THE MODULO 2 STRUCTURE OF RANK 3
PERMUTATION MODULES FOR ODD CHARACTERISTIC
SYMPLECTIC GROUPS

J.M.LATAILLE, PETER SIN, AND PHAM HUU TIEP

ABSTRACT. This paper studies the permutation representation of the
symplectic group Sp(2m,F,), where ¢ is odd, on the 1-spaces of its nat-
ural module. The complete submodule lattice for the modulo ¢ reduction
of this permutation module is known for all odd primes ¢ not dividing q.
In this paper we determine the complete submodule lattice for the mod
2 reduction. Similar results are then obtained for the orthogonal group
O(5,Fg).

1. INTRODUCTION

Let p be an odd prime and let ¢ = p/. Throughout the following V' will be
a 2m-dimensional F,-vector space equipped with a non-singular alternating
bilinear form (, ). We shall assume m > 2 to avoid trivial exceptions. For
1 <r <m, let L, denote the set of r-dimensional isotropic subspaces of V.
Then £, is the set of all 1-dimensional subspaces of V, and L,, is the set
of all maximal isotropic subspaces of V. The group G := Sp(2m,F,) acts
transitively with rank 3 on £;.

Let F be any field of characteristic coprime to p, and let F4" denote
the FG-permutation module on £,. We ask for its submodule lattice in the
case where r = 1. This has been determined in [9] by Liebeck in all cases
except when char F = 2. In [2] Bagchi et al have conjectured the submodule
structure of FQL ! for the special case where m = 2.

In this paper we determine the complete FG-submodule lattice of F£1,
where F is a field of characteristic 2. Our approach is to first restrict the
action of G to that of a maximal parabolic subgroup. The composition
factors of this restricted action are determined and using a recent result [5],
we are then able to determine the composition factors for the action of the
full group. This puts us in a position to obtain the submodule lattice (see
Theorem 2.13). Taking m = 2 in our work, we see that the conjecture in [2]
is correct only if ¢ = £3 mod 8.

In fact, for the case m = 2, Bagchi et al also conjectured in [2] the
submodule structure of }Fg 2. We are able to use our results along with results
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[10] of White and [9] of Liebeck to show that this conjecture is true only if
g = +3 mod 8 (see Theorem 3.1 and its corollary).

For simplicity, we will always work over an algebraically closed field of
characteristic 2, which we denote by k.

We mention here that other rank 3 permutation modules for finite classical
groups will be treated in a forthcoming paper.

2. THE SUBMODULE STRUCTURE OF k%1

2.1. Restriction to a maximal parabolic subgroup. Fix a symplectic
basis e1,...,em, f1,..., fm for V over F,, so that

(e1.€5) = (fin f;) =0 and <ei7fj>=—<fj’€i>:{é oy

Let M :=(e1,...,em) and P := (f1,..., f) be maximal isotropic subspaces
of V.
Let GGps denote the set-wise stabilizer of M in G. Then

(1) Gy=8Sx%x0L

where

2) S:{G f) \A:At,AeHom(P,M)}
and

(3) L= {(g got> | g€ GL(M)} :

Here I is the m x m identity matrix and 0 is the m x m zero matrix.

To determine the kG-composition factors of k“! we will first need to
determine the composition factors of Reng k“1. We start by noting that
G has two orbits on Ly :

01::{w€£1‘wCM}
and
OQiI{WEﬁl‘ng}.

Now for any subset X C £, we will let kX denote the k-span of the
elements of X. Then we have the following decomposition of Reng k1 as
a direct sum of kG ps-submodules:

(4) Reng kXt = kO @ k92

Thus, to determine the composition factors of Reng kL1 we may sepa-
rately study the summands in (4).

The first summand is easily handled:
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For v € V, write v = (;) , where x € M and y € P. Then

(5) (v) € Oy if and only if y#0.

With this notation, the computation

© 6 HE)=07")

shows that S acts trivially on Oy, i.e. S acts trivially on k©'. ;From (1),
(2), and (3) we see that the induced action of Gjs/S ~ GL(M) on k©! is
the usual action of GL(M) on the 1-spaces of M. Thus, the kG ;-submodule
lattice of k€1 is known from [8]. Explicitly, if we put

1p, = Z w e k9
we0,
and
K=w-a | waecO),,

where ( ), denotes k-span, then we have

Lemma 2.1. (a) If m is odd, then K is simple and

(b) If m is even, then kO is uniserial with composition series

kO

|
K

|
<1(9|1 >k
{0}

In the situation of Lemma 2.1.b, put X' := K/ (10, ), -
We will indicate the composition factors of k“! informally by writing

kE+ K if m is odd
O _
(7) k —{(2

)k + K" if m is even
Of course, here k denotes the simple trivial module.

To determine the kGps-composition factors of the second summand in
(4), we will once again begin by restricting the action of G to that of
its normal subgroup S, i.e. first we will determine the composition factors
of Reng k2. We will then use Clifford’s theorem along with a result of

Higman’s (see [6]) to recover the G/-composition factors.
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2.2. The composition factors of Reng k92, Using elementary linear
algebra we see that given any non-zero y € P and any z € M we can
always find a symmetric transformation A € Hom(P, M) which sends y to
z. Therefore, it follows from (6) that the S-orbits on Oy are indexed by the

1-spaces in P. Explicitly, let (y1),..., <qu_1> be a list of the 1-spaces in
qg—1

P. Then the S-orbits on Oy are the sets

ow {{(0) 122}

Thus, we have the following decomposition of Reng k92 as a direct sum
of kS-submodules:

(8) Resg™ k2 = @ £

Let Sy, < S be the stabilizer of <<0>> € O<yi>. So

Yi

Syi:{<é ‘?)es | Ayi:O}.

Oty _ S
k(v _Indsyik,

Then

so that by (8) we may write

d" -1

qg—1
(9) Resg” k92 = @ Ind§ k.
=1

We now pause to establish a correspondence between the irreducible kS-
characters and the symmetric bilinear forms on M. This correspondence will

be the key to determining the composition factors of Reng E©2.

We start by noting that
P~V/M=V/M*+ ~ M

(where M* denotes the dual space of M) so we may identify P with M*.
If we also identify M with (M*)*, then we can identify Hom(P, M) with
Hom(M*, (M*)*), i.e. we may regard Hom (P, M) as the set of all bilinear
forms on M*.

The correspondence

(10) (é ?) - A
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then identifies S with the set of symmetric bilinear forms on M*. Under this
identification S, corresponds to the set of all symmetric bilinear forms on
M* which have y; in their radical, i.e. S, corresponds to the symmetric
bilinear forms on (Ker y;)*.

Now let ¢ be a primitive p-th root of unity in algebraically closed k. The
corresondence

(11) F() CTTacewq/wp(f('))

allows us to identify the linear functionals on the F,-vector space S with the
irreducible k-characters of the elementary abelian p-group S. Since S is the
set of symmetric bilinear forms on M*, we see that S* is the set of symmetric
bilinear forms on M. Thus, we may identify the irreducible characters of S
with the symmetric bilinear forms on M.

Remark 2.2. Let N be an irreducible submodule of IndS k and let f € S*

be the linear functional which corresponds under (11) to the character of N.
By Frobenius reciprocity, we know that S,, acts trivially on N. This means
that Traceg,/r,(f(A)) = 0 for every A € Sy,, from which it follows that
f(A) =0 for all A € S,,. But as Sy, is the set of symmetric bilinear forms
on (Ker y;)*, this means that the symmetric bilinear form on M which
corresponds to f must be isotropic on the hyperplane Ker y; C M.

Thus, the irreducible characters in Indgy_k are the symmetric bilinear
forms on M which are isotropic on Ker y;. Agéin using Frobenius reciprocity,
we see that each such form occurs with multiplicity one. In particular, the
zero form (which corresponds to the trivial character) occurs exactly once
in each Indgyik;. In fact, it is easily seen that the unique trivial submodule

of Ind§ k is

(12) = <1O< >>k
where
O,
(13) lo,, = Y wek
UJEO<yi>

Now let B be a non-zero symmetric bilinear form on M which has an
isotropic hyperplane. Then B has either rank 1 or 2. If B has rank 1, then
the radical of B, denoted by Rad B, is the unique isotropic hyperplane for
B. If B has rank 2 then M/Rad B is hyperbolic and therefore has precisely
two isotropic lines for the form induced from B, i.e. M has precisely two
isotropic hyperplanes for B.

In light of (9), the above then gives us all of the composition factors of
Reng k9. We record this information as

Lemma 2.3. Under the identification in (11), Reng k92 has the following
composition factors:
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(a) The zero form, i.e. the trivial character, which occurs with multiplicity
g1

q—1

(b) The rank 1 symmetric bilinear forms, where each occurs with multiplicity
1.

(¢) The rank 2 symmetric bilinear forms having isotropic hyperplane, where
each occurs with multiplicty 2.

2.3. The kG);-composition factors of k9. We start by examining the
S-fixed points of k92. Define

" -1

q—1

(14) T=F T

=1

where the T; are as in (12). Now it is easily seen from (1) that Gps/S ~
GL(M) permutes the vectors in (13) in the usual way that GL(M) acts on
the 1-spaces of M*, i.e. in the usual way that GL(M) acts on the hyperplanes
of M. Thus, if we let L£,,—1 denote the set of hyperplanes in M, then the
kG pr-module T can be naturally identified with the kGL (M )-module k*m-1.

It is well-known that the permutation modules on the 1-spaces and the
hyperplanes, respectively, of M are isomorphic over a field of characteristic
zero. Therefore, from a general principle of modular representation the-
ory (see [4], Theorem 17.7) we know that k“m-1 and k“' have the same
composition factors. Therefore, it follows from (7) that

| k+K if misodd
(15) T= {(2

)k + K" if m is even

We remark here that it can actually be shown that k% m-1 and k©' are
isomorphic for G.

To find the remaining composition factors, we now consider the action
of Gy on the irreducible characters of S. We start by observing that as S
acts trivially on its characters, we need only consider the induced action of
Gy /S ~ GL(M). Now GL(M) acts by congruence transformations on S.
Therefore, if we view the elements of S* as symmetric matrices, then the
action of GL(M) is again by congruence transformations. We then see that
under correspondence (11), GL(M) acts by congruence transformations on
the characters of S.

There are two GL(M) congruence classes of rank 1 symmetric bilinear
forms, represented by

(16) diag(1,0,...,0)
and
(17) diag(c,0,...,0)
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where « is a non-square in F (see [1]). The stabilizer of both classes is

)

which has index qm% in GL(M).

Let B; denote the congruence class of (16) and B, denote the congruence
class of (17). Let W; denote the external direct sum of the S-characters
which correspond to the forms in B;, and let Wy denote the external direct
sum of the S-characters which correspond to the forms in B,. Then it follows
from Lemma 2.3.b and Clifford’s Theorem [4] that k©2 has composition
factors, call them W; and Wy, which when restricted to S are isomorphic
to Wy and Wy, respectively. Note that

qg" —1
2

(18) dimy Wy = dimy Ws =

but Wy & Ws.

Now, there is one congruence class of rank 2 symmetric bilinear forms
having isotropic hyperplane, represented by

(19) ((?Oé) 8) .

The stabilizer in GL(M) of this class is

cC 0
* %
(¢m=1D)(g™'-1)

where C'is a 2x2 monomial matrix. This subgroup has index 2 5a—T)
in GL(M).
Let D denote the external direct sum of the S-characters which correspond
D— q(qm—l()(qm’l—l)
2(qg—1

to these forms. Note that dimy . It then follows from

Lemma 2.3.c and Clifford’s Theorem that exactly one of the following cases
holds for k©2 :

Case A: k92 has precisely two composition factors, call them D; and D_1,
which when restricted to S are isomorphic to D.

Case B: k92 has a single composition factor, call it Dy, which when re-
stricted to S is isomorphic to D @ D.

We now show that the former is true. We start by establishing some
notation which we will use throughout the remainder of the paper:

For any field F, we let F£" denote, as usual, the FG-permutation module
on L,. Let

Trs : BT — F5
be the FG-module homomorphism which sends each isotropic r-space to the

(formal) sum of the isotropic s-spaces which are incident with it.
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Define

1:= ZweFCl.

weLy
For w € L1 put
AWw) :={a €Ly ]|agw},
and define an element sa(,) € F£1 as follows:
(20) SA(w) = Z Q.
acA(w)

Define a non-singular symmetric bilinear form [—, —|]p by demanding that

the elements of £; form an orthonormal basis. For any subset S C F*! put
St = {ve K51 | [v,s]lp =0, for all s € S}

Note that we have used the same notation for orthogonal complements in
V, but no confusion should arise. Note also that if S is a FG-submodule of
F£1, then so is S*.

Now let Qy denote the field of 2-adic numbers and let Qs be its algebraic
closure. Then F will be the maximal unramified extension of Qs in Qs (see
[7], pg.37), and R will be the valuation ring of F. Note that F has residue
field k. jFrom [6] we have that

(21) FAr=1) ® M1 ® M,
where M4 are irreducible FG-submodules with

ql¢™ = 1) (g™ +1)
2(g—1)

(22) dimr M_1 =

and
qlg™ + 1) (¢" ' =1)
2(¢—1)

(23) dimz My =

Let My, be the reductions modulo 2 of My. Their restrictions to Gy
must be collections of the composition factors described above. By (22)
and (23) the dimensions of the composition factors of My; add up to

w. Assume now that (m,q) # (2,3). Then

2(q—1
ql¢™ £ 1)(¢" ' F1)
2(¢—1)

So it cannot be that either Reng M contains a composition factor which

when restricted to S is isomorphic to D @& D. Thus, we deduce that Case

A holds. If (m,q) = (2,3), then dimz M_y = 2(dimy, D). However, it is

easy to see (e.g. by considering degrees) that M_; is the unique non-trivial

composition factor which is common to both F*1 and F%2. Since F*? =

IndgM F, it then follows from Frobenius reciprocity that Gj; (and hence
8
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S) has a non-zero fixed point on M_;. This then implies that Reng M_,
contains a trivial composition factor. Since S has no fixed points on D & D,
we deduce that Case A holds in this case as well. We mention here that it
will be shown in §2.4 (see (32)) that Dy ~D_;.

Hence, we have found all the kG /-composition factors of k©2. Combining
this information with Lemma 2.1 and using the informal notation of (7) and
(15), we may now state

Lemma 2.4. (a) If m is odd, then

ResGl,, k' = )k + (2K + Wi +Ws + D1 + Dy,
(b) If m is even, then

Res¢i,, k' = (4)k + ()K" + Wi+ Wa + Dy + Dy

2.4. The kG-composition factors of k“'. Let F, R, My, and My, be
as in §2.3. It follows from (24) and the remarks following it that each of
D41 occurs in exactly one of Reng M1, and that the Dy do not occur
together. Thus, we may assume that our notation is chosen so that D4 is
a composition factor of Reng My,. Also, since

a¢" + ("' =1  ql¢" =" - 1)

dimy, M, — dimy, Dy =

2(¢ —1) 2(¢ —1)
mo__
= 4 1_1
q—1
g —1

2
= dimy W1 = dimy W,

we deduce upon inspection of Lemma 2.4 that

G w5 _ K+ Dl (m Odd)
(25) Resg,, M= {k +K'+D;  (m even)

Suppose for the sake of contradiction that M; has a kG-composition fac-
tor, call it K, which when restricted to GG is isomorphic to K. Since S acts
trivially on IC, it is contained in the kernel, call it J, of the representation
of G on K. Since S is not contained in the center of (G, and since the center
of GG is the only non-trivial normal subgroup of G, we deduce that J must
be all of G. But Gj; acts non-trivially on I, a contradiction. It follows that
M, has no such composition factor for G, and therefore M is irreducible if
m is odd. If m is even, then similar reasoning allows us to conclude that
either M is irreducible or else M; = k + X, with X irreducible. We now
show that the latter is true.

9



Using the notation in (20), we define a kG-module homomorphism
(26) @ kFT — kE
by
W Wt SA(w)s
where w € £1. Put

(27) U:=1Im .
Now define
(28) U= (u1 +ug | ui,us € U).

iFrom [9] we have the following non-trivial fact:

Lemma 2.5. (Theorem 1.1 of [9]) Every kG-submodule of k*' not con-
tained in (1), must contain U’

O
It is easily seen that
M; N R
is an R-form of M; and a pure RG-submodule of R%!. Therefore,
M; NRE

is a mod 2 reduction of M; as well as a kG-submodule of k€. Since M; N RE1
is certainly not contained in (1), , we see from Lemma 2.5 that

U' C My NREL,

and therefore M contains the composition factors of U’.
We require the following result:

Lemma 2.6. If m is even, then (1), C U’

Proof. Let M € L,,. Then an easy computation shows that
(29) Z Wt SAW) = 1.

m
. . -1 . . .
Now the number of 1-spaces in M is qq_l , which is an even number since

m is even. Thus we may group the summands in the left-hand side of (29)
into pairs. The result then follows from the definition (28) of U’.
O

Since M; N Rt has at most 2 composition factors, it follows from Lemma,
2.6 that
MyNRA =U".
We may summarize the above as
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Lemma 2.7. M; and U’ have the same composition factors.
(a) If m is odd, then U’ is simple.
(b) If m is even, then U’ is uniserial with composition series

U/

<1|>k;
{0}
O
In the situation of Lemma 2.7.b, we put U’/ (1), := X. In the situation
of Lemma 2.7.a, we will use X’ to denote the composition factor isomorphic
to U'.

In view of Lemma, 2.7, we have only to determine the composition factors
of M_1. We do this now:

A simple matrix computation shows that

(30) 902 =0.
Thus,
(31) U C Ker o,

where U is as in (27).
Since ¢ is symmetric, we see that Ker ¢ = UL, It then follows that

U~ kfKer p =K UL ~U*,

i.e. U is self-dual. So from the structure of U’ given in Lemma 2.7 we deduce

Lemma 2.8. (a) If m is odd, then

(b) If m is even, then U is uniserial with composition series
U
i}
|
L)y

{0}
O
We next observe that M_; has the same composition factors as k1 /U.

But since U C U+, and since k%1 /UL ~ U, we see that k“1 /U contains the

composition factors of U. We pause now to note that this implies that D;
11



is a composition factor of Reng M_;. Since D_; is the only composition
factor of Reng M_4 of the same dimension as D, we deduce that

(32) Dl = D*h

as was promised in §2.3.
It remains to determine the kG-composition factors of U+ /U. By inspect-
ing Lemma 2.4, we see that

ResG,, UT/U =Wy + Ws.

We now show that M_; has kG-composition factors, call them Wy and Wo,
which when restricted to Gjs are isomorphic to Wy and W,. We will need
to consider the conformal symplectic group

CSp(2m, q) := {T € GL(V) |3 a € F so that (Tv,Tw) = a(v,w), Yo,w e V}.

For brevity, we put I := CSp(2m, q). Then I' ~ G x F and it is easy to see
that U is a module for T'. Therefore, U+ /U is also a kI'-module.

We claim that UL /U is simple for T'. Suppose not. Then it follows that
U+t /U has kI'-composition factors, call them V/\Z and V/\72, which when re-
stricted to G are isomorphic to Wy and W, respectively, and (hence) when
restricted to S are isomorphic to Wy and Wa, respectively. Since W; and
W; are not isomorphic as kS-modules, we see that the following result then
leads to a contradiction:

Lemma 2.9. The kS-modules Wi and Ws are conjugate for I

Proof. Let 3 € IF; be a non-square and consider the element g € I' whose
matrix representation with respect to the basis in §2.1 is

- I 0
§i= (50 1) € Ni(S),
. . I A
where Np(S) denotes the normalizer of S in T'. If h := 0o 1)€ S, then

an easy computation shows that

a1 I (A
i.e. g acts as multiplication by § on S. It then follows that g acts (on the
left) on S* as multiplication by 371. Under the identification in (11), this
means that § acts as multiplication by $~! on the characters of S. Taking
B = «, where « is as in (17), it is now easy to see that the conjugate by
g of the form in (17) is the form in (16). The result now follows from the
construction of the W/s in §2.3. O

Thus, U+ /U is simple for I, and it follows from Clifford’s theorem that
U+ /U is semi-simple for G. Now, either U+ /U is a simple kG-module, or
else Ut JU ~ Wy @ Wy, where W; and Wy are simple kG-modules which

when restricted to G are isomorphic to W; and W, respectively.
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Consider the following result from [5]:

Lemma 2.10. (Theorem 2.1, [5])

Any irreducible kG-module of dimension less than %
(¢"+1)

trivial module, or a Weil module of dimension ~——.

1s either the

This result shows that we must have U+ JU ~ W1 @& Wy, where W and
g -1
2

Wy are irreducible Weil modules of dimension . Hence, we now have all

of the kG-composition factors of k2.
If we let V4 and V5 be submodules such that U ¢ Vi,V C UL and

Vi/U ~ W and Vo /U ~ Wy, then the above arguments yield the following
filtration of kX1 :

(33) i W

2.5. The kG-submodule lattice of k“'. By the minimality of U’ (see
Lemma 2.5) it suffices to determine the submodule structure of (U’)*/U".
We start by defining submodules C' and C" as follows:

C:=1Im nm
and
Ct=(zx+y | z,y€C),.

We will need the following results:

Lemma 2.11. (a) CT C C

(b) HomkG(kcmv WZ) = {0}7 Jori=1,2.

(¢) C has no quotient isomorphic to W, for i =1,2.
(d) Homkg(kﬁm, k:) ~ k

(e) C* is the unique mazimal submodule of C.

Proof. An easy computation shows that
[w + SA(w) ﬁm,l(M)]k =1,

for all w € £1 and all M € L,,. From the definition of C", we then deduce
that C+ C (C*)*. Now (a) follows by taking orthogonal complements.
We have Resg W; ~W,, for ¢ = 1, 2. But from our construction of the W;
in §2.3, we know that they are fixed point free for S. Therefore, Gjs has no
13



fixed points on the Reng W, ~W,, ie.
Homyg,, (k,Reng W;) = {0},
for ¢ = 1,2. Since
kEm =TInd§, | k,

the assertions in (b) follow from Frobenius reciprocity. Since C' is a ho-
momorphic image of k%™, we see that (c) is an immediate consequence of

(b).
Again by Frobenius reciprocity, we have

Homyg (k™ k) ~ Homyg,, (k, k) ~ k.

This proves part (d).

It follows from (a) and (d) that C" is the unique maximal submodule of
C with trivial quotient. ;From Lemma 2.5, we have U’ C C. Using the inner
product computation at the start of the proof, we have C C (U’)*. Thus,

U ccc (Ut
Since
(U /(U) =k +k+ Wy + W,
we know that any maximal submodule of C' with non-trivial quotient must
have quotient W; or Ws, which is impossible by (c). Then (e) follows.

O
Since C is not orthogonal to C, we get
cnctce,
and hence
cnctccet.

by Lemma 2.11.e. Thus, the quotient C'/(CNC+) has at least 2 composition
factors. Furthermore, C/(CNC+) has a unique maximal submodule, namely
ct/(cnch).

Lemma 2.12. (a) C/(C N CY) is self-dual.
(b) C/(C'NCY) has a unique mazimal submodule and a unique simple sub-
module. Both the head and socle of C/(C N CL) are trivial.

Proof. The form induced by [—, —], on the quotient C/(C' N C*) is non-
singular and therefore induces an isomorphism between C/(C' N C*) and its
dual. Since the form is G-invariant, this is actually a kG-isomorphism, and
(a) follows. Part (b) then follows immediately from the remarks following

Lemma 2.11.
O

In light of Lemma 2.9, it follows from Clifford’s theorem that any kI'-
module having at least one of the W; as a composition factor for G must
have the other as well. Since C' and C* are modules for T, we deduce from
Lemma 2.12 that either
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(34) c/ecnct)y=k+k
(35) C/(CNCH) =k+k+ W, +W,.

Suppose by way of contradiction that (34) holds. By Lemma 2.12.b it
must then be the case that C/(C' N Ct) is uniserial. But as G is perfect, it
has no module which is a non-split extension of the simple trivial module
by itself. So (35) holds and it follows that C = (U’)* and C+ = U+,

We may now state our main result:

Theorem 2.13. Using the above notation, k' has the following submodule
lattice:

m even m_odd

i / \
C
: /
Vi Va
Wi /VVQ
(cH)*
k
ct / \
| \ /
{0}
Proof. Let N be a kG-submodule of k%1, Assume N # {0} or (1). Then we

know from Lemma 2.5 that U’ C N. If we assume that N # k£t or 1)+,

then we have that N+ # {0} or (1). But then from Lemma 2.5 we have
15
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U'C N+ ie. N C (U')*. Thus,
U' CNcC (U

JFrom the remarks immediately following Lemma 2.12, we know that U’ =
C+ and Ut = C*. Thus, if N # U’ or (U’)*, it follows from Lemma 2.12.b
that

UCNCU*..
But as U+ JU ~ W1 & Wy, and since W1 2 W, we see that V3 and V5 are
the only kG-submodules between U and Ut ie. N=V; or Vs. O

Although the dimensions of the submodules pictured above have been
given earlier, for convenience we recall here that

(" =) (g™ +1)

. q
dim C =1+
g 2(¢—1)

and
2m 1

2(¢ - 1)

It has already been noted (see the comments immediately following Lemma
2.9) that C*/(C*)* is a simple kI-module. In the sequel, we shall denote
this simple quotient by W. Since all of the kG-submodules of k! except for
the V; are also kI'-submodules, we then have

dimk V1 = dimk V2 =

Corollary 2.14. The pictures in Theorem 2.13 are the Hasse diagrams for
I' = CSp(2m, q), except that the quotient W = C*/(C*)* isirreducible. [

By abuse of notation, we shall also denote by X and X’ the I'-composition
factors which when restricted to G are isomorphic to the composition factors
X and X', respectively, which are mentioned above. However, we caution the
reader that these G-modules need not have unique extensions to I'-modules.

Remark 2.15. ;From [5] we know that the Weil modules can be realized over
Fy if and only if ¢ = £1 mod 8. If ¢ = +3 mod 8, then the smallest field
of definition for the Weil modules is F4. With this insight, we may deduce
from Theorem 2.13 the complete kG-submodule lattice of F*1 for any field
[F of characteristic 2. Explicitly, if ¢ = +1 mod 8 and F is arbitrary, or if
¢ = +£3 mod 8 and F; C I, then the submodule lattice of F*! is as pictured
in Theorem 2.13. However, if ¢ = +3 mod 8 and F4 ¢ F, then the submodule
lattice is as pictured in Theorem 2.13 except that the quotient C*/(C*)+
is irreducible.

Remark 2.16. In [2] (see pg. 353), Bagchi et al conjectured the submodule
lattice of IFQL ! for G. We now see from Theorem 2.13 and the preceding remark
that their conjectured structure is correct in all cases except when q =
41 mod 8, in which case the Weil modules have been neglected. However,
their structure is correct for the conformal group I'.
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3. THE Sp(4, ¢)-SUBMODULE STRUCTURE OF k%2

Throughout this section we take m = 2, i.e. V is a 4-dimensional non-
singular symplectic Fy-vector space and G = Sp(4,q). So L; is the set of
1-spaces in V, and Lo is the set of maximal isotropic subspaces in V. As
usual, k is an algebraically closed field of characteristic 2.

Let M € L9 and define

®(M):={NeLly | dimg, MNN =1}.

Now let

So(M) = Z N e kL?.
Ned(M)

Define submodules C and P as follows:

and
P = <8¢(M) | M e £2>k.
Now put
Ct:=(M+N | M,N € L)
and

Pt = <P1 + P | P, P e P>k
Finally, denote Y := C*+/P*. We now prove

Theorem 3.1. Using the above notation, k=2 has the following submodule
lattice for T' = CSp(4,q) :
17



k
(L)
w
p+L
/
k
C pL
S
k X
Cct ctt
Y
X k
P ct
e
k
p—i—
w
1)y,
k

{0}

Proof. That all the containments pictured above actually hold has been
proven in [2] by Bagchi et al. Furthermore, in the same paper the authors
have determined the dimensions of all the submodules pictured above, and
we will freely use that information here.

The incidence map 712 : k*t — kX2 induces an isomorphism k%1 /C+ ~ C.
By Corollary 2.14, we then have that C is uniserial with composition factors
as indicated in the picture above. The incidence map 721 : kL2 — k&5
induces an isomorphism k*2/C+ ~ C. By Corollary 2.14, we then have
that k“2 /C* is uniserial with composition factors as indicated in the picture
above. We now see that Resg kX2 has the Weil modules, W, and W, as
composition factors, and that each occurs with multiplicity at least 2. Now
from [10] we know that k2 has composition length 10 for G. It then follows
that Y (= C+/P*) is simple for G, and hence simple for T.

Now from Theorem 2.2 of [9], we know that every submodule of £ which
is not contained in (1), must contain P*. Thus, to verify the conjectured
structure, it suffices to prove that PT1/P* is as pictured.

18



Since P NCL = Pt we see that
(36) PH/PT = (C/PT) e (CH/PY),

i.e. the quotient P++/P* is the direct sum of a uniserial module and a
simple module.

It is determined in [2] that dimy, (C+/PT) = Q(q;1)2, so that C+/P+ is
non-trivial. Since C/P* has trivial socle and trivial head, we see that we
have have found all the submodules of P*+/P*. The result follows.

O

In the isomorphism k%1 /Ct+ ~ C, let V; and V, denote the images in C of
Vi/C+ and V,/C*, respectively. Thus,

(1), C Vi,V C Pt
and
PJr/ <1>k ~ W1 ) WQ.
Let V3 := Vi and Vy := V4. Thus,
W o>V, W o P

and
W)L /P~ Wy @ Wa.

Corollary 3.2. The picture in Theorem 3.1 shows every kG-submodule of
kX2 except for the modules V;, for i = 1 to 4.

Proof. By Theorem 2.2 of [9], we know that every submodule of k2 which
is not contained in (1), must contain one of V; or V,. Therefore, in light of
Theorem 3.1, it suffices to show that any submodule which properly contains
either V; or V, must contain the other one as well, i.e. must contain P+.
Let N be a kG-submodule of k%2 which properly contains V; but does not
contain V. Assume that N is chosen minimal with respect to this property,
i.e. assume no submodule of N has this property also. Denote by N the
I'-module generated by N.
Assume first that N C PTL. Since N properly contains V;, we have
Pt C N+ P*. Thus,
PHCN+PHC P
But we know that, in general, any kG-submodule A such that PT™ C A C
P*+is actually a kI'-submodule. Hence, N + P7 is a kI'-submodule. Since
N + P+ C N, we deduce
N +Pt=N.
We have
(N+PH)/N~Pt/(PTNN)
=Pt/
~ WQ.
19



Therefore,

Homyg(Resty N 4+ PT, Rest, W) # {0}.
Let H be the subgroup (of index 2) of I which is generated by G along with
all of the scalar matrices. We then have

Homyp (Resly N +P*, Resyy W) # {0}.

Now H acts trivially on Homy 7 (Rest; N+P+, Resl; W), so we may consider
the induced action of the 2-group I'/H on Homy (Resl; N 4P+, Resk;, W).
But the action of a 2-group on a vector space over a field of characteristic 2
always has a fixed point. Thus,

Homyr (N + P, W) # {0},

i.e. N+7PT has a quotient isomorphic to W. But from Theorem 3.1 we know
that no submodule of P+ which contains P+ has such a quotient. Thus,
we have obtained a contradiction.

Now assume that N ¢ P++. Then (N + P*) ¢ P either. But

(N +PH)t=Ntnptt

is, of course, a kG-submodule of P+, From the first part, we know all such
submodules. Obviously, we cannot have P+ C (N + P*)L, so it must be
the case that (N +P*)L = {0}, (1), V1, or Vs.

Consider the following composition series for N 4+ PT :

{0} c )y cVICNCN+P".

Note that the simplicity of @ := N/V) is a consequence of the minimality of
N. We know all of the kG-composition factors of k22, but we do not know
the isomorphism class of ). However, by considering the various possibilities
for (), we may see that regardless of its isomorphism class, we always have
that the dimension of (N + P+)! is strictly greater than the dimensions
of {0}, (1), V1, and V. Thus, we have reached a contradiction and the
assertion has been established.

O

Remark 3.3. In view of Remark 2.15, we see that we may deduce from
Theorem 3.1 and its corollary the submodule structure of F£2 where F is
any field of characteristic 2.

Remark 3.4. In [2] (see pg. 352), Bagchi et al conjectured the submodule
lattice of F? for G. We now see from Corollary 3.2 and the preceding remark
that their conjectured structure is correct in all cases except when ¢ =
41 mod 8, in which case the Weil modules have been neglected. However,
their structure is correct for the conformal group I'.

Remark 3.5. Let E be a 5-dimensional vector space over F, which is en-

dowed with a non-singular orthogonal geometry. Denote by O(5,q) the

corresponding full orthogonal group and by €(5,q) its derived subgroup.

We will write £;(E) for the set of isotropic 1-spaces in E. There is a natural
20



identification (see [3]) of the elements of Lo with the elements of £(FE).
This identification carries I' onto O(5,¢) and G onto (5, ¢q). Thus, we see
that the above results give us the submodule structure of F£1(E) where F
is any field of characteristic 2.
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