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1. THE CANTOR-BERNSTEIN-SCHRODER THEOREM

A version of the book’s proof of the theorem.

Theorem (Cantor-Bernstein-Schroder Theorem). Let A and B be sets.
Suppose |A| < |B| and |B| < |A|. Then |A| = |B].

Proof. By definition, there exist injective functions

f:A—B

and
g: B— A

Let h = g o f so that h is an injective function
h: A— A.

As is customary, we set
RO =1Tdy: A— A

and, for every n € N,

h":A— A
to be the result of composing h™ = ho--- o h where there are n copies
of h. For each n € Z with n > 0, A" is an injective function. We let

G:U hi(A—g(B)).

Then
A—g(B)CGCA
Furthermore,
h(G) C G
We set
W=A-G@G.
Then
W Cg(B)CA.

We notice that, for each a € W, there exists exactly one b € B such
that g(b) = a. We now define a map

6:A— B
by, for all a € A, setting

B(a) = fla), ifae€G;
o, where b € B is such that g(b) =a if a € W.

[ is indeed a map from A to B.
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Suppose that 3 is not injective. Then there exist a;,as € A, such
that a; # ag but f(a;) = [ (az), and among all these we pick a,
and as such that a; € G and ay, € W if possible. If a;,as € G then
Bar) = f(a1) = B(az) = f(az), a contradiction since f is injective. If
aj,as € W then g(5(a1)) = a1 = ag, a contradiction. Hence a; € G
and as € W. In this case, f(a;) = f(a1) and g(5(az)) = as. Hence
g(f(a1)) = as. In other words h(a;) = ay. Since a; € G and h(G) C G,

this implies as € G, a contradiction. Hence [ is injective.

Suppose that [ is not surjective. Then there exists some b € B
such that b ¢ B(A). Suppose that g(b) € W. Then g(b) € A and
B(g(b)) = b, a contradiction. Hence g(b) € G. Then, by the definition
of G, there exists some d € (A — g(B)) and some k € Z such that
k> 0 and g(b) = h*(d). If k = 0, then g(b) = d € (A — g(B)), a
contradiction, so k > 1. Hence, we get

g() = g (f (W*7(@))).

Since g is injective, this implies
b=f ().

Since d € (A — g(B)), we know that h*~1(d) € G, and it follows from
the definition of S and the previous equation that

B (1) = £ (B @) =
This contradicts our choice of b. Hence, (3 is surjective.

It follows that f is a bijection. Therefore |A| = |B|. The proof is
complete. O
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