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1. Geometry of symplectic 3-space

We describe Tits’ construction [I] of the Suzuki groups.
e I/ be a 4-diml. vector space, coordinates z;, ¢ =0, 1, 2, 3.
e W 2-diml. subspace, AW is a point of P(A%V).

e If W is spanned by (ag, a1, a2,as) and (bg, b1, be,bs) then the “Pliicker” coor-
dinates. of W are (p01 P02 - Po3 - P12 - P13 Zpgg), with Dbij = aibj N ajbi.

e These coordinates satisfy the quadratic form

Po1P23 — Po2pP13 + po3pi2 = 0. (1)
and form the Klein Quadric @

Assume that V' has a nonsingular alternating bilinear form and z; are symplectic

1 ONONT
coordinates so that the matrix of the form is ( NGNS 8).
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e A 2-subspace is t.i. iff pg3 + p12 = 0.
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e The t.i. 2-subspaces form the intersection @ = QOH of @ with the hyperplane
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H of the above equation. Geometry o
e The equation of @) is The groups G(n)

Po1P23 — Po2P13 — Pag = 0. (2)

2. The isogeny T

Suppose the field of V is k = Fy.

e 2=(0:0:1:1:0:0) € H\Q is the radical of the (alternating) bilinear
form associated with (2).

e 2 is the common point of intersection of every tangent hyperplane to @ in H.

Projection H — Vi = H/z gives a bijection @ — P(17).

« : {2-diml tot. isotropic subspaces of V'} = P(1}).
e The alternating form induced on Vj is nonsingular.

® Yo = Do1> Y1 = Do2, Y2 = D13, Y3 = Do3 are symplectic coords for V;.

Vi is a lot like V' !

e Identify V with V] by their symplectic coordinates.

e This fixes an isomorphism Sp(V') = Sp(V1).

e Under this identification, the induced action on V; induces an endomorphism
7 of Sp(V).



x = (ap : ay : ag : ag). Assume for simplicity ag # 0.
x+ is spanned by z, (0: ag:0:az) and (0:0: ag : a1).

The set of t.i. 2-subspaces which contain x form an isotropic line in ), spanned
by (a2 : 0 : agaz : apay : apag + aras : a3) and (0 : a : apay : apay : a3 :
apas + (Llag).

This line maps to the t.i. line spanned by (a3 : 0 : apas + ajas : a3) and
(0: ag : a2 : agaz + ajaz).

B :P(V) — {t.i. lines of P(V)}.

Compute Plucker coordinates: a(8(z)) = (a3 : a? : a3 : a3).

Conclude that 3 is a bijection and 72 is the Frobenius map, given by squaring
all matrix entries.

T is an isogeny of algebraic groups.

The groups G(n)

G(n) = the subgroup of Sp(V) fixed by 7".
G(2t) = Sp(4, 21).

G(2m + 1) = Sz(22™*+1), Suzuki groups.

For z = (ag : a1 : ag : a3), set z2) = (ap? : 1% : a? : as?). Then G(2m + 1)
preserves the set

T = T(2m + 1) = {l‘ | b $(22m+1)7w(2m+1) = ﬁ(l‘)}
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This is called the Tits ovoid. It consists of (0:0:0: 1) and the points (1: z : y : 2)
satisfying N ”
z = zy + o2 R (3)

|T| = ¢® + 1, where g = 22m+1,

The action of Sz(22™*!) on T is doubly transitive.

[S2(22™+1)| = ¢*(¢ — 1)(¢* + 1).

Sz(22™*1) is a simple group, for m > 1. (Sz(2) is isomorphic to the Frobenius
group of order 20.)
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