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Thus, the relationship between them becomes more interesting when we take into accounttheir structures as algebraic varieties. More precisely, if G and ~G are simply connectedgroups of types Bl and Cl, de�ned over F2, then there exist special isogenies ([Ch], Exp.23, Thm. 1; see also [St2], Thm. 28)� : G! ~G; � : ~G! Gsuch that the composites � � � and � � � are the Frobenius morphisms of G and ~G. Thetangent maps d� and d� between the Lie algebras have nonzero kernels g� and ~g� , whichplay an important role in the representation theory of the groups. They are the idealsgenerated by the short root spaces in the Lie algebras and in [St1] Steinberg showed howthey can be used to sharpen his tensor product theorem, reducing the still unsolved problemof determining the characters of all simple (rational) modules for G and ~G to the case ofsimple modules which remain simple as modules for g� or ~g� . Now g� is a quotient of thedirect sum of l copies of sl2 (see I.5.3 below) and the only nontrivial G-module on whichit acts irreducibly is the 2l-dimensional spin module. The algebra ~g� is isomorphic to aquotient of the Lie algebra of a simply connected group of type Dl, so its simple modulesare a subset of the restricted simple modules for type Dl. Thus, implicit in Steinberg'sre�nement is the interesting fact that all characters of simple modules for groups of typesBl, Cl and Dl will be known once they are known for Dl alone. In this way, the groupsof type Dl enter naturally into our considerations. In fact, it emerges that a large partof the extension problem for simple modules for groups of types Bl, Cl and Dl reduces toquestions purely about type Dl (cf. I.6.5 below).In [Sin2], similar isogenies for the groups of types B2 and F4 in characteristic 2 andtype G2 in characteristic 3 were exploited to compute the simple module extensions. Thekernel of the di�erential of the special isogeny for F4 also happens to be isomorphic to aquotient of a Lie algebra of type D4, and this link made it possible to draw on knowledgeabout D4 in making calculations about F4. This time, in our rank 4 calculations we shalltransfer information in the opposite direction, from F4 via D4 to C4 and B4.The �rst chapter of the paper is devoted to general results, valid for arbitrary ranks,about groups of types Bl, Cl and Dl. Mostly, we do nothing more than introduce notationand observe that many theorems about Frobenius kernels extend to the kernels of specialisogenies. In formulating these easy generalizations one �nds that when replacing theFrobenius kernel of G by G� = Ker�, the counterpart of the Steinberg module is the spinmodule, which leads to a variant of an important formula of Andersen and Haboush ([Ja1]II.3.19) in the cohomology of line bundles on the orthogonal ag variety. We also makesome initial reductions in the calculation of extensions of simple modules.Groups of ranks 2 and 3 are discussed in Chapter II. The calculations here have thesecondary purpose of illustrating the general strategy in some cases which are relativelyfree of complications. The section on G2 is independent of the rest of the paper. We haveincluded a correction to [Sin1].Chapter III on groups of rank 4 is where our major e�orts are concentrated. Thecalculation of extensions of simple modules involves two main steps. The �rst consists ofdetermining the action of ~G= ~G� �= G on the spaces Ext1~G� (~L(�0); ~L(�0)), where ~G� = Ker �and the modules ~L(�0) and ~L(�0) are simple modules for ~G which remain simple for ~G� .2



If E denotes one of the Ext1 groups above, then the second step is to compute the socleof the G-module E 
 L(�) for all dominant weights �. In practice, it is only necessary toconsider those � in a certain small range. There are points in both parts of the calculationwhich require detailed information about individual modules, usually Weyl modules andtensor products of Weyl modules or of simple modules. In an e�ort to avoid obscuringthe general picture, these speci�c computations have been relegated to an appendix toChapter III.The methods used either require or else easily yield the structure of the groups of ex-tensions of simple modules for the Frobenius kernels (or, equivalently, the restricted Liealgebras) as modules for the group. We describe these explicitly for the simply connectedgroups of rank 4 or less (II.1.4, II.2.5, II.3.3, III.1.3-4, III.2.4-5, III.3.5).The section on A4 does not require the preparatory material of Chapter I.The results of this paper have been applied by the �rst author [Dw] to compute the1-cohomology of the related �nite groups with values in simple modules.Throughout the paper, k will denote an algebraically closed �eld of characteristic 2.

3



Chapter I. General Results on Groups of Types Bl, Cl, and Dl.x1. Roots. Let e1; : : : ; el be an orthonormal basis for Ql with the standard inner producthP aiei;P bieii =P aibi. The sets of vectorsR = f�ei � ej ;�eij 1 � i; j � l; i 6= jgand ~R = f�ei � ej ;�2eij 1 � i; j � l; i 6= jgform root systems of types Bl and Cl respectively. For sets of simple roots we may takeS = f�i = ei � ei+1 (1 � i � l � 1); �l = elgand ~S = f~�i = ei � ei+1 (1 � i � l � 1); ~�l = 2elg:We shall continue with the notational convention of writing \~x" for the object of typeCl corresponding to an object \x" of type Bl.The long roots of R form a subsystem Rlong of type Dl while the short roots form asystem Rshort of type A1l. For ~R it is the other way around. We choose the sets of simplerootsSlong = f�i = ei � ei+1 (1 � i � l� 1); �l = el�1 + elg; Sshort = fi = ei (1 � i � l)g;~Sshort = f~�i = ei�ei+1 (1 � i � l�1); ~�l = el�1+elg; and ~Slong = f~i = 2ei; (1 � i � l)gof these subsystems; they are sets of positive roots in the larger root systems.The endomorphism x 7! x_ = 2x=hx; xi of Ql interchanges R with ~R, swapping eachsimple root �i 2 S with ~�i 2 ~S. This identi�es ~R with the dual root system R_ of R, andR with ~R_. We shall always regard R and ~R as being dual to each other in this way.The fundamental weights for the root systems with their simple roots described abovewill be de�ned by the equations (in which �ij is the Kronecker symbol)h!i; �j_i = �ij ; h�i; �j_i = �ij ; h�i; j_i = �ij ;and similarly for ~!i, ~�i and ~�i.x2. Groups of type Bl and Cl and their Lie algebras.2.1. Let G be a simply connected Chevalley group of type Bl over k. We may regard Gas a k-group scheme, obtained by base change from a split Z-group scheme GZ, so thereis a maximal torus T = (TZ)k, de�ned and split over F2. If X(T ) denotes the charactergroup of T then we may identify X(T )
ZQ with Ql in such a way that the root system Rof x1 becomes identi�ed with the roots of T (the nonzero characters of T a�orded by theadjoint representation on the Lie algebra g of G. For each � 2 R there is an embedding(de�ned over Z) x� : Ga ! G4



whose image U� is a T -invariant subgroup with tx�(u)t�1 = x�(�(t)u), for t 2 T , u 2 k.Let U = hU� j � 2 �R+i. Then B = TU is a Borel subgroup of G with unipotent radicalU .Let gZ = Lie(GZ). The assumption of simple connectedness means that gZ is spannedby a Chevalley basis fX� (� 2 R);H� (� 2 S)g. Since GZ is smooth, we have g = gZ
Z k.We denote the images of the Chevalley basis elements by the same symbols; the elementX� 2 g can also be described as dx�(1), where dx� is the di�erential of x� at 0. We alsoset h = LieT .Since the above discussion concerns general facts about simply connected semisimplegroups, we can also consider a simply connected group ~G of type Cl, with maximal torus~T , Borel subgroup ~B, root homomorphisms ~x� for � 2 ~R and so on.2.2. We de�ne the subgroupsD = hx�(u); � 2 Rlong; u 2 ki � Gand ~A = h~x�(u); � 2 ~Rlong; u 2 ki � ~G:Then D is of type Dl and ~A is of type A1l. Both groups are simply connected. Their(scheme-theoretic) centres, represented by the group algebras over k of X(T )=ZRlong andX( ~T )=Z ~Rlong respectively (cf. [Ja1] II.1.6), areZ(D) �= � �(4) if l is odd�(2) � �(2) if l is even and Z( ~A) = ~T1 �= �(2)l:We set ~a = Lie( ~A) and d = Lie(D).2.3. All of the groups we have de�ned are stable under the Frobenius morphisms FG ofG and F ~G of ~G, so we also have Frobenius kernels G1 = KerFG, T1, B1, ~G1, D1 etc.2.4. There is a well known equivalence between in�nitesimal k-group schemes of height� 1 and �nite-dimensional restricted Lie algebras over k. Under this equivalence theFrobenius kernel of a group corresponds to the Lie algebra of the Frobenius kernel (whichis the same as that of the group) in such a way that they have the same representationtheory ([DG] II,x7,3.9-3.12, 4.1-1.3 and [Ja1], I.8.6). Thus, we will feel free switch betweenthese languages, using whichever is convenient for the occasion.x3. The special isogenies � and �.3.1. The existence of isogenies between G and ~G was proved in [Ch], Exp. 23-04, Th.1and Exp 24-05. The isogenies � : G! ~G and � : ~G ! G are de�ned (see [St2], p146, Th.28) by(1) � : x�(t) 7! � ~x�_(t) if � 2 Rlong~x�_(t2) if � 2 Rshort5



and(2) � : ~x�(t) 7! ( x�_(t) if � 2 ~Rlongx�_(t2) if � 2 ~Rshort :The tangent maps are(3) d� : X� 7! � ~X�_ if � 2 Rlong0 if � 2 Rshortand(4) d� : ~X� 7! ( X�_ if � 2 ~Rlong0 if � 2 ~Rshort :We set g� = ker d�, ~g� = ker d� . These are restricted Lie algebras which correspond,under the equivalence described in (I.2.4), to the scheme-theoretic kernels G� of � and ~G�of � . Also, we may consider T�, h�, ~T� , ~h� , etc.Note that � � � = FG and � � � = F ~G, so G� is a normal subgroup scheme of G1, g� isan ideal of g, with g=g� �= ~g� , with parallel statements for ~G� .We let ~D = �(D) and A = � ( ~A). These are the subgroups of ~G and G, generated bythe short root subgroups. The relationships among the groups we have discussed so far isgiven by the diagrams of group extensions (5)-(8) below. It is not di�cult to check theircorrectness from (1)-(4) and by some elementary Lie algebra calculations. Consider, forexample, the restriction of d� to d. It is immediate from (3) that d� maps d onto ~g� , andthat the kernel lies inside h, which gives the third row of (7) below. We can describe thekernel explicitly. The basis element H�j is mapped to ~H~�j . Expressing the latter in thebasis f ~H~�igli=1 as ~H~�j =Pih~!i; ~�_j i ~H~�i , we see that the matrix of d�jh ish~!i; ~�_j i = 0BBBB@ 1 0 : : : 0 00 1 : : : 0 0... ... . . . ... ...0 0 : : : 1 10 0 : : : 0 21CCCCA (mod 2).Thus, the kernel d� = h� is spanned by H�l�1 �H�l.Remark.Calculations of the same nature are also used to determine the centers of the various Liealgebras (cf. [Hu]). For example, an element H 2 h will belong to the center z(g) of gif and only if it commutes with all of the elements X� for � 2 S, and this condition isequivalent to being in the kernel of the linear map h ! kl, H 7! (�i(H))li=1, which hasmatrix equal to the Cartan matrix h�i; �j_i mod 2. Thus, z(~g) = hP 1�i�li odd ~H~�ii, andz(g) = hH�li = h�. The Lie algebras z(g) and z(~g) correspond to the centers Z(G) andZ( ~G) of the groups as in 2.4, since the latter are both isomorphic to �(2). In particular,we see that Z(G) = T�. The induced morphism G=Z(G) ! ~G and its di�erential arediscussed in [Bo], V.23. (See also 5.6 below.)6



Global picture.(5) 1 ����! G� ����! A �����! ~A ����! 1 ??y\ ??y\1 ����! G� ����! G �����! ~G ����! 1x??[ x??[ x??[1 ����! T� ����! D �����! ~D ����! 1 x??[ x??[1 ����! T� ����! T �����! ~T ����! 1
(6) 1 ����! ~G� ����! ~D �����! D ����! 1 ??y\ ??y\1 ����! ~G� ����! ~G �����! G ����! 1x??[ x??[ x??[1 ����! ~T� ����! ~A �����! A ����! 1 x??[ x??[1 ����! ~T� ����! ~T �����! T ����! 1In�nitesimal picture.(7) 1 ����! G� ����! A1 �����! ~T� ����! 1 ??y\ ??y\1 ����! G� ����! G1 �����! ~G� ����! 1x??[ x??[ 1 ����! T� ����! D1 �����! ~G� ����! 1 x??[ x??[1 ����! T� ����! T1 �����! ~T� ����! 17



(8) 1 ����! ~G� ����! ~D1 �����! T� ����! 1 ??y\ ??y\1 ����! ~G� ����! ~G1 �����! G� ����! 1x??[ x??[ 1 ����! ~T� ����! ~A1 �����! G� ����! 1 x??[ x??[1 ����! ~T� ����! ~T1 �����! T� ����! 13.2. For any representation � of ~G, the composite � � � is a representation of G. If Mis the module for �, we write M (�) for the G-module thus obtained. Conversely, any G-module N on which G� acts trivially is of the form M (�) for some ~G-module M , and weshall then write this module M as N (��1). Similar notation will be used for twisting anduntwisting representations by � . Twisting by the n-th power of the Frobenius map will bedenoted by M (2n) (many authors write M (n)).Since � maps T onto ~T and � maps ~T onto T we have injective homomorphismsX( ~T ) ��! X(T ) and X(T ) ��! X( ~T ):(These maps should perhaps be called �� and � � but the chosen notation �ts better with thestandard notation for Frobenius twists.) The composites � �� and � � � are multiplicationby 2.Explicitly, we have (see x1)(1) � : ~!i 7! !i (1 � i � l � 1); ~!l 7! 2!l;(2) � : !i 7! 2~!i (1 � i � l � 1); !l 7! ~!l:3.3. Let X+( ~T ) be the set of dominant weights f� 2 X( ~T )jh�;�_i � 0 for all � 2 ~R+g.We de�ne the restricted weightsX1( ~T ) = f� 2 X+( ~T )jh�;�_i < 2gand the � -restricted weightsX� = X� ( ~T ) = f� 2 X1( ~T )jh�; ~�_l i = 0 g:The sets X1(T ) and X� = X�(T ) are de�ned analogously (X� = X�(T ) = f� 2 X1(T )jh�;�_j i = 0 for all j = 1; : : : ; l � 1g); we see that X� is the set of those weights in X1( ~T )which do not involve ~!l, while X� = f0; !lg.8



x4. Simple modules.4.1. The simple rational G-modules are parametrized by their highest weights � 2 X+(T ),the simple module with highest weight � being denoted by L(�) ([Ja1] II.2.7). Similarly,the simple ~G-modules will be denoted ~L(�), � 2 X( ~T ). We shall also need correspondingnotation for the simple modules of the subgroupsD and ~A. We shall use LD(�) for D and~L ~A(�) for ~A, often dropping the subscripts unless there is danger of confusion, for examplebetween the simple modules for G and D with the same highest weight.It is well known that the modules L(�) for � 2 X1(T ) and ~L(�) for � 2 X1( ~T ) aresimple for the Frobenius kernels G1 and ~G1 respectively. In [St1] it is also shown that the~L(�) for � 2 X� are simple for ~g� (or equivalently for ~G� ) (and that the L(�), � 2 X� aresimple g�-modules). This can also be seen as follows. For � 2 X� , we have �� 2 X1(T ).Thus, the simple G-module L(��) is simple for g. It is the g-module obtained from the~g-module ~L(�) by restriction along d�. But d�(g) = ~g� , which shows that ~L(�) is simplefor ~g� .Since the subalgebra d � g is also mapped onto ~g� by d�, we see that the simple G-module L(��) is also simple for d, hence for D as well, which in turn means that ~L(�) issimple for ~D. Thus, the � -restricted simple ~G-modules a�ord irreducible representationsof D, G, ~D, G1, D1, ~G1, ~D1 and ~G� , with a similar conclusion for �-restricted ~G-modules.4.2. Now every � 2 X+(T ) can be written as(1) � = �0 + ��1 + 2�2 + 2��3 + � � �with �i 2 X� for even indices i and �i 2 X� for odd indices. The weights � 2 X+( ~T ) havesimilar expressions with even and odd transposed and with � in place of �.We adopt the convention that whenever a weight � 2 X(T ) is expanded as in (1), orpartially so as(2) � = �0 + ��1 + 2�2 + 2��;the �i will always lie in X� or X� (whichever makes sense) and � will be in X+(T ) orX+( ~T ) (depending on the previous term in the expansion). Similarly for characters of ~T .A sharpened version of Steinberg's tensor product theorem ([St1], Theorem 11.1) statesthat for � as in (1), we have a G-module isomorphism(3) L(�) �= L(�0)
 ~L(�1)(�) 
 L(�2)(2) 
 ~L(�3)(2�) 
 � � �and for � 2 X( ~T ) (expanded similarly) we have a ~G-module isomorphism(4) ~L(�) �= ~L(�0) 
L(�1)(�) 
 ~L(�2)(2) 
 L(�3)(2�) 
 � � �Remark.1) Recall that X� = f0; !lg. The Weyl module V (!l) is the 2l-dimensional spin module.Its weights f(�12 ;�12 ; : : : ;�12 ; )g form a single orbit under the Weyl group of R so it isequal to L(!l). As we saw in (4.1), the modules L(��), � 2 X� are simple modules for9



the group D, a simply connected group of type Dl. Therefore, the tensor product theoremtells us that once we know the characters of the restricted simple modules over k for typeDl, we shall know the characters of all simple modules for types Bl, Cl and Dl.The following easy general observations, stated for G� are valid also for ~G� and allFrobenius kernels, with the obvious changes and will be used later for calculations with allof these groups.Lemma. Let M be a �nite-dimensional G-module and let � = �0 + ��̂ and � = �0 + ��̂be dominant weights with �0, �0 2 X�. Then the following hold.(a)HomG(L(�);M 
L(�)) �= Hom ~G(Hom(L(�̂); fHomG� (L(�0);M 
 L(�0))g��1 
 L(�̂)))In particular, if ~G acts trivially on the �rst tensor factor (in braces), thenHomG(L(�);M 
 L(�)) is isomorphic to this factor if �̂ = �̂ and is zero otherwise.(b) Every submodule of M (�) 
L(�0) is of the form N (�) 
L(�0) for some submoduleN of M .(c) The evaluation map HomG� (L(�0);M) 
 L(�0)!Mis injectiveProof: Part (a) is simply the fact the �xed points for G are the G=G� �xed points inthe G� �xed points. Now apply (a) with M (�) and �0 in place of M and L(�). Thisshows that If L �= L(�) is a simple submodule of M (�) 
 L(�0), then �0 = �0 and Mhas a submodule L̂ �= L(�̂) with L = L̂ 
 L(�0), so (b) holds for simple submodules.The general case follows by a straightforward induction on the composition length of thesubmodule. To prove (c), we apply (b) with M (�) replaced by HomG� (L(�0);M). Thekernel of the evaluation map must be of the form N 
 L(�0) for some submodule N ofHomG� (L(�0);M), and by de�nition of the evaluation map, we must have N = 0.One consequence of (c) which will be used at several points later on is the following.(We discuss the D1 case.) Let �, �, � 2 X1 (restricted weights for D). We want a simplesu�cient condition for D to act trivially on HomD1(L(�); L(�) 
 L(�)). Let �� denotethe highest weight of ~L(�)� and let � be the half-sum of the positive roots (of RL). Then� = ��, so h�; �i = h��; �i. We may therefore assume without loss that(5) h�; �i � h�; �i � h�; �i:The D1 version of (c) says that if L(2!) is a composition factor of HomD1(L(�); L(�) 
L(�)), then L(� + 2!) is one of L(�) 
 L(�), hence(6) h�+ �; �i � h�+ 2!; �i:10



Corollary 4.2.1 (D1 version). Let �, �, � 2 X1. Then D acts trivially onHomD1(L(�); L(�) 
L(�)) if h�; �i < min!2X+(T )nf0gh2!; �i:Proof: If the inequality holds, then every composition factor must be trivial, so themodule is trivial since Ext1D(k; k) = 0. (Note that any self-dual weight � with the propertythat h�; �i � 0 for all positive roots � could have been used in place of �.)Corollary 4.2.2 (special case). Let ~�; ~� 2 ~X� . Then ~G acts trivially onHom ~G� (~L(~�); ~L(~!1) 
 ~L(~�)):Proof: We check the hypotheses of (the ~G� -version of) Corollary 4.2.1 with � = ~!1 andusing ~� = (l; l � 1; : : : ; 1) in place of �. Assume l � 3. For ! 2 X+(T ) n f0g, the value ofh�!; ~�i is minimized when �! = 2~!1, so the inequality in the hypothesis of Corollary 4.2.1is satis�ed. Therefore ~G acts trivially onHom ~G� (~L(~�); ~L(~!1)
 ~L(~�))when l � 3. It is easy to see that the action is also trivial when l � 2.4.3. Set ~�� = ~!1 + � � � ~!l�1. Then �(~�� ) is the weight of the �rst Steinberg module forD. It follows ([Ja1] II.10.2) that L(�(~�� )) is injective for D1 and that ~L(~�� ) is injectivefor ~G� . Similarly, L(!l) is a injective simple module for G�. Its restriction along � is thesimple ~A-module which is the tensor product of l copies of the natural module for SL2(k),one for each direct factor of ~A �= (SL2(k))l.Thus, we see that when considering � and � the modules ~L(~�� ) and L(!l) assume therole usually played by the �rst Steinberg module when the Frobenius map is involved.x5. Adjoint modules.5.1. If G1 ��! G2 is a morphism of k-group schemes, then the tangent map d� : Lie(G1) !Lie(G2) is a map of G1-modules with respect to the adjoint actions of the groups on theirLie algebras, with ker d� = Lie(Ker�). In particular if G1 is semisimple and V is a �nite-dimensional G1-module whose weights generate the character group of a maximal torus ofG1, then we have an embedding of G1-modules(1) Lie(G1) ,! Endk(V ) �= V � 
 V:We continue now with the notation of xx2-4. Our aim is to describe the submodulestructure of Lie algebras g, ~g, ~g� , g�, d, ~d, ~a and a with respect to the adjoint actions ofthe various groups. These module structures can be found in [Hi�], which also treats thecase of �nite �elds, but for our purposes we prefer to give a treatment in the context ofthe diagrams 3.1(5)-(8). 11



5.2. Consider the Lie algebra d, a Chevalley algebra of type Dl, l � 3. Its centre is (cf.remark in x3)(1) z(d) = � hH�l�1 �H�li if l is odd,hH�l�1 �H�l ;H�1 +H�3 + � � �+H�l�1i if l is even.TheD-module d=z(d) is simple (hence isomorphic to the simple module with highest weightequal to the maximal root �max = (1; 1; 0; : : : ; 0) which is �2 if l > 3 and �1+�3 if l = 3 (cf.I.1(1))). To see this, recall �rst the general fact the adjoint module is the Weyl modulefor the longest root. Its weights are the roots (each with multiplicity one) and 0. Thus,if a D-submodule of d has a nonzero weight, then this weight is a root and since theWeyl group of Rlong acts transitively on the roots, it follows that the submodule has themaximal root as a weight, hence is the whole module. Therefore, the only weight of anyproper submodule is 0. Finally, since Ext1D(k; k) �= H1(D;k) = 0, we see that any propersubmodule of d is trivial for D, hence contained in z(d). Note that this argument wouldalso work for simply connected semisimple groups of type Al and El, where all roots havethe same length.The third row of 3.1(7) gives a short exact sequence(2) 0 �! h� �! d d��! (~g� )(�) �! 0of D-modules and Lie algebras. Now �max = �~!2, so d=z(d) �= LD(�max) is the restrictionalong � of the � -restricted simple ~G-module ~L(~!2). Also, it is easy to check (using (1) andthe remark in x3) that h� is the one-dimensional subspace hH�l�1 �H�li � z(d) so thatwhen l is even d�(z(d)) = h ~H~�1 + ~H~�3 + � � �+ ~H~�l�1i = z(~g) (cf. the remark in 3.1). Thus,we have the following conclusion from (2).Lemma.(a) If l is odd then ~g� �= ~L(~!2)(b) If l is even, then there is a nonsplit exact sequence0 �! k �! ~g� �! ~L(~!2) �! 0;where the trivial submodule is h ~H~�1 + ~H~�3 + � � �+ ~H~�l�1i = z(~g).5.3. To describe g�, we consider the exact sequence of ~A-modules and Lie algebras(1) 0 �! ~h� �! ~a d��! (g�)(�) �! 0;obtained from 3.1(8). The ~A-module ~a is the direct sum of l copies h ~X~i ; ~H~i ; ~X�~i i of sl2.Now one easily checks that ~h� = h ~H~i � ~H~l j 1 � i � l� 1i, so z(~a) = ~h is mapped by d�onto hHl i, which is z(g). The quotient g�=z(g) is therefore a 2l-dimensional module for~G (acting via � as in (1)) with weights �~i, 1 � i � l. Since ~1 = 2~!1 and ~L(~!1) is thenatural 2l-dimensional module for ~G �= Sp2l(k), we see that the quotient is isomorphic to~L(2~!1). Since ~H~i = [ ~X~i ; ~X�~i ], it follows that z(g) lies in the kernel of every ~a-modulehomomorphism of g� into k. We have proved the following result.12



Lemma. There is a nonsplit exact sequence of G-modules0 �! k �! g� �! L(!1) �! 0;where the trivial submodule is hH�l i = z(g).Finally, we note that since g� has the same weights as the natural (2l + 1)-dimensionalorthogonal module for G �= Spin2l+1(k), it is clear that g� is isomorphic to the Weylmodule V (!1).5.4. Set V = ~L(~!1)(= ~V (~!1)), the natural module for ~G. Since V �= V � as ~G-modules, wehave an embedding of ~G-modules ~g ,! End(V ) �= V � 
 V �= (V 
 V )�. Since the maximalroot of ~R is 2~!1 = (2; 0; : : : ; 0), we have ~g �= ~V (2~!1) , so we may identify ~g with thesubmodule of (V 
 V )� generated by the unique one-dimensional subspace of weight 2~!1.This weight is clearly a weight of S2(V )� � (V 
V )�, and now a comparison of dimensionsshows that(1) ~g �= S2(V )�:Moreover, from the natural exact sequence(2) 0 �! ^2(V )� �! S2(V )� �! V (2)� �! 0we see that(3) rad ~g �= ^2(V )� �= ^2(V ):Now V carries a unique (up to scalar) nonzero ~G-invariant symplectic form (in ^2(V )�),whose kernel is therefore the unique ~G-submodule of codimension one in ^2(V ) �= rad ~g.On comparing dimensions (using 5.2(2)) we see that this submodule is isomorphic to ~g� .We now consider the two cases. First, when l is odd we have ~g� �= ~L(~!2) by Lemma5.2(a), so the self-dualtiy of ^2(V ) forces(4) rad ~g = z(~g)� ~g� �= k � ~L(~!2):In the even case, the self-duality of ^2(V ) and the structure of ~g� given by Lemma 5.2(b)imply that rad~g �= ^2(V ) must be uniserial with composition factors in descending orderk, ~L(~!2), k = z(~g). Thus, in this case ~g is also uniserial. In fact, we can see from the thenatural exact sequence(5) 0 �! S2(V )� �! (V 
 V )� �! ^2(V )� �! 0that the self-dual module V 
 V is uniserial.Remarks.1) The description above of ~g� as the unique ~G-submodule of codimension one in theexterior square of the natural module shows that it isomorphic to the Weyl module ~V (~!2).2) The results of this paragraph, together with the exact sequence (cf. 3.1(8))(6) 0 �! ~g� �! ~g d��! (g�)(�) �! 0provide an alternative proof of Lemma 5.3. 13



5.5. We now consider g� �= V (!2). We have an exact sequence of G-modules (cf. 3.1(7))(1) 0 �! g� �! g d��! (~g� )(�) �! 0:As before, we have two cases.If l is odd, then since (~g� )(�) �= L(!2), by Lemma 5.2(a), we have rad(g) = g�, whosestructure is described in Lemma 5.3. Thus, g is uniserial with composition factors L(!2),L(!1), k = z(g).If l is even, we claim that g is again uniserial, with composition factors in the orderL(!2), k L(!1), k = z(g). By Lemma 5.2 and (1), it is clear that g has such a compositionseries, and from the structures of ~g� and g� given in Lemma 5.3, the uniseriality will beproved if we show g=z(g)G = 0. We can repeat an argument from (5.2): If this space werenonzero, its inverse image in g would be a submodule in which all composition factors werek, so G would act trivially on it since Ext1G(k; k) �= H1(G; k) = 0. But this would implythat the submodule is contained in z(g), a contradiction.5.6. We end this section with a discussion of the Lie algebras arising from groups oftype Bl, Cl, and Dl which are not simply connected. The Frobenius map of the simplyconnected groups induces multiplication by 2 on the characters of the maximal tori, and thespecial isogenies also correspond to maps of character groups which send roots to integermultiples of roots. Therefore, these morphisms induce morphisms of the quotients G etc.of the simply connected groups by arbitrary central subgroups, and we can consider thekernels G1, G� etc. of these induced morphisms. As in the simply connected case, therepresentation theory of these kernels may be be identi�ed with that of their (restricted)Lie algebras. In the case of the Frobenius kernels, these are just the Lie algebras of thegroups G etc. These Lie algebras are mod 2 reductions of Z-Lie subalgebras of gZ 
 Q,~gZ 
Q, and dZ 
Q respectively. We may take Chevalley bases (with the notation of 2.1)for the rational Lie algebras in each case and then describe Z-bases of the Z-Lie algebrasin terms of the Chevalley bases. In fact, the root spaces are always spanned by the rootvectors X� of a Chevalley basis, so each of the Z-Lie algebras, hence the resulting k-Liealgebras, will be determined by their intersection with hQ, that is, by the Lie algebra ofthe split maximal torus in the corresponding Z-group. These in turn can be found fromthe cocharacters, hence from the characters of the maximal torus.We begin with groups of type Dl, (l � 3), where we must separate the even and oddcases. We use the notation of 2.2, in which D is a simply connected k-group of type Dl,with maximal torus T , with root system R = Rlong, fundamental roots �i and fundamentaldominant weights �i.Type Dl, l even. Here X(T )=ZR �= Z=2Z�Z=2Z, the nontrivial elements being the imagesof �1, �l�1, and �l. Let X(1), X(l�1) and X(l) are the sublattices of X(T ) generated by theroots and each of these three weights. They may be identi�ed as the character groups ofmaximal tori T (1), T (l�1) and T(l) in groupsD(1), D(l�1) andD(l) which are quotients of Dby central subgroups isomorphic to �(2). D(1) comes from the orthogonal representationand the others from the two half-spin representations. We de�ne the following three14



elements of hQ = Lie(TZ) 
Z Q:H(1) = 12(H�l�1 �H�l);H(l�1) = 12( l�1Xr=1 rH�r ) + (l � 2)4 (H�l�1 �H�l);(1) H(l) = H(1) +H(1�1) = 12( l�1Xr=1 rH�r ) + l4(H�l�1 �H�l):Then the image of 2H(i) in d = Lie(D) is central and spans the kernel of the mapd ! d(i) = LieD(i). Moreover, h(i)Z = Lie(T (i)Z ) is the lattice in hQ spanned by theelements H� , � 2 R together with H(i). The center of d(i) is spanned by the commonimage of H(j), j 6= i. For the adjoint group D, we take the lattice spanned by all the H�sand H(i)s. The radical (=socle) strucures of the D-modules d, d(i) and d are now easilycalculated, the results being depicted below.(2) d : L(�2)k � k ; d(1) : kL(�2)k ; d(l�1) : kL(�2)k ; d(l) : kL(�2)k ; d : k � kL(�2) :Type Dl, l odd. Here X(T )=ZR �= Z=4Z. We denote by D the adjoint group and by ~D theintermediate group. The latter is isomorphic to the subgroup of ~G which we have alreadynamed ~D. The lattice hZ is spanned by the H�s and the element H = 12 (Pl�1r=1 rH�r ) +l4 (H�l�1 �H�l), while ~hZ is spanned by the H�s and ~H = 2H . The image in d of 2 ~H spansz(d), which is the kernel of the map d ! ~d. The image of this map is an ideal isomorphicto g� (as Lie algebras and D-modules). The image of ~H in ~d spans z(~d), which is the kernelof the map ~d! d. It follows that ~d �= z(~d)� g� as Lie algebras and D-modules.Again, we give pictures of the module structures. For l = 3, replace �2 by �2+�3. (Recallthat for l = 3 the centre node of the Dynkin diagram is labelled \1").(3) d : L(�2)k ; ~d : k � L(�2) ; d : kL(�2) :Remark.The module ~d provides and example in which the reduction mod p of an admis-sible lattice in a simple module for a complex simple Lie algebra is decomposable as amodule for the algebraic group in characteristic p. (See [Lin]. For arbitrary p, examplescan be derived in an analogous way from the group G = SLp2(K), where K is an alge-braically closed �eld of characteristic p. The center, which is isomorphic to �(p2), containsa subgroup Z �= �(p), and the G-module Lie(G=Z) is the direct sum of the center and thecommutator subalgebra.)We now discuss the Lie algebras related to the adjoint groupsG and ~G of typesBl and Cl.Let g = Lie(G), ~g, g� etc. denote the objects for the adjoint groups corresponding to the15



unbarred objects for the simply connected groups. By arguments used in the discussionsof type Dl above and the simply connected groups of type Bl and Cl earlier, we candetermine the structures of the modules g, g�, ~g and ~g� . We omit the details, but inthe �gures below, we show the radical (=socle) �ltrations of these modules, together withthose already described in the simply connected case, for comparison.l odd.(4) ~g� : ~L(~!2) ; g� : L(!1)k ; ~g : ~L(2~!1)k � ~L(~!2) ; g : L(!2)L(!1)k :(5) ~g� : ~L(~!2) ; g� : kL(!1) ; ~g : k~L(2~!1)~L(~!2) ; g : k � L(!2)L(!1) :l even.(6) ~g� : ~L(~!2)k ; g� : L(!1)k ; ~g : ~L(2~!1)k~L(~!2)k ; g : L(!2)kL(!1)k :(7) ~g� : k~L(~!2) ; g� : kL(!1) ; ~g : k~L(2~!1)k~L(~!2) ; g : kL(!2)kL(!1) :x6. Cohomology. In each row of the diagrams 3.1(5)-(8) we have an a�ne k-groupscheme with a normal subgroup scheme such that the quotient is an a�ne k-group scheme.Therefore there are Lyndon-Hochschild-Serre spectral sequences ([Ja1] I.6.6) for the rows.6.1. When the normal subgroup scheme is of multiplicative type, the spectral sequencescollapse. Thus, the maps � and � induce the following isomorphisms.(1) H�(D;M) �= H�( ~D;M) for any ~D-module M ;(2) H�( ~A;M) �= H�(A;M) for any A-module M ;(3) H�( ~A1;M) �= H�(G�;M) for any G�-module M ;(4) H�(D1;M) �= H�( ~G� ;M) for any ~G� -module M:These are isomorphisms of graded k-algebras. Furthermore, (3) is an isomorphism of~A-modules and (4) is one of D-modules.By the same token, the cohomology of an adjoint group with values in any module isisomorphic to that of its simply connected covering group.16



6.2. With the convention of 4.2, let � = �0 +��, � = �0+�� 2 X+(T ) and ~� = ~�0 + � ~�,~� = ~�0 + � ~� 2 X+( ~T ) be given.Taking into account the tensor product theorem 4.2(3),(4), we see that the second rowsof 3.1(5) and 3.1(6) yield the spectral sequences(1) Exti~G(~L(�); ExtjG� (L(�0); L(�0))(��1) 
 ~L(�))) Exti+jG (L(�); L(�))and(2) ExtiG(L(~�); Extj~G� (~L(~�0); ~L(~�0))(��1) 
 L(~�))) Exti+j~G (~L(~�); ~L(~�)):The 5-term sequences, which will shall use repeatedly, are(3) 0 �! Ext1~G(~L(�); HomG� (L(�0); L(�0))(��1) 
 ~L(�)) �! Ext1G(L(�); L(�))�! Hom ~G(~L(�); Ext1G� (L(�0); L(�0))(��1) 
 ~L(�))�! Ext2~G(~L(�); HomG� (L(�0); L(�0))(��1) 
 ~L(�)) �! Ext2G(L(�); L(�))and(4) 0 �! Ext1G(L(~�); Hom ~G� (~L(~�0); ~L(~�0))(��1) 
 L(~�)) �! Ext1~G(~L(~�); ~L(~�))�! HomG(L(~�); Ext1~G� (~L(~�0); ~L(~�0))(��1) 
 L(~�))�! Ext2G(L(~�); Homj~G� (~L(~�0); ~L(~�0))(��1) 
L(~�)) �! Ext2~G(~L(~�); ~L(~�)):We shall not discuss the spectral sequences for the other extensions in 3.1(5)-(8) untilthey are needed, except to note that in the in�nitesimal cases such as the second row of3.1(7), there is an action of a global group, in this case G. Thus, for any G-module M , weobtain a spectral sequence of modules for G �= G=G1(5) Hi( ~G� ;Hj (G�;M)(��1))(��1) ) Hi+j(G1;M)(2�1):6.3. We can now make some reductions in the problem of computing simple module ex-tensions for ~G and G.Let ~�, ~� 2 X( ~T ). Then since ExtjG� (L(!l); L(!l)) = 0 for j � 1, we obtain from 6.2(1)the isomorphisms(1) Exti~G(~L(~�); ~L(~�)) �= ExtiG(L(!l + �~�); L(!l + �~�)); i � 0:(See also 7.2(2) below.) Next, write �, � 2 X+(T ) as � = �0 + ��1 + 2� and � =�0 + ��1 + 2�. Then, in the same way, the 5-term sequence for (G;G1) ([Ja1] II.10.17)shows that if �0 + ��1 = �0 + ��1, then(2) Ext1G(L(�); L(�)) �= Ext1G(L(�); L(�)):These two reductions show that in order to compute all extensions of simple modules forG and ~G, it is enough to compute the groups Ext1G(L(�); L(�)), with �0 + ��1 6= �0 +�1.These reductions apply also to extensions of simple modules for the Frobenius kernels.17



6.4. The reductions of 6.3 lead us to consider the spectral sequence 6.2(1). We need thefollowing result.Lemma. We have an isomorphism of graded ~G-algebras(1) H�(G�; k)(��1) �= S(~L(~!1));where right hand side is the symmetric algebra with its usual grading.Proof: We have Z(G) = T� and from Lemma 5.2 it follows that G�=Z(G) �= (L(!1))a;1(Frobenius kernel of the additive group of the module), and this isomorphism is compatiblewith the action of G. Therefore,(2) H�(G� ; k) �= H�(G�=Z(G); k) �= H�((L(!1))a;1; k)as graded G-algebras. The result now follows from the known isomorphism ([Ja1], I.4.27)H�((L(!1))a;1; k) �= S(L(!1)):Thus, if �0 = �0 = 0 in the 5-term sequence 6.2(3) we have:(3) 0 �! Ext1~G(~L(�); ~L(�)) �! Ext1G(L(�); L(�))�! Hom ~G(~L(�); ~L(~!1) 
 ~L(�)) �! Ext2~G(~L(�); ~L(�)):6.5. We return to the situation left by 6.3. Thus, we have � = �0 + �� = �0 + ��1 + 2�(with � = �2 + ��3 + � � � , etc.), � = �0 + �� = �0 + ��1 + 2� 2 X+(T ), and we shallassume(1) �0 + ��1 6= �0 + ��1:Recall that X� = f0; !lg and that L(!l) is injective for G�. There are three cases:(a) f�0; �0g = f0; !lg. Here, we have ExtjG� (L(�0); L(�0)) = 0 for all j, so ExtjG(L(�);L(�)) = 0 for all j, by 6.2(1).(b) �0 = �0 = 0 and �� � 2 Z ~R, or �0 = �0 = !l;(c) �0 = �0 = 0 and �� � =2 Z ~R.Remark: Since 2X( ~T ) � Z ~R, the conditions on �� � in (b) and (c) depend only on the�rst two terms of the expansions of � and �. The precise conditions are as follows.If l is even then �X(T ) = Z ~R, so�� � 2 Z ~R () �1 � �1 2 Z ~R:If l is odd then 2X( ~T ) � Z ~R (but �X(T ) * Z ~R). Then�� � 2 Z ~R () � �1 � �1 2 Z ~R and �2 = �2; or�1 � �1 =2 Z ~R and �2 6= �2:18



(b) Suppose �rst that �0 = �0 = !l. This has already been discussed in 6.3; we haveExtjG� (L(�0); L(�0)) = 0 for j � 1, so by 6.2(1) ExtjG(L(�); L(�)) �= Extj~G(~L(�); ~L(�)) forall j. (Note thus that if l is even, �0 = �0 = !l, and ��� 62 Z ~R, then ExtjG(L(�); L(�)) �=Extj~G(~L(�); ~L(�)) �= 0 for all j.) Now suppose �0 = �0 = 0 and � � � 2 Z ~R. Then in6.4(3), since ~!1 =2 Z ~R, the third term is zero, and so the �rst two terms are isomorphic.Thus, in case (b) we have(2) Ext1G(L(�); L(�)) �= Ext1~G(~L(�); ~L(�)):Now � = �1 + �� � = �1 + ��. In view of (1), the �rst and fourth terms of 6.2(4) (with~� = � and ~� = �) are zero, and combining the resulting isomorphism with (2), we obtain(3) Ext1G(L(�); L(�)) �= HomG(L(�);Ext1G� (~L(�1); ~L(�1))(��1) 
L(�)):(c) In this case, the �rst and fourth terms of 6.2(3) are zero, so, using Lemma 6.4, weobtainExt1G(L(�); L(�)) �= Hom ~G(~L(�); ~L(~!1)
 ~L(�))�= hHom ~G� (~L(�1); ~L(~!1) 
 ~L(�1))(��1) 
Hom(L(�); L(�)iG�= Hom ~G� (~L(�1); ~L(~!1)
 ~L(�1))(��1) 
HomG(L(�); L(�));(4)by Corollary 4.2.2.Thus, in case (c), we have:(5)Ext1G(L(�); L(�)) �= 8><>: Hom ~G� (~L(�1); ~L(~!1)
 ~L(�1)) �= Hom ~G(~L(�1); ~L(~!1)
 ~L(�1))if � = �;0 otherwise :We have reduced the problem of computing extensions of simple modules for G and ~Gto the computation of the spaces in (3) and (5). In (5), the simple modules involved inthe right hand side are � -restricted, so they are simple for D1 and D, acting through �(cf. 4.2). Moreover, D also acts trivially on the Hom-space. Thus, since ~L(~!1)(�) �= L(�1)as D-modules, the right hand side of (5) can be computed as(6) HomD(L(��1); L(�1)
 L(��1));which is a problem purely about D.The isomorphism 6.1(4) shows that results for D are very useful in the computation ofthe module Ext1G� (~L(�1); ~L(�1))(��1), appearing in (3). However, the D-module structureis not quite su�cient to compute the right hand side of (3) in all cases; one needs to knowthe G-action. 19



6.6. We turn now to the G-module structure of the spaces Ext1~G� (~L(�); ~L(�)) (�,� 2 X� ),such as appear in 6.5(3). We do not present the parallel results for Frobenius kernels,which we shall also use later, as the notational changes involved are clear. For � 2 X� , let~Q(�) denote the ~G� -injective hull (= projective cover) of the simple module ~L(�). Denoteby �� the highest weight of ~L(�)�. Then one has for � 2 X�(1) Hom ~G(~L(�); ~L(�� � ��) 
 ~L(�� )) = Hom ~G� (~L(�); ~L(�� � ��) 
 ~L(�� )) �= k;as can be seen by considering weights, using the injectivity of ~L(�� ). Therefore the G-module ~L(�� ���)
 ~L(�� ) has a unique copy of ~L(�) in its socle and when considered asa ~G� -module is injective, with ~Q(�) appearing exactly once as a direct summand. Thus,(2) Ext1~G� (~L(�); ~L(�))(��1) �= Hom ~G� (~L(�); (~L(�� � ��)
 ~L(�� ))=~L(�))(��1)asG-modules. It now follows from Lemma 4.2 that the multiplicity of L(�) as a compositionfactor of (2) is no greater than the composition multiplicity(3) h~L(�� � ��)
 ~L(�� ) : ~L(�+ ��)i ~G :This multiplicity can be computed from the weights alone, so in practice, this can be usedas a rough �rst estimate in �nding the module structure. Lemma 4.2 can also sometimes beapplied to determine the G-socle of (2) if certain G-extensions have already been computed,by whatever means.x7. Cohomology of Frobenius kernels.In this section, which is not required for the computations for G and ~G, we discuss thecohomology of the Frobenius kernels G1 and ~G1. We shall concentrate on G1, which ismore interesting.7.1. If M is a G-module, the second row of 3.1(7) gives rise to the following spectralsequence of modules for G �= G=G1. (Note that we must keep track of twisting.)(1) Hi( ~G� ;Hj (G�;M)(��1))(��1) ) Hi+j(G1;M)(2�1):Let � = �0 + ��1, � = �0 + ��1 2 X1(T ). We will consider the consequences of (1) forthe various choices of �0 and �0.Suppose �rst that f�0; �0g = f0; !lg. Then as L(!l) is injective for G�, we see that(2) ExtiG1(L(�); L(�)) = 0 for i � 0:Next, suppose �0 = �0 = !l. Then we obtain isomorphisms(3) ExtiG1(L(�); L(�))(2�1) �= Exti~G� (~L(�1); ~L(�1))(��1) for i � 0:Now we come to the most complicated case �0 = �0 = 0. We have by Lemma 6.4,(4) Exti~G� (~L(�1); Sj(~L(~!1)) 
 ~L(�1))(��1) ) Exti+jG1 (L(�); L(�))(2�1)20



To compute Ext1G1(L(�); L(�))(2�1), we consider the commutative diagram with exactrows:(5)0! Ext1~G(~L(�1); ~L(�1)) �! Ext1G(L(�); L(�)) �! Hom ~G(~L(�1); ~L(~!1) 
 ~L(�1))!??y ??y 0! Ext1~G� (~L(�1); ~L(�1)) �! Ext1G1(L(�); L(�)) res��! Hom ~G� (~L(�1); ~L(~!1) 
 ~L(�1))The equality between the third terms follows by Corollary 4.2.2.If �1 � �1 2 Z ~R, then the third term is zero, since ~!1 =2 Z ~R. Thus:(6) Ext1G1(L(�); L(�))(2�1) �= Ext1~G� (~L(�1); ~L(�1))(��1) if �1 � �1 2 Z ~R:If �1 � �1 =2 Z ~R, then the �rst term and the missing fourth term Ext2~G(~L(�1); ~L(�1)) inthe top row are zero. It follows that the restriction map in the bottom row is surjective inthis case. We must now separate the even and odd rank cases.l even. In this case �X(T ) = Z ~R, and so the �rst term in the bottom row is zero. Thus,we have shown:(7) Ext1G1(L(�); L(�))(2�1) �= Hom ~G� (~L(�1); ~L(~!1) 
 ~L(�1))(��1):l odd. We claim in this case that no weight of Ext1~G� (~L(�1); ~L(�1))(��1) belongs to ZR.Now since �1 6= �1, we have by 6.2(4)HomG(L(�);Ext1~G� (~L(�1); ~L(�1))(��1)) �= Ext1~G(~L(�1 + ��); ~L(�1));which, since we are assuming �1 � �1 =2 Z ~R, will be zero unless �� =2 Z ~R, or equivalently� =2 ZR. Our claim now follows. As we have already mentioned, the restriction map in thebottom row is surjective and G acts trivially on the image. It now follows that(8) Ext1G1(L(�); L(�))(2�1 ) �= Ext1~G� (~L(�1); ~L(�1))(��1)�Hom ~G� (~L(�1); ~L(~!1)
 ~L(�1));with trivial G action on the second summand.The computation of the ~G-modules Ext1~G1(~L(�); ~L(�)) for �, � 2 X1( ~T ) by means ofthe 5-term \ination-restriction" sequence arising from the second row of 3.1(8) is lesscomplicated, since either the ination map or the restriction map will be an isomorphism,according to whether or not �0 and �0 are equal. The precise result is:(9) Ext1~G1(~L(�); ~L(�))(2�1) �= 8>>><>>>: ~L(~!1) if � = � = �0;HomG� (L(�1);Ext ~G� (~L(�0); ~L(�0))(��1) 
 L(�1))(��1)if �0 6= �0;0 otherwise.21



7.2. In the same way, it is possible to compute G� and G1 extensions between simpleG-modules and ~G� and ~G1-extensions between simple ~G-modules. The same applies tothe Frobenius kernels of the various groups of type Dl. The various group extensions fromwhich the appropriate spectral sequences arise can be derived from the descriptions oftheir Lie algebras in 5.6. For example, when l is even, we have corresponding to 5.6(7) thegroup extensions(10) 1 �! G�=Z(G) �! G� �! Z(G=G�) �! 1; 1 �! ~G�=Z( ~G) �! ~G� �! Z( ~G= ~G� ) �! 1;(11) 1 �! G� �! G1 ��! ~G� �! 1 and 1 �! ~G� �! ~G1 ��! G� �! 1:(See also [AJ], 6.4, where a similar situation is considered.)x8. Cohomology of sheaves on G=B and ~G= ~B.Various formulae in the cohomology of line bundles on the ag varieties G=B and ~G= ~Bcan be extended immediately to the present context with the Frobenius map replaced by� and � . We omit the proofs, which are formally the same as in the usual case. Each B-module M de�nes a G-linearized sheaf L(M) on G=B ([Ja1] I.5.8). The i-th cohomologygroup Hi(M) = Hi(G=B;L(M)) is therefore a G-module. Similarly, we have ~G-modules~Hi(N) for each ~B-module N . For i = 0, we obtain the induced modules indGB(M) andind ~G~B(N).8.1. For �, � 2 X+(T ), we have a ~G-module isomorphism(1) Ext1G� (L(�);H0(�))(��1) �= ind ~G~B(Ext1B� (L(�); �)(��1));and for �, � 2 X+( ~T ), we have a G-module isomorphism(2) Ext1~G� (~L(�); ~H0(�))(��1) �= indGB(Ext1~B� (~L(�); �)(��1)):(As usual, one-dimensionalmodules will be denoted by their characters.) The usual versionof these formulae were �rst proved in [AJ] (See [Ja1], II.12.8.). We will often use the case� = 0.8.2. (cf. [Ja1] II.3.19.) For any B-module M , we have a ~G-module isomorphism(1) ~Hi(~�� 
M (�)) �= ~L(~�� ) 
Hi(M)(�)and for any ~B-module N , we have a G-module isomorphism(2) Hi(!l 
N (�)) �= L(!l)
 ~Hi(N)(�):These formulae are variations of one in [An] and [Ha].Remark. We have !l = (12 ; 12 ; : : : ; ; 12 ) and �X( ~T ) � Zl. Therefore, (2) shows that if thecoordinates of � 2 X+(T ) are half-integers, then H0(�) is divisible by the spin module.This statement remains true in arbitrary characteristic at the level of formal characters,as can also be seen using Weyl's character formula.22



x9. Good �ltrations. In this �nal paragraph, G will denote any reductive group overan algebraically closed �eld k. Our purpose is to collect together some important factswhich will be needed later. An ascending �ltration of a G-module is said to be good ifthe subquotients are isomorphic to induced modules H0(�) for various � 2 X+. There isalso the dual notion of a Weyl �ltration. The important facts for our purposes about a�nite-dimensional G-module M with a good �ltration are the following:(1) The multiplicity of H0(�) as a subquotient is dimk HomG(V (�);M).(2) If H0(�) and H0(�) are both good �ltration factors and � � �, then M has a good�ltration in which the factor H0(�) appears above the factor H0(�).(3) If the module M 0 also has a good �ltration, then so does M 
M 0.A proof of (1) can be found in ([Ja1], II.4.18), and (2) follows from a standard propertyof Weyl modules ([Ja1], II.2.14). The deeper fact (3) is proved in ([Do2], 7.3.1) witha few exceptions and in general in [Ma]. Given a module with a good �ltration, themultiplicities of the subquotients can be determined from the weight multiplicities in themodule. Thus, for modules of the form M = H0(�) 
 H0(�), it is routine to calculatedimk HomG(V (�);M) for any � 2 X+.
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II. Groups of Rank 2 and 3x1. Type A3 = D3.1.1. Throughout this section, D will denote the simply connected group of type D3 overthe �eld k, obtained from a split Z-group DZ. We shall use notation of I.1, so for examplethe simple roots are �i, i=1, 2, 3, with corresponding fundamental weights �i. Note thatin our notation �1 belongs to the middle node of the Dynkin graph.1.2. We haveD �= SL4(k) and V = V (�2) may be identi�ed with the natural 4-dimensionalmodule. The graph automorphism J of D of order 2 may then be identi�ed with the mapsending a matrix to its inverse-transpose. Twisting a simple module by J yields the dualmodule. We have D-module isomorphisms V (�1) �= ^2(V ) and V (�3) �= ^3(V ) �= V �.Also, the module H0(r�2) is isomorphic to the r-th symmetric power Sr(V ). We have thefollowing natural exact sequences:(1) 0 �! ^2(V ) �! V 
 V �! S2(V ) �! 0;(2) 0 �! V (2) �! S2(V ) �! ^2(V ) �! 0and(3) 0 �! ^3(V ) �3�! V 
^2(V ) �2�! V 
 S2(V ) �1�! S3(V ) �! 0:Since char k 6= 3, the maps in (3) all split naturally over k. The 20-dimensional D-module Coker�3 = ker�1 is H0(�1 + �2). It is clear that V and ^2(V ) are simple modulesas they each contain a single orbit of weights under the Weyl group. Thus, we have(V �
^2(V �))(J) �= (V �
^2(V �))� �= V 
^2(V ), from which it follows that H0(�1+�2) �=V (�1+�2) so it is also simple. As usual, the �rst Steinberg moduleH0(�1+�2+�3) = H0(�)is simple, and is injective for the �rst Frobenius kernel D1. Finally, the adjoint moduled = V (�2 + �3) can be identi�ed with the Lie algebra of endomorphisms of V with tracezero. The centre consists of the scalar multiplications and the quotient by the centre issimple, being a self-dual quotient of a Weyl module.Remark. It is interesting to note that the Lie algebra d=z(d) is isomorphic to the simpleChevalley algebra of type G2, as pointed out to the second author in 1990 by I. Kaplansky.Using this isomorphism, we could make use of results on type D3 to prove results abouttype G2 or vice versa. For example, the cohomology rings of the Frobenius kernels areisomorphic. However, we are interested in the action of the global groups D and G2(k)and the isomorphism above does not take this fully into account. Therefore, we prefer totreat the two groups separately (see x4 for G2), now that we have pointed out the sourceof many coincidences in the two sets of results.1.3. For the rest of this section let � and � be dominant weights. We �x the notation� =P 2i�i = �0 + 2�̂ = �0 + 2�1 + 4�, and similarly for �.24



Our aim is to compute Ext1D(L(�); L(�)) using the 5-term sequence for (D;D1):(1) 0 �! Ext1D(L(�̂);HomD1(L(�0); L(�0))(2�1) 
 L(�̂)) �! Ext1D(L(�); L(�))�! HomD(L(�̂);Ext1D1(L(�0); L(�0))(2�1) 
 L(�̂))�! Ext2D(L(�̂);HomD1(L(�0); L(�0))(2�1) 
 L(�̂)) �! 0If �0 = �0, then the third term is zero by [Ja1], II.12.9, and the resulting isomorphismof the �rst two terms shows that eventually we are reduced to the case �0 6= �0. Assumefrom now on that �0 6= �0. Then the �rst and fourth terms are zero, yielding(2) Ext1D(L(�); L(�)) �= HomD(L(�̂);Ext1D1(L(�0); L(�0))(2�1) 
L(�̂))�= HomD(L(�);HomD1(L(�1);Ext1D1(L(�0); L(�0))(2�1) 
 L(�1))(2�1) 
 L(�)):1.4. We compute the D-modules Ext1D1(L(�0); L(�0)). The number of cases which mustbe considered is reduced by some general properties. The group of extensions is trivial ifeither �0 or �0 is equal to � ( since L(�) is injective, hence also projective for D1) or if�0 = �0 (by [Ja1] Proposition II.12.9), or if �0��0 =2 2X(T ) (by [Ja1] Lemma II.9.16(b)).Furthermore we have D-module isomorphisms(1) Ext1D1(L(�0); L(�0)) �= Ext1D1(L(�0)�; L(�0)�) �= [Ext1D1(L(�0); L(�0))](J);where J is the inverse transpose automorphism (See 1.2.).Lemma. For �0, �0 2 X1(T ), we have Ext1D1(L(�0); L(�0)) = 0 except in the followingcases (up to duality and J):(a) Ext1D1(k;L(�1))(2�1) �= L(�2)� L(�3);(b) Ext1D1(k;L(�2 + �3))(2�1) �= L(�1)� k;(c) Ext1D1(L(�3); L(�2))(2�1) �= L(�3);(d) Ext1D1(L(�3); L(�1 + �3))(2�1) �= L(�2).Proof: The computations for (a) and (b) are [Ja2], 4.1(b) and 6.8(c) respectively. Wenext consider (c). In the notation of x1.2, this group is H1(D1; V 
 V )(2�1). From 1.2(1)and (2) we obtain(2) 0 �! V (2) �! H1(D1;^2(V )) �! H1(D;V 
 V ) �! H1(D1; S2(V ))and(3) 0 = H1(D1; V (2)) �! H1(D1; S2(V )) �! H1(D1;^2(V )):Then, since ^2(V ) �= L(�1), we obtain from (2), (3) and (a) the exact sequence(4) 0 �! L(2�3) �! H1(D1; V 
 V ) �! L(2�2) � L(2�3)25



This shows that the possible composition factors of H1(D1; V 
 V )(2�1) are L(2�2) andL(2�3). Since there are no extensions among these composition factors, the module issemisimple. We have(5) HomD(L(�2);Ext1D1(L(�3); L(�2))(2�1) �= Ext1D(L(�3 + 2�2); L(�2))and(6) HomD(L(�2);Ext1D1(L(�3); L(�2))(2�1) �= Ext1D(L(�3 + 2�2); L(�2)):Elementary arguments show that radV (�3+2�2) �= L(�1+�3) and that radV (3�3) �= L(�2),and now (c) follows.For the rest of this lemma, we want to apply I.6.6 repeatedly. Let Q(�) denote theD1-injective hull of the restricted simple module L(�). We have Q(�1+ �3) � L(�3)
L(�)and Q(�2 + �3) � L(�1) 
 L(�) (as direct summands). We list the composition factors ofthe tensor products (with multiplicites):(7) L(�3) 
 L(�) : L(�1 + �2 + 2�3); 2L(�2 + 2�1); 3L(�3 + 2�2); 4�(�1 + �3):L(�1) 
L(�) : L(�2 + �3 + 2�1); 2L(2(�2 + �3)); 3L(�1 + 2�3);3L(�1 + 2�2); 6L(2�1); 6L(�2 + �3); 8k:(8)We can now prove (d). By I.6.6 and (7), the module Ext1D1(L(�3); L(�1+ �3))(2�1) is eitherzero or L(�2). We haveHomD(L(�2);Ext1D1(L(�3); L(�1 + �3))(2�1)) �= Ext1D(L(�3 + 2�2); L(�1 + �3)) �= k;from the description of V (�3 + 2�2) given above, hence (d).After taking various symmetries into account, the proof of the lemma will be completeonce we have shown that Ext1D1(L(�0); L(�0))(2�1) = 0 for the pairs(�0; �0) = (i) (�1 + �2; �1 + �3) (ii) (�2; �1 + �3) (iii) (�1; �1 + �3):In case (i), we see from (7)and I.6.6 that the group is either zero or else L(�3). If thelatter were true we would have(10) HomD(L(�1 + �2 + 2�3); [L(�3) 
L(�)]=L(�1 + �3)) 6= 0:which would mean that the submodule of L(�3) 
 L(�) generated by its highest weightspace, isomorphic to V (�1 + �2 + 2�3) would have a simple radical L(�1 + �3). But byconsidering dimensions, one sees that this is not so. Therefore, case (i) is done.For (ii), all possibilities for composition factors of Ext1D1(L(�2); L(�1 + �3))(2�1) exceptfor L(�1) are ruled out by I.6.6 and (7). We haveHomD(L(�1);Ext1D1(L(�2); L(�1 + �3))(2�1)) �= Ext1D(L(�2 + 2�1); L(�1 + �3)):26



We claim that radV (�2 + 2�1) is a nonsplit extension of L(�3 + 2�2) by L(�1 + �3). It isroutine to check that the composition factors are correct. Since V (�2 + 2�1) is isomorphicto a submodule of L(�1 + �2) 
 L(�1), the claim follows from the calculation(12)HomD(L(�3)
L(�2)(2); L(�1+�2)
L(�1)) �= HomD(L(�1+�3)
L(�2)(2); L(�2)
L(�1)) = 0:Case (ii) is �nished.For (iii),the possible composition factors of Ext1D1(L(�1); L(�2 + �3))(2�1) are restrictedby I.6.6 and (8) to L(�2) and L(�3). Therefore, as this module is isomorphic to its J-twist,it su�ces to show Ext1D(L(�1 + 2�2); L(�2 + �3)) = 0. In order to show this, we will usesome detailed facts about certain Weyl modules (see Table II.A.2). These can be checkedby elementary computations. Now V (�1+2�2) � V (�1)
V (2�2), and since both V (�1) andV (�1)
L(2�2) are simple, we have radV (�1)
V (2�2) � V (�1)
radV (2�2) �= V (�1)
V (�1).Also V (�1)
V (�1) contains a unique copy of V (2�1) and since [V (�1+2�2) : L(2�1)]D 6= 0,this copy lies inside radV (�1+2�2). The result now follows from the fact that [V (�1+2�2) :L(�2 + �3)] = [V (2�1) : L(�2 + �3)] = 1. This completes the proof of the lemma.1.5. Let E be one of the modules Ext1D1(L(�0); L(�0))(2�1) in Lemma 1.4. Then E is adirect sum of simple modules k and L(�i), i = 1; 2; 3. We wish to apply Corollary I.4.2with � = 0, �1, �2 and �3. The minimum value of h2!; �i for ! 2 X1(T ) n f0g is 3 whereash�1; �i = 2 and h�2; �i = h�3; �i = 3=2, so the hypotheses of the corollary are satis�ed. Itfollows that D acts trivially on the modules HomD1(L(�1); E 
 L(�1))(2�1) appearing in1.3(2). Therefore, we can rewrite 1.3(2) in the form(1) Ext1D(L(�); L(�)) �= � HomD(L(�1); E 
 L(�1))(2�1) if � = �0 otherwiseThus in order to compute Ext1D(L(�); L(�)), we are reduced to computing the D1-socles of the tensor products E 
 L(�1), which, as we have just seen, are equal to theD-socles. The D-socles can be found in the following way. Each such E is a direct sum ofrestricted simple modules L(�), so can be embedded to a direct sum of modules of the formH0(�) for the various �s. As a preliminary step, we �nd the factors in a good �ltrationof H0(�) 
H0(�1). This narrows down the possibilities for the D-socles of L(�) 
 L(�1).The �nal answer can then be obtained by elementary calculations.The results are given in the following table. The notationM1==[M2�M3]==M4 indicatesa module with a descending �ltration with subquotients M1, M2 �M3 and M4.27



Table II.1.5(�; �0) H0(�)
H0(�0) socD1(L(�) 
 L(�0))(�2; �2) H0(2�2)==H0(�1) L(�1)(�2; �1) H0(�1 + �2) �H0(�3) L(�1 + �2) � L(�3)(�2; �3) H0(�2 + �3)==k k(�2; �) Q(�1 + �2) L(�1 + �2)(�2; �1 + �3) H0(�1 + 2�2)==H0(2�1)==H0(�2 + �3) L(�) � L(�1)(�2; �1 + �2) H0(�) � [H0(2�3);H0(�1)] L(�2 + �3)(�2; �2 + �3) H0(2�2 + �3)==[H0(�1 + �3)�H0(�2)] L(�1 + �3)(�1; �1) H0(2�1)==H0(�2 + �3)==k k � L(�2 + �3)(�1; �) Q(�2 + �3) L(�2 + �3)(�1; �2 + �3) H0(�) � [[H0(2�2)�H0(2�3)]==H0(�1)] L(�) � L(�1)(�1; �1 + �2) H0(�2 + 2�1)==H0(�3 + 2�2)==[H0(�1 + �3) �H0(�2)] L(�2) �L(�1 + �3)1.6. We summarize our results. First, by 1.5(1) the space Ext1D(L(�); L(�)) is zero un-less � = �). If � = �) then there are (up to duality and J) essentially 4 choices of(�0; �0) where is not zero, corresponding to the four cases of Lemma 1.4. The dimensionof Ext1D(L(�); L(�)) for the di�erent choices of (�1; �1) can then be read o� from TableII.1.5 and are given in the tables belowTable II.1.6(a) (�0; �0) = (0; �1)(�1; �1) 0 �1 �2 �3 �1 + �2 �1 + �3 �2 + �3 �0 0 0 1 1 0 0 0 0�1 0 0 1 1 1 1 0 0�2 1 1 0 0 0 0 0 0�3 1 1 0 0 0 0 0 0�1 + �2 0 1 0 0 0 0 1 1�1 + �3 0 1 0 0 0 0 1 1�2 + �3 0 0 0 0 1 1 0 0� 0 0 0 0 1 1 0 028



Table II.1.6(b) (�0; �0) = (0; �2 + �3)(�1; �1) 0 �1 �2 �3 �1 + �2 �1 + �3 �2 + �3 �0 1 1 0 0 0 0 0 0�1 1 1 0 0 0 0 1 0�2 0 0 1 1 1 0 0 0�3 0 0 1 1 0 1 0 0�1 + �2 0 0 1 0 1 1 0 0�1 + �3 0 0 0 1 1 1 0 0�2 + �3 0 1 0 0 0 0 1 1� 0 0 0 0 0 0 1 1Table II.1.6(c) (�0; �0) = (�3; �2)(�1; �1) 0 �1 �2 �3 �1 + �2 �1 + �3 �2 + �3 �0 0 0 0 1 0 0 0 0�1 0 0 0 1 1 0 0 0�2 0 1 0 0 0 0 0 0�3 1 0 0 0 0 0 0 0�1 + �2 0 0 0 0 0 0 1 0�1 + �3 0 1 0 0 0 0 0 1�2 + �3 0 0 0 0 0 1 0 0� 0 0 0 0 1 0 0 029



Table II.1.6(d) (�0; �0) = (�3; �1 + �3)(�1; �1) 0 �1 �2 �3 �1 + �2 �1 + �3 �2 + �3 �0 0 0 0 1 0 0 0 0�1 0 0 1 0 0 1 0 0�2 1 0 0 0 0 0 0 0�3 0 1 0 0 0 0 0 0�1 + �2 0 1 0 0 0 0 0 1�1 + �3 0 0 0 0 0 0 1 0�2 + �3 0 0 0 0 1 0 0 0� 0 0 0 0 0 1 0 0x2. Types B3 and C3.2.1. By I.6.5, the problem of computing extensions of simple modules for G and ~G hasbeen reduced to computing the groups on the right of I.6.5(6) and I.6.5(3). The �rstcomputation can be read o� from Table II.1.5. Here is the relevant part of that table, withnotation suitably changed.Table II.2.1 ~G� -socles of ~L(~!1) 
 ~L(�), � 2 X�� 2 X� soc ~G� (~L(~!1) 
 ~L(�))~!1 k � ~L(~!2)~!2 ~L(~�� )� ~L(~!1)~�� ~L(~!2)The next two paragraphs are devoted to the second.2.2. Extensions for ~G� .Lemma. Up to switching �1 and �1 2 X� , the only nonzero groups Ext1~G� (~L(�1);~L(�1))(��1) are:(a) Ext1~G� (k; ~L(~!1))(��1) �= L(!3);(b) Ext1~G� (k; ~L(~!2))(��1) �= H0(!1). Further, H0(!1)=L(!1) �= k.Proof: By I.6.1(4), the module Ext1~G� (~L(�1); ~L(�1))(��1) are zero unless the correspond-ing D1-extension Ext1D1(L(��1); L(��1))(2�1) is listed in Lemma II.1.4 (with (�0; �0) =(�1; �1)), up to switching �1 with �1. and in that case, the Lemma gives the D-module30



structure, with D acting though �. Only the �rst two parts of Lemma II.1.4 describe ex-tensions of simple modules which come from simple ~G� -modules, namely, L(�~!1) �= L(�1)and L(�~!2) �= L(�2+�3). Therefore Lemma II.1.4(a) yields (a) of this lemma immediately,while part (b) of that lemma at least tells us the composition factors for (b) of the presentlemma. The module structure in (b) can then be found, either by elementary arguments,or by applying formula I.7.1(2).2.3. Socles of tensor products.Let E denote one of the G-modules in Lemma 2.2. To apply I.6.5(3), we need to �ndthe G-socles of L(�2)
E for �2 2 X�.Lemma. We have G-module isomorphisms:(a) socG� (L(!3) 
L(!3)) �= k;(b) socG� (H0(!1)) �= L(!1);(c) L(!3) 
H0(!1) �= L(!3)� (L(!3)
 L(!1)).In (a) and (b) the G-socles are the same.Proof: Every composition factor of L(!3) 
 L(!3) is trivial for G�, so (a) holds. Next,G� acts trivially on L(!1), so in (b), the G�-socle equals the space of �xed points of G�,which is therefore the �-twist of a ~G-module. Now H0(!1) is not such a module because~H0(~!1) is simple. This proves (b). For (c), we note that L(!3) is injective for G�. Hence,for � 2 X+(T ),HomG(L(�); L(!3)
H0(!1)) �= HomG=G� (k;HomG� (L(�); L(!3)
H0(!1)))�= HomG=G� (k;HomG� (L(�); L(!3)� L(!3)
 L(!1)))�= HomG(L(�); L(!3)) �HomG(L(�); L(!3) 
L(!1)):(1)The G�-socles in (a) and (b) are simple G-modules, hence must be equal to the G-socles.In the notation of I.6.5(3), let � = �2 + ��3 + 2b� and � = �2 + ��3 + 2b�. Then by thelemma, the only G-composition factors of the modules M (�) = HomG� (L(�2); E 
L(�2))are k and L(!1), both 2-restricted.Hence by I.6.5(3),Ext1(L(�); L(�)) �= HomG(L(�); E 
 L(�))�= HomG1(L(�2 + ��3); E 
 L(�2 + ��3))(2�1) 
HomG(L(b�); L(b�))�= Hom ~G� (~L(�3);M 
 ~L(�3))((2�)�1) 
HomG(L(b�); L(b�))(2)Since M is a direct sum of copies of k and ~L(~!1), we are reduced to computing thedimension of Hom ~G� (~L(�3); ~L(~!1) 
 ~L(�3)), which has already been given in Table II.2.12.4. Extensions of simple modules for G and ~G.Recall that by I.6.3, the calculation of all extensions of simple modules for G and ~G isreduced to the calculation of Ext1G(L(�); L(�)) for �, � 2 X+(T ) satisfying �0 + ��1 6=�0 + ��1. Then in I.6.5, the calculation was further reduced to the computation of thegroups in I.6.5(3) and I.6.5(6), which has been given (for l = 3) in the preceding threesections. We collect these results together in the following statement, from which allextension groups of simple modules for G and ~G can be computed.31



Proposition. Let � = �0+��1+2�2+2��3+4b�, � = �0+��1+2�2+2��3+4b� 2 X+(T ),with �0+��1 6= �0+��1. Then Ext1G(L(�); L(�)) = 0 unless �0 = �0 and b� = b�. If theseconditions are satis�ed then the dimension d(�; �) of Ext1G(L(�); L(�)) is given as follows:(a) f�1; �1g = f0; ~!1g, �2 6= �2 and �3 = �3. In this case, we have d(�; �) = 1.(b) f�1; �1g = f0; ~!2g, �2 = �2. In this case, d(�; �) is given by Table II.2.4(a) below,in which the symbol \(1)" means 1 if �2 = !3 and 0 if �2 = 0.(c) �0 = �0 = 0 and (�1 + ��2) � (�1 � ��2 =2 Z ~R). In this case,d(�; �) = � 1 if �2 = �2, �3 = �3 and f�1; �1g 6= f0; ~��g,0 otherwise.In all other cases we have Ext1G(L(�); L(�)) = 0.Note that parts (a) and (b) of the proposition correspond to the case (b) in I.6.5, while(c) corresponds to (c) in I.6.5. Table II.2.4(a)(�3; �3) 0 ~!1 ~!2 ~��0 (1) 1 0 0~!1 1 (1) 1 0~!2 0 1 (1) 1~�� 0 0 1 (1)2.5. Extensions for G1 and ~G1. These were computed in section I.6.7 from the spectralsequence I.6.2(5). We display the speci�c results for rank l = 3 in the tables below.Extensions of 2r-restricted simple modules for the higher Frobenius kernels Gr and ~Gr arethe same as for the global groups. Now note that for G, we have that the result is zero if�0 6= �0 (in the notation of I.6.5), eliminating the need to include that part of the table.Furthermore, we can utilize the notational convention introduced in the preceding section.Let � = �0 + ��1 and � = �0 + ��1. In the next table, the notation (x) will mean x if�0 = �0 = 0 and 0 if �0 = �0 = !3.Table II.2.5(a) Ext1G1(L(�); L(�))(2�1)(�1; �1) 0 !1 !2 !1 + !20 0 (k) � L(!3) H0(!1) 0!1 (k)� L(!3) 0 (k) 0!2 H0(!1) (k) 0 (k)!1 + !2 0 0 (k) 032



Table II.2.5(b) Ext1~G1(~L(�); ~L(�))(2�1)(�; �) 0 ~!1 ~!2 ~!1 + ~!2 ~!3 ~!1 + ~!3 ~!2 + ~!3 ~!1 + ~!2 + ~!30 ~L(~!1) 0 ~L(~!1) 0 0 k 0 0~!1 0 ~L(~!1) 0 0 k 0 0 0~!2 ~L(~!1) 0 ~L(~!1) 0 0 0 0 0~!1 + ~!2 0 0 0 ~L(~!1) 0 0 0 0~!3 0 k 0 0 0 0 k � ~L(~!1) 0~!1 + ~!3 k 0 0 0 0 0 0 0~!2 + ~!3 0 0 0 0 k � ~L(~!1) 0 0 0~!1 + ~!2 + ~!3 0 0 0 0 0 0 0 0x3. Type G2.3.1. Throughout this section, G will denote the simple group of type G2 over the �eld k,obtained from a split Z-group GZ. We shall use notation similar to [Ja1]. Thus, T = (TZ)kis a maximal torus , R � X(T ) its root system and S = f�1; �2g a set of simple roots,with �1 being the short one. Let !1 and !2 be the corresponding fundamental weights.In order to compute the group of extensions between the simple modules L(�) and L(�),for �, � 2 X+(T ), we use the 5-term sequence of the Lyndon-Hochschild Serre spectralsequence. Thus if � = �0+2� and � = �0+2�, with �0, �0 2 X1(T ) = f0; !1; !2; !1+!2gand �, � 2 X+(T ), we have an exact sequence(1) 0 �! Ext1G(L(�);HomG1(L(�0); L(�0))(2�1) 
 L(�)) �! Ext1G(L(�); L(�))�! HomG(L(�);Ext1G1(L(�0); L(�0))(2�1) 
 L(�))�! Ext2G(L(�);HomG1(L(�0); L(�0))(2�1) 
 L(�)) �! 0If �0 = �0, then the third term is zero by a theorem of Andersen ([Ja1], II.12.9), andthe resulting isomorphism of the �rst two terms shows that eventually we are reducedto the case �0 6= �0. In this case the second and third terms are isomorphic and sowe are interested in the G-module structure of the groups Ext1G1(L(�0); L(�0)). Thegroups H1(G1; L(�0)) have been computed in [Ja2], and it is clear how to obtain all theH1(G;L(�)) from this. Also, the 1-cohomology of simple modules has been found for the�nite groups G2(2n), n � 6 in [Sin1]. We shall need some results from these papers in thecalculations below.Remark.We would like to correct some errors in the statement of the main theorem onp. 2654 in [Sin1]. The triples for which there is nonzero cohomology are the conjugatesof (f0g; ;; ;) and (f1g; f0g; ;). (In [Sin1], the second triple contained a misprint.) Also,for the algebraic group, conjugation should be by the powers of the Frobenius map. (The33



assertion Gal(F=F2) �= Z is incorrect.) However, it is the corrected statement which isproved in [Sin1].3.2. We shall describe some small modules here. We omit the details, which consist ofelementary computations, and can be found or easily derived from [Sin1]. L(!1) and L(!2)have dimensions 6 and 14 respectively. The latter module is equal to V (!2), the adjointmodule, while V (!1) has a trivial one-dimensional radical. Set � = !1 + !2. The moduleL(�) is the �rst Steinberg module, hence equal to V (�). We shall also need the structureof V (2!1). Its radical is isomorphic to the direct sum of L(!2) and H0(!1). Finally,the tensor product L(!1) 
 L(!2) is isomorphic to the direct sum of L(�) and a uniserialmodule with composition factors L(!1), k, L(2!1), k, L(!1).3.3. In this paragraph we determine the groups Ext1G1(L(�0); L(�0)) for �0, �0 2 X1(T ).There are no self-extensions and L(�) is injective for G1, so the following result gives thecomplete answer.Lemma.(a) H1(G1; L(!2))(2�1) �= H0(!1).(b) H1(G1; L(!1))(2�1) is uniserial, having a trivial socle with quotient isomorphic toH0(!1).(c) Ext1G1(L(!1); L(!2)) = 0.Proof: Part (a) is [Ja2], 5.3 (2), and for (b), formula 5.3(3) of the same paper gives theexact sequence 0 �! k �! H1(G1; L(!1))(2�1) �! H0(!1) �! 0;so we only have to show that the middle term has no submodule isomorphic to L(!1).Now, HomG(L(!1);H1(G1; L(!1))(2�1)) �= Ext1G(L(2!1); L(!1));which is zero, from the structure of V (2!1).To prove (c), we note that the group there is isomorphic to H1(G1; U), where U is theuniserial summand of L(!1)
 L(!2)) in 3.2. We have exact sequences(1) 0 �! H1(G1; radU) �! H1(G1; U) �! H1(G1; L(!1))and (since H1(G1; k) = 0)(2) 0 �! radU= socU �! H1(G1; L(!1)) �! H1(G1; radU) �! 0:By (b), the �rst map of (2) is an isomorphism, so the last map in (1) is an embedding of G-modules. If the image were nonzero, it would contain a trivial submodule, by (b), but thiswould contradict the fact that HomG(k;Ext1G1(L(!1); L(!2))) �= Ext1G(L(!1); L(!2)) = 0,since V (!2) is simple.3.4. The next lemma describes the G1-socles of L(!1) with the restricted simple modules.34



Lemma.(a) socG1(L(!1)
 L(!1)) �= k � L(!2).(b) socG1(L(!1)
 L(!2)) �= L(�)� L(!1).(c) socG1(L(!1)
 L(�)) �= L(!2).The G-socles coincide with these.Proof: The G-socles are given in [Sin1] Lemmas 2.5 and 2.6. To show that the G1-soclesare the same as the G-socles we need to show that G acts trivially on HomG1(L(�); L(!1)
L(�0)) for any restricted simple modules L(�) and L(�0). At this point we could applyCorollary I.4.2, or else argue directly as follows. The result is clear if �0 = 0, so we assume�0 6= 0. In (a) and (b), Lemma 2.1 of [Sin1] shows that all nontrivial simple G1-modulesoccur with multiplicity less than 6 as G1 composition factors of the tensor products onthe left of the isomorphisms. Since 6 is the smallest dimension of a nontrivial G-module,the result follows for (a) and (b). For (c), it is enough to note that HomG1(L(�); L(!1) 
L(�)) �= HomG1(L(�); L(!1) 
 L(�)) and the multiplicity of L(�) as a G1 compositionfactor of L(!1) 
 L(�) is at most 1, by [Sin1], Lemma 2.1.3.5. Let � = �0 + 2�1 + 4~� and � = �0 + 2�1 + 4~�, with �0 6= �0. >From 3.4 and 3.3, itfollows that HomG1(L(�1);Ext1G1(L(�0); L(�0))(2�1) 
 L(�1)) has dimension less than 6,hence must be trivial for G. Therefore, from 3.1, we obtain(1)Ext1G(L(�); L(�)) �= 8><>: HomG(L(�1);Ext1G1(L(�0); L(�0))(2�1) 
 L(�1))�= HomG1(L(�1);Ext1G1(L(�0); L(�0))(2�1) 
 L(�1)) if ~� = ~�;0 otherwise.Lemma.(a) socG1(H1(G1; L(!1))(2�1)) �= k.(b) socG1(H1(G1; L(!2))(2�1)) �= L(!1).(c) socG1(L(!1)
H1(G1; L(!1))(2�1)) �= L(!1)� L(!2).(d) socG1(L(!2)
H1(G1; L(!1))(2�1)) �= L(!1)� L(!2)� L(�).(e) socG1(L(�) 
H1(G1; L(!1))(2�1)) �= L(!2)� L(�) � L(�).(f) socG1(L(!1)
H1(G1; L(!2))(2�1)) �= k �L(!2).(g) socG1(L(!2)
H1(G1; L(!2))(2�1)) �= L(!1)� L(�).(h) socG1(L(�) 
H1(G1; L(!2))(2�1)) �= L(!2)� L(�).The G-socles are the same.Proof: We have already noted above, that the G-socles are equal to the G1-socles, sowe shall compute whichever one is the most convenient in each case. First, (a) and (b)are clear from 3.3. Also, (e) and (h) follow easily from [Sin1], Lemma 2.1, using theinjectivity of L(�). Next, we prove (g). We have HomG(k;L(!2) 
H0(!1)) = 0 and fromthe structure of L(!1)
L(!2) (3.2) we see that HomG(L(!1); L(!2)
H0(!1)) �= k. Also,HomG(L(!2); L(!2)
H0(!1)) �= HomG(V (!2);H0(!2)
H0(!1)) = 0, as the latter grouphas dimension equal to the multiplicity of H0(!2) as a good �ltration factor of the tensorproduct. For (f), it is clear that the trivial module appears once in the socle and one of the35



computations in the proof of (g) shows that L(!2) appears once. There is no L(!1) in thesocle since [L(!1)
L(!1) : L(!1)] = 0, so that HomG(L(!1)
L(!1);H0(!1)) = 0. To showthat L(�) does not appear in the socle one applies ([Sin1], Lemma 2.1) and the injectivityof L(�) for G1. (c) Set M = H1(G1; L(!1)(2�1). It is clear that HomG(k;L(!1)
M) = 0.Since M=k �= H0(!1) (3.3 (b)), it follows from (f) that HomG(L(!1); L(!1)
 (M=k)) = 0,hence HomG(L(!1); L(!1) 
M) = k. From the structure of L(!1) 
 L(!2), we obtainHomG(L(!2); L(!1) 
 M) = k, and from consideration of composition factors, we �ndHomG(L(�); L(!1)
M) = k. Finally, we prove (d). The only computation which has notalready been done above and does not follow from consideration of composition factors isthat of HomG(L(!2); L(!2) 
M). By (g), we have HomG(L(!2); L(!2)
 (M=k)) = 0, sothe result is clear.3.6. We summarize the results of 3.1-3.5.Proposition. Let � = �0 + 2�1 + 4~� and � = �0 + 2�1 + 4~�, where �i, �i 2 X1(T )and ~�, ~� 2 X+(T ). Let � = �1 + ~� and � = �1 + ~�. Then if �0 = �0, we haveExt1G(L(�); L(�)) �= Ext1G(L(�); L(�)). If �0 6= �0 then Ext1G(L(�); L(�)) = 0 unless~� = ~� and f�0; �0g is (a) f0; !1) or (b) f0; !2g, in which case the dimension is given inthe tables below. Table II.3.6(a)(�1; �1) 0 !1 !2 !1 + !20 1 0 0 0!1 0 1 1 0!2 0 1 1 1!1 + !2 0 0 1 2Table II.3.6(b)(�1; �1) 0 !1 !2 !1 + !20 0 1 0 0!1 1 0 1 0!2 0 1 0 1!1 + !2 0 0 1 136



II.A AppendixTable II.A.1. Weight multiplicities (Type D3)dim 0 010 100 020002 011 101 �W -orbit size 1 4 6 4 12 12 24L(0) 1 1L(010) 4 � 1L(100) 6 � � 1L(011) 14 2 � � � 1L(101) 20 � 2 � � � 1L(�) 64 � � 4 2 � � 1Table II.A.2 Weyl module composition factors (D3)Weyl module radical (composition factors)V (�1) ;V (�2) ;V (�2 + �3) kV (�1 + �3) ;V (2�1) L(�2 + �3)V (2�2) L(�1)V (3�3) L(�2)V (�3 + 2�2) L(�1 + �3)V (�2 + 2�1) L(�1 + �3); L(2�2 + �3)V (�1 + 2�2) k;L(�2 + �3); L(2�1)V (�1 + �2 + 2�3) L(�1 + �3); L(2�2 + �3); L(�2 + 2�1)37



Table II.A.3 Weyl module composition factors (B3)Weyl module radical (composition factors)V (!1) kV (!2) k;L(!1)V (!3) ;V (2!1) k;L(!1); L(!2)Table II.A.4 Weyl module composition factors (C3)Weyl module radical (composition factors)V (~!1) ;V (~!2) ;V (2~!1) k;L(~!2)

38



Chapter III. Groups of Rank 4x1. Preliminary remarks.1.1. The goal of this chapter is to compute the extensions of simple modules for thesimply connected semisimple algebraic groups of types A4; B4; C4; and D4 and for theirLie algebras. Much of the e�ort in this chapter is directed towards the computation of thequantities E = Ext1G1(L(�0); L(�0)) for all pairs of 2-restricted highest weights (�0; �0) inthe case where G is simply connected of type A4 or D4. The socle of E can be determinedby using an isomorphism derived from the Lyndon-Hochschild-Serre spectral sequence (cf.II.1.3). A modi�cation of this idea can be used to determine the higher socle layers of E.If P;Q are simple G-modules, the long exact sequence in cohomology gives0 �! HomG(P; soc(E) 
Q) �! HomG(P;E 
Q) �! HomG(P; (E= soc(E)) 
Q)(1) �! Ext1G(P; soc(E) 
Q) �! : : :We will apply this repeatedly in situations where Ext1G(P; soc(E) 
Q) �= 0. (It will turnout that for simply connected A4 and D4, we are able to show that all of the quantitiesE = Ext1G1(L(�0); L(�0)) have zero second socle layers, i.e., that E is semisimple.)We use the resulting information to compute all of the groups Ext1G(L;M) for the (simplyconnected) algebraic groups of types A4 andD4 using the 5-term sequence. We then use theLyndon-Hochschild-Serre spectral sequence for the pair ( ~G; ~G� ) (where ~G� is the kernel ofthe special isogeny � : ~G ! G introduced in section I.3.1), together with the informationgathered about the extension modules for the Frobenius kernel of D4, to calculate theextension modules for ~G� . Finally, we combine this information with known results (I.6.4)about the extension modules for G� (the kernel of � : G! ~G discussed in I.3.1) to calculateall of the extension modules for (simply connected) B4 and C4, and their Lie algebras.x2. Type A4.2.1. Throughout this section, G will denote the simply connected group of type A4 overthe �eld k, obtained from a split Z-group GZ. We shall use notation similar to that ofI.1, so for example the simple roots are �i, i=1, 2, 3, 4, with corresponding fundamentalweights �i.2.2. We have G �= SL5(k) and V = V (�1) = L(�1) may be identi�ed with the natural5-dimensional module. It is well known that �i(V ) �= V (�i) for i = 2; 3; 4:We observe alsothat V (�1 + �4) �= L(�1 + �4) may be identi�ed with the adjoint module.Unlike the situation in chapter II, we need �rst to calculate some socles of tensor prod-ucts of simple restricted modules, as this information is needed in order to compute thestructure of the Ext1G1 modules. As in chapter II, we list the factors in a good �ltration ofH0(�)
H0(�0), narrowing down the possibilities for the G- socles of L(�)
L(�0). Theseare listed in Table III.A.3 in the Appendix. The �nal answer can then be obtained bystraightforward calculations. For future reference, we also record a table (Table III.A.5)of composition factors of certain Weyl modules which will be used throughout the paper.These can easily be computed using Jantzen's Sum Formula ([Ja1], II.8.19), together with39



Freudenthal's Formula (or by utilizing the tables of weight multiplicities of Bremner etal. [BMP]). To save space, we do not repeat information which can be obtained directlyfrom that already recorded by duality or a graph automorphism. Occasionally, we needto know the multiplicities of certain simple modules appearing as composition factors ofcertain tensor products of restricted simple modules, especially, for example, when uti-lizing the computations outlined in section I.6.6 for narrowing down the sructure of theExt1G1(L(�0); L(�0))'s. For this information, we refer the reader to Table 2-2 of [Dw]. (Theweight multiplicities of the restricted simple modules can be completely determined fromthose of the Weyl modules [BMP] using the Jantzen Sum Formula ([Ja1], II.8.19). Thetensor products are then computed by calculating the weight orbits under the Weyl groupand then multiplying the appropriate formal characters.)2.3 Extensions for (A4)1. In this section we compute, along the lines described pre-viously, all of the quantities Ext1G1(L(�0); L(�0)), where L(�0) and L(�0) are simple G-modules with 2-restricted highest weights. Using the result of I.6.6 together with Table2-2 of [Dw] and taking into account duality and the graph automorphism of A4, we needto list 42 such computations. We also use the fact that for G = A4, Ext1G1(L;L) = 0 forany restricted simple module L.a) Ext1G1(k;L(�1 + �2 + �4)) �= L(2�1):From the fact ([Ja1], II.12.8) thatH1(G1;H0(�))(2�1) �= indGB(H1(B1; �)(2�1));we obtain H1(G1;H0(�1 + �2 + �4))(2�1) �= 0: From the Jantzen Sum Formula we obtainthat H0(�1 + �2 + �4)=L(�1 + �2 + �4) has a �ltration L(�2)==L(2�1). Thus, the shortexact sequence0! L(�1 + �2 + �4)! H0(�1 + �2 + �4)! H0(�1 + �2 + �4)=L(�1 + �2 + �4)! 0yields the isomorphism0! L(2�1) ! H1(G1; L(�1 + �2 + �4))! 0;by taking G1 -�xed points, and considering the long exact sequence in cohomology.b) Ext1G1(k;L(�2 + �3)) �= k:From the fact that H1(G1;H0(�))(2�1) �= indGB(H1(B1; �)(2�1));we obtain H1(G1;H0(�2 + �3))(2�1) �= 0: Then from the short exact sequence0! L(�2 + �3)! H0(�2 + �3)! k! 0,we obtain 0! k! H1(G1; L(�2 + �3))! 0;by taking G1 -�xed points, and considering the long exact sequence in cohomology.40



c) Ext1G1(k;L(�2 + �4)) �= L(2�3):From the fact that H1(G1;H0(�))(2�1) �= indGB(H1(B1; �)(2�1));we obtain H1(G1;H0(�2 + �4))(2�1) �= L(�3): Then from the short exact sequence0! L(�2 + �4)! H0(�2 + �4)! L(�1)! 0,we obtain 0! H1(G1; L(�2 + �4))! L(2�3)! 0;by taking G1 -�xed points, and considering the long exact sequence in cohomology.d) Ext1G1(k;L(�3 + �4)) �= 0:From the fact that H1(G1;H0(�))(2�1) �= indGB(H1(B1; �)(2�1));we obtain H1(G1;H0(�3 + �4))(2�1) �= 0: However, H0(�3 + �4) �= L(�3 + �4):e) Ext1G1(k;L(�1 + �4)) �= 0:From the fact that H1(G1;H0(�))(2�1) �= indGB(H1(B1; �)(2�1));we obtain H1(G1;H0(�1 + �4))(2�1) �= 0: However, H0(�1 + �4) �= L(�1 + �4):f) Ext1G1(k;L(�2)) �= L(2�1):From the fact that H1(G1;H0(�))(2�1) �= indGB(H1(B1; �)(2�1));we obtain H1(G1;H0(�2))(2�1) �= L(�1): However, H0(�2) �= L(�2):g) Ext1G1(k;L(�1)) �= 0:From the fact that H1(G1;H0(�))(2�1) �= indGB(H1(B1; �)(2�1));we obtain H1(G1;H0(�1))(2�1) �= 0: However, H0(�1) �= L(�1):h) Ext1G1(L(�1 + �4); L(�1 + �2 + �3)) �= 0:By section I.6.6 and Table 2-2 of [Dw], the only simple G-module that could appear as acomposition factor of Ext1G1(L(�1 + �4); L(�1 + �2 + �3)) is L(2�3):HomG(L(2�3);Ext1G1(L(�1 + �4); L(�1 + �2 + �3)))- HomG(L(2�4);Ext1G1(L(�1 + �4); L(�1 + �2 + �3)) 
 L(2�1))(as HomG(L(�4); L(�3) 
 L(�1)) �= k;)�= Ext1G(L(�1 + �4 + 2�4); L(�1 + �2 + �3 + 2�1)) �= 0;41



since �1 + 3�4 is not comparable with 3�1 + �2 + �3 in the (usual) partial order.i) Ext1G1(L(�3 + �4); L(�1 + �2 + �3)) �= 0:The only simple G-module that could appear as a composition factor is L(2�2):HomG(L(2�2);Ext1G1(L(�3 + �4); L(�1 + �2 + �3)))- HomG(L(2�3);Ext1G1(L(�3 + �4); L(�1 + �2 + �3)) 
 L(2�1))(as HomG(L(�3); L(�2) 
 L(�1)) �= k;)�= Ext1G(L(�3 + �4 + 2�3); L(�1 + �2 + �3 + 2�1)) �= 0;since 3�3 + �4 is not comparable with 3�1 + �2 + �3 in the (usual) partial order.j) Ext1G1(L(�1 + �2); L(�1 + �2 + �3)) �= L(2�4):The only simple G-module that could appear as a composition factor is L(2�4):HomG(L(2�4);Ext1G1(L(�1 + �2); L(�1 + �2 + �3)))�= Ext1G(L(�1 + �2 + 2�4); L(�1 + �2 + �3)) �= k;by considering the Weyl module V (�1 + �2 + 2�4).k) Ext1G1(L(�2 + �3 + �4); L(�1 + �2 + �3)) �= 0:The only simple G-module that could appear as a composition factor is L(2�1):HomG(L(2�1);Ext1G1(L(�2 + �3 + �4); L(�1 + �2 + �3)))- HomG(L(2�2);Ext1G1(L(�2 + �3 + �4); L(�1 + �2 + �3))
 L(2�1))(as HomG(L(�2); L(�1) 
 L(�1)) �= k;)�= Ext1G(L(�2 + �3 + �4 + 2�2); L(�1 + �2 + �3 + 2�1)) �= 0;since 3�2 + �3 + �4 is not comparable with 3�1 + �2 + �3 in the (usual) partial order.l) Ext1G1(L(�1); L(�1 + �2 + �4)) �= L(2�3):The only simple G-module that could appear as a composition factor is L(2�3):HomG(L(2�3);Ext1G1(L(�1); L(�1 + �2 + �4)))�= Ext1G(L(�1 + 2�3); L(�1 + �2 + �4)) �= k;by considering the Weyl module V (�1 + 2�3).m) Ext1G1(L(�4); L(�1 + �2 + �4)) �= 0:The only simple G-module isomorphism types that could appear as a composition factorsare L(2�4); L(2[�1 + �3]):i) HomG(L(2�4);Ext1G1(L(�4); L(�1 + �2 + �4)))�= Ext1G(L(�4 + 2�4); L(�1 + �2 + �4)) �= 0;as 3�4 is not comparable with �1 + �2 + �4 in the (usual) partial order.ii) HomG(L(2[�1 + �3]);Ext1G1(L(�4); L(�1 + �2 + �4)))- HomG(L(2[�1 + �2]);Ext1G1(L(�4); L(�1 + �2 + �4)) 
 L(2�4))42



(as HomG(L(�1 + �2); L(�1 + �3)
 L(�4)) �= k;)�= Ext1G(L(�4 + 2[�1 + �2]); L(�1 + �2 + �4 + 2�4)) �= 0;since 2�1 + 2�2 + �4 is not comparable with �1 + �2 + 3�4 in the (usual) partial order.n) Ext1G1(L(�2); L(�1 + �2 + �4)) �= 0:The only simple G-module isomorphism types that could appear as a composition factorsare k;L(2[�1 + �4]):i) HomG(k;Ext1G1(L(�2); L(�1 + �2 + �4)))�= Ext1G(L(�2); L(�1 + �2 + �4)) �= 0;by considering the Weyl module V (�1+�2+�4) � V (�1+�2)
V (�4) �= L(�1+�2)
L(�4).(See Table III.A.5.) Since HomG(L(2�1); L(�1 + �2) 
 L(�4)) �= HomG(L(2�1 + �3 +�4); L(�4)) �= 0; we must have that the single composition factor of V (�1 + �2 + �4)isomorphic to L(�2) lies in (in fact, equals) rad2(V (�1 + �2 + �4)):ii) HomG(L(2[�1 + �4]);Ext1G1(L(�2); L(�1 + �2 + �4)))- HomG(L(2[�3 + �4]);Ext1G1(L(�2); L(�1 + �2 + �4)) 
 L(2�2))(as HomG(L(�3 + �4); L(�1 + �4)
 L(�2)) �= k;)�= Ext1G(L(�2 + 2[�3 + �4]); L(�1 + �2 + �4 + 2�2)) �= 0;since �2 + 2�3 + 2�4 is not comparable with �1 + 3�2 + �4 in the (usual) partial order.o) Ext1G1(L(�3); L(�1 + �2 + �4)) �= 0:The only simple G-module that could appear as a composition factor is L(2�2):HomG(L(2�2);Ext1G1(L(�3); L(�1 + �2 + �4)))- HomG(L(2[�3 + �4]);Ext1G1(L(�3); L(�1 + �2 + �4)) 
 L(2[�1 + �4]))(as HomG(L(�3 + �4); L(�2)
 L(�1 + �4)) �= k;)�= Ext1G(L(�3 + 2[�3 + �4]); L(�1 + �2 + �4 + 2[�1 + �4])) �= 0;since 3�3 + 2�4 is not comparable with 3�1 + �2 + 3�4 in the (usual) partial order.p) Ext1G1(L(�2 + �4); L(�1 + �2 + �4)) �= 0:The only simple G-module that could appear as a composition factor is L(2�3):HomG(L(2�3);Ext1G1(L(�2 + �4); L(�1 + �2 + �4)))- HomG(L(2�2);Ext1G1(L(�2 + �4); L(�1 + �2 + �4)) 
 L(2�4))(as HomG(L(�2); L(�3) 
 L(�4)) �= k;)�= Ext1G(L(�2 + �4 + 2�2); L(�1 + �2 + �4 + 2�4)) �= 0;since 3�2 + �4 is not comparable with �1 + �2 + 3�4 in the (usual) partial order.43



q) Ext1G1(L(�1 + �3); L(�1 + �2 + �4)) �= 0:The only simple G-module that could appear as a composition factor is L(2�4):HomG(L(2�4);Ext1G1(L(�1 + �3); L(�1 + �2 + �4)))- HomG(L(2�3);Ext1G1(L(�1 + �3); L(�1 + �2 + �4)) 
 L(2�4))(as HomG(L(�3); L(�4) 
 L(�4)) �= k;)�= Ext1G(L(�1 + �3 + 2�3); L(�1 + �2 + �4 + 2�4)) �= 0;since �1 + 3�3 is not comparable with �1 + �2 + 3�4 in the (usual) partial order.r) Ext1G1(L(�2 + �3); L(�1 + �2 + �4)) �= 0:The only simple G-module that could appear as a composition factor is L(2�1):HomG(L(2�1);Ext1G1(L(�2 + �3); L(�1 + �2 + �4)))- HomG(L(2�2);Ext1G1(L(�2 + �3); L(�1 + �2 + �4)) 
 L(2�1))(as HomG(L(�2); L(�1) 
 L(�1)) �= k;)�= Ext1G(L(�2 + �3 + 2�2); L(�1 + �2 + �4 + 2�1)) �= 0;since 3�2 + �3 is not comparable with 3�1 + �2 + �4 in the (usual) partial order.s) Ext1G1(L(�1 + �3 + �4); L(�1 + �2 + �4)) �= 0:The only simple G-module that could appear as a composition factor is L(2�2):HomG(L(2�2);Ext1G1(L(�1 + �3 + �4); L(�1 + �2 + �4)))- HomG(L(2�1);Ext1G1(L(�1 + �3 + �4); L(�1 + �2 + �4))
 L(2�4))(as HomG(L(�1); L(�2) 
 L(�4)) �= k;)�= Ext1G(L(�1 + �3 + �4 + 2�1); L(�1 + �2 + �4 + 2�4)) �= 0;since 3�1 + �3 + �4 is not comparable with �1 + �2 + 3�4 in the (usual) partial order.t) Ext1G1(L(�1); L(�2 + �3)) �= 0:We haveExt1G1(L(�1); L(�2 + �3)) �= Ext1G1(k;L(�4)
L(�2 + �3)) �= H1(G1; L(�4)
 L(�2 + �3)):By considering the composition factors of L(�4)
L(�2+�3), and the long exact sequencein cohomology, we observe that the only simple G-module type that could appear as acomposition factor of H1(G1; L(�4) 
 L(�2 + �3)) is H1(G1; L(�1 + �3)) �= L(2�2), by2.3(c). HomG(L(2�2);Ext1G1(L(�1); L(�2 + �3)))- HomG(L(2�1);Ext1G1(L(�1); L(�2 + �3)) 
 L(2�4))44



(as HomG(L(�1); L(�2) 
 L(�4)) �= k;)�= Ext1G(L(�1 + 2�1); L(�2 + �3 + 2�4)) �= 0;since 3�1 is not comparable with �2 + �3 + 2�4 in the (usual) partial order.u) Ext1G1(L(�2); L(�2 + �3)) �= 0:The only simple G-module types that could appear as composition factors are L(2�4);L(2[�1 + �3]):i) HomG(L(2�4);Ext1G1(L(�2); L(�2 + �3)))�= Ext1G(L(�2 + 2�4); L(�2 + �3)) �= 0;by examining the Weyl modules V (�2 + 2�4) and V (2�1). From Ext1G(k;L(�2 + 2�4)) �=Ext1G(L(2�1); L(�2)) �= k, we must have that the radical of V (�2 + 2�4) is uniserial witha �ltration k==L(�2 + �3)==k.ii) HomG(L(2[�1 + �3]);Ext1G1(L(�2); L(�2 + �3)))- HomG(L(2[�1 + �2]);Ext1G1(L(�2); L(�2 + �3)) 
 L(2�4))(as HomG(L(�1 + �2); L(�1 + �3)
 L(�4)) �= k;)�= Ext1G(L(�2 + 2[�1 + �2]); L(�2 + �3 + 2�4)) �= 0;since 2�1 + 3�2 is not comparable with �2 + �3 + 2�4 in the (usual) partial order.v) Ext1G1(L(�2 + �4); L(�2 + �3)) �= 0:The only simple G-module that could appear as a composition factor is L(2�2):HomG(L(2�2);Ext1G1(L(�2 + �4); L(�2 + �3)))- HomG(L(2�1);Ext1G1(L(�2 + �4); L(�2 + �3)) 
 L(2�4))(as HomG(L(�1); L(�2) 
 L(�4)) �= k;)�= Ext1G(L(�2 + �4 + 2�1); L(�2 + �3 + 2�4)) �= 0;since 2�1 + �2 + �4 is not comparable with �2 + �3 + 2�4 in the (usual) partial order.w) Ext1G1(L(�1); L(�2 + �4)) �= k:The only possible isomorphism types of summands of the socle are k;L(2[�1 + �4]); andL(2[�2 + �3]):i) HomG(k;Ext1G1(L(�1); L(�2 + �4)))�= Ext1G(L(�1); L(�2 + �4)) �= k;by considering the Weyl module V (�2 + �4).ii) HomG(L(2[�1 + �4]);Ext1G1(L(�1); L(�2 + �4)))- HomG(L(2[�3 + �4]);Ext1G1(L(�1); L(�2 + �4)) 
 L(2�2))45



(as HomG(L(�3 + �4); L(�1 + �4)
 L(�2)) �= k;)�= Ext1G(L(�1 + 2[�3 + �4]); L(�2 + �4 + 2�2)) �= 0;since �1 + 2�3 + 2�4 is not comparable with 3�2 + �4 in the (usual) partial order.iii) HomG(L(2[�2 + �3]);Ext1G1(L(�1); L(�2 + �4)))- HomG(L(2[�3 + �4]);Ext1G1(L(�1); L(�2 + �4)) 
 L(2�2))(as HomG(L(�3 + �4); L(�2 + �3)
 L(�2)) �= k;)�= Ext1G(L(�1 + 2[�3 + �4]); L(�2 + �4 + 2�2)) �= 0;since �1 + 2�3 + 2�4 is not comparable with 3�2 + �4 in the (usual) partial order.We have thus shown thatsocG(Ext1G1(L(�1); L(�2 + �4))) �= k:Now, the only type of simple G-module which can appear as a composition factor ofExt1G1(L(�1); L(�2 + �4)), and which extends k, is L(2[�2+ �3]): However, the calculationin part (iii) together with the sequence 1.1(1) shows that L(2[�2+�3]) cannot be a summandof the second socle layer because L(�3 + �4) does not extend k 
L(�2) �= L(�2):x) Ext1G1(L(�4); L(�2 + �4)) �= L(2�1):We have Ext1G1(L(�4); L(�2 + �4)) �= Ext1G1(k;L(�1)
 L(�2 + �4)):�= Ext1G1(k;L(�3 + �4)� L(�1 + �2 + �4))�= Ext1G1(k;L(�3 + �4)) � Ext1G1(k;L(�1 + �2 + �4))�= L(2�1):(by 2.3(a), (d).)y) Ext1G1(L(�2); L(�2 + �4)) �= 0:We haveExt1G1(L(�2); L(�2 + �4)) �= Ext1G1(k;L(�3)
L(�2 + �4)) �= H1(G1; L(�3)
 L(�2 + �4)):By considering the composition factors of L(�3)
L(�2+�4), and the long exact sequencein cohomology, we observe that the only simple G-module type that could appear as acomposition factor of H1(G1; L(�3) 
 L(�2 + �4)) is H1(G1; L(�1 + �3)) �= L(2�2), by2.3(c). HomG(L(2�2);Ext1G1(L(�2); L(�2 + �4)))- HomG(L(2�3);Ext1G1(L(�2); L(�2 + �4)) 
 L(2�1))(as HomG(L(�3); L(�2) 
 L(�1)) �= k;)�= Ext1G(L(�2 + 2�3); L(�2 + �4 + 2�1)) �= 0;46



since �2 + 2�3 is not comparable with 2�1 + �2 + �4 in the (usual) partial order.z) Ext1G1(L(�3); L(�2 + �4)) �= 0:We haveExt1G1(L(�3); L(�2 + �4)) �= Ext1G1(k;L(�2)
L(�2 + �4)) �= H1(G1; L(�2)
 L(�2 + �4)):By considering the composition factors of L(�2) 
 L(�2 + �4), and the long exact se-quence in cohomology, we observe that the only simple G-module type that could appearas a composition factor of H1(G1; L(�2) 
 L(�2 + �4)) is H1(G1; L(�3)) �= L(2�4) �=H1(G1; L(�1 + �3 + �4)), by 2.3(a), (f).HomG(L(2�4);Ext1G1(L(�3); L(�2 + �4)))- HomG(L(2�3);Ext1G1(L(�3); L(�2 + �4)) 
 L(2�4))(as HomG(L(�3); L(�4) 
 L(�4)) �= k;)�= Ext1G(L(�3 + 2�3); L(�2 + �4 + 2�4)) �= 0;since 3�3 is not comparable with �2 + 3�4 in the (usual) partial order.aa) Ext1G1(L(�1 + �4); L(�2 + �4)) �= 0:The only simple G-module that could appear as a composition factor is L(2�3):HomG(L(2�3);Ext1G1(L(�1 + �4); L(�2 + �4)))- HomG(L(2�2);Ext1G1(L(�1 + �4); L(�2 + �4)) 
 L(2�4))(as HomG(L(�2); L(�3) 
 L(�4)) �= k;)�= Ext1G(L(�1 + �4 + 2�2); L(�2 + �4 + 2�4)) �= 0;since �1 + 2�2 + �4 is not comparable with �2 + 3�4 in the (usual) partial order.bb) Ext1G1(L(�1 + �3); L(�2 + �4)) �= 0:The only simple G-module types that could appear as composition factors are L(2�1);L(2[�2 + �4]):i) HomG(L(2�1);Ext1G1(L(�1 + �3); L(�2 + �4)))- HomG(L(2�3);Ext1G1(L(�1 + �3); L(�2 + �4)) 
 L(2�2))(as HomG(L(�3); L(�1) 
 L(�2)) �= k;)�= Ext1G(L(�1 + �3 + 2�3); L(�2 + �4 + 2�2)) �= 0;since �1 + 3�3 is not comparable with 3�2 + �4 in the (usual) partial order.ii) HomG(L(2[�2 + �4]);Ext1G1(L(�1 + �3); L(�2 + �4)))- HomG(L(2�3);Ext1G1(L(�1 + �3); L(�2 + �4)) 
 L(2�2))47



(as HomG(L(�3); L(�2 + �4)
 L(�2)) �= HomG(L(�1 + �3); L(�2)
 L(�2)) �= k;)�= Ext1G(L(�1 + �3 + 2�3); L(�2 + �4 + 2�2)) �= 0;since �1 + 3�3 is not comparable with 3�2 + �4 in the (usual) partial order.cc) Ext1G1(L(�3 + �4); L(�2 + �4)) �= 0:The only simple G-module that could appear as a composition factor is L(2�2):HomG(L(2�2);Ext1G1(L(�3 + �4); L(�2 + �4)))- HomG(L(2�3);Ext1G1(L(�3 + �4); L(�2 + �4)) 
 L(2�1))(as HomG(L(�3); L(�2) 
 L(�1)) �= k;)�= Ext1G(L(�3 + �4 + 2�3); L(�2 + �4 + 2�1)) �= 0;since 3�3 + �4 is not comparable with 2�1 + �2 + �4 in the (usual) partial order.dd) Ext1G1(L(�1 + �2); L(�2 + �4)) �= 0:The only simple G-module that could appear as a composition factor is L(2�4):HomG(L(2�4);Ext1G1(L(�1 + �2); L(�2 + �4)))- HomG(L(2�3);Ext1G1(L(�1 + �2); L(�2 + �4)) 
 L(2�4))(as HomG(L(�3); L(�4) 
 L(�4)) �= k;)�= Ext1G(L(�1 + �2 + 2�3); L(�2 + �4 + 2�4)) �= 0;since �1 + �2 + 2�3 is not comparable with �2 + 3�4 in the (usual) partial order.ee) Ext1G1(L(�1); L(�3 + �4)) �= 0:The only simple G-module that could appear as a composition factor is L(2�3):HomG(L(2�3);Ext1G1(L(�1); L(�3 + �4)))- HomG(L(2�2);Ext1G1(L(�1); L(�3 + �4)) 
 L(2�4))(as HomG(L(�2); L(�3) 
 L(�4)) �= k;)�= Ext1G(L(�1 + 2�2); L(�3 + �4 + 2�4)) �= 0;since �1 + 2�2 is not comparable with �3 + 3�4 in the (usual) partial order.�) Ext1G1(L(�4); L(�3 + �4)) �= 0:We haveExt1G1(L(�4); L(�3 + �4)) �= Ext1G1(k;L(�1)
L(�3 + �4)) �= H1(G1; L(�1)
 L(�3 + �4)):By considering the composition factors of L(�1) 
 L(�3 + �4), and the long exact se-quence in cohomology, we observe that the only simple G-module type that could appearas a composition factor of H1(G1; L(�1) 
 L(�3 + �4)) is H1(G1; L(�3)) �= L(2�4) �=H1(G1; L(�1 + �3 + �4)), by 2.3(a), (f). 48



HomG(L(2�4);Ext1G1(L(�4); L(�3 + �4)))�= Ext1G(L(�4 + 2�4); L(�3 + �4)) �= 0;by considering the Weyl module V (3�4).gg) Ext1G1(L(�2); L(�3 + �4)) �= 0:The only simple G-modules that could appear as a composition factors are k and L(2[�1+�4]): i) HomG(k;Ext1G1(L(�2); L(�3 + �4)))�= Ext1G(L(�2); L(�3 + �4)) �= 0;by considering the Weyl module V (�3 + �4) �= L(�3 + �4).ii) HomG(L(2[�1 + �4]);Ext1G1(L(�2); L(�3 + �4)))- HomG(L(2[�1 + �2]);Ext1G1(L(�2); L(�3 + �4)) 
 L(2�3))(as HomG(L(�1 + �2); L(�1 + �4)
 L(�3)) �= k;)�= Ext1G(L(�2 + 2[�1 + �2]); L(�3 + �4 + 2�3)) �= 0;since 2�1 + 3�2 is not comparable with 3�3 + �4 in the (usual) partial order.hh) Ext1G1(L(�3); L(�3 + �4)) �= 0:The only simple G-module type that could appear as a composition factor is L(2�2):HomG(L(2�2);Ext1G1(L(�3); L(�3 + �4)))�= Ext1G(L(�3 + 2�2); L(�3 + �4)) �= 0;by considering the Weyl module V (2�2 + �3).ii) Ext1G1(L(�1 + �4); L(�3 + �4)) �= 0:The only simple G-module types that could appear as composition factors are L(2�1);L(2[�2 + �4]):i) HomG(L(2�1);Ext1G1(L(�1 + �4); L(�3 + �4)))�= Ext1G(L(�1 + �4 + 2�1); L(�3 + �4)) �= k;by considering the Weyl module V (3�1 + �4).ii) HomG(L(2[�2 + �4]);Ext1G1(L(�1 + �4); L(�3 + �4)))- HomG(L(2[�3 + �4]);Ext1G1(L(�1 + �4); L(�3 + �4)) 
 L(2�1))(as HomG(L(�3 + �4); L(�2 + �4)
 L(�1)) �= k;)�= Ext1G(L(�1 + �4 + 2[�3 + �4]); L(�3 + �4 + 2�1)) �= 0;by considering the Weyl module V (�1 + 2�3 + 3�4]).49



We have thus shown thatsocG(Ext1G1(L(�1 + �4); L(�3 + �4))) �= L(2�1):Now, the only type of simple G-module which can appear as a composition factor ofExt1G1(L(�1 + �4); L(�3 + �4)), and which extends L(2�1), is L(2[�2 + �4]): However,the calculation in (ii) together with the sequence 1.1(1) shows that L(2[�2 + �4]) cannotbe a summand of the second socle layer because L(�3 + �4) does not extend any of thecomposition factors of L(�1)
 L(�1):jj) Ext1G1(L(�1 + �2); L(�3 + �4)) �= 0:The only simple G-module types that could appear as composition factors are L(2�2);L(2[�3 + �4]):i) HomG(L(2�2);Ext1G1(L(�1 + �2); L(�3 + �4)))- HomG(L(2�1);Ext1G1(L(�1 + �2); L(�3 + �4)) 
 L(2�4))(as HomG(L(�1); L(�2) 
 L(�4)) �= k;)�= Ext1G(L(�1 + �2 + 2�1); L(�3 + �4 + 2�4)) �= 0;since 3�1 + �2 is not comparable with �3 + 3�4 in the (usual) partial order.ii) HomG(L(2[�3 + �4]);Ext1G1(L(�1 + �2); L(�3 + �4)))- HomG(L(2[�1 + �4]);Ext1G1(L(�1 + �2); L(�3 + �4)) 
 L(2�3))(as HomG(L(2[�1 + �4]); L(�3 + �4)
 L(�3)) �= k;)�= Ext1G(L(�1 + �2 + 2[�1 + �4]); L(�3 + �4 + 2�3)) �= 0;since 3�1 + �2 + 2�4 is not comparable with 3�3 + �4 in the (usual) partial order.kk) Ext1G1(L(�1); L(�1 + �4)) �= 0:We haveExt1G1(L(�1); L(�1 + �4)) �= Ext1G1(k;L(�4)
L(�1 + �4)) �= H1(G1; L(�4)
 L(�1 + �4)):By considering the composition factors of L(�4)
L(�1+�4), and the long exact sequencein cohomology, we observe that the only simple G-module type that could appear as acomposition factor of H1(G1; L(�4) 
 L(�1 + �4)) is H1(G1; L(�1 + �3)) �= L(2�2), by2.3(c). HomG(L(2�2);Ext1G1(L(�1); L(�1 + �4)))- HomG(L(2�3);Ext1G1(L(�1); L(�1 + �4)) 
 L(2�1))(as HomG(L(�3); L(�2) 
 L(�1)) �= k;)�= Ext1G(L(�1 + 2�3); L(�1 + �4 + 2�1)) �= 0;50



since �1 + 2�3 is not comparable with 3�1 + �4 in the (usual) partial order.ll) Ext1G1(L(�2); L(�1 + �4)) �= 0:We haveExt1G1(L(�2); L(�1 + �4)) �= Ext1G1(k;L(�3)
L(�1 + �4)) �= H1(G1; L(�3)
 L(�1 + �4)):By considering the composition factors of L(�3) 
 L(�1 + �4), and the long exact se-quence in cohomology, we observe that the only simple G-module type that could appearas a composition factor of H1(G1; L(�3) 
 L(�1 + �4)) is H1(G1; L(�3)) �= L(2�4) �=H1(G1; L(�1 + �3 + �4)), by 2.3(a), (f).HomG(L(2�4);Ext1G1(L(�2); L(�1 + �4)))- HomG(L(2�3);Ext1G1(L(�2); L(�1 + �4)) 
 L(2�4))(as HomG(L(�3); L(�4) 
 L(�4)) �= k;)�= Ext1G(L(�2 + 2�3); L(�1 + �4 + 2�4)) �= 0;since �2 + 2�3 is not comparable with �1 + 3�4 in the (usual) partial order.mm) Ext1G1(L(�1); L(�2)) �= 0:We haveExt1G1(L(�1); L(�2)) �= Ext1G1(k;L(�4)
 L(�2)) �= H1(G1; L(�4)
 L(�2)):By considering the composition factors of L(�4) 
 L(�2), and the long exact sequencein cohomology, we observe that the only simple G-module type that could appear as acomposition factor of H1(G1; L(�4)
 L(�2)) is H1(G1; L(�2 + �4)) �= L(2�3), by 2.3(c).HomG(L(2�3);Ext1G1(L(�1); L(�2)))- HomG(L(2�2);Ext1G1(L(�1); L(�2)) 
 L(2�4))(as HomG(L(�2); L(�3) 
 L(�4)) �= k;)�= Ext1G(L(�1 + 2�2); L(�2 + 2�4)) �= 0;since �1 + 2�2 is not comparable with �2 + 2�4 in the (usual) partial order.nn) Ext1G1(L(�4); L(�2)) �= L(2�4):We haveExt1G1(L(�4); L(�2)) �= Ext1G1(k;L(�1)
 L(�2)) �= H1(G1; L(�1)
 L(�2)):By considering the composition factors of L(�1) 
 L(�2), and the long exact sequencein cohomology, we observe that the only simple G-module type that could appear as acomposition factor of H1(G1; L(�1)
 L(�2)) is H1(G1; L(�3)) �= L(2�4), by 2.3(f).HomG(L(2�4);Ext1G1(L(�4); L(�2)))�= Ext1G(L(�4 + 2�4); L(�2)) �= k;51



by considering the Weyl module V (3�4).oo) Ext1G1(L(�3); L(�2)) �= 0:We haveExt1G1(L(�3); L(�2)) �= Ext1G1(k;L(�2)
 L(�2)) �= H1(G1; L(�2)
 L(�2)):By considering the composition factors of L(�2) 
 L(�2), and the long exact sequencein cohomology, we observe that the only simple G-module type that could appear as acomposition factor of H1(G1; L(�2)
 L(�2)) is H1(G1; L(�1 + �3)) �= L(2�2),by 2.3(c).HomG(L(2�2);Ext1G1(L(�3); L(�2)))- HomG(L(2�3);Ext1G1(L(�3); L(�2)) 
 L(2�1))(as HomG(L(�3); L(�2) 
 L(�1)) �= k;)�= Ext1G(L(�3 + 2�3); L(�2 + 2�1)) �= 0;since 3�3 is not comparable with 2�1 + �2 in the (usual) partial order.pp) Ext1G1(L(�4); L(�1)) �= 0:We haveExt1G1(L(�4); L(�1)) �= Ext1G1(k;L(�1)
 L(�1)) �= H1(G1; L(�1)
 L(�1)):By considering the composition factors of L(�1) 
 L(�1), and the long exact sequencein cohomology, we observe that the only simple G-module type that could appear as acomposition factor of H1(G1; L(�1)
 L(�1)) is H1(G1; L(�2)) �= L(2�1), by 2.3(f).HomG(L(2�1);Ext1G1(L(�4); L(�1)))- HomG(L(2�2);Ext1G1(L(�4); L(�1)) 
 L(2�1))(as HomG(L(�2); L(�1) 
 L(�1)) �= k;)�= Ext1G(L(�4 + 2�2); L(�1 + 2�1)) �= 0;since 2�2 + �4 is not comparable with 3�1 in the (usual) partial order.2.4 Ext Computation Tables for A4. We are now ready to compute the Ext1Gs forthe simply connected algebraic group of type A4. We use the same notation as in II.1.3,letting � and � be dominant weights, with � = P 2i�i = �0 + 2�̂ = �0 + 2�1 + 4�, andsimilarly for �. As in II.1.3, if �0 = �0, we obtain the isomorphismExt1G(L(�); L(�)) �= Ext1G(L(�̂); L(�̂));because of the vanishing third term of the 5-term sequence for (G;G1). This reduces usagain to the case �0 6= �0. Then the vanishing of the �rst and fourth terms of the 5-termsequence yields(1) Ext1G(L(�); L(�)) �= HomG(L(�̂);Ext1G1(L(�0); L(�0))(2�1) 
 L(�̂))�= HomG(L(�);HomG1(L(�1);Ext1G1(L(�0); L(�0))(2�1) 
 L(�1))(2�1) 
 L(�)):52



By the results of the preceding section, all the modulesE = Ext1G1(L(�0); L(�0)) are simplemodules of the form k or L(�i); i = 1; 2; 3; 4:We wish to apply Corollary I.4.2.1 with � = 0,�i. The minimum value of h2!; �i for ! 2 X1(T ) n f0g is 4 whereas h�1; �i = h�4; �i = 2,and h�2; �i = h�3; �i = 3, so the hypotheses of the corollary are satis�ed. It follows that Gacts trivially on modules of the form HomG1(L(�1); E
L(�1))(2�1). Therefore, we obtainthe same result as in II.1.5(1), namely,
(2) Ext1G(L(�); L(�)) �= � HomG(L(�1); E 
L(�1))(2�1) if � = �0 otherwise
This observation, together with the information gathered in the preceding section allow usnow to read o� all of the extensions for simply connected A4 from appropriate tables oftensor product socles:Table III.2.4(a): E = L(�1) �= Ext1G1(k;L(�1 + �2 + �4))(2�1) (2.3(a).)�= Ext1G1(k;L(�2))(2�1) (2.3(f).)�= Ext1G1(L(�4); L(�2 + �4))(2�1) (2.3(x).)�= Ext1G1(L(�3 + �4); L(�2 + �3 + �4))(2�1) (2.3(j).)�= Ext1G1(L(�1); L(�3))(2�1) (2.3(nn).)Table III.2.4(b): E = L(�2) �= Ext1G1(k;L(�1 + �3))(2�1) (2.3(c).)�= Ext1G1(L(�4); L(�1 + �3 + �4))(2�1) (2.3(l).)Of course, no table is needed for E = k �= Ext1G1(k;L(�2 + �3))(2�1) (2.3(b).)�= Ext1G1(L(�1); L(�2 + �4))(2�1) (2.3(w).)All other Ext1G1 modules for A4 are either zero or duals of those listed above.53



Table III.2.4(a) E = L(�1)
product socleE 
L(�1) L(�2)E 
L(�4) k �L(�1 + �4)E 
L(�2) L(�3) � L(�1 + �2)E 
L(�3) L(�4)E 
 L(�1 + �4) L(�1)E 
 L(�2 + �4) L(�3 + �4) � L(�1 + �2 + �4)E 
 L(�1 + �3) L(�2 + �3)E 
 L(�3 + �4) L(�3)E 
 L(�1 + �2) L(�1 + �3)E 
 L(�2 + �3) L(�2 + �4) � L(�1 + �2 + �3)E 
 L(�1 + �2 + �4) L(�1 + �3 + �4)E 
 L(�1 + �3 + �4) L(�1 + �3) � L(�2 + �3 + �4)E 
 L(�1 + �2 + �3) L(�1 + �2 + �4)E 
 L(�2 + �3 + �4) L(�2 + �3) � L(�)E 
 L(�) L(�1 + �2 + �3)
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Table III.2.4(b) E = L(�2)product socleE 
L(�1) L(�3) � L(�1 + �2)E 
L(�4) L(�1)E 
L(�2) L(�4) � L(�1 + �3)E 
L(�3) k �L(�1 + �4)E 
 L(�1 + �4) L(�2) � L(�3 + �4)E 
 L(�2 + �4) L(�3) �L(�1 + �3 + �4)E 
 L(�1 + �3) L(�2 + �4) � L(�1 + �2 + �3)E 
 L(�3 + �4) L(�4) �L(�2 + �3 + �4)E 
 L(�1 + �2) L(�2 + �3)� L(�1 + �4)E 
 L(�2 + �3) L(�3 + �4) � L(�1 + �2 + �4)E 
 L(�1 + �2 + �4) L(�1 + �3) � L(�2 + �3 + �4)E 
 L(�1 + �3 + �4) L(�2 + �3) � L(�)E 
 L(�1 + �2 + �3) L(�1 + �2) � L(�1 + �3 + �4)E 
 L(�2 + �3 + �4) L(�2 + �4) � L(�1 + �2 + �3)E 
 L(�) L(�1 + �2 + �4)x3. Type D4.3.1. Throughout this section, D will denote the simply connected group of type D4 overthe �eld k, obtained from a split Z-group DZ. We shall use the notation of I.1, so forexample the simple roots are �i, i=1, 2, 3, 4, with corresponding fundamental weights �i.3.2. We have D �= Spin8(k) and V (�1) �= L(�1) may be identi�ed with the natural 8-dimensional orthogonal module, while V (�3) and V (�4) may be identi�ed with the half-spinmodules. (They are conjugate by the triality automorphism of order 3.) We have alreadyobserved (I.5.6) that V (�2) may be identi�ed with the adjoint module.As in III.2, we need �rst to calculate some socles of tensor products of simple restrictedmodules, (as this information is needed in order to compute the structure of the Ext1D1modules.) As usual, we list the factors in a good �ltration of H0(�) 
H0(�0), narrowingdown the possibilities for the G- socles of L(�)
L(�0). These are listed in Table III.A.4 inthe Appendix. The �nal answer can then be obtained by straightforward calculations inall cases except the following: L(�2)
 L(�2); L(�2)
 L(�1 + �3 + �4) (which were alreadycomputed in [Sin2]) and L(�2) 
 L(�2 + �3 + �4), which is handled in the next subsectionalong with a couple of other miscellaneous lemmas about tensor product socles which are55



needed for the computation of the Ext1D1 structures. For future reference, we also recorda table (Table III.A.6) of composition factors of certain Weyl modules which will be usedthroughout the paper. (These can easily be computed using Jantzen's Sum Formula ([Ja1],II.8.19), together with Freudenthal's Formula or by using the tables of weight multiplicitiesof Bremner et al. [BMP]). We do not repeat information which can be obtained directlyfrom that already recorded through duality or an automorphism.3.3. We include here some miscellaneous lemmas involving some socles of tensor productswhich will be used in the next chapter. In the following, denote by G the simply connectedgroup of type B4, by ~G the simply connected group of type C4, and by D the subgroup ofG generated by the long root subgroups (which is simply connected of type D4).Lemma 3.3.1. HomD(L(�2 + �3 + �4); L(�2) 
 L(�2 + �3 + �4)) �= k:Proof: First we observe that(1) HomD(L(�2 + �3 + �4); L(�2)
 L(�2 + �3 + �4)) 6= 0:This follows from the fact thatHomD(L;L(�2) 
L(�2 + �3 + �4))can be shown to be zero for all other composition factors of L(�2)
L(�2 + �3 + �4) in thesame linkage class as L(�2 + �3 + �4).Also, we have HomD(L(�2 + �3 + �4); L(�2) 
L(�2 + �3 + �4))�= HomD1(L(�2 + �3 + �4); L(�2)
 L(�2 + �3 + �4));(by Cor. I.4.2.1 with � = �2)�= Hom ~G� (~L(~!2 + ~!3); ~L(~!2)
 ~L(~!2 + ~!3))�= Hom ~G(~L(~!2 + ~!3); ~L(~!2)
 ~L(~!2 + ~!3));(by the ~G� version of Corollary I.4.2.1 with � = ~!2,)�= Hom ~G(~L(~!2); ~L(~!2 + ~!3)
 ~L(~!2 + ~!3)):The last space is isomorphic to a subspace of(2) Hom ~G( ~V (~!2); ~H0(~!2 + ~!3) 
 ~H0(~!2 + ~!3))�= Hom ~G( ~V (~!2 + ~!3); ~H0(~!2)
 ~H0(~!2 + ~!3));which has dimension 2, as can be seen by means of a good �ltration of ~H0(~!2)
 ~H0(~!2+~!3):56



~H0(2~!2 + ~!3)== ~H0(~!1 + 2~!3)== ~H0(~!1 + ~!2 + ~!4)== ~H0(~!3 + ~!4)== ~H0(~!1 + 2~!2)==~H0(2~!1 + ~!3)==2 ~H0(~!2 + ~!3)== ~H0(~!1 + ~!4)== ~H0(~!1 + ~!2)== ~H0(~!3):Thus, since ~V (~!2) � ~L(~!2), the lemma will follow from (1) once we show that the 2-dimensional homomorphism space (2) contains an embedding. We have ~V (~!2) �= ~g� � ~g,(I.5.4, Remark 1) and there is an embedding ~g ,! Endk(~L(~!2 + ~!3)) by I.5.1(1), since theweights of ~L(~!2 + ~!3) generate the character group of ~T . Finally, we haveEndk(~L(~!2 + ~!3)) �= ~L(~!2 + ~!3)� 
 ~L(~!2 + ~!3) �= ~L(~!2 + ~!3)
 ~L(~!2 + ~!3)- ~H0(~!2 + ~!3)
 ~H0(~!2 + ~!3):Lemma 3.3.2. HomD(L(�2 + �4); L(�1 + �4) 
 L(�1 + �2)) 6�= 0:Proof: This follows from the fact thatHomD(L;L(�1 + �4)
 L(�1 + �2))can be shown to be zero for all other composition factors of L(�1 + �4)
L(�1 + �2) in thesame linkage class as L(�2 + �4).Lemma 3.3.3. HomD(L(�1 + �2 + �4); L(�1 + �3 + �4)
 L(�2 + �3)) 6�= 0:Proof: This follows from the fact thatHomD(L;L(�1 + �3 + �4) 
 L(�2 + �3))can be shown to be zero for all other composition factors of L(�1+ �3+ �4)
L(�2+ �3) inthe same linkage class as L(�1+ �2+ �4). This follows immediately from Table 2-1 of [Dw](and the identity HomD(U; V 
W ) �= HomD(W �; V 
 U�)), except for the compositionfactors L(�1+ �2+2�3+ �4) (Remark: L(�2+3�3) is in a di�erent linkage class.) However,we obtain HomD(L(�1 + �2 + 2�3 + �4); L(�1 + �3 + �4)
 L(�2 + �3)) �= 0;from the inclusionV (�1 + �2 + 2�3 + �4) � V (�1 + �3 + �4)
 V (�2 + �3);which has a �ltrationL(�1 + �3 + �4)
 L(�2 + �3)==rad[V (�1 + �3 + �4)]
 L(�2 + �3).We then observe from Table 2-1 of [Dw], and the composition factors of rad[V (�1+�3+�4)]that rad[V (�1+ �3+ �4)]
L(�2+ �3) contains no composition factor isomorphic to L(�1+2�2+�4), which is a composition factor of rad[V (�1+�2+2�3+�4)]. Therefore, the quotientof V (�1 + �2 + 2�3 + �4) inside L(�1 + �3 + �4)
L(�2 + �3) has nonzero radical and so theunique composition factor of L(�1+�3+�4)
L(�2+�3) isomorphic to L(�1+�2+2�3+�4)cannot appear in the socle of L(�1 + �3 + �4) 
 L(�2 + �3).57



3.4 Extensions for (D4)1. We now compute, using the same method as in section 2.3, allof the quantities Ext1D1(L;M), where L andM are restricted simple modules. Utilizing theresult of I.6.6 together with Table 2-1 of [Dw] and exploiting the symmetry of D4, we needto list only 9 such computations. We also use the fact that for G = D4, Ext1D1(L;L) = 0for any restricted simple module L. Occasionally, we need to know the multiplicitiesof certain simple modules appearing as composition factors of certain tensor productsof restricted simple modules, especially, for example, when utilizing the computationsoutlined in section I.6.6 for narrowing down the sructure of the Ext1D1(L;M)'s. For thisinformation, we refer the reader to Table 2-1 of [Dw]. (The weight multiplicities of therestricted simple modules can be completely determined from those of the Weyl modules[BMP] using the Jantzen Sum Formula ([Ja1], II.8.19). The tensor products are thencomputed by calculating the weight orbits under the Weyl group and then multiplying theappropriate formal characters.)The following nonzero Ext1D1 modules for D4 were calculated in [Sin2]:a) Ext1D1(k;L(�2)) �= 2k �L(2�1) �L(2�3)� L(2�4):b) Ext1D1(k;L(�1 + �3 + �4)) �= k � L(2�2):c) Ext1D1(L(�2); L(�1 + �3 + �4)) �= k:Note that (a) and (b) are the only nonzero modules of the form Ext1D1(k;L(�)) for restricted�, as 2X(T ) � ZR.d) Ext1D1(L(�1); L(�2 + �3 + �4)) �= k:By section I.6.6 and Table 2-1 of [Dw], the only simple D-modules that could appear ascomposition factors of Ext1D1(L(�1); L(�2+�3+�4)) are k;L(2�1); L(2[�3+�4]), and L(2�2):i) HomD(k;Ext1D1(L(�1); L(�2 + �3 + �4)))�= Ext1G(L(�1); L(�2 + �3 + �4)) �= kby the structure of the Weyl module V (�2 + �3 + �4). (See Table III.A.6)ii) HomD(L(2�1);Ext1D1(L(�1); L(�2 + �3 + �4)))�= Ext1G(L(�1 + 2�1; L(�2 + �3 + �4)) �= 0as 3�1 is incomparable with �2 + �3 + �4 (in the usual partial order.)iii) HomD(L(2[�3 + �4]);Ext1D1(L(�1); L(�2 + �3 + �4)))- HomD(L(2[�2 + �4]);Ext1D1(L(�1); L(�2 + �3 + �4)) 
 L(2�3))(as HomD(L(�2 + �4); L(�3)
 L(�3 + �4)) �= k;)�= Ext1D(L(�1 + 2[�2 + �4]); L(�2 + �3 + �4 + 2�3)) �= 0;as �1 + 2[�2 + �4] is incomparable with �2 + �3 + �4 + 2�3:iv) HomD(L(2�2);Ext1D1(L(�1); L(�2 + �3 + �4)))- HomD(L(2[�1 + �2]);Ext1D1(L(�1); L(�2 + �3 + �4))
 L(2[�3 + �4]))58



(as HomD(L(�1 + �2); L(�2)
 L(�3 + �4)) �= k;)�= Ext1D(L(�1 + 2[�1 + �2]); L(�2 + �3 + �4 + 2[�3 + �4])) �= 0as �1 + 2[�1 + �2]) is incomparable with �2 + �3 + �4 + 2[�3 + �4]:Thus, we have soc(Ext1D1(L(�1); L(�2 + �3+ �4))) �= k: Now, the only simple D-modulesthat could appear in the second socle layer are isomorphs of L(2�2) (since Ext1D(k; k),Ext1D(L(�1); k), and Ext1D(L(�3 + �4); k) are all zero); however, the calculation above to-gether with the sequence 1.1(1) shows thatHomD(L(2�2);Ext1D1(L(�1); L(�2 + �3 + �4))=soc(Ext1D1(L(�1); L(�2 + �3 + �4))) �= 0;because Ext1D(L(�1+ �2); L(�3+ �4)) �= 0: (Observe that �1+ �2 and �3+ �4 are in di�erentlinkage classes.)e) Ext1D1(L(�3 + �4); L(�2 + �3 + �4)) �= 0:The only simple D-modules that can appear as composition factors are k;L(2�1); andL(2�2).i) HomD(k;Ext1D1(L(�3 + �4); L(�2 + �3 + �4)))�= Ext1D(L(�3 + �4); L(�2 + �3 + �4)) �= 0;by the structure of the Weyl moduleV (�2 + �3 + �4) � V (�2 + �3) 
 V (�4) �= L(�2 + �3) 
 L(�4) :HomD(L(�1); L(�2 + �3)
 L(�4)) �= HomD(L(�2 + �3); L(�1)
 L(�4)) �= 0;so that the unique composition factor of V (�2 + �3 + �4) isomorphic to L(�3 + �4) mustequal rad2(V (�2 + �3 + �4)); i.e.,V (�2 + �3 + �4) �= L(�2 + �3 + �4)==L(�1)==L(�3 + �4)is uniserial. (See Table III.A.6)ii) HomD(L(2�1);Ext1D1(L(�3 + �4); L(�2 + �3 + �4)))�= Ext1D(L(�3 + �4 + 2�1); L(�2 + �3 + �4)) �= 0;by the structure of the Weyl module V (�3 + �4 + 2�1) � V (�3 + 2�1)
 V (�4); which has a�ltration (L(�3)
L(�4))
L(2�1)==L(�2 + �3)
L(�4): The multiplicity of L(�2+ �3 + �4)as a composition factor of this �ltration is easily checked to be equal to one, while themultiplicity of L(�1) is 2. On the other hand, we have V (�2+�3+�4) � V (�2+�3)
V (�4) �=L(�2 + �3)
 L(�4): As L(�2 + �3 + �4) is indeed a composition factor of V (�3 + �4 + 2�1),and since its multiplicity in V (�3 + 2�1) 
 V (�4) is one, we must have V (�2 + �3 + �4) �V (�3 + �4 + 2�1): Since the multiplicity of L(�1) in V (�3 + �4 + 2�1) is exactly two, weobtain that the �rst Jantzen layer of V (�3 + �4 + 2�1) (which consists of 2 composition59



factors of L(�1), and one factor of L(�2 + �3 + �4), by the Jantzen Sum Formula) must beuniserial, by self-duality of Jantzen layers.iii) HomD(L(2�2);Ext1D1(L(�3 + �4); L(�2 + �3 + �4)))�= Ext1D(L(�3 + �4 + 2�2); L(�2 + �3 + �4)) �= 0:We consider the Weyl module V (�3 + �4 + 2�2). The multiplicity of L(�2 + �3 + �4) as acomposition factor is equal to one, as is that of L(�1 + �2 + 2�3). We also haveV (�3 + �4 + 2�2) � V (�3) 
 V (�4 + 2�2) �= L(�3) 
 V (�4 + 2�2):A check of the �ltration factors of L(�3) 
 V (�4 + 2�2) that result from the compositionfactors of V (�4 + 2�2) shows the multiplicities of L(�2 + �3 + �4) and L(�1 + �2 + 2�3)to be 4 and 1 respectively, all occurring inside of a submodule which is isomorphic toL(�1 + �2 + �3)
 L(�3): We also haveV (�1 + �2 + 2�3) � V (�1 + �2 + �3)
 V (�3) �= V (�1 + �2 + �3) 
 L(�3);which has L(�1 + �2 + �3) 
 L(�3) as a homomorphic image. Let M be the image ofV (�1 + �2 + 2�3) under this homomorphism. In particular, M � V (�3) 
 V (�4 + 2�2):We note that M � 0, since the kernel contains no composition factors isomorphic toL(�1+ �2+2�3). Also,M has a composition factor isomorphic to L(�2+ �3+ �4) (since thekernel contains no such composition factor.) Because the multiplicity of L(�1 + �2 + 2�3)as a composition factor of V (�3)
 V (�4 + 2�2) is one, we have thatM � V (�3 + �4 + 2�2):This implies that the unique composition factor of V (�3 + �4 + 2�2) isomorphic to L(�2 +�3 + �4) must occur inside rad2(V (�3 + �4 + 2�2)):f) Ext1D1(L(�1 + �2); L(�2 + �3 + �4)) �= 0:The only candidates for summands of the socle are L(2�3) and L(2�4).HomD(L(2�3);Ext1D1(L(�1 + �2); L(�2 + �3 + �4)))- HomD(L(2[�2 + �4]);Ext1D1(L(�1 + �2); L(�2 + �3 + �4)) 
 L(2[�3 + �4]));(as HomD(L(�2 + �4); L(�3)
 L(�3 + �4)) �= k;)�= Ext1D(L(�1 + �2 + 2[�2 + �4]); L(�2 + �3 + �4 + 2[�3 + �4])) �= 0;as �1 + �2 + 2[�2 + �4] is incomparable with �2 + �3 + �4 + 2[�3 + �4] in the usual partialorder. (L(2�4) is handled similarly.)g) Ext1D1(L(�1); L(�1 + �2)) �= L(2�3)� L(2�4):The only possible isomorphism types of summands of the socle are k;L(2�1); L(2�3);L(2�4); L(2�2); L(2[�3 + �4]); L(2[�1 + �4]); L(2[�1 + �3]); L(2[�2 + �3]); and L(2[�2 + �4]):60



i) HomD(k;Ext1D1(L(�1); L(�1 + �2)))�= Ext1G(L(�1); L(�1 + �2)) �= 0;by considering V (�1 + �2) �= L(�1 + �2):ii) HomD(L(2�1);Ext1D1(L(�1); L(�1 + �2)))�= Ext1G(L(�1 + 2�1); L(�1 + �2)) �= 0;by considering V (3�1).iii) HomD(L(2�3);Ext1D1(L(�1); L(�1 + �2)))�= Ext1G(L(�1 + 2�3); L(�1 + �2)) �= k;by considering V (�1 + 2�3). (Similarly for L(2�4).)iv) HomD(L(2�2);Ext1D1(L(�1); L(�1 + �2)))�= Ext1G(L(�1 + 2�2); L(�1 + �2)) �= 0;by considering V (�1 + 2�2).v) HomD(L(2[�3 + �4]);Ext1D1(L(�1); L(�1 + �2)))�= Ext1G(L(�1 + 2[�3 + �4]); L(�1 + �2)) �= 0;by considering V (�1 + 2[�3 + �4]).vi) HomD(L(2[�1 + �4]);Ext1D1(L(�1); L(�1 + �2)))- HomD(L(2[�1 + �2]);Ext1D1(L(�1); L(�1 + �2)) 
 L(2�4));(as HomD(L(�1 + �2); L(�4)
 L(�1 + �4)) �= k;)�= Ext1G(L(�1 + 2[�1 + �2]); L(�1 + �2 + 2�4)) �= 0;by considering V (�1 + 2[�1 + �2]). (Similarly for L(2[�1 + �3]).)vii) HomD(L(2[�2 + �3]);Ext1D1(L(�1); L(�1 + �2)))- HomD(L(2[�1 + �2]);Ext1D1(L(�1); L(�1 + �2)) 
 L(2�4));(as HomD(L(�1 + �2); L(�4)
 L(�2 + �3)) �= k;)�= Ext1G(L(�1 + 2[�1 + �2]); L(�1 + �2 + 2�4)) �= 0;by considering V (�1 + 2[�1 + �2]). (Similarly for L(2[�2 + �4]).)We have thus shown thatsocD(Ext1D1(L(�1); L(�1 + �2))) �= L(2�3)� L(2�4):61



Now, the only types of simple D-modules which can appear as composition factors ofExt1D1(L(�1); L(�1+ �2)), that extend L(2�3) or L(2�4), are L(2[�1+ �4]) and L(2[�1+ �3]):However, the calculation in part (vi) together with the sequence 1.1(1) shows that L(2[�1+�4]) (similarly for L(2[�1 + �3])) cannot be a summand of the second socle layer becauseL(�1 + �2) does not extend any of the composition factors of L(�4) 
 [L(�3)� L(�4)]:h) Ext1D1(L(�3 + �4); L(�1 + �2)) �= 0:The only possible isomorphism types that can appear in the socle are k;L(2�1);L(2�3); L(2�4); L(2�2); L(2[�1 + �4]); and L(2[�1 + �3]):i) HomD(k;Ext1D1(L(�3 + �4); L(�1 + �2)))�= Ext1G(L(�3 + �4); L(�1 + �2)) �= 0;by considering V (�1 + �2) �= L(�1 + �2):ii) HomD(L(2�1);Ext1D1(L(�3 + �4); L(�1 + �2)))�= Ext1G(L(�3 + �4 + 2�1); L(�1 + �2)) �= 0;by considering V (�3 + �4 + 2�1):iii) HomD(L(2�3);Ext1D1(L(�3 + �4); L(�1 + �2)))�= Ext1G(L(�3 + �4 + 2�3); L(�1 + �2)) �= 0;by considering V (�3 + �4 + 2�3): We haveV (3�3 + �4) � V (2�3 + �4)
 V (�3) �= V (2�3 + �4) 
L(�3);which has a �ltration (L(�3) 
L(�4)) 
 L(2�3)==L(�3) 
 L(�2 + �4): Now,HomD(L(�1 + 2�4); L(�3)
 L(�2 + �4)) �= HomD(L(�2 + �4 + 2�4); L(�1)
 L(�3)) �= 0;while L(�3) 
 L(�4)) 
 L(2�3) has no composition factor isomorphic to L(�1 + 2�4). ThusHomD(L(�1 + 2�4); V (�3 + �4 + 2�3)) �= 0; which implies that rad2(V (�3 + �4 + 2�3)) �=L(�1 + �2):iv) HomD(L(2�2);Ext1D1(L(�3 + �4); L(�1 + �2)))�= Ext1G(L(�3 + �4 + 2�2); L(�1 + �2)) �= 0;by considering V (�3 + �4 + 2�2):v) HomD(L(2[�1 + �4]);Ext1D1(L(�3 + �4); L(�1 + �2)))- HomD(L(2[�2 + �4]);Ext1D1(L(�3 + �4); L(�1 + �2)) 
 L(2[�1 + �2]);(since HomD(L(�2 + �4); L(�1 + �4)
 L(�1 + �2)) � 0; by Lemma 3.3.2)�= Ext1G(L(�3 + �4 + 2[�2 + �4]); L(�1 + �2 + 2[�1 + �2])) �= 0;as �3+ �4+2[�2+ �4] is incomparable (in the usual partial order) with �1+ �2+2[�1+ �2].62



i) Ext1D1(L(�1); L(�3 + �4)) �= k �L(2�1):We haveExt1D1(L(�1); L(�3 + �4)) �= Ext1D1(k;L(�1)
 L(�3 + �4)) �= H1(G1; L(�1)
 L(�3 + �4)):By considering the composition factors of L(�1)
L(�3 + �4), and the long exact sequencein cohomology, we observe that the only simple D-module types that could appear ascomposition factors of H1(G1; L(�1) 
 L(�3 + �4)) are those of H1(G1; L(�2)) �= 2k �L(2�1) �L(2�3)� L(2�4); and H1(G1; L(�1 + �3 + �4)) �= k � 2�2, by 3.4(a), (b).i) HomD(k;Ext1D1(L(�1); L(�3 + �4)))�= Ext1G(L(�1); L(�3 + �4)) �= k;by considering V (�3 + �4).ii) HomD(L(2�1);Ext1D1(L(�1); L(�3 + �4)))�= Ext1G(L(3�1); L(�3 + �4)) �= k;by considering V (3�1).iii) HomD(L(2�3);Ext1D1(L(�1); L(�3 + �4)))�= Ext1G(L(�1 + 2�3); L(�3 + �4)) �= 0;by considering V (�1 + 2�3). The calculation for L(2�4) is similar.iv) HomD(L(2�2);Ext1D1(L(�1); L(�3 + �4)))- HomD(L(2[�1 + �2]);Ext1D1(L(�1); L(�3 + �4)) 
 L(2�1));(as L(�2)
 L(�1) �= L(�3 + �4)� L(�1 + �2):)�= Ext1G(L(�1 + 2[�1 + �2]); L(�3 + �4 + 2�1)) �= 0;by considering V (�1 + 2[�1 + �2]).We have thus shownsocD(Ext1D1(L(�1); L(�3 + �4))) �= k � L(2�1):Therefore, the only candidates for summands of the second socle layer are possible com-position factors of Ext1D1(L(�1); L(�3 + �4)) that extend either k or L(2�1). The onlypossibilities are isomorphs of L(2�2): However, the calculation in (iv) together with thesequence 1.1(1) shows that L(2�2) does not appear in the second socle layer, becauseL(2[�1 + �2]) does not extend any of the composition factors of [k � L(2�1)]
 L(2�1):3.5 Ext Computation Tables for D4. We are now ready to compute the Ext1Ds for thesimply connected algebraic group of type D4. We use the same notation as in II.1.3 andIII.2.4 letting � and � be dominant weights, with � =P 2i�i = �0 + 2�̂ = �0 + 2�1 + 4�,and similarly for �. As in II.1.3, if �0 = �0, we obtain the isomorphismExt1D(L(�); L(�)) �= Ext1D(L(�̂); L(�̂));63



because of the vanishing third term of the 5-term sequence for (D;D1). This reduces usagain to the case �0 6= �0. Then the vanishing of the �rst and fourth terms of the 5-termsequence yields(1) Ext1D(L(�); L(�)) �= HomD(L(�̂);Ext1D1(L(�0); L(�0))(2�1) 
L(�̂))�= HomD(L(�);HomD1(L(�1);Ext1D1(L(�0); L(�0))(2�1) 
 L(�1))(2�1) 
 L(�)):By the results of the preceding section, all the modules E = Ext1D1(L(�0); L(�0)) aredirect sums of simple modules of the form k and L(�i); i = 1; 2; 3; 4: We wish to applyCorollary I.4.2.1 with � = 0, �i. The minimum value of h2!; �i for ! 2 X1(T ) n f0g is 6whereas h�1; �i = h�3; �i = h�4; �i = 3, and h�2; �i = 5, so the hypotheses of the corollaryare satis�ed. It follows that D acts trivially on modules of the form HomD1(L(�1); E 
L(�1))(2�1). Therefore, we obtain the same result as in II.1.5(1) and III.2.4(2), namely,(2) Ext1D(L(�); L(�)) �= � HomD(L(�1); E 
 L(�1))(2�1) if � = �0 otherwiseThis observation, together with the information gathered in the preceding section allow usnow to read o� all of the extensions for simply connected D4 from appropriate tables oftensor product socles:Table III.3.5(a): E = L(�3) �L(�4) �= Ext1D1(L(�1); L(�1 + �2))(2�1) (3.4(g))Table III.3.5(b): E = k �L(�1) �= Ext1D1(L(�1); L(�3 + �4))(2�1) (3.4(i))Table III.3.5(c): E = 2k � L(�1)� L(�3)� L(�4) �= Ext1D1(k;L(�2))(2�1) (3.4(a))Table III.3.5(d): E = k �L(�2) �= Ext1D1(k;L(�1 + �3 + �4))(2�1) (3.4(b))Of course, no table is needed for E = k �= Ext1D1(L(�2); L(�1 + �3 + �4))(2�1) (3.4(c))�= Ext1D1(L(�1); L(�2 + �3 + �4))(2�1) (3.4(d))All other Ext1D1 modules for D4 are either zero or images under the graph automorphismsof those listed above. 64



Table III.3.5(a) E = L(�3)� L(�4)product socleE 
L(�1) L(�4) �L(�3)E 
L(�3) k � L(�1)E 
L(�2) L(�1 + �4)� L(�2 + �3) �L(�1 + �3)� L(�2 + �4)E 
 L(�3 + �4) L(�2 + �4) �L(�2 + �3)E 
 L(�1 + �4) L(�2) � L(�1 + �2)E 
 L(�1 + �2) L(�1 + �3)� L(�2 + �4) �L(�1 + �4)� L(�2 + �3)E 
 L(�2 + �3) L(�2)� L(�3 + �4) �L(�1 + �2)E 
 L(�1 + �3 + �4) L(�1 + �2 + �4) �L(�1 + �2 + �3)E 
 L(�2 + �3 + �4) L(�1 + �2 + �3) �L(�1 + �2 + �4)E 
 L(�1 + �2 + �4) L(�1 + �3 + �4)� L(�)� L(�2 + �3 + �4)E 
 L(�) L(�1 + �2 + �4) �L(�1 + �2 + �3)Table III.3.5(b) E = k �L(�1)product socleE 
 L(�1) L(�1)� kE 
 L(�3) L(�3) �L(�4)E 
 L(�2) L(�2)� L(�3 + �4) �L(�1 + �2)E 
 L(�3 + �4) L(�3 + �4)� L(�2)E 
 L(�1 + �4) L(�1 + �4) �L(�2 + �4)E 
 L(�1 + �2) L(�1 + �2)� L(�2)E 
 L(�2 + �3) L(�2 + �3) � L(�1 + �3)� L(�2 + �4)E 
L(�1 + �3 + �4) L(�1 + �3 + �4) �L(�2 + �3 + �4)E 
L(�2 + �3 + �4) L(�2 + �3 + �4)� L(�1 + �3 + �4) � L(�)E 
L(�1 + �2 + �4) L(�1 + �2 + �4) �L(�1 + �2 + �3)E 
 L(�) L(�) � L(�2 + �3 + �4)65



Table III.3.5(c) E = 2k � L(�1)� L(�3)� L(�4)product socleE 
 L(�1) 2L(�1) � k � L(�4)� L(�3)E 
 L(�2) 2L(�2) � L(�3 + �4)� L(�1 + �2) �L(�1 + �4)�L(�2 + �3) � L(�1 + �3)� L(�2 + �4)E 
L(�3 + �4) 2L(�3 + �4)� L(�2)�L(�2 + �4) �L(�2 + �3)E 
L(�1 + �2) 2L(�1 + �2) � L(�2) � L(�1 + �3)�L(�2 + �4) � L(�1 + �4)� L(�2 + �3)E 
 L(�1 + �3 + �4) 2L(�1 + �3 + �4) �L(�2 + �3 + �4)�L(�1 + �2 + �4) � L(�1 + �2 + �3)E 
 L(�2 + �3 + �4) 2L(�2 + �3 + �4)� L(�1 + �3 + �4)�L(�)� L(�1 + �2 + �3) � L(�1 + �2 + �4)E 
L(�) 2L(�)� L(�2 + �3 + �4)�L(�1 + �2 + �4) �L(�1 + �2 + �3)Table III.3.5(d) E = k �L(�2)product socleE 
 L(�1) L(�1)� L(�3 + �4) �L(�1 + �2)E 
 L(�2) 2L(�2) � kE 
L(�3 + �4) L(�3 + �4) �L(�1) �L(�1 + �2)E 
L(�1 + �2) 2L(�1 + �2) �L(�1) �L(�3 + �4)� L(�2 + �3 + �4)E 
 L(�1 + �3 + �4) 2L(�1 + �3 + �4) � L(�)E 
 L(�2 + �3 + �4) 2L(�2 + �3 + �4) � L(�1 + �2)E 
L(�) 3L(�)� L(�1 + �3 + �4)x4. Types B4 and C4.We now use the information obtained about module extensions for D1, together withthe isomorphism I.6.1(4), to calculate the ext groups for ~G� in rank l = 4.4.1 Extensions for (C4)� .Lemma 4.1.1. The Ext1~G� s for ~G = C4 are as follows:a) Ext1~G� (~L(~!1); ~L(~!2 + ~!3))(��1) �= k:b) Ext1~G� (~L(~!1); ~L(~!1 + ~!2))(��1) �= L(!4):c) Ext1~G� (~L(~!1); ~L(~!3))(��1) �= H0(!1): 66



d) Ext1~G� (~L(~!2); ~L(~!1 + ~!3))(��1) �= k:e) Ext1~G� (k; ~L(~!1 + ~!3))(��1) �= k � L(!2):f) Ext1~G� (k; ~L(~!2))(��1) �=M � L(!4);where M is the unique (up to isomorphism) uniserial G- module with �ltrationk==L(!1)==k:Proof: The right hand sides of (a), (b), and (d) are the unique G- modules that restrictto the appropriate Ext1D1s. Result (c) follows from consideration of the Weyl module ~V (~!3)(i.e., that Ext1~G(~L(~!1); ~L(~!3)) �= 0;) together with the �ve-term sequence. The argumentfor result (f) is similar, by considering the Weyl modules ~V (~!2) and ~V (2~!1). Finally, toprove (e), we observe that if E = Ext1~G� (k; ~L(~!1 + ~!3))(��1) were uniserial, then it wouldbe the �-twist of a ~G-module (namely, either ~H0(~!2)(�) or ~V (~!2)(�)). This is becauseExt1G(k;L(!2)) �= k and thus there is a unique (up to isomorphism) uniserial G-modulewith �ltration k==L(!2), resp., L(!2)==k.We now use the fact that(1) HomD1(k;M (�)) �= (Hom ~G� (k;M))(�) [�= HomG1(k;M (�)]as D-modules (for arbitrary ~G-modules M) because � maps D1 (as well as G1) onto ~G� :However, we know that the restriction of E to D is split.4.2 Socles of Tensor Products for B4 and C4.We need several more lemmas before we can obtain the Ext1Gs (and Ext1~Gs) for B4 andC4.Lemma 4.2.1. Let M be any composition factor of E = Ext1~G� (~L(�0); ~L(�0))(��1), where�0; �0 are any two � -restricted weights. Then if �; � is any pair of 2-restricted weights forG, then HomG1(L(�);M 
 L(�))is G-trivial.Proof: By Lemma 4.1.1, M = k;L(!1); L(!2); or L(!4); all of whose highest weightssatisfy the hypothesis of Corollary I.4.2.Lemma 4.2.2. Let E = Ext1~G� (~L(�0); ~L(�0))(��1), where �0; �0 are any two� -restricted weights. Then if �; � is any pair of 2-restricted weights for G, thenHomG1(L(�); E 
 L(�))is G-trivial.Proof: The G-composition factors of HomG1(L(�); E 
L(�)) form a subset of the com-position factors of HomG1(L(�);M 
 L(�)) as M ranges over the composition factors ofE. Now use the preceding lemma and the fact that Ext1G(k; k) = 0:67



This lemma, when combined with the results of section I.6.5, shows that we can reducethe computation of Ext1~G(L(~�); L(~�)) to the case where ~� = ~�0 + � ~�1 + 2~�2 + 2� ~� and~� = ~�0 + � ~�1 + 2~�2 + 2� ~�, where ~� = ~�, and Ext1G(L(�); L(�)) to the case where � =�0+��1+2�2+2��3+4� and � = �0+��1+2�2+2��3+4�, where � = �, and �0 = �0.4.3 Ext Computation Tables for B4 and C4. The following tables allow us to useLemma 4.2.2 and xI.6.5 to compute all of the extensions for simply connected B4 andC4. The result of xI.6.5 reduces the computation of all of these extensions to the caseExt1G(L(�); L(�)), with � = �0 + ��� = �0 + ��1 + 2��� = �0 + ��1 + 2�2 + ��3 + 4����, etc.,where �0 + ��1 6= �0 + ��1. Thus, because of Lemma 4.2.2, we obtain (in the notation ofxI.6.5):(a) If f�0; �0g = f0; !lg, we have ExtjG(L(�); L(�)) = 0 for all j.(b) If �0 = �0 = 0 and �1 � �1 2 Z ~R (note that l is even), or �0 = �0 = !l, we haveExt1G(L(�); L(�)) �= ( HomG(L(�2 + ��3); E 
 L(�2 + ��3))(2�1) if � = �0 otherwisewhere E = Ext1~G� (~L(�1); ~L(�1))(��1).(c) If �0 = �0 = 0 and �1 � �1 =2 Z ~R, we haveExt1G(L(�); L(�)) �= ( Hom ~G(~L(�1); E 
 ~L(�1))(��1) if � = �0 otherwisewhere E = Ext1G� (k; k)(��1) �= ~L(~!1) (by Lemma I.6.4).Thus we only need to list the G -socles of tensor products of E = Ext1~G� (~L(�1); ~L(�1))(��1)with 2-restricted G-modules and the ~G -socles of tensor products of Ext1G� (k; k)(��1) with� -restricted ~G-modules: (Lemma 4.1.1)Table III.4.3(a): E = Ext1~G� (~L(~!1); L(~!1 + ~!2))(��1)Table III.4.3(b): E = Ext1~G� (~L(~!1); ~L(~!3))(��1)Table III.4.3(c): E = Ext1~G� (k; ~L(~!2))(��1)Table III.4.3(d): E = Ext1~G� (k; ~L(~!1 + ~!3))(��1)Table III.4.3(e): E = Ext1G� (k; k)(��1) �= ~L(~!1) (Lemma I.6.4)Of course, no table is needed for E = k �= Ext1~G� (~L(~!2); ~L(~!1 + ~!3))(��1)�= Ext1~G� (~L(~!1); ~L(~!2 + ~!3))(��1).All other Ext1~G� modules for C4 are zero. The tables in this section are computed using68



the results of sections 2.2 and 2.3 (see Table III.A.4 in the Appendix), the fact (4.1(1))that HomD1(k;M (�)) �= HomG1(k;M (�))as D-modules (for arbitrary ~G-modules M) together with the following lemma. (We willalso use the fact that L(!4) is injective for G�.)Lemma 4.3.1. Let M be one of the non-semisimple Ext1~G� modules listed in Lemma 4.1.1.Let �; � be 2-restricted weights for G = B4 which are �-twisted (i.e., in the span of thefundamental dominant weights corresponding to the long simple roots). ThenHomG(L(�);M 
 L(�)) �= HomG(L(�); socG(M) 
 L(�))Proof: We have HomG(L(�);M 
 L(�)) �= HomG(L(�)
 L(�)�;M):However, L(�)
L(�)� is a �-twist of some ~G-module, whereas M has no non-semisimplesubmodules which are �-twists.
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Table III.4.3(a) E = Ext1~G� (~L(~!1); ~L(~!1 + ~!2))(��1)product G-socleE 
 L(!1) L(!1 + !4)E 
 L(!2) L(!2 + !4)E 
 L(!3) L(!3 + !4)E 
 L(!1 + !2) L(!1 + !2 + !4)E 
 L(!1 + !3) L(!1 + !3 + !4)E 
 L(!2 + !3) L(!2 + !3 + !4)E 
 L(!1 + !2 + !3) L(�)E 
 L(!4) kE 
 L(!1 + !4) L(!1)E 
 L(!2 + !4) L(!2)E 
 L(!3 + !4) L(!3)E 
 L(!1 + !2 + !4) L(!1 + !2)E 
 L(!1 + !3 + !4) L(!1 + !3)E 
 L(!2 + !3 + !4) L(!2 + !3)E 
 L(�) L(!1 + !2 + !3)
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Table III.4.3(b) E = Ext1~G� (~L(~!1); ~L(~!3))(��1)product G-socleE 
 L(!1) kE 
 L(!2) L(!1 + !2)� L(!3)E 
 L(!3) L(!2)E 
 L(!1 + !2) L(!2)E 
 L(!1 + !3) L(!2 + !3)E 
 L(!2 + !3) L(!1 + !3) � L(!1 + !2 + !3)E 
 L(!1 + !2 + !3) L(!2 + !3)E 
 L(!4) L(!4) � L(!1 + !4)E 
 L(!1 + !4) L(!1 + !4)� L(!4)E 
 L(!2 + !4) L(!2 + !4)� L(!1 + !2 + !4) �L(!3 + !4)E 
 L(!3 + !4) L(!3 + !4) � L(!2 + !4)E 
 L(!1 + !2 + !4) L(!1 + !2 + !4)� L(!2 + !4)E 
 L(!1 + !3 + !4) L(!1 + !3 + !4) � L(!2 + !3 + !4)E 
 L(!2 + !3 + !4) L(!2 + !3 + !4)� L(!1 + !3 + !4) �L(�)E 
 L(�) L(�) � L(!2 + !3 + !4)
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Table III.4.3(c) E = Ext1~G� (k; ~L(~!2))(��1)product G-socleE 
L(!1) L(!1) � L(!1 + !4)E 
L(!2) L(!2) � L(!2 + !4)E 
L(!3) L(!3) � L(!3 + !4)E 
 L(!1 + !2) L(!1 + !2) � L(!1 + !2 + !4)E 
 L(!1 + !3) L(!1 + !3) � L(!1 + !3 + !4)E 
 L(!2 + !3) L(!2 + !3) � L(!2 + !3 + !4)E 
 L(!1 + !2 + !3) L(!1 + !2 + !3) � L(�)E 
L(!4) k � 2L(!4)� L(!1 + !4)E 
 L(!1 + !4) L(!1) � 2L(!1 + !4) � L(!4)E 
 L(!2 + !4) L(!2) � 2L(!2 + !4)�L(!1 + !2 + !4)� L(!3 + !4)E 
 L(!3 + !4) L(!3) � 2L(!3 + !4) � L(!2 + !4)E 
 L(!1 + !2 + !4) L(!1 + !2) � 2L(!1 + !2 + !4)� L(!2 + !4)E 
 L(!1 + !3 + !4) L(!1 + !3) � 2L(!1 + !3 + !4) � L(!2 + !3 + !4)E 
 L(!2 + !3 + !4) L(!2 + !3)� 2L(!2 + !3 + !4)�L(!1 + !3 + !4) � L(�)E 
 L(�) L(!1 + !2 + !3) � 2L(�)� L(!2 + !3 + !4)Table III.4.3(d) E = Ext1~G� (k; ~L(~!1 + ~!3))(��1)product G-socleE 
L(!1) L(!1)� L(!3)� L(!1 + !2)E 
L(!2) 2L(!2)� kE 
L(!3) L(!3)� L(!1)� L(!1 + !2)E 
 L(!1 + !2) 2L(!1 + !2)� L(!1)� L(!3)� L(!2 + !3)72



Table III.4.3(d) (continued)product G-socleE 
 L(!1 + !3) 2L(!1 + !3)� L(!1 + !2 + !3)E 
 L(!2 + !3) 2L(!2 + !3)� L(!1 + !2)E 
 L(!1 + !2 + !3) 3L(!1 + !2 + !3)� L(!1 + !3)E 
 L(!4) L(!4) � L(!2 + !4)E 
 L(!1 + !4) L(!1 + !4)� L(!3 + !4)� L(!1 + !2 + !4)E 
 L(!2 + !4) 2L(!2 + !4)� L(!4)E 
 L(!3 + !4) L(!3 + !4)� L(!1 + !4)� L(!1 + !2 + !4)E 
 L(!1 + !2 + !4) 2L(!1 + !2 + !4)� L(!1 + !4)�L(!3 + !4)� L(!2 + !3 + !4)E 
 L(!1 + !3 + !4) 2L(!1 + !3 + !4)� L(�)E 
 L(!2 + !3 + !4) 2L(!2 + !3 + !4)� L(!1 + !2 + !4)E 
 L(�) 3L(�)� L(!1 + !3 + !4)Table III.4.3(e) E = Ext1G� (k; k)(��1) �= ~L(~!1)product ~G-socleE 
 ~L(~!1) kE 
 ~L(~!2) ~L(~!1 + ~!2)� ~L(~!3)E 
 ~L(~!3) ~L(~!2)E 
 ~L(~!1 + ~!2) ~L(~!2)E 
 ~L(~!1 + ~!3) ~L(~!2 + ~!3)E 
 ~L(~!2 + ~!3) ~L(~!1 + ~!3) � ~L(~!1 + ~!2 + ~!3)E 
 ~L(~!1 + ~!2 + ~!3) ~L(~!2 + ~!3)4.4 Examples. In this subsection, we compute two speci�c examples of module extensionsfor simply connected C4, to illustrate the application of xI.6.5 and Tables III.4.3(a)-(e).Example 4.4.1 E = Ext1~G(~L(2~!1 + 2~!2 + 2~!3); ~L(3~!1 + 2~!2 + 3~!3)).By I.6.3, we obtain �rst E �= Ext1G(L(!4 + 2!1 + 2!2 + 2!3); L(!4 + 3!1 + 2!2 + 3!3)).This puts us in case (b) of I.6.5. Therefore, we haveE �= HomG(L(!1 + !2 + !3);Ext1~G� (k; ~L(~!1 + ~!3))(��1) 
 L(!1 + !2 + !3)) �= 3k;73



by Table III.4.3(d).Example 4.4.2 E = Ext1~G(~L(2~!1 + 2~!3); ~L(2~!2 + 2~!3)).By I.6.3, we obtain �rst E �= Ext1G(L(!4+2!1+2!3); L(!4+2!2+2!3)) �= Ext1G(L(!1+!3); L(!2 + !3)). This puts us in case (c) of I.6.5. Therefore, we haveE �= Hom ~G(~L(~!1 + ~!3); ~L(~!1) 
 ~L(~!2 + ~!3)) �= k;by Table III.4.3(e).4.5 Cohomology of Frobenius Kernels for B4 and C4.Finally, we use the 5-term sequences (as in xI.7) for the pairs (G1; G�) and ( ~G1; ~G� )to compute the quantities Ext1G1(L(�); L(�))(2�1) and Ext1~G1(~L(�); ~L(�))(2�1) for pairs of2-restricted weights �; �. Since these quantities are symmetric in � and � (as all simplemodules for G and ~G are self-dual), we display only the lower left half of each table, (eachin 3 seperate pieces due to space contraints.) Now note that for G, we have that theresult is zero if �0 6= �0 (in the notation of I.6.5), eliminating the need to display the 2ndpiece. Furthermore, we can use the notational reduction introduced in Proposition II.2.4.Let � = �0 + ��1 and � = �0 + ��1. In the next table, the notation (x) will mean x if�0 = �0 = 0 and 0 if �0 = �0 = !4. In the following,M is the unique (up to isomorphism)uniserial G- module with composition series k==L(!1)==k.Table III.4.5(a) Ext1G1(L(�); L(�))(2�1)(�1; �1) 0 !1 !2 !3 !1 + !2 !1 + !3 !2 + !3 !1 + !2 + !30 0!1 (k) 0!2 M � L(!4) 0 0!3 0 H0(!1) (k) 0!1 + !2 0 L(!4) (k) 0 0!1 + !3 k � L(!2) 0 k 0 0 0!2 + !3 0 k 0 0 0 (k) 0!1 + !2 + !3 0 0 0 0 0 0 (k) 074



Table III.4.5(b) Ext1~G1(~L(�); ~L(�))(2�1)(�; �) 0 ~!1 ~!2 ~!3 ~!1 + ~!2 ~!1 + ~!3 ~!2 + ~!3 ~!1 + ~!2+~!30 L(~!1)~!1 0 L(~!1)~!2 k 0 L(~!1)~!3 0 L(~!1) 0 L(~!1)~!1 + ~!2 0 0 0 0 L(~!1)~!1 + ~!3 k � L(~!2) 0 k 0 0 L(~!1)~!2 + ~!3 0 k 0 0 0 0 L(~!1)~!1 + ~!2 + ~!3 0 0 0 0 0 0 0 L(~!1)Table III.4.5(b) (cont.) Ext1~G1(~L(�); ~L(�))(2�1)(�; �) 0 ~!1 ~!2 ~!3 ~!1 + ~!2 ~!1 + ~!3 ~!2 + ~!3 ~!1 + ~!2 + ~!3~!4 0 0 k 0 0 0 0 0~!1 + ~!4 0 0 0 0 k 0 0 0~!2 + ~!4 k 0 0 0 0 0 0 0~!3 + ~!4 0 0 0 0 0 0 0 0~!1 + ~!2 + ~!4 0 k 0 0 0 0 0 0~!1 + ~!3 + ~!4 0 0 0 0 0 0 0 0~!2 + ~!3 + ~!4 0 0 0 0 0 0 0 0� 0 0 0 0 0 0 0 075



Table III.4.5(b) (cont.) Ext1~G1(~L(�); ~L(�))(2�1)(�; �) ~!4 ~!1 + ~!4 ~!2 + ~!4 ~!3 + ~!4 ~!1 + ~!2+~!4 ~!1 + ~!3+~!4 ~!2 + ~!3+~!4 �~!4 0~!1 + ~!4 0 0~!2 + ~!4 2k � L(~!1) 0 0~!3 + ~!4 0 k �L(~!1) 0 0~!1 + ~!2 + ~!4 0 0 0 0 0~!1 + ~!3 + ~!4 k �L(~!2) 0 k 0 0 0~!2 + ~!3 + ~!4 0 k 0 0 0 0 0� 0 0 0 0 0 0 0 0
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III.A AppendixTable III.A.1(a) Weight multiplicities (A4)dim 0 1001 0110 01022010 00211200 2002 �W -orbit size 1 20 30 30 20 20 120L(0) 1 1L(1001) 24 4 1L(0110) 74 4 2 1L(�) 1024 24 14 8 4 2 2 1Table III.A.1(b) Weight multiplicities (A4)dim 1000 0101 0020 2001 1110W -orbit size 5 30 10 20 60L(1000) 5 1L(0101) 40 2 1L(1110) 280 8 4 2 2 1Table III.A.1(c) Weight multiplicities (A4)dim 0100 2000 0011 1101W -orbit size 10 5 20 60L(0100) 10 1L(0011) 40 2 � 1L(1101) 160 5 2 2 177



Table III.A.2(a) Weight multiplicities (D4)dim 0 0100 200000200002 1011 0200 210001200102 002220022020 �W -orbit size 1 24 8 96 24 48 32 192L(0) 1 1L(0100) 26 2 1L(1011) 246 6 4 2 1L(�) 4096 64 40 24 14 8 4 2 1
Table III.A.2(b) Weight multiplicities (D4)dim 1000 0011 1100 10201002 0111W -orbit size 8 32 48 32 96L(1000) 8 1L(0011) 48 2 1L(1100) 160 6 2 1L(0111) 784 14 8 4 2 178



Table III.A.3 (Type A4 tensor products)(�; �0) H0(�) 
H0(�0) socG1(L(�) 
 L(�0))(�1; �1) H0(2�1)==H0(�2) L(�2)(�1; �4) H0(�1 + �4) � k L(�1 + �4)� k(�1; �2) H0(�1 + �2)�H0(�3) L(�1 + �2)� L(�3)(�1; �3) H0(�1 + �3)==H0(�4) L(�4)(�1; �1 + �4) H0(2�1 + �4)==H0(�2 + �4)==H0(�1) L(�1)(�1; �2 + �4) H0(�1 + �2 + �4)==H0(�3 + �4)==H0(�2) L(�1 + �2 + �4)�L(�3 + �4)(�1; �1 + �3) [H0(2�1 + �3)==H0(�2 + �3)]�H0(�1 + �4) L(�2 + �3)(�1; �3 + �4) H0(�1 + �3 + �4)==H0(2�4)==H0(�3) L(�3)(�1; �1 + �2) H0(2�1 + �2)==H0(2�2)==H0(�1 + �3) L(�1 + �3)(�1; �2 + �3) H0(�1 + �2 + �3)==H0(2�3)==H0(�2 + �4) L(�1 + �2 + �3)�L(�2 + �4)(�1; �1 + �2 + �4) H0(2�1 + �2 + �4)==H0(2�2 + �4)==H0(�1 + �3 + �4)==H0(�1 + �2) L(�1 + �3 + �4)(�1; �1 + �3 + �4) [H0(2�1 + �3 + �4)==H0(�2 + �3 + �4)]�[H0(�1 + 2�4)==H0(�1 + �3)] L(�2 + �3 + �4)�L(�1 + �3)(�1; �1 + �2 + �3) H0(2�1 + �2 + �3)==H0(2�2 + �3)==H0(�1 + 2�3)==H0(�1 + �2 + �4) L(�1 + �2 + �4)(�1; �2 + �3 + �4) H0(�)� [H0(2�3 + �4)==H0(�2 + 2�4)==H0(�2 + �3)] L(�)� L(�2 + �3)(�1; �) Q(�1 + �2 + �3) L(�1 + �2 + �3)(�2; �2) H0(2�2)==H0(�1 + �3)==H0(�4) L(�1 + �3)� L(�4)(�2; �3) H0(�2 + �3)==H0(�1 + �4)==k L(�1 + �4)� k(�2; �1 + �4) H0(�1 + �2 + �4)==H0(�3 + �4)==H0(2�1)==H0(�2) L(�3 + �4)� L(�2)(�2; �2 + �4) H0(2�2 + �4)==H0(�1 + �3 + �4)==H0(�1 + �2)==H0(2�4)==H0(�3) L(�1 + �3 + �4)� L(�3)(�2; �1 + �3) H0(�1 + �2 + �3)==H0(2�1 + �4)==H0(2�3)==H0(�2 + �4)==H0(�1) L(�1 + �2 + �3)�L(�2 + �4)79



Table III.A.3 (Type A4 tensor products)(cont.)(�; �0) H0(�) 
H0(�0) socG1(L(�)
 L(�0))(�2; �3 + �4) H0(�2 + �3 + �4)==H0(�1 + 2�4)==H0(�1 + �3)==H0(�4) L(�2 + �3 + �4) � L(�4)(�2; �1 + �2) [H0(�1 + 2�2)==H0(2�1 + �3)==H0(�2 + �3)]�H0(�1 + �4) L(�2 + �3)�L(�1 + �4)(�2; �2 + �3) [H0(2�2 + �3)==H0(�1 + 2�3)==H0(�1 + �2 + �4)==H0(�2)]�H0(�3 + �4) L(�1 + �2 + �4)�L(�3 + �4)(�2; �1 + �2 + �4) H0(�1 + 2�2 + �4)==H0(2�1 + �3 + �4)==H0(�2 + �3 + �4)==H0(2�1 + �2)==H0(�1 + 2�4)==H0(2�2)==H0(�1 + �3) L(�2 + �3 + �4)�L(�1 + �3)(�2; �1 + �3 + �4) H0(�)� [H0(2�1 + 2�4)==H0(2�3 + �4)==H0(2�1 + �3)==H0(�2 + 2�4)==H0(�2 + �3)] �H0(�1 + �4) L(�) �L(�2 + �3)(�2; �1 + �2 + �3) [H0(�1 + 2�2 + �3)==H0(2�1 + 2�3)==H0(2�1 + �2 + �4)==H0(�2 + 2�3)==H0(2�2 + �4)==H0(�1 + �3 + �4)]�H0(�1 + �2) L(�1 + �3 + �4)�L(�1 + �2)(�2; �2 + �3 + �4) H0(2�2 + �3 + �4)H0(�1 + 2�3 + �4)==H0(�1 + �2 + 2�4)==H0(�1 + �2 + �3)==H0(�3 + 2�4)==H0(2�3)==H0(�2 + �4) L(�1 + �2 + �3)�L(�2 + �4)(�2; �) Q(�1 + �2 + �4) L(�1 + �2 + �4)Table III.A.4 (Type D4 tensor products)(�; �0) H0(�) 
H0(�0) socG1(L(�) 
 L(�0))(�1; �1) H0(2�1)==H0(�2)==k k(�1; �3) H0(�1 + �3)==H0(�4) L(�4)(�1; �2) H0(�1 + �2)� [H0(�3 + �4)==H0(�1)] L(�1 + �2) � L(�3 + �4)(�1; �3 + �4) H0(�1 + �3 + �4)==H0(2�4)==H0(2�3)==H0(�2) L(�2)(�1; �1 + �4) H0(2�1 + �4)==H0(�2 + �4)==H0(�1 + �3)==H0(�4) L(�2 + �4)80



Table III.A.4 (Type D4 tensor products)(cont.)(�; �0) H0(�) 
H0(�0) socG1(L(�) 
 L(�0))(�1; �1 + �2) H0(2�1 + �2)==H0(2�2)==H0(�1 + �3 + �4)==H0(2�1)==H0(�2) L(�2)(�1; �2 + �3) [H0(2�3 + �4)==H0(�2 + �4)]�[H0(�1 + �2 + �3)==H0(�1 + �3)] L(�2 + �4)�L(�1 + �3)(�1; �1 + �3 + �4) [H0(�1 + 2�4)==H0(�1 + 2�3)==H0(�1 + �2)]� [H0(2�1 + �3 + �4)==H0(�2 + �3 + �4)==H0(�3 + �4)] L(�2 + �3 + �4)(�1; �2 + �3 + �4) H0(�)� [H0(2�3 + 2�4)==H0(�2 + 2�3)==H0(�2 + 2�4)==H0(2�2)==H0(�1 + �3 + �4)] L(�) �L(�1 + �3 + �4)(�1; �1 + �2 + �4) [H0(2�1 + �2 + �4)==H0(2�2 + �4)==H0(�1 + �3 + 2�4)==H0(�1 + �2 + �3)]�[H0(2�1 + �4)==H0(�2 + �4)] L(�1 + �2 + �3)(�1; �) Q(�2 + �3 + �4) L(�2 + �3 + �4)(�2; �2) H0(2�2)==H0(�1 + �3 + �4)==H0(2�1)==H0(2�3)==H0(2�4)==H0(�2)==k L(�2)� k(�2; �3 + �4) [H0(�2 + �3 + �4)==2H0(�3 + �4)==H0(�1)]� [H0(�1 + 2�3)==H0(�1 + 2�4)==H0(�1 + �2)] L(�1) �L(�1 + �2)(�2; �1 + �2) [H0(�1 + 2�2)==H0(2�1 + �3 + �4)==H0(�2 + �3 + �4)==H0(3�1)==H0(�3 + �4)==H0(�1)]� [H0(�1 + 2�3)==H0(�1 + 2�4)==H0(�1 + �2]) L(�2 + �3 + �4)�L(�3 + �4)� L(�1)�L(�1 + �2)(�2; �1 + �3 + �4) H0(�) � [H0(2�3 + 2�4)==H0(2�1 + 2�4)==H0(2�1 + 2�3)==H0(�2 + 2�1)==H0(�2 + 2�3)==H0(�2 + 2�4)==H0(2�2)==3H0(�1 + �3 + �4)==H0(2�1)==H0(2�3)==H0(2�4)==H0(�2)] L(�) �L(�1 + �3 + �4)(�2; �2 + �3 + �4) [H0(2�2 + �3 + �4)==H0(�1 + 2�3 + 2�4)==H0(�1 + �2 + 2�3)==H0(�1 + �2 + 2�4)==H0(�1 + 2�2)==H0(2�1 + �3 + �4)==3H0(�2 + �3 + �4)==H0(�3 + �4)]�[H0(�3 + 3�4)==H0(3�3 + �4)==H0(�1 + 2�3)==H0(�1 + 2�4)==H0(�1 + �2)] L(�2 + �3 + �4)�L(�1 + �2)(�2; �) Q(�1 + �3 + �4) � 2Q(�) L(�1 + �3 + �4) � 2L(�)81



Table III.A.5 Weyl module composition factors (A4)Weyl module radical (composition factors)V (�1) ;V (�2) ;V (�1 + �2) ;V (�1 + �4) ;V (�2 + �4) L(�1)V (�2 + �3) kV (�1 + �2 + �4) L(�2); L(2�1)V (�1 + �2 + �3) ;V (2�1) L(�2)V (2�3) L(�2 + �4)V (3�4) L(�2)V (2�1 + �4) L(�1); L(�2 + �4)V (�2 + 2�4) 2k;L(�2 + �3)V (3�1 + �4) L(�3 + �4)V (�1 + 2�3) L(�1 + �2 + �4)V (2�2 + �3) L(2�1); L(�1 + �2 + �4); L(�1 + 2�3)V (�1 + �2 + 2�4) L(�1 + �2 + �3)V (2�2 + 3�4) L(�2 + �4); L(2�3); 2L(2�1 + �4); L(3�2); L(�1 + �3 + 3�4)V (3�1 + 2�2 + �4) 2L(2�2 + �3 + �4); L(2�1 + �2 + �3 + �4); L(4�1 + �3 + �4)V (3�2 + 2�3) 2L(�2); 2L(2�1); 2L(3�4); 2L(2�2 + 2�4);L(�2 + 2�3 + �4); 2L(2�1 + 2�3 + �4); L(4�3);L(�1 + 2�2 + �3 + �4); L(4�2 + �4)
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Table III.A.6 Weyl module composition factors (D4)Weyl module radical (composition factors)V (�1) ;V (�2) 2kV (�1 + �2) ;V (�3 + �4) L(�1)V (�1 + �3 + �4) 2k; 3L(�2); L(2�1); L(2�3); L(2�4)V (�2 + �3 + �4) L(�1); L(�3 + �4)V (3�1) L(�3 + �4)V (�1 + 2�3) L(�1 + �2)V (2�1 + �3 + �4) 2L(�1); L(�3 + �4); L(3�1); L(�2 + �3 + �4)V (3�1 + �4) L(�1 + �2); L(�1 + 2�3); L(�1 + 2�4)V (�1 + 2�2) 3L(�1); L(�2 + �3 + �4); L(2�1 + �3 + �4)V (�1 + �2 + 2�3) 4L(�1); L(�3 + �4); L(3�1);L(�2 + �3 + �4); L(2�1 + �3 + �4); L(�1 + 2�2)V (5�1) 2L(�1); L(2�1 + �3 + �4); L(�1 + 2�2)V (3�1 + 2�4) L(�1 + �2); 2L(�1 + 2�3); L(�1 + 2�4);L(�3 + 3�4); L(3�1 + �2)V (�1 + 2�3 + 2�4) 5L(�1); L(�3 + �4); 2L(3�1);L(�2 + �3 + �4); L(2�1 + �3 + �4); L(�1 + 2�2);L(�1 + �2 + 2�3); L(�1 + �2 + 2�4)V (2�2 + �3 + �4) 6L(�1); 3L(�3 + �4); 3L(3�1); L(�2 + �3 + �4);L(2�1 + �3 + �4); 2L(�1 + 2�2); L(�1 + �2 + 2�3);L(�1 + �2 + 2�4); L(�1 + 2�3 + 2�4)V (2�1 + �2 + �3 + �4) 7L(�1); 4L(�3 + �4); 4L(3�1); L(�2 + �3 + �4);2L(2�1 + �3 + �4); 2L(�1 + 2�2); L(�1 + �2 + 2�3);L(�1 + �2 + 2�4); L(�1 + 2�3 + 2�4); L(2�2 + �3 + �4)V (3�1 + 2�2) 4L(�3 + �4); 2L(3�1); 2L(2�2 + �3 + �4);L(2�1 + �2 + �3 + �4); L(4�1 + �3 + �4)
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Table III.A.7 Weyl module composition factors (C4)Weyl module radical (composition factors)~V (~!1) ;~V (~!2) k~V (~!3) ;~V (2~!1) 2k; ~L(~!2)
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