(l)) Vr\{o,z) ® V;k’\{l): Vl'\(o,z) ® Vj*'\m W,
VI'\(O) ® V;'U(O}\(l) and Vlv\(o) ® V;"u(o)\{l) Q@ W,. If m=4, none of these is F
or W, for te N.

We consider first the generic case m = 4. Suppose (b) holds. Let V,, @ V. be a
conjugate of V, ® VJ with 0 e/’ and let W,. be the corresponding conjugate of
W;. Since |T| <1, these can be chosen with 0 ¢ T'. We choose i =0 and then the
above calculations show that W is not a composition factor of W, ® V,. ® V.

Suppose (a) holds. We choose a conjugate V;, ® V. as in (a), and denote by
Wr. the corresponding conjugate of Wy If T’ # {0}, then we may choose i =0 by
the above calculations. Suppose then that T'={0}. If 3el’, then we choose
i=1, and may use the result of our calculation in Case (b) above (after
conjugating by 0~") to conclude that no composition factor is W,. If 3€J’, then
we have 2eJ’ and 3€J’, and it is not difficult to see that there will be another
conjugate V. ® V]. satisfying (a) but with T"# {0} (for G =SU,(2™), we
must remember that V,® VJ is not conjugate to Vy). Thus, choosing this
conjugate places us back in the case where T # {0}. This completes the argument
for m = 4.

Finally, suppose m =3. We can assume that T is either {0} or empty. If
G = SL,(2%), we can conjugate by T if necessary so that V,@ V} is V,® Vi ® V3
or V@V, ®V3or V,®V;®V3. We choose i =2 in the first two cases and i = 1
in the last. Then it is easy to check that no composition factor of W, ®@ V, @ V7 is

.....
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F or W,. If G =SU,(2°), we may assume V,®@V}=V,® Vi ®V,. We choose
i =2. The module W, ® V,Q VI ®V,=(W,® V,) ® V,® V7 has a filtration with
factors of the form V,® V,® VI, Vi ® V,® V{ and (V5 @ V5) ® V, ® V}. Since
V;= Vg, we see using Lemma 4.3(d) that there are no non-zero homomorphisms
from X(Wr, V; ® V) into any of these factors. This completes the proof of the
lemma.

Prorosition 5.9. Let (I, J, K) be a triple and T = N. Then
Extpo(Wr, V,® Vi Q@ Wy)=F

if (3,9, T),(,J,K)) is conjugate (by field automorphisms and 1) to
(D, 2, K), ({0, 1}, &, K)) or ((J, D, KU {1}), ({0, 1}, G, K)), where 0,1¢ K,

and is zero otherwise.

Proof. We may assume that Kc T. If /UJU K c T, then we have finished by
Lemma 5.6. Suppose first that |T\K| > 1. There is no harm in replacing (I, J, K)
and T by (simultaneous) conjugates, so we may assume without loss of generality
that 0 € I\T. Using Lemma 4.1, we shall prove the inequality

d(Wr, Vi® V] ® Wi)<d(Wryo), VIO V] @ Wi).

Clearly, this will give a reduction to the case where /UJU K c T. By Lemma
4.3(b), Wo® (V,; ®@ V] ® Wx) has V, ® Vi ® W in its head. Since |T|>|K|+1,
Lemma 3.4 implies that

Hom,.-G(X(WT, Vvl ® V}k ® WK): W() ® (‘/l ® V; ® WK)) = 0,

so the inequality follows from Lemma 4.1.

The cases in which T =K and |T| = |K| + 1 require closer analysis. We have
seen in Lemma 5.4 that if the conditions of the proposition hold then the
cohomology groups are isomorphic to F as claimed, so it remains to prove
vanishing in all other cases. We therefore assume that the conditions of the
proposition do not hold. By Lemma 5.8 we may also assume that JUJc N
(where < indicates strict inclusion). We first show how to reduce the case where
K =T to the case in which |T|=|K|+ 1. Again, by taking Galois conjugates if
necessary, we may assume that 0 e /UJ and 1 ¢ 1 UJ. Applying 7 if necessary, we
can also assume 0 € /. We shall show that

AW, Vi ® VI ® W) <d(Kruo), Vi ® Vi ® Wo).

Since W, ®(V, @ V; ® Wx) has V,® V] ® W in its head, the inequality will
follow from the equation

HomFG(X(Wk: VeVi® Wi), Wo® (V, @ V] ® W) =0.
Now W, ® (V, ® V7 ® W) has a filtration with factors isomorphic to

ViQV;Q Wk, VI® (Vi @V ® W)

and V, @ (Vno) ® V0 @ Wi). If 1¢ 1UJ UK then all three of these modules
are simple and not isomorphic to Wg. If 1 € K, then the first module is unchanged,
and by Lemma 3.2(b) and Lemma 4.3(a), the socles of the second and third mod-
ules are isomorphic to V[\(o} ® V}kU“) ® WK\(I) and VI\(O}U{I) ® V}ku(o} ® WK\(I}

respectively. Thus in all cases there are no (non-zero) homomorphisms from
X(Wi, V,® V] ® Wy).
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We are reduced to considering the case where T = K U {t}, for some ¢ ¢ K.
This time it will be convenient to take Galois conjugates so that t=m — 1.
Our assumption is that {I,J}#{J, {m—2,m—-1}}, and we must prove
that Extpe(Wkugm-1), Vi ® VS ® W) =0. We shall show that we can find
ie (IUJ)\{m — 1} such that

dWxuim-1 Vi® V] @ W) <d(Wiim-1.ip, Vi® V] ® W),

which will put us back into the case where |T|>|K| + 1.

We claim that one of the following must hold:

(a) there exists i e (JUJ)\{m —1} withi+1¢IUJUK;

(b) there exists i e {UJ)\{m —1} with i + 1€ K;

) IuJ={m—-1-s,m=1-s+1,...,m—-2,m—1}, for some s with 1<

ssm-2.

This is easy to see; let S be the set of elements x of JUJ\{m — 1} such that
x+1¢IUJ\{m—1}. Then S# since IUJ#N. If § contains an element
different from m — 2 then (a) or (b) will hold. If § = {m — 2} and neither (a) nor
(b) holds, then m —1 € 1UJ and (c) must hold.

We shall prove the inequality using Lemma 4.1 by showing that for a suitable
choice of i € (I UJ)\T,

Hom (X (Wxum-1, Vi ® VI Q@ Wy), W, ® (V, ® V] ® W)) =0.

Suppose first that it is possible to choose i as in (a) or (b). We may assume that
i € I by conjugating everything by 7 if necessary.

Suppose (a) holds. Then the composition factors of W; ® (V, ® V; ® Wy) are
‘,1 ® V_, ® WK, V]\(,) ® VJU{‘+1} ® WK and VIU{1+1) ® V;U(,-) ® WK, none of
which is Wiy m-1;, S0 we have finished in this case.

If (b) holds, then W; ® (V; ® V] ® W) has a filtration with factors isomorphic
toV,®V;® W, (Vi QW) ®(Vpiy ® V) ® Winiv1y) and

Vi1 @ W) ® (Vs ® Viuiy ® Winiivny)-

The first module is simple and by Lemmas 3.2(b) and 4.3(b), the socles
of the second and third are isomorphic to Vi ® Viyus1) ® Wingsry and
Vawoi+n @ Viug ® Wingis1y respectively. Therefore there are no (non-zero)
homomorphisms from X (W (m-1), V; ® V] ® W) into any of the three filtration
factors.

Finally, if it is not possible to choose i as in (a) or (b), then (c) must hold. We
choose i =m —2. We may assume that m —2 € I. Since by assumption we do not
have I={m—2,m -1} and J =, we must have either m —1€eJ or |[IUJ|=
s>1.

If m —1eJ, then there is a filtration of W,,_, ® (V, ® V} ® W) with factors
isomorphic to V, @ V; @ W,

Vi1 ® (Vim-2y @ Vi@ W)= (Vi1 Q@ V5_)) ® (Vaim-2 @ V}k\(m—l) ® Wy)
and
Vi1 ® (Vl\(m—2) ® Vfu(m—z) ® Wy) = (Vl\(m—Z) ® Viuim—-2pnim—1) @ W)
@ (vl\(m—Z} ® V;:U(m—Z)\(m—l) ® WKU{m—l})-
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The first of these factors is simple and the third is semisimple and neither has a
factor Wxy(m-1)- By Lemma 4.3(b), the second filtration factor is isomorphic to a
submodule of '

(V-1 @ W,i1) @ (Vi(m-2) @ V Agm-1) @ Wx)
= Vam-230(m-1} ® VAm-13 ® Wxu(m-1)
which, by Lemma 3.2(b) and Lemma 4.3(b) has socle
Vigm-230(m-1) @ Vi(m-1) ® Wg.
Therefore, there are no (non-zero) homomorphisms of
X(Wkyim-1), VI® V] @ Wi)

into any of the three filtration factors.
We may therefore assume that m — 1€, and hence that |/ UJ|>1. Then we
have a filtration of W,,_, ® (V; ® VJ ® W) with factors of the form

Vi®V;Q® Wy,
(Vl\(m—Z,m—l} ® V; ® WK) @ (VI\(m—Z.m-—l) ® V; ® WKU(m—]}))
and
(Vm-l ® Vm—l) ® VI\{m—2,m*1) ® V;‘U(m—Z) ® WK'

The first two factors are semisimple and have no factor Wrom-1y, as [TUJ|>1,
and the third filtration factor has simple socle Vagn-2,m-1) ® Visim-2,m-1) ® Wk,
by Lemma 4.3(b) and Lemma 3.2(b). Therefore, there are no (non-zero)
homomorphisms of X (Wxy(m-1), Vi ® VJ ® W) into any of the three filtration
factors. :

The proposition is proved.

LemMA 5.10. V; @ V; ® W, has a direct summand isomorphic to V., @ W,.

Proof. By Galois conjugation we can assume that i =0. By Remark 4.2, it
suffices to show that V; ® W, is a homomorphic image, since V, ® V, ® W, has a
unique composition factor V;® W,. By Lemma 4.3(d), V,® V,® VT has a
uniserial quotient with series V{,,,, F. By Lemma 4.4, W, ® W, has a uniserial
submodule with series V7 1), F. Since Ext‘FG(V{O‘I), F)=F by Lemma 5.4, these
uniserial modules are in fact isomorphic. Thus,

HomFG(Vo ® V;) ® Wo, ‘/1 ® %) = HomFG(VO ® Vo ® Vr, Wo ® W()) #+0.
Lemma 5.11. Extpg(V;, ViI® V., ) =0.

'Proof. We may assume that i =0. By Lemma 5.4, Extro(V§, V,)=F. By
Lemma 4.3(a), V,®YV, is uniserial with series, V§, V;, V3. Thus, if
Extrg(Vo, V& @ V) = Extls(V,® V,, V;) were not zero, there would exist a
uniserial module U such that U/soc(U) =J(V,® V;) and

JU = (V, ® Vp)/soc(V, ® V).
Therefore, by Lemma 5.10, we have
JUR W= (V, @ Wp) ® (Vg @ W) = Ulsoc(U).
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By Corollary 5.7, we have Extyg(V, ® Wy, V, ® W,) =0, so we deduce that
U@ Wo= (Vi ®W,) & (V: @ W) & (V5 ® W)

Thus, Homgc(U @ Wy, V; ® W,) is 2-dimensional.

On the other hand, from the structure of U/soc(U) and JU given above and the
structure of V,® V,® VT given in Lemma 4.3(d), we see that the Loewy layers
of U VT are

F®m: V?O,l): F@WI

Thus, F is the only homomorphic image of U ® V{ with no composition factor
W,. From the filtration 0 c Q§c Rgc= J(D,) of Lemma 4.4(b), we see that the
unique composition factor W; of W, ® W, is a composition factor of R§/Q§=
Vi ®Vi®V,. Since soc(Vi® Vg ®V))=V,,,, by Lemma 4.3(d), it follows
that any submodule of W, ® W, which has W, as a composition factor also has
Vio.1; as a composition factor. Since the latter is not a composition factor of
U® V7, we conclude that the only (non-zero) homomorphisms of U ® V| into
W, ® W, have image isomorphic to F. Thus, from the structure of W, ® W, given
in Lemma 4.4, we have

Homg(U® VT, Wy @ Wy) =F,

which is contrary to our previous calculation. Therefore, U does not exist and the
lemma is proved.

Lemma 5.12. V; ® W, has Loewy layers
‘/i ?-f-ly ‘/l®(vl*®‘/l+l)l V?+l) ‘/i'

Proof. We may assume that i =0. By Lemma 4.3(b), V, ® W, has a submodule
S and a quotient Q, both isomorphic to Vi ® V. Since S cJ(V,®W,), by
Lemma 4.3(b), and since V, occurs three times as a composition factor of
Vo ® W, it must be the case that the image of hd(S) in Q is soc(Q). Thus, the
Loewy length of V, ® W, is at least 5. It is then easily seen from Lemma 5.11 that
the Loewy layers are as claimed.

The structure of V @ W as a module for SL;(F) has been given previously in
3].

In the following two lemmas we need to assume that G # SU;(8). Lemma 5.13
is false for this group, but the statement of Lemma 5.14 is true and will be proved
in the supplementary Lemma 5.14" below.

LemMA 5.13. Assume G # SU;(8). Suppose 0¢ K = N. Then
Extpc(Wk, V2 ® (Vi @ Wy)) =0.
Proof. If 2 ¢ K then the result is a special case of Proposition 5.9. We assume

2e K. Then V,® (V] ® Wy) has a filtration (induced by a composition series of
V, ® W,) with factors (ignoring multiplicities and order) isomorphic to

‘/2® ‘/(’;l ® WK\(Z}) V; ® (V; ® WK\(Z)) and V3 ® (V{()_z) ® WK\(Z))'
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It will suffice to show that Extyg(Wy, —) vanishes on each of these three modules.
For V,® V5 ® Wiz this is just Proposition 5.9 again. Next we note that by
Proposition 5.9, Extrg(Wy, —) vanishes on all modules of mass less than 2 |K|.
By Lemma 3.3(c), the second module can have as large a mass as 2 |K| only if
3¢ KU {0}, and if this is so then Proposition 5.9 gives the required vanishing.
For the third module, we may again apply Proposition 5.9 immediately if 3 ¢
K U {0}. If V;=V,, then the module is V3 ® Wiz, ® V5 ® Win(2yu10) and Prop-
osition 5.9 applies. Finally, if 3 € K, we get a filtration on V;® V{;, ® Wi(3
(induced by a composition series of V; @ W;) with factors of the form

Vi ® V?O.Z) ® WK\(2,3): Vi® (V?O,z) ® WK\{z,s)) and V,® (VTo.z.3) ® WK\(Z.s))-

By Lemma 3.3(c), all of these factors have mass less than 2 |K| except perhaps
the last one, which will have mass 2 |K| if W, is not a tensor factor of Wy and V, is
not isomorphic to V§. But then either V, =V, and the module is

(V?2,3) ® WK\(2,3)) @ (V?Z,B) ® WK\(2,3)U(O))
or else the module is simple. In both cases Extrg(Wx, —) vanishes on it, by
Proposition 5.9.
LemMa 5.14. Assume G # SU,(8). For 0,1¢ K c N we have
Exth(VI® Wy, Ve @V, @ Wy) =F.

Proof. We have
Extlo(VI® Wi, VI ® V; ® Wy) = Extho(Vo ® Wy, V, ® V;, ® Wy).
Now (V; ® V;) ® Wi has a filtration with factors (in order)
ViQ W, V,®@ W, Vi® W.
Also, (V; ® V;) ® Wy, being a quotient of (VI Q@ W) ® WK = Vi ® Wiy, has
simple head and socle isomorphic to VI ® Wy. Thus,
soc((V; ® V) ® W)/soc((V; ® V) ® W) =soc(V, ® Wy)
{Vz ® Wy if 2¢ K,
V,® Wiy if2€K.

Therefore, Homgg(V, ® Wy, soc*(V; ® V;) @ Wx)/soc((V; ® V;) ® Wi)) =0, so
we have an exact sequence

0— Extrg(Vo ® Wi, Vi ® Wy)— Extio(Vo ® Wy, (V, ® V) ® Wy),

which by Lemma 5.4 proves that Ext}g(V, @ Wk, (V, ® V) @ Wi) #0.

Suppose for a contradiction that d(V,® Wk, (V,® V) ® Wx)>1. Then
from the structure of (V; ® V;) ® W described above, and by Lemma 5.13
and Lemma 5.4, there would exist a module M with hd(M) =V, ® W and
J(M)=(V,® V) ® W.

We would then have, on the one hand,

Homg(M ® V;, Wiy (1)) =Hompeg(M, Vi ® Wiy 1))

The composition factors of Vi ® Wy, are Vi ® Wy, those of V,® Wy and
those of V3 ® (V;® Wy). Using Lemma 3.3(c), we can easily see that the
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first two modules have no composition factor V,® Wy (since m >2). This is
also clear for the last module if 2 ¢ K. If 2 € K then its composition factors are
Vi ® V; ® WK\{Z); those of V; ® (V1 ® WK\{Z)) and those of V; ® (V(I,Z) ® WK\(Z})»
and now we can use Lemma 3.3(c) to see that none of these composition
factors is Vy ® Wy. Thus, Homgg(M ® V;, Wiy (1;) =0. '

On the other hand, (M/IM) ® V=V, , ® W and

IMBV,=(V,QV, 8V, ® W)= Wy @ Wiy © (L) ® W),

by Lemma 4.3(c). By Lemma 5.4, Extjg(V,, ® W, Wkuqy) is only one-
dimensional, so M ® V, must have qum as a homomorphic image. This
contradiction proves the lemma.

LemMA 5.14'. Let G = SU5(8). Then
(a) Extro(Ve® Wy, Vi) =F,
(b) Extrc(Vo® Vi@ W,, Vi@ W,)=F.

Proof. We know by Lemma 4.6 that the group in (a) is not trivial. We shall
show first that d(Vs @ V,, V1) <d(Vo @ V, @ W,, VI ® W,). By Lemma 4.1, this
follows from the fact that W, ® W, ® V{ does not have V§ ® V, as a composition
factor, which is easy to check using Lemma 3.1.

Now we shall show that d(Vi ® V, ® W,, VI ® W,) <1, that is, that

By Lemma 3.2(b) we have
P(Ve®Vi@W)=ViQ@VQWy=(V;OW)Q Vi W,®W,.
Now by Lemmas 4.3 and 3.1, we know that V; ® W, has a filtration
0S8 cI(Vi®W)cV,®W,

where S, =V ® V{ and the head of V; ® W, is isomorphic to V1 It will therefore
suffice to check the following three statements:

(1) Homp(J(Vi® Vi@ W@ W), VI® Wy) =F;

(2) Homgg((J(Vi @ W))/S)) @ Vs @ W, @ W, Vi@ Wy) =0;

(3) Homp(ViIQVIQVIQW,® W, Vi QW) =0.

Part (3) is immediate since VIQVIQViQW,®W, is a quotient of
P(Vi®V;QW,).

In Part (2) we know by Lemmas 4.3 and 3.1 that the composition factors of
J(V,®W,)/S, are V3 and Vi ®V,, so (2) follows because by Lemma 3.2(b),
both V;QViQW,®W, and (ViQV,)®Vs®W,®W, have simple heads

isomorphic to V3 ® Vg and Vi ® V, ® V§ respectively.
To prove (1) we consider the filtration

0cSgcJ(Ve®Wy)c Vi W,
similar to the one above. Now
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so JVi®@Vy QW@ W) =J(Vg @ W) @V, ®W,. Therefore, by considering
the subquotients in the above filtration, we see that (1) follows from the three
statements

Homq(V,® (V, @ W), Vi ® W) =F,
Home((Vo® V) ® (VO W), Vi@ Wy) =0
and :
Hom((Vo® Vo) ® (V, @ W), Vi ® W) =0,

which are all easily verified.
Lemma 5.15. Extra(Vo ® Wiy, Vo ® V, ® Wao.1y) =0.

Proof. By Lemma 3.2(b),
P(Vo®@ Winoy) = Vo @ Wy = (Vo @ W) @ Wino)-
Since hd(V, ® Wy) = hd(V, ® W) ® W01y, We have
JP(Vo ® Wino)) =T (Vo ®@ Wy) @ Wino)-

Now by Lemma 4.3(b), J(V,® W;) has a submodule S=Vi® V3, and by
Lemma 5.12, we see that 7 =J(V, ® W,)/S is uniserial with series V{, Vi ® V,.
Now S ® Wy, is a quotient of V,® Wy =P(V,® Wy;), by Lemma 4.3(b)
and Lemma 3.2(b), so it has no quotient isomorphic to Vg ®@ V, ®@ Wy (o).
It remains to show that Homgg(T ® Wi, Vo @ Vi ® Winie1y) =0. We claim
that T is a homomorphic image of Vi ® V§ ® Vi ® VI. From the structure of
Ly given in Lemma 4.3(c) and from Lemma 4.3(a), (Vi@ Vi®VH® VT
certainly has a quotient with composition factors (in descending order) V7§
and V§®V,, so the claim will follow from Lemma 5.13 if we show that this
quotient is not semisimple. This in turn is immediate from the calculation

Homg (Vi@ ViQ ViR VT, Vi@ V)
=Homg(Vs ® V], V,®@ V}) ® Homg(V; ® ViV, Wo @ Vy) =0,

by Lemma 3.1(e).
Thus, in order to prove that Hompo(T ® Wi, Vs @V, ® WM(O,)) 0, it
will suffice to show that

Hompc((vo ®Vi®Vy® VT) ® WN\(O): Vo®V,® WN\(O,I)) =0.
We have '
HomFG(VO QVe®V;® V1 ® WN\{O): Vo®V;® Wavo. 1))
= HOmFG(Vo QVe®Vi® WN\(O): e Wano, 1)) S A2 WN\(I}))
Now V§ ® V§ is a quotient of V, ® W,, by Lemma 4.3(a), so
(Vo ® V()) ® Vl ® WN\(O)

is a quotient of Vo® Vi@ Wy=P(V,®VI® Wpn(o1)), by Lemma 3.2(b). Thus
the above space of homomorphisms is zero and the lemma is proved.

LeEmMA 5.16. Let 0,1¢ K < N. Then

(a) Extro(Vio,1) ® Wk, Vi) ® W) =0,

(b) Extro(Vo® Wi, Vi @V, @ W) =0,

(C) EXt}:G(Vo ® WKU(I}, Vo @V, ® W) =0.
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Proof. We shall first reduce (a) and (b) to (c). By Lemma 4.3(b),
Vo, @ W) ® VY
has V§ ® V, ® Wy in its head. Also
Homgg(X (V(o,1) @ Wk, Vo1, ® W), V, R(Vy®V,®Wy))=0,

because by Lemma 3.1(a) and Lemma 3.3, (V,®V))®Vi® Wi has no
composition factor Vo, ® Wy. Therefore, by Lemma 4.1, we have

d(Vio,1y @ Wi, Vioy @ W) <d(Vo @ Wy, Vo ® V, @ Wy)
+d(V()® WKU{])) V(’; ® V] ® WK)
and (a) is reduced to (b) and (c).

Next, W, ® (Vi Q@ V, ® W) has Vi ® V, ® Wy in its head, by Lemma 4.3(b).
Also it has a filtration (induced by a composition series of V, @ W;) with factors
isomorphic to Vg @ Vi @ Wy, VI ® (Vg ® W) and V,® (V{,,, ® Wx). If 2¢ K,
then these three modules are simple, because m >2, and not isomorphic to
Vo® Wy. If 2€ K, then the first of the three is unchanged and since m >2,

Lemma 4.3(b) and Lemma 3.2(b) show that the second and third have socles
isomorphic to V{5, & Wiy, and V, @ V{1, ® Wiz, respectively. Therefore,

Hom,:G(X(V0® WK, V(t ® V| ® WK); W| ® (‘/(’;= ® Vl ® WK)) = 0,
so by Lemma 4.1 we have
d(Vo®@ Wy, Vi @ Vi @ W) <d(Vo® Wiy, Vo @V, @ Wy).

Thus, we are reduced to proving (c).
We shall show that for r e N\(K U {0, 1}), we have

d(Vo® Wuqy, Vi ® Vi ® W) <d (Vo ® Wiuiry, Vi @ Vi @ Wey(y).
Then (c) will follow from Lemma 5.15. By Lemma 4.1, this inequality will be
proved if we prove that
Hompo(X(V, ® Wkuqs Vo®@V,®Wy), W, (Vo ®V, ® WKu(r))) =0.
The module W, ® (Vg ® V; ® Wk ,) has a filtration (induced by a composition
series of W, ® W,) with factors of the form V5 ® V; ® Wy, Vi @ V, @ W,
(a) Vr+l ® (Vg ® V{l,r) ® WK)J
(B) V:+l ® (V(*O,r} ® V'l ® WK)} and
(Y) W, ® (Vo ® V@ W),
so it suffices to show that there are no (non-zero) homomorphisms of
X(Vo® Wiy, Vo @ Vi @ Wy)

into any of these modules. Clearly, we need only concern ourselves with («), ()

and (y).
() If r+1¢ KU {0} and r #m — 1, the result is clear. If r + 1€ K, then by

Lemma 3.2(b) and Lemma 4.3(b), the module has simple socle
V(l.r+l) ® Vg ® WK\{r+l)r

so there are no (non-zero) homomorphisms from X (Vo ® Wiy 1y, Vi @ V, ® Wy).
If r=m—1¢K, we must consider the cases G =SL;(2") and G =SU;3(2™)
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separately. For SLy(2™), the module is (Vi n-1) ® Wk) ® (V(1,m-1) ® Wkuioy),
so there are no (non-zero) homomorphisms. For SU3(2™), the module is iso-
morphic to a submodule of

(V(’)‘ ® Wo) ® V(l,m-—l} Q@ Wy = V(l,m—l) RV, ® WKU(O}’

so by Lemma 3.2(b) and Lemma 4.3(b) it has a simple socle isomorphic to
Viim-1y ® Vg @ Wy, so again there are no maps.

B) If r+1¢ KU {0} and r #m — 1, the result is clear. If r + 1€ K, then by
Lemma 3.2(b) and Lemma 4.3(b), the module has simple socle

V(l,r.r+l) ® V(;‘ ® WK\(r+1})
so there are no (non-zero) homomorphisms from
X(Vo® Wiupy, Vo @V, @ Wy).

If r=m—1¢K, we consider the cases where G =SL;3(2™) and G =SU;(2")
separately. For SL;(2™), the module is isomorphic to a submodule of

(Vo® Wo) AV,® Vf @ Wy = V(o,x) V® WKU(O):

so by Lemma 3.2(b) and Lemma 4.3(b), it has a simple socle isomorphic to
Vo ®V; ® W, so there are no maps. If G =SU;(2™), the module is

V(l,m—l) ® WK @ V(l.m—l) ® WKU(O))

and so there are no maps.

(y) If r+1¢ KU {0} and r#m — 1, the result is clear. If r + 1€ K, then the
module has composition factors Vi@V, ® Wy, Vi@V, ® Wy((,+1), those of
V,+2 ® (Vg ® V(ly,-.g.]) ® WK\(r+1)): and those of

Vi ® (Vo ® Vi ® Wiy

By Lemma 3.3, none of the composition factors is V, ® Wguqy, so there are no
(non-zero) homomorphisms from X (V, ® W1y, Vo @ V, ® Wy). Finally, sup-
pose r =m —1¢ K. Then by Lemma 3.2(b) and Lemma 4.3(b),

Wo® (Vo ® Vi @ W)

has socle Vg ®V,® W, so if there were a non-zero homomorphism from
X(Vo® Wiyy, Vi ® Vi ® W), there would be a factor V, ® W, () in the second
socle layer of W, ® (Vg ®V,® Wx). If this were so, then setting J=
N\(K U {0, 1}), we would have by Lemma 3.2(b),

soc(W, @ (Vo O Vi@ Wi)) W, =V5®V, ® W01
= SOC(V; ® ‘/1 ® WN\(O})
=s0c(Wo® (Vo BV, @ W) @ W)).

Then we could deduce that V5 @ V; ® W, has a factor (Vo ® Wgy 1)) ® W, =
Vo ® W0, in its second socle layer, whence

EXt}.‘G(VO ® WN\(O}) ‘/(’;g ® Vl ® WN\(O.I)) #O,
contradicting Lemma 5.15. This completes the proof of Lemma 5.16.
We now come to the last step in the proof of the theorem. In view of Lemma

2.1, it suffices to prove the theorem for pairs of triples satisfying Condition (1) of
that lemma. It is easy to see that for such pairs of triples, Conditions (a), (b) and
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(c) of the theorem are equivalent to Conditions (a), (b) and (c) of the following
proposition. Since we have already calculated the extension groups for pairs of
triples satisfying the latter conditions in Lemmas 5.4 and 5.14, the proof of the
theorem will be completed by our next and final resulit.

ProposiTioN 5.17. Let (I,J, K) and (A, B, C) be triples such. that A<J UK,

BclUKand Cc K. Then
Extio(V,® V] @ Wi, Va@ Vi@ W) =0

unless a variant of one of the following holds:

(a) K=C, I1={0,1},J=A=B=0;

(b) K=CU{1}, I={0},J=A=O, B={1};

(c) K=C, I={0},J=A={1}, B=(.

Proof. By Corollary 5.7, we may assume that (I,J, K)# (A, B, C). Let
X=X(V,®V; Q@ W, V,® V; ® W,). By Lemma 4.3,

hd((Vi ®@ V) ® (V. ® V5 ® We))

contains a factor

V(KnA)u(mB)u(J\A) ® V:KOB)U(JOA)U(I\B) ® We.

ViI®Vi®W)®(Vi®V)= D W

Also, we have

KeScIUJUK
Our first step is to prove the inequality
(5.18) d=d(V,QV;Q Wy, V.Q V5 ® W)
= es g’:uwx d(Ws, V(lmA)u(mB)u(J\A) ® V{KnB)U(JﬁA)U(I\B) ® Wc)-

Suppose first that / = N; then by Lemma 4.1, (5.18) follows from the fact that
Homeg(X(Vy, V), soc’(Vy ® Vy)) =0,

which is true by Lemma 4.7. We may apply Remark 4.2 if J = N, so in proving
(5.18) we may assume from now on that I, J # N.

We shall prove (5.18) by means of Lemma 4.1 by showing that
(5.19) Homgs(X, (V,®V])® (V(KnA)u(mB)u(J\A)
® Viknpuunayuns @ We)) =0.
The left-hand side of (5.19) may be rewritten as

(5.20) HomFG(X, D (Vins®Vind) ® (Ving ® Vina)

T<(NAJUW\B)
® Vi & Vi ® We @ Wy

= (45 Hompo(X @ Wr, (Ving®@ Vina)

Te(NAYUW\B)
® (VlnB ® V.;‘f'lA) ® VKﬂA ® V;(ﬂB ® WC)'
By Lemmas 3.1(a) and 3.3(c), we have
mass((Ving ® Vina) @ (Ving @ Vina)) <|IN Bl +|J NA|,
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so by Lemma 3.3(c), we have ’
mass((Ving ® Vina) ® (Ving @ Vina) ® Vkna ® Vikns ® We) <|A| +|B| +2|C|.
For T =(J, since mass(V, ® V; ® W) = |I| + |J| + 2 |K|, we see that
Hompo(X, (Ving ® Vina) ® (Ving @ Vina) ® Vkna @ Vins @ We) =0
unless A =J, B=1and K = C. Suppose this to be the case. Then

(VlﬁB ® V;ﬁA) ® (VlnB ® anA) ® VKﬁA ® V;{ﬁB ® WC
becomes (V, Q@ V) ® (V,® V}) ® Wi. By Lemma 3.1(a) and Lemma 3.3(c),
mass((V,® V7)) ® (V, @ V) < || + ],

and since I,J# N, Lemma 3.5 tells us that (V,®@ V;)® (V,®V}) has no
composition factor V; ® V7. Then it follows from Lemma 3.3(c) that

Vi®V)H)®(V,®V))® W
has no composition factor V; ® V; ® Wi. Thus, there are no non-zero homo-
morphisms from X in this case either. We have shown that the term in (5.20) for
T =J is zero.

Suppose now that T #(J. Then X ® W, has a submodule Y isomorphic to the
direct sum of d copies of V,®@ V3 ® Wiy, with quotient isomorphic to
(ViQV;Q@Wx)Q Wy =(V,®V))® Wkyr Since V, ® Vi ® W is simple of
mass |A| + |B|+2|C|+2|T|>|A|+|B| +2|C|, we obviously have )

Homeg(Y, (Ving @ Vina) @ (Ving @ Vina) ® Vikna ® Vins @ We) = 0.
To show that
Homqc((X @ Wr)/Y, (Vi ® V]na)
®(Vins® V;F\A) O Vkna®Vikns® We) =0,
we observe that by Lemma 3.2(b) and Lemma 4.3(b), the head of
(Vi®V))® Wkur

is V, ® Vi ® W, which, since T # J, has mass greater than |A| + |B| +2|C]|.
This establishes (5.19), and hence also (5.18), by Lemma 4.1.
We consider the terms on the right of (5.18). By Proposition 5.9, we have

d(Ws, V(KnA)u(mB)u(J\A) b2 V{KOB)U(IO-A)U(I\B) @Wc)=0
unless, after taking suitable conjugates, we have § = C or C U {1} and
{(KNA)UUINBYUU\A), (KNB)UJNA)U(\B)}={{0, 1}, T},
for some 0,1 ¢ C.

Suppose these conditions hold. Since Cc K< S, we must have K=C or
K =CU{1}. Suppose K = CU {1}. Then the conditions

(KNAYUINB)U\A)={0,1}, (KNB)UJ NA)U(\B)=0,

together with the assumptions AcJUK and BcIUK, imply that I =B,
A= {1} and I UJ = {0}. The possibilities for ((1, J, K), (A, B, C)) are then

() (2, {0}, CL{1}), ({1}, B, C)) and

(ii) (({0},9, CU{1}), ({1}, {0}, C)).
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The conditions
(KNA)UUINB)UWN\A)=Q, (KNB)UJNA)U(U\B)={0,1}

are the (IJ)(AB)-variants of the conditions just considered, so they yield the
(IJ)(AB)-variants of (i) and (ii).

Now (i) is a variant of (b) and Lemma 5.16(c) shows that the group of
extensions for the pair of triples in (ii) is zero.

Suppose that K = C. Then the conditions

(KNA)UUINB)UU\A)={0,1} (respectively &),
(KNB)U NA)U(\B)= (respectively {0,1})

yield /=B, A= and IUJ = {0, 1} (and their (IJ)(AB)-variants). The possible
pairs of triples ((1, J, K), (A, B, C)) are then

(iii) ((@, {0’ 1}’ C)’ (@, Q’ C))’

(iv) (({1}, {0}, C), (&, {1}, C)),

(v) ({0}, {1}, O), (&, {0}, C)) and

(vi) (({0,1}, 9, C), (D, {0, 1}, ),
and the (IJ)(AB)-variants of these.

We see that (iii) is a variant of (a) and that (iv) is a variant of (c). The groups

of extensions for (variants of) the pairs of triples in (v) and (vi) have been shown
to be zero in Lemma 5.16(b) and Lemma 5.16(a) respectively.
The proof is finisked.

Appendix: m<2

Case 1: m=1. The module W is projective, so its multiplicity as a direct
summand of a module is simply its multiplicity as a composition factor. Also,
Lemma 3.1(a) is still valid. Some straightforeward calculations now yield

) VOW=W® P(V) and

(i) WOW=WOWOWPV)DP(V*)®D P(F).

Since Homg(V*®@ V*, V*)=Homg(V*, FOW)=0, V*®V* is uniserial
and, just as before, it is isomorphic to both a submodule and a quotient of
V ® W. Also, since the composition factors of P(V) are V, V* and F, we must
have Extpg(V, F)#0. It follows easily from these facts that P(V) has the
structure in the following picture:

v
V*\
V F
v+/
|4

From (i) and (ii) we see that dim. P(F) =8, and then since P(F)= P(F)*, we
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obtain the following structure for P(F):

F
/ \
Vv V*
N\ /
F

These modules for SL;(2) are described in [3].

Case 2: m=2. In the statement of the following proposition, the results for .
the unitary group are placed in parentheses.

ProposITION. Let G = SL;(4) (respectively SU;(4)). Then

(a) Extro(K, Vo)) = Extks(Vs, Vi) = F? (F),

(b) Extrg(Wi, Vio.1y) =Extig(VE @ Wy, V) =F (F),

(c) Extho(V}, Vi ® V;)=F (F).
Except for variants of these, all other extensions between simple modules are
trivial.

The remainder of this appendix is a proof of the proposition. We give the
argument in detail for G = SL3(4) only. The calculation for SU3(4) is similar. Thus
from now on, G = SL;(4). All results up to Lemma 5.1 remain valid for m =2.
Using (1.1), duality and 7-conjugation, Galois conjugation, the tensor identity for
Ext and the projectivity of Wy = W, ,,, we find that the problem is reduced to
computing the following groups of extensions:

(1) Extys(F, F), (2) Extpg(F, Vp),

(3) Extpo(F, W), (4) Extrg(F, Vio.1y),

(5) Extio(F, Vo® VY), (6) Extro(F, Wy ® V),

(7) Extig(Vo, Vi ®V)), (8) Extra(Vo, Vio1))s

(9) Exti(Vo, Wo), (10) Extig(Vo, Vi ® W),
(11) Extio(F, Vo® V), -~ (12) Extre(Vioay, Vion),

(13) Extho(Viory, Vi ®W)),  (14) Extho(VE®V,, 1, @ V),
(15) EXt}"G(Vg ® ‘/1) VO ® vvl)) (16) EXt}’G(WOJ WO))
(17) Extig(Wo, Vi ® Wy), (18) Extra(Vo® W, V5 @ W)).

By Lemma 5.1, we see that the groups in (3), (6), (9), (10), (16) and (17) are
trivial and that the group in (11) is one-dimensional. From the composition
factors of V; ® V; and using the groups just computed and the long exact sequence
for Ext, we also see the triviality of the groups in (12) and (18). For any two
modules L and M, we write d(L, M) for dim Extp5(L, M). Then using Lemma
4.1, one can prove without difficulty that

d(F, F)<d(W, W),
d(F, Vo) <d(W,, V, @ W)),
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which gives vanishing in (1), (2) and (5). Using the long exact sequence again, we
also obtain

d(\V,, Ve ® Vg)<2d(Vy, Vo) +d(V,, V) <2d(Vy, Vo) + 2d(F, V}) + d(F, Vy);
the right-hand terms are all zero by (2) and (5), so we have proved that the group
in (8) is zero. Similarly, the inequality

d(Ve® Vs, VI®VI)<2d(Vi® Vs, Vi) +d(Vi® V5, Vi)
shows by (8), (2) and (6) that the group in (14) is trivial.

Next we consider (4). By Lemma 3.2 we have

P(Vio,)) DWy=V(o,, @ Wy = (Vo® Wo) ® (V, @ W)).

Thus, by Lemma 4.3(b) we see that P(V|q ;) has a quotient which has a filtration
with factors (in descending order)

V(O,l): (F @ Wo) @ (F @ Wl)

Therefore d(Vio,1), F)=2. Now (V,®W,) has a filtration with factors (in
descending order)
VO, ;k) Vg@vl) Vg@v;

It is easy to check that (V5 ® V) ® (V; ® W) and (V§ ® V,) ® (V; ® W,) do not
have F in their heads, and that Hom(Vi® (V,®W,), F)=F. Also by
considering the corresponding filtration of V,® W,, it can be seen that
Homq;(J(Vo ® (V; ® W,)), F) = F. This proves that d(V oy, F) <2, so the group
in (4) is 2-dimensional. _

It remains to determine the groups in (7), (11), (12) and (15). For these, we
need the Loewy structure of V, ® W,. The argument of Lemma 5.12 no longer
works because Lemma 5.11 is false for m =2. However, the highest weights of
the composition factors are 2%-restricted, so [2, Proposition 2.7] tells us that the
Loewy structure will be the same as that for SL;(16), namely, as stated in Lemma
5.12. We know by Lemma 4.3(b) that V, ® W, has a submodule S=V§Q® V.
Let E =J(V,®W,)/S. Thus E is uniserial of length 2 with head V{ and socle
V§ ® V,. We shall need the following calculations.

LemMmA. We have
(a) Homg(E®@ W, Vi ® V) =0;
(b) Homp((Vo ®V3) @ Wy, Vi@ V) =0;
(¢) Homgc(J (Vi ® W, @ Vi), Vo) = F;
(d) Homg(J(V, @ W, ® V), V5 ® V1) =0;
(e) Homg((V5 ® V5) @ (V@ W), Vio1y) =0.
Proof. (a) Applying duality, 7- and Galois conjugation, and the filtration
0cScJ(Vo®W,) =V, ®W,, we have
dimz Hom(EQ W, Vi ® V)
=dimz Homgc((V, ® W,) ® V1, ETY)
<dimr Homgc(V, ® V71, E") + dimr Homg(E ® V7§, ETY)
+ dims Homgc((Vg ® V) ® VT, ETY).
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Now E;* has head V, ® VT and radical V§, so the first of the three terms on the
right of the inequality is clearly zero, and the third term is zero by Lemma 4.6.
The fact that the second term is zero follows because

Homc(E ® V}, V&) =Homo(E, V,@ V) =0
“and

Homm(E ® V*, V() ® VT) = HomFG(E, Vo D (Vo ® Wl)) =0.

Part (b) is straightforward. For (c) and (d) we note that J(V,@ W, @ V{) =
JV,@W)®V§ and J(V, @ W, ® V) =J(V, ® W,) @ V,,. The results then follow
from the structure of V; ® W,, using the structure of V,® V; in (c) and that of
Vi ® Vg ® VY in (d) (Lemma 4.6). To prove (e) we have

= HompG(VS ® V] ® Wl, V* D (W0® V*)) =0
since by Lemma 3.2(b), Vg ® V; ® W, has a simple head 1somorph1c to Vg ®V,.

All parts of the lemma are proved.
We now consider (15). By Lemma 3.2, we have

TJP(Vo®@ W) =J(Vo®@ Wy) =J (Vo ® Wp) ® W,.

Since J(V, ® W,) has a submodule isomorphic to V§ ® V§ with quotient E, the
triviality of the group in (15) follows from (a) and (b) of the lemma.

Next we turn to (7). It is clear from Lemma 4.6 that the group of extensions is
not trivial, so it remains to bound the dimension. By Lemma 3.2(b) we have

P(Vi @ V) =(Vi® W) ® (V@ W)).

Using the filtration of V§ ® W, with factors (in descending order) V§, E7,
Vo ® V,, we see that the result follows from Part (c) and the 1-twisted versions of
(a) and (b) of the lemma.

- Finally, we must prove the triviality of the group in (12). By Lemma 3.2(a), we
have

P(Vio)) ® Wy =(V, @ W) @ (V, @ Wy).

By considering the filtration 0= S < J(V,® W) = V,® W,, we see that it will
suffice to show that

(1) Hompc(.,(‘/() ® (V‘ ® Wl)), Va(k(),l}) = 0,

(2) Homg(E @ (Vi ® W), Vio,1)) =0 and

(3) Homgo((Vs ® V) ® (Vi@ W), Vo)) =0.
The first and third of these are Parts (d) and (e) of the lemma. To prove (2), we
note, as in the proof of Lemma 5.15, that since Extrg(V], Vi ® V|)=F, Eis a
homomorphic image of Vi @ Vi ® Vi ® V. We have
HomFG((Vg ®Vi®Vs® VT) ®(ViOW), V?O,l})

=Hom(V,® V5 @ Wy, V, @ W;) @ Homp(V, ® Vi @ Wy, Vo ® Wy) =0,

by Lemma 3.2(b). This proves (2) and completes the proof of the proposition.

The calculation of extensions for SU;(4) was first made in a recent paper [5] by
other methods.
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