MAP 2302 — Midterm 1 Review Solutions 1

The exam will cover sections 1.2, 1.3, 2.2, 2.3, 2.4, and 2.6. All topics from this review
sheet or from the suggested exercises are fair game.

Give explicit solutions to the initial value problem g—g = xy? with y(0) = 1, y(0) = 1/2, and
y(0) = —2. Then determine the domains of each of these solutions.

Solution: First, we separate the differential equation and solve it:

/y_?’@dx = /wdw,
dx

2

/y_sdy = %—I—C,

-2 2
Yy x
2 - 4
-2 2 *
By our standard abuse of constants, we then get
2 _ —1
22+ C’

-1
=y
Y 22+ C

Now we want to match the various initial conditions. For each, we need to decide whether to
take the + or the — of the &, and then we need to determine C"

Y

SO

initial condition | + | C solution

y(0) =1 +[O=-1 |yl@) = /75
y(0) =1/2 +1O0=—4 |yl@)=4/75
WO =2 || 0=y yla) = - /=

We now need to determine the domains of these solutions. For all of them, we must be careful
not to get 0 in the denominator or to take the square root of a negative number. For example,
for the first solution, we have a problem when z = 1 (division by 0) or when |z| > 1 (square
root of a negative number), so the domain is |z| < 1.

solution domain
y(@) =\ 723 |lel<1
y(@) = /72 |l <2
y(@) = — /== | lal < 112
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Show that every separable first-order differential equation can easily be converted into an
exact equation.

Solution: A first-order differential equation is separable if it can be put in the form

Z—i = g9(z)p(y).

To test for exactness, we put this equation into the form M (x,y) + N (x,y)g—g = 0. In this

case we see that .
M(z,y) = —g(x) and N(z,y) = —.
(z,y) (z) (z,y) o

Now we only need that %—]\; = %—g, which is true because both partials are 0.

For each of the following differential equations, indicate whether they are separable, linear,
or can easily be converted into an exact equation. Note that some equations may be more
than one type, while others may not be any of these types. Then, solve the equations which
are separable, linear, or exact.

dy _ —2xy
a T = T

Solution: This equation is not separable, because there is no way' to write it in the form
g—g = g(x)p(y). The equation is also not linear, because the y? term prevents us from putting
it in the form g—g + P(z)y = Q(x). To test for exactness we put the equation in the form

M(z,y) + N(z,y)% =

dy
2 24 yhH-==0.
vy + (27 +y7) -
Now we see that the relevant second partials are in fact equal:
oM ON
— =2r=—,
oy ox

so the equation is exact.

'Tf we wanted to, we could verify this by considering the four points (z,y) = (1,1),(1,2),(2,1),(2,2), but that
won’t be required on the midterm.
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We now proceed to solve the equation; remember that the solution will be an implicit solution
of the form F(z,y) = C where %F(m,y) = M(x,y) + N(w,y)fil—g. First we integrate M (z,y)
with respect to z:

F(z,y) = /2wy dr = 2%y + g(y).

Note that, as usual, our constant of integration is a function of y. Now we want to have

oF
— =N
8y ('Z'? y)7
so we get
d
N )
dy

Therefore dg/dy = y?, so g(y) = y3/3 + C. Thus our solution can be written as

Y3
x2y + ? + C = D,
where D is another arbitrary constant. Since we don’t need both of these constants, we can
also write this solution as

3
w2y+%:C.

In this particular case, we could solve to get y as an explicit function of =, but there is no
need, so we might as well leave it in the implicit form above.

b. g—g = rysinz.

Solution: This equation is separable, because we can write it as

1 dy .
—— =uzsinz.
ydx

Therefore, by our previous problem, this equation is also exact. Furthermore, the equation is
also linear, because we can express it as

Z—i — (zsinz)y = 0.

Therefore we have three methods available to solve the equation. Viewing it as a separable

equation, we separate to get
1dy .
—— =xsinz.
ydr
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We then integrate both sides with respect to x,

1
/ dydac = /xsinxdm,
y dx

/ —dy = sinz —xcosx + C (obtained by integration by parts),
Y

Inly| = sinzx —zcosx+ C,

y(ac) _ ieC sinx—x cos x

y(w) — CeSIHZB—IECOSZE.
Note that in going from the second-to-last line to the last line above, we have done our
standard abuse of constants, replacing +e¢® by C. It is worth noting that C' cannot be 0.

Important note: because we divided by y to put the equation in the desired (separable) form,
we must also consider the possible solution y = 0 (y identically equal to 0). This equation
does happen to satisfy our differential equation, so it is also a solution.

c. g—g = sin(z + y?).

Solution: The equation is not separable?. The equation is also not linear, because we
cannot express it in the form dy + P(x)y = Q(z). Finally, the equation is not exact; to see

this, we express it in the form M (z,y) + N(z, y)j—:yc = 0, where we see that
M(z,y) = —sin(z +y?) and N(z,y) = 1,

and the partials do not match:

oM 2. , . ON
a—y—chos(aH-y);éO— 5

Since none of our methods apply to this equation, we cannot solve it (yet).

2 Again, if we wanted to, we could verify this by considering the three points (z,y) = (0,0), (7/2,0), (0, /7/2), but
again, that won’t be required on the midterm.



MAP 2302 — Midterm 1 Review Solutions 5

Solution: The equation is not separable (again this could be verified with a chart). The
equation is linear, however, because we can express it as

dy+ I
dx 23:y_

1
2
The equation is not exact, because if we express it as M (z,y) + N(x, y)j—:yc = 0, we see that

Y 1
M($7y) = % - 5 and N(:L'vy) = 17

and the partials do not match:

oM 1
By "7

_ON
Oz

Therefore we can only solve this equation by use of an integrating factor. Recall that this
integrating factor is e/ ©(*)4* when the equation is put in the form Z—g + P(x)y = Q(z):

efP(x)d:c _ ef%dx _ e%fﬁda} _ elnx1/2 _ 1’1/2.
Multiplying through by the integrating factor, we obtain

dx + 2w1/2y N §x

L2 1 112

Now we integrate both sides with respect to . We know that the left-hand side of this
equation is the derivative (with respect to x) of the integrating factor times y: ='/?y. On the
right-hand side, we have

RS Y Y _ 1 s
/wl/Zdw—2<3w >+C’—3w +C,

so we obtain )
ey = a3 4 C,

3
and thus
1 C

It is important to note that the term on the right of this solution is a constant times a function
of x, and therefore we cannot replace this term by a simple constant.

e dy _ 5zt
*dr — cosyteV®
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Solution: This equation is separable, because we can express it as

dy
V)= = 5z,
(cosy—l—e)dw x

Therefore the equation is also exact. The equation is not linear, however, because €Y term
prevents us from expressing it in the form Z—g + P(x)y = Q(x).

To solve the equation, we integrate both sides of its separated form above (with respect to

x):
/cosy—l—ey@d:n = /5:L'4d:L',
dx

/cosy—l—eydy = 2°4C,
siny+e¥ = 2°+C.

We have no way to solve this equation for y(x), so we have to be satisfied with this implicit
solution.

For each of the following initial value problems, determine if they have zero, one, or more
than one solution(s). You do not need to solve these equations.

a. yW 4 g =0; y(1) = 0.

Solution: This equation has no solutions. Plugging in the initial conditions (xg,y0) = (1,0)

gives
dy
072 1) +1=0,

i.e., 1 = 0, which has no solution.

b, B — 342/3; y(0) = 0.

Solution: This solution has more than one solution. In particular, y = 0 (y identically equal
to 0 solves the differential equation, and y(z) = 2* also solves the equation (this solution can
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be found by separating the equation). In fact, this equation has infinitely many solutions:
for every number a > 0, the function

() = 0 for x <a,
v\ = (x —a)® forz>a

solves the equation.

c. yg_g = arctan(z +y); y(1) = 1.

Solution: To use the Existence and Uniqueness Theorem for first-order differential
equations, we must first put this equation in the form

dy
In this case we get
dy  arctan(z +y)
dr Y )
Now we test whether f and df /0y are continuous in some neighborhood of (zg,yo) = (1,1).
The only discontinuity of f is along the line y = 0, so f is certainly continuous in a
neighborhood of (1,1). Using the quotient rule, we see that df /9y is

af ﬁm — arctan(z + y) - 1 _arctan(z +y)
Ay y? y((x +y)?+1) y? '

This function is also continuous except along the line y = 0, and so it is continuous in a
neighborhood of (1,1). We can then conclude, via the Existence and Uniqueness Theorem,
that the given IVP has a unique solution.

Make an appropriate substitution in order to solve the following differential equations.

dy _ 2y 2.2
a.%—w T-y-.
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Solution: This equation is of the form

dy
dr
(here n = 2), so it is Bernoulli. To solve a Bernoulli equation we divide by the greatest power

of y and then let our substitution v equal the second smallest power of y in the remaining
equation. So in this case we have

a(z) b(x)y + c(x)y"

ody 2 1 o

dz =7 -
We set v =y~ !, and then have
_2dy
v=—y —
dx
by the Chain Rule. Therefore we have
dv 2 9
—% = EU — X .

This is a linear equation (all Bernoulli equations transform into linear equations), so we put

it in standard form,
dv = 2 9

Our integrating factor is then
2
Iu(x) = efde = eZln\x\ = e‘Z‘P pr— |:L‘|2 = :1;‘2

After multiplying through by 22, we have

d
2250 + 2zv = 27,
dx
We now integrate both sides by z. We know that the left-hand side will become p(z)v, while

the right-hand side is just =°/5 + C, so

5
v = %—I—C,
2 C
v = 5T
1 :133+C'
y 5 x?
1
y(z) = :
73

Important note: y = 0 is also a solution. (We didn’t find that solution above because in the
beginning we divided by y2.)
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d
b. 2?5 = zy — o2

Solution: This is a homogeneous equation?, that is, an equation of the form g—g = G(Y/z),
so we make the substitution v = v/z. First we need to translate the g—g into these terms:

Yy = Iv,s0
d d

e + v by the product rule.
dx dx

Maying this substitution, we transform the equation into

v 2
r— +v=0v—07,
dx

which separates (after canceling a v on each side) as

_odv _
20U -1

dx

Integrating both sides, we obtain

/—1)_2@d1' = /w_ldw,
dx

v = Injz| +C,
B
In|z|+C"

v =

Finally we put this back in terms of y(z):

y_ b

r  Injz|+C’
S0 .

ylz) = In|z|+C"

Important note: when we separated this equation we divided by v2, so we should check the
solution v = 0. This is the same as y = 0, which you can see is a solution to the original
differential equation. Therefore y = 0 is also a solution.

3This equation is also a Bernoulli equation, so you could solve it by dividing by y? and then setting v = 3.

1
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dy _ 1 —
C = (2z+y)e2=ty 2

Solution: This is an equation of the form d—g = G(ax + by), so we make the substitution
v = 2x +1y. We then see that i "
pr 2+ P
so the equation transforms into
v oy 1
dx vev

After canceling the —2s and separating, we just need to integrate both sides:

/ve”@ dx = /1d:n,
dx
/ve” dv = x+C,
e’(v—1) = x+ C (integration by parts).

Finally, we replace v by 2z 4+ y to obtain the solution
2ty —1)=x+C.

Because we can’t solve this equation for y(z), we have to be satisfied with it in implicit form.




