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Abstract — The asymmetric property of the nonlincar chemical aflinity equation is shown to result in
a diffusive flux augmentation eflect, due 1o nonlincar chemical reaction rate, that is dependent on the
direction in which the reaction is displaced from equilibrium. Because of this, wfilm when coupled with.
an external driving force con act as a “chemical pump™. A simple model is-sugpested for a quasi
steady pump of this type which provides maximum pumping effect when the film thickness is in the
range of cight to ten times the mean characteristic diffusion reaction length.

INTRODUCTION

Fit.m 1ransrFER with chemical reaction is in
gencral a nonlinear problem, special cases of
which have been trcated by, for cxample,
Olander| 1), Friedlander and Keller{2], and Toor
[3.4]. By use of & model in which the rcaction
was considered sufficiently rapid as to be in
quasi-cquilibrium, Olander was able to show that
the effect of a single rcaction is to enhance,
or augment, the transport. Friedlander and
Keller extended the analysis to slightly removed
from ecquilibrium  situations. In addition to
showing that equilibrium reaction provides an
upper limit of the enhancement ceffect, they also
provided a criterion in the form of a charac-
teristic rcaction-difTusion length for estimating
when local cquilibrium exists. Toor considered
the problem of dual diffusion-reaction coupling
in systems in which the components participate
in any number of first order reactions.

Although cach of the above mentioned an-
alyses is based upon a lincar or inearized model,
they have provided considerable insight into the
film transport phenomenon. However, onc may
lose certain quahtative aspects of the behavior
of systems which are basically nonlincar, strict-
ly speaking. in o lincar or lincarized treatment, as
is well known, In the case of film transfer with
arbitritry order chemical reaction, the asymmetry

of the problem with respect to the direction in
which the reaction is displaced from cquili-
brium is lost in a lincarized treatment, and it is
the purpose of this communication to explore
the nature of the effect of reaction asymmetry on
film transfer at a “‘zeroth order”™ level for the
casc of pure, steady diflusion of species that
participate in a single recaction in the domain
of interest.

To retain at lecast part of the asymmetric
character” of the general problem of reaction
diffusion coupling (in the sense of Toor[3)]), it
is necessary 1o include some or all of the non-
lincar terms in the appropriate transport cqua-
tions. Two approaches come to mind. One may
formulate the problem in concentration (or mole
fraction) space in terms of ordinary Fickian
diffusion. This approach has the advantage that
propertics like ordinary diflusion cocflicients
and boundary concentrations are readily avail-
able, or measurcable. A mujor disadvantage of
this approach is that the mathematical analysis
of the resulting set of nonlinear sccond order
differential cquations is a formidable task. Also,
a given set of results, in the event the analysis
is successful, is limited to a single, net reaction
rate form.

A sccond appraach is to formulate the problem
in chemical potential space. 'This approach has
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the advantage that the analysis is more tractable
and the results are not Jimited to a specific
reaction form. A disadvantage is that the results
may be applicable over a more limited range in
concentration variation il propertics such as
Onsager dilfusion cocflicients are stronger func-
tions of chemical potential than Fickian co-
eflicients arc of concentration.

It is this sccond approach that is taken here,
and an approximate solution is developed for a
restricted form  of the nonlincar chemical
affinity equation. We write the conscrvation
statement for species § in the steady, convec-
tion frec one-dimensional systen as:

= — il —c?). (a

For the transport coeflicient L; a function of g
we may wrile this cquationin the form:

ViU

a _|-.[‘_"'_(’i‘l (%)z=_ L(l —c™®). (2)
i

dz2% 7 T \dz

If L; were a function of more than one chemical
potential, additional terms of the form of the
sccond term on the left would be present. For
sufficicntly small chemical potential gradicuts,
and for chemical potential ranges such that the
ratios L';/L; are small, we may neglect the second
term on the left of 2q. (2) and form the normal-
ized chemical aflinity equation by multiplying
by —wi/RT and summing over all the s spccies
participating in the chemical reaction{2, 5]:

2

a’;({; = ANl —c™®). 3)
The quantity A is a reciprocal characteristic
reaction-dilfusion length which depends on the
(local) forward chemical reaction rate and the s
transport cocflicients L;. As such it is thereflore
a function of the gy One additional restriction
is mule here, and that is the approximation of A
as the first term ol a Taylor series expansion
about the mean chemical potentials jg; of the
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system. FFor this to be a uscful zeroth approxi-
mation it is requircd both that the variation in
the chemical potentials about their mean values
be small, which is consistent with the small
gradient approximation used above, and also
that X be a modcrately weak function of the g;.

What this zeroth approximation means in
terms of concentration and ordinary diffusion
cocilicients may be scen by considering a parti-
cular example, say the rcaction A 4- 8 = ) where
the forward rate is of the form &,C,C,. We can
identify the Onsager cocfficients L, in terms of
the ordinary diffusion coeflicients for ideal sys-
tems simply as L;= C;D;/RT, and A*? becomes
for this case:

C , C D;
Az_,(/( )[ M_*_ 2.__/!_*_ 2. A l:l
D, D, T, T C, Dy

4)

Thus A% is a “moderately” weak function of
specics concentration for those classes of systems
for which Dy is an increasing [unction of concen-
tration, Dy/D ;and C,/C, arc essentially constant,
and C,D,/(C,D,) is either essentially constant

or smallrelative to the other terms in the brackets.

This last condition is normally (ulfilled il devia-
tions from cquilibrinm are moderately small and
the value of the cquilibrium constant is such that
C.o<g Cpl

The zeroth approximation to Eq. (3) is there-
fore written as:

(—éé— [—c9, (5)

where A has becn used as a scale factoron z such
that £=%z. One may develop a solution of this
nonlincar equation to any level of approximation
desired by the procedure shown in the next see-
tion, but the restrictions specified above are such
that the solution is applicable 1o the physical
situation only for moderately small values ol ¢.

The asymmetric character of the fifm transler
with reaction problem is apparent in Fq. (5),
for il the sign of the atlinity is chinged, say ¢’ =
— ¢, it is evident that the mathematical Torm of
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the cquation is changed. The fundamental asym-
metric character of the film transfer with reac-
tion problem is preserved in this zeroth order
approximation, and is reflected in the transfer
flux computed from Egs. (1) with the usc of an
approximate solution for ¢ from I3q. (5).

APPROXIMATE SOLUTION OF THE AFFINITY
EQUATION
Approximations to the solution of Eq. (5)

may be obtained by usc of a power series expan-
sionin £ of the form:

¢=astaf+a, 82+ a3+ -, (6)

Substitution of Eq. (6) into Eq. (5) and setting the
cocflicients of like powers in£ cqual to zero yiclds
the following relations for the cocflicients of the
series (6):

aq = arbitrary

a, = arbitrary

a;=4(1—c )

a; = ta,cm%

a, = 3z e (ay— b a,?)

s = —2!6 C—“"(ag —ay iy + '(1; ”]3)

ag = 3¢ ™ay—aaz;—3 a* +3 aa,— 4 a4

I § @)
“*"'z—mmE(Ul ) )

=

The summation in the recursion relations (7)
is taken over all non trivial non negative integer
solution sets d; of the equation:

IS
glill,' == [\' B (8)

Each of the coceflicients a, in Eq. (6) is therefore
a polynomiul whose terms consist of certain pro-
ducts of the preceding cocflicients. 'T'he wflinity
i, (5) is sccond order, and as such the solution
contains two arbitrary constants of integration,

which appear as a, and «,. The other coellicients
can be expressed in terms of these first 1wo con-
stants through the recurrsion relation, Fiq. (7).
iHowever, the arbitrary constants of integration
do not enter into the solution in a lincar way as is
the cascin the general solutions of lincar differen-
tial equations.

The form of the recursion relation, Eq. (7),
is such that the scries solution is not conveniently
useful in genecral. However, for the physically
interesting casce of the aflinity specificd as zero
on one boundary of a film, say ¢ =0 at £ =0,
which corresponds (o a quasi-cquilibrium on that
boundary, the cocflicients a, and a, are zero, and
the serics, Eq. (6), becomes:

¢ =aysinh £— 3 4P U+ a2 F8) . (9)
i=1 i=1

The functions U (¢) are even power scrics in ¢
and the functions [F(€) are odd power scries.
Equation (9) is an infinite series of infinite series.
The first function in cach of the summations
above is defined as follows:

LS
Us) = S0y (10)
where -
b, =0
b,=4b,. ,+1 an
® £2k+1
Fy(¢) = kE:f"(—E./\_-iT)‘ (12)
where
=0

k-1
o k—1)h,;
& o +§1(2k 2= )13

- (2k—1)! ~ 2k— 1!
% (2~ QA — 454 1) ?—' sy
(13)
where:

_[k—=1,ilkcven
ny = [k -2 itk add
2,00 72 k4 D3
TG, = ko D3
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The final summation in Eq. (13) is made over all
the distinet, positive integer solutions of the
cqualion

pryp.tpy=2k—|

for which all the p; arc odd. Numerical values of
the first twenty five of the ¢, are provided in the
Appendix, as well as values of the functions
U,(&) and FF (&) Tor a number of values of the
argument £.

The zcroth, first, and second approximations
to the solution of Eq. (5) for the boundary condi-
tion of vanishing ¢ at & =0 may thercfore be
written:

¢ = asinhf—a2U(E)+al3F (&), (14)
The first term on the right corresponds to the
solution of the linearized aflinity cquation whose
characteristics are discussed in Rel.[2]. The
terms U, () and F(€) provide the higher order
approximations, and are cven and odd functions,
respectively, as may be scen on referring to
their definitions, Eqs. (10) and (12). Therefore,
when the sign of the argument is changed in the
terms on the right hand side of Eq. (14), the
signs of terms one and three are changed, but
the sign of the sccond term reinains the same.
Eq. (14) thus cxhibits the asymmetric character
of the nonlinear differential Eq. (5). Connected
with this i1s the form in whicli the integration
constant a, occurs in Eq. (14). A result of this
form is that the shape of the aflinity distribution
is changed with the sign of the aflinity specifica-
tion on the boundary at & = ¢, say. This is a
qualitalive feature of the phenomenon of diffu-
ston-reaction coupling that is lost in a lincarized
treatment of the problem. The cffect of this
characteristic on the flux is discussed below, for
the case of the allinity distribution given by the
approximate solution, Fq. (14). Higher order
corrections to Fq. (1) can be developed from
Fq. (9) 40 warranted in a particular application.
The approximate solmtion, Yig. (14), is compared
with the numerical integration of Eq. (3) in the
Appendix, for representative values of $(£,) ol
interest here.

EFFECT OF REACTION ASYMMUETRY ON
THE FLUX
Counsider the film shown in Fig. | where the
diftusion specics participate in a single reaction
whose rate is given by the righthand side of
Eq. (1). The net reaction rate &, may be of
arbitrary order. In this case the film is considered

$(0)=0

Reservoir 2 Film Reservoir |

_1 0

Fig. 1. Schematic representation of a film system,

semi-permeable in that only certain of the specics
arc [ree to pass through the film boundary. This
boundary value problem is similar to that
treated in Ref.[2], the difference being that the
aflinity is specified on the onc boundary at ¢ =0
in this case. The results below can be extended to
more general cases. The total flux. through the
film is given by:

-

Ne=3MJ ==3 M.-L.-‘j’f‘;f. (15)
i=1 N

i1

The chemical potential gradients p/(z) for usc in
Eq. (15) are computed from the solution of the
set of IZgs. (1), (2) and {5), subject to the bound-
ary conditions:

at
£ =10, M= pd0)
H0) == 0 (16)
E=—&, ui=ul—E&)).

FElimination of the {unction (-—¢7™) between
the Egs. (1) and (5), and writing the variables
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in normalized form yiclds:

d?
g it apl =0 (17)
al
f =), 0,:0
$(0)=0 (18)
E=—¢&, 0;=1

The solution of Eq. (17) subject to the conditions
(18)is:

oi=—a¢<_f:un~'{1+a¢<—§,:u,)}§—l. (19)

The affinity distribution §(¢:a,) for use in Eq.
(19) is given by Eq. (14). The constant aq is not
an independent constant under the conditions
(18) as ¢ is defined in terms of a linear combina-
tion of the chemical potentials. The constant
a; may be rcadily climinated for the (special)
case of only one specics free to transfer through
the boundary, say at £ =—¢,, by forming the

expression for the flux of species i from Eq.
(19) and by use of:
‘Il(—fl)__ (20)

V) g gyia).
ZARTL, T

For the case of only one species transferring
through the boundiny at —¢,, Eq. (20) reduces to:

S S (=€) 30

Forming J,(—&,) from Lig. (19), and putting the
derivaiive of Eq. (14) into the result as well as
nto Eq. (21) yiclds the following two cquations
which can be solved for g,;
W&, = la, cosh (= £&)) a2 U (= &y)

’ (‘| :Il'.;('_"tf])](lfgle) (22)
W& = |14 (¥ eda, sinh (— €)= a, 20U (— &)

Py ENA -y (23)

W(—¢,) is the flux of species 17 through the
boundary at —¢&, normalized 1o the flux that would
occur without reaction in the film. After climina-
tion of a; between Egs. (22) and (23) one notes
that the flux W depends only on the two para-
meters, ¥ and € for a given film thickness. The
first of these parameters is a ratio of reciprocal
reaction=dillusion lengths and depends only on
the stoichiometry. the Kinetics, and the pheno-
menological coeflicients. y is always less than
unity as A contains X,. The second parameter ¢
is defined as:

€ = v A, /(RT) (24)
and is a nondimensional driving force for the
transfer. Hence, in contrast with the lincarized
treatment of this problem, the *“flux per unit
force™ is not independent of the force. The flux
(per unit force) based on the lincarized analysis
becomes:

Wi—¢&)=11—y*(1—tanh £ fE))1". (25)
and depends only on the paramcter y. This
lincarized result provides a sigmoidal shape in
£y similar to that given carlier by Friedlander
and Keller[2].

The asymmecltric nature of the transfer due to
the form of the Egs. (22) and (23) is illustrated
by the curves of Fig. 2. where (he ratio R ==
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W{—E)W(--£,) is graphed for several values of
the parameter € for the case of y =09, The
deviation ol the lincarized result from the values
shown incrcases with increasing |e|. 1t may be
shown also that the deviation decreases as y
decrcases. The extent of the deviations is not
symmetric with change ol sign (dirccltion of
transfer) of the normalized driving force e. The
extent of the agrecment of the linearized result
with the higher approximalion result increases
as the reduced film thickness £, increases for a
given € and y; that is, as the system becomes
diffusion controlling so that the reaction teads to
proceed at equilibrium.

A QUASI STEADY CHEMICAL PUMP

The asymmetric character of a species flux
that is augmented by a nonlinear chemical reac-
tion suggests the phenomenon of “‘chemical
pumping”. Such a situation may cxist in a
primary system where a driving force in a con-
tiguous reéservoir, or sccondary systenm, causcs
the reaction in the neighborhood of one boundary
in the primary system to alternate first in one
direction from equilibrium and then in the other.
Schematically, the primary system may be rep-
resented as the region to the right of & == —¢,
in IFig. 1, and the sccondary system the reservoir
to the left of —¢,. The cycling of the chemical
aflinity at —¢,* may be brought about, for ex-
ample, by external, forced, cycling in the
composition of certain species in Reservoir 2
that are free to pass through the left filin bound-
ary and which also participate in the reaction
taking place in the film. We seck the flux of
species 17 through the semi-permeable bound-
ary at £ = 0.

A simple model of this situation may be de-
veloped in terms of the above results for the
case of the system operating at quasi steady
state. This requires that the forced cycling of the
chemical aflinity at £ = £, occur with a period
7= 27lw which is long compared with the
characteristic  transport through  the
system oty = PID;:

time

2rrfw = 1P]D,. (26)

For the case ol only a single specics passing
through the boundary at & == 0, the fux may be
expressed in terms of the gradient in chemical
allinity:

2 0,

- =" (0,1 a,). (27)
AR, PO

The feft hand side of Eq. (27) is a normalized flux
which we call W, In this notation and under
quasi steady conditions such that ¢’ may be
formed to good approximation from Eq. (14),
I3gq. (27) becomes:

W' = aqlp(—=¢&, Nl (23)
The net, normalized transfer per cycle of species
“1” through the boundary at £ = 0 undcer quasi
steady conditions is therefore:

21w

2w
T, = f wdr = f a[—¢,0]dr. (29)

The integration “constant” a, [¢ (—&,,1) ] may be
determined under guasi steady conditions by usc
of Eq. (14) with the specification of ¢ = ¢p(—E&.1)
at £ = —¢,, where $p(—¢£,,1) is foreed {externally)
through a slow oscillation of the form, say:
P(— &4 1) = Py sinwt, 30)
The above procedure has been used to evaluate
T, and the resulls are provided in Fig. 3, where
the ratio,

wie

R, =T/ [ alp=¢.01ds,
[}

is shown for the case of ¢, the amplitude of the
variation of the normalized affinity at ¢ =~¢,,
equal to one-half and to unity. R, is the [raclionto
the molecules passing through the bouadary at
£ == 0 during the first hatl of the cycle that fail to
return during the sccond half. The negative sign
of the ordinate of Fig. 3 indicates the net transler
is from Reservoir 1o Reservoir 2 of Fig. 1. The
results of Fig. 3 illustrate the fact that the extent
of the pumping passes through a maximum as
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[ i T AT 1 T T 1]
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Normolized Film Thickness, (.g-i[

Fig. 3. Nct transfer per cycle due 1o a sinusoidal variation of
chemical affinity on onc boundary of the film.

the normalized film thickness is increased, that
the maximum lies in the range of &,(= —Al)
between cight and ten, and that the “pumping”
vanishes as the normalized film thickness is
incrcased.

In summary, an approximate solution to the
nonlinear aflinity cquation has been developed
which contains the asymmetric character of the
equaltion itself. The result is that the extent of
flux augmentation by nonlinear chemical reaction
rale depends on the direction of displacement
from cquilibrium. Because of this a film has the
property of acting as a chemical pump when
coupled with an external driving force. It may be
this property, in part, that is responsible for
phenomena such as biological pumping that
has been observed in certain living systems 6, 7].
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NOTATION

A chemical aflinily, = — .-ri:"‘“"
a, cocflicients in the series, [Eq. (6)
b, cocflicients in the series, Eq. (10)
¢, cocflicients in the series, Eq. (12)
concentration of species § .
d; rools of g. (8)
pscudo  binary

species i

diffluston  cocflicients  of

-

Iy function defined by Eq. (12)
diffusive flux without chemical reaction,
= LAl
Ji  molar diffusion flux of species i in z-direction
k; reaction rate cocflicient in the forward
direction
! film thickness
L; phenomenological transport coeflicient of
species |
L{ derivative of L; with respect to
molecular weight of species
total mass flux
R gas constant

R; nctmolar reaction rate of specics:i

R, ratio of the flux based on lincarized model
to the Mflux computed by the higher
approximations

R, fractional, molar transfer per cycle

s number of components participating in the
chemical reaction

T absolute temperature

net, normalized transfer of specics
cycle

14 acharacteristic, diffusive transport time

function defined by Eq. (10) -

v reaction velocity

v, forward rcaction velocity

W normalized molar flux of species
= J,/G,

normalized molar flux of species 1" based
on lincar modcl, = J,Y/G,

z coordinate variable

uln

per

u]n
3

W,

Greek symbols

parameterin Ig. (17), = y?e

ratioof A, to A

a characteristic, nondimensional
force, defined by Liq. (24)

0; normalized chemical potential of species

iv= L= pi(0))/Ap,
N (e 2 (RTL)Y]Y
A reciprocal reaction—diffusion

AN N
B (R'I').z Ls)

A A evaluated under mean conditions
pi chemical potential ol species i
p; stoichiometric cocllicient ol specics ¢

m =< R

driving

fength
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& normadized coordinate variable, = Xz ¢ normalized chemical allinity, A/(RT)
7 period of normalized  chemical atlinity o frequency of normatized chemical allinity
oscillation oscillation
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Table 2. Values of U (&), F (&), and of their derivatives
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5 0-8933 x 1 0-1811 x 1Q! 0-1643 x 10° 0-4988 x 10"
6 0-6714 % 10! Q-1350 % 10° 0-3375 X 10¢ 01017 X 17
7 0-4993 x 10° 0- 1000 x 107 06836 X 107 0-2054 x 10*
8 0-3698 X 10¢ 0-7400 % 10° 0-1377 X 107 0-4134 x 10°
9 0-2734 X 107 0:5470 X 107 0-2769 X 10" 0-8310 % 10

10 0-2021 x 10*
12 0-1104 x 10"
14 0-6026 X 10"
16 0-3290 X 10"
18 0-1796 x 10'*
20 0-9808 x 10'¢

0-4043 x 10*
0-2207 x 10"
01205 x 1Q"*
0-6580x 103
0-3593 X {0**
0-1962 X 10*?

0-5565 x 10"
0:2245 x 10"
0-9059 x 10'"
0-3655 % 10
0-1474 x 10
0-5928 x 10

0-1669 x 10"
0-6736 x 10"
0-2718 x 10"
0-1096 X 10*
0-4422 x 10>
0-1776 X 107

Table 3. Comparison of exact and approximate solutions of the aflinity cquation

& ¢ (10) =0-1 ¢(10) = 1-0
Numerical sol’n Numerical sol’n
of Eq. (5) Eq.(14) % Frror of Eq. (5) Eq. (149) % Error

0 0-0 0-0 0-0 0-0 0-0 Q-0
| 1-08G X 103 1-085 x 107 -0-092 1:261 X 10~1 1-:237 X 10 -19
2 3351 x 10-* 3-348 x 10-° —0-089 3891 x 191 3817 > 10 -1-9
3 9-255x10°* 9-249 X 10°° —0-06S 1075 x 10-* 1-054 103 -1-95
4 2-521 x10°* 2-519 % 107 -0-079 2927 % 107 2:871 %107 -1-91
5 6-854 X 104 6-850 % 10¢ -0-058 7950 % 1077 7-799 x 102 —-1-9
6 1863 x10°® 1-862 X 107 —0-054 2-156 X 102 2-115x 1072 -1-9
7 5-061 X 10? 5058 %10 ® —0-059 5-826 x 1072 5716 X 107 -1-89
8 1-374x 102 1-373x 10°* —0-073 1-558 x 10! 1.829 < 10! —1-86
9 3:719%x 1072 3-717 %103 —0-054 4-062x10 ! 3993 x 107! —1-7
10 0-100 0-100 0-0 1-000 1-000 0-0

Résumé — On moatre que la propridté asymétrique de P'équation pon lindaire daffinité chimique se
teaduit en un effet davgmentation du Qux doe diffusivitd, dinau taex de réaction chimique nan lindiire,
qui dépend de la disection dans fagquelie Péquation est déplacée par rapport & P'éguilibre. Clest ainsi
quiun filin, Hié & une foree dlentrainement externe, peut agir en tant que “pompe chimique™. On
suggere un modcele simple poirr une pompe guasi stable de ce genre qui fournit un pompage maviniem
quand Fépaissetr du film est de huit & dix fois la longucur caractéristique moyenne de i réaction de
diffasion.

Zusammenfassung — s wird gezeipty dass die asymmetrische Figenschalt der nichitinearen, chemis
chen Aftinitiitsgleichung zu ciner ditlusiven Strémungserhdhunpgswithupg fiilut, und 2war infolye
der nichtlincaren chemischen Reahtionsgeschwindigheit. die von der Richiung, in welcher die Reak
tion aus dam Glewgewicht verschoben, wird abliiugeig ist. Tstolpedessen bann cin Film in Verbin
dung mit ciner iesseren Trichhadt s “chemische Pumpe™ wirken. Es wird cin cinfaches Nadell
vargeschliien fir vine guasi sictige Pumpe dieser Art, die naxinede Pampwichang licfert wenn die
Filmdicke i Bereich der acht- bis zehntachen durch-sehitthichen charadteristischen Diffusionsreal
tionskinge hept.
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