MAP 2302 — Midterm 3 Review Problems

Midterm 3 will cover sections 7.2—7.8.

Solve for .Z {y} given the following initial value problems.

a. Y’ — 4y’ + 8y = e* cos 3t; y(0) = 1; y'(0) = 3.

Solution: Let Y (s) = .2 {y}. We have

Ly} =Y,
Z{y'} = sY —y(0) sY — 1,
2 {y"} s(Z{y}) —y'(0) = s*Y —s-3,

SO
LAy — 4y + 8y} = (sY —s—3) —4(sY — 1) +8Y = (s —4s + 8)Y + (—s + 1).

For the righthand side, we first see that

S

g{COS 3t} = m,

so using the rule £ {e” f(t)} = F(s — a), where F(s) = £ {f}, we see that
—2
Z{e*cosBt) = — =~
{e cos3} G-27+9
Putting these two together and solving for Y, we get

2
(5—82)7+9 +s—1

Y =
(5) s2 —4s+8

b,y +2) —3y=el +t+1; y(0) =9; &/ (0) = —3.

Solution: Letting Y (s) = £ {y} we have

L{y =Y,
Z{y} = sY—y(0) = sY -9,
2{y"} = s(ZL{y}) -y (0) = YV —9s+3,



MAP 2302 — Midterm 3 Review Problems

SO
Ly +2y =3y} = (s°Y —9s+3) +2(sY — 9) — 3Y = (s + 25 — 3)Y + (—9s — 15).

For the righthand side, we have

1 1 1
Ll +t+1 = —— 4+ =+ -,
{ef +t+1} —T st
Solving for Y, we get
i+ =+i+9s+15

y —
s24+25—3

w4, ) sint O<t<m, Y
e —={ M SIS ) =y =0,

Solution: Letting Y (s) = £ {y} we have

Ly =Y,
Ly}t = sY —y(0) = sY,
2"} = s(Z{yh) -y(0) = 5%,

so the lefthand side is transformed to

Z{y" —dy} =Y —4Y = (s* —4)Y.
In order to transform the righthand side, we first convert it into Heaviside functions:

=sint — 2u(t — 7)sint

sint 0<t<m,
—sint t> .

Now we use the rule that £ {u(t —a)f(t)} = e Z{f(t +a)}, so

1
Z{sint — 2u(t — 7)sint} = 21 27 L {sin(t + )},
s
1 _ .
= 32—4—1_26 ng{—Slnt},
B 1 n 2e" TS
8241 s24 17

1+ 2778
s24+1
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Solving for Y, we get

142
(824 1)(s%2 —4)

d. v +y' —2y = f(t), where f(¢) is the fully-rectified sine wave below; y(0) = ¢'(0) = 1.

1+

Solution: Letting Y (s) = £ {y} we have

ZL{y} =Y,
Z{y'} = sY —y(0) = sY -1,
Z{y"}y = s(Z{y}) -y (0) s2Y —s—1,

SO

L +y -2y} = (Y —s— 1)+ (sY —1) = 2Y = (s + 5 = 2)YV + (—s — 2).

The righthand side is a periodic function, so we use the rule that

ZL{fr}

2{fy=

where T is the period of f (which in this case is 7), and fr is the function over one period,
in this case,

sint 0<t<m, . .

fT—{ 0 b =sint — u(t — 7)sint.

Thus

2 {fr} = 2 fsint —ult — m)sint} = 5 T

1 ¢ LA{sin(t+m)} =

)

SO
1 + 6—7'('8

Lt} = (s241)(1—e™s)
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Finally, we solve for Y:

1+*7TS
y_ ey T2

- s24+5—2

e. Yy — 4y +ty =0; y(0) =1; 4/(0) = 0. (Find a differential equation satisfied by .Z {y}.
Yy Y Yy Y Y q y Y

Solution:
Lyt =Y,
ZL{y} = sy —y(0) = sY —1,
2"} = s(ZL{y}) -y (0) = Y —s

Now we need to use the rule Z {tf(t)} = —dif {f(t)} to transform ty:
s

d
Lyt = -2y} =Y.
s
Therefore the lefthand side transforms into
(s%Y —5) —4(sY — 1) =Y = (s°Y —4s)Y —Y' + (=5 +4).
Since the righthand side transforms to 0, we have
(Y —4s)Y —Y' =5 —4.

Not that the problem asked for it, but this differential equation is very difficult (impossible?)
to solve explicitly.

f. " +4y=0(t —2); y(0) = y'(0) = 0. (Here ¢ is the Dirac delta function.)

Solution: The lefthand side transforms into

Z{y +4y} =Y +4Y = (s* + 4)Y.

2

The righthand side transforms into e™*%, so we get

6_28

244
(This differential equation models a spring of unit mass, no damping, and spring constant
k = 4 being hit by a hammer of unit force at time ¢ = 2.)
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g Yy +5y —y=emt(t — 3); y(0) =0, y(0) = 3.

Solution: Let lefthand side transforms into
(s> +5s—1)Y — 3,

where Y'(s) is the Laplace transform of y(t). To transform the righthand side, note that
e t§(t — 3) is nonzero only when t = 3, and at t = 3 it is "3, so

@ {6Sint(5(t _ 3)} % {esin35(t _ 6)} — esin3e—3s.
Therefore we have that

esin3e—3s+3
T 21 Bs—1°

Compute the following inverse Laplace transforms.
252 — 1
L7t P
. { s34 52 — 6s }

Solution: We begin by using partial fractions on the righthand side:

252 — 1 252 —1 252 — 1 A B C

3 +52—65 s(s2+s5—6) s(s—2)(s+3) §+s—2+s+3'

Canceling denominators, we get
25 — 1= A(s — 2)(s + 3) + Bs(s + 3) + Cs(s — 2).
Plugging in s = 0, 2, and —3, we see:

—1 = —6A,
7 = 10B,
17 = 15C,
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SO

and thus
252 — 1 1 7 17

F+2 65 65 10(s — 2) * 15(s +3)
We now just need to invert this:

1 7 17 17 17
t)=2"1{— S 2t —3s
y(t) {63+10(s—2)+15(8+3)} 6 10 T 1°

1
b. 71— b,
{32—83+17}

Solution: Because the fraction doesn’t factor (over the real numbers), we need to complete

the square:
1 1

2_8s+17 (s—4)+1

Therefore y is a shifted e® times sin:

y(t) = e sint.

Solution: This one takes a bit of thought. What rule would give us that denominator?

Well, we know that
3

Z{sindt} = ——
{sin 3t} 219’
so using the Z {tf(t)} rule, we see that

4 3 _ 6s
dss2+9  (s2+9)%

ZA{tsin3t} =
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This isn’t quite what we were looking for, so let’s try ¢ cos 3t instead:

d s 9— g2 $2-9

dss2+9 (2492 (s2+972

L {tcos3t} =—

The transform we were given is the negative us this, so

9 — g2
-1 o
£ {7(32 n 9)2 } = —tcos 3t.

3s
d 71 —"—1.
{32+43+6}

Solution: The denominator doesn’t factor, so we need to complete the square:

3s _ 3s
s2+4s5+6  (s+2)24+2

This shows that y will be a linear combination of e~2 cos v/2t and e~% sin v/2t. We just need
to get it in the right form. Be careful here; for the term that corresponds to e™2! cos v/2t we
need to get an s + 2 in the numerator:

2 2
3s _ S + _3\/§L
(s+2)2+2 (s+2)2+2 (s+2)2+2

We then see that
Y= 3e7 2" cos V2t — 3v2e " sin V/2t.
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Solution: We are going to end up with Heaviside functions here because of the e™* term in
the numerator. To start, we want to expand that numerator:

(1—e®)? 1-2eS+e > 1 e=s e

53 53 B T TS
The first fraction just gives us t2/2. We have to work a bit harder for the second fraction:

<—33) — L {ult - DI} = L+ 1)},

so f(t+1) = —t2, and thus f(t) = —(t — 1)2, so

Therefore,

1 e_ﬂ's
f..Z {32—#234—5}'

Solution: Again with the Heaviside functions! We will need to complete the square at some
point, so let’s do it first:

e T8 e

242515 (s+1)2+22

—TSs

—T7Ss

Now we know we’ll have a u(t — 7) because of the e™"*, so
e—’TI'S
N — g t _ t — —ng t .
(s +1)2 + 22 {ult —m)f(t)} =e {F(t+m)}

We see therefore that

040 =2 o =02 o)
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and thus f(t + 7) = Je~'sin2t, so

1
flt)= ie_t_” sin(2(t — m)).
We could at this point notice that sin(2t — 27) = sin2¢ (sin is periodic of period 27), which

would show us that ]
y= iu(t —m)e " sin 2t

g. L1}

Solution: The Laplace transform of the Dirac delta function §(t — a) is e %, so

LTy = T5().

2
+ 2s

h g1)2 .
{32+4}

Solution: First we want to reduce the degree of the numerator:

s?+2s  (sP4+4)+(2s—4) g 24
244 s2+4 N s24+4°

Now, since the denominator is already in the form of a complete square, we see that

y=2""{1} 227! {s2+4} —2.77! {3214} = 0(t) + 2cos 2t — 2sin 2t.

5244

i o1 {3"%{9}}.
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Solution: We can write the Laplace transformation as a product:

T8 (F) 2.

s24+4 5244

We see that s/(s? +4) is the Laplace transform of cos 2t, so by the Convolution Theorem,

! {Sfii}} — (cos2t) % g = /Ot(cos 2t — v))g(v) dv.

S

L [Zls)

Solution: We first simplify the Laplace transform:

.,Sf{g}Jrs:-i”{g}Jrl: (1)3{3}4_1_

S S

The 1 on the right is the Laplace transform of §(¢), while the other term follows from the
Convolution Theorem:

f_l{<é>${g}—|—1} —Lag+o(t) = </Otg(v)dv> +o().

Thus we could also write this answer as
G(t) +6(t),

where G(t) is the antiderivative of g(t).

Solve the integro-differentential equation

t
y(t) + / ey (v) dv = sint.
0
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Solution: Let Y (s) = .2 {y}. The integral on the lefthand side is the convolution €’ * y, so
its Laplace transform is given by

z{/otet—vy(v)dv} =2 () L) =

The Laplace transform of sin ¢ is then 1/(s2+1). Putting these together, the Laplace transform
of the entire equation is given by

Y 1
Y+ — = .
+5—1 s2+1
We then see that
sY B 1
s—1 s241’
SO
s—1 2 1

23(32—1—1)_8—1—1_3’

where the last equality is obtained via partial fractions. It follows that

y(t) =27 — 1.




