
 

Lecture 28 March 23 2020

Today we prove the theorem we

discussed in the last lecture

Theorem Suppose that fG is continuous on

a domain D If any of the following is true
then so are the others

f z has an antiderivative FG on D
for any contour lying entirely in D
and going from 2 to 72

ft dz Ftz Fz F za FH
we denote this value by Hz de
the integral of fC along any
closed contour lying entirely inD
is O

The standard way to prove such
results is to prove

co



Step 1 of proof
Suppose holds so there is a

function FCz defined on all of D
such that

F z f z
for all 2 c D

First we show that holds for a

single closed curve from Z to 2 2
for any choice of Z Zz C D Suppose
such a curve has parameterization

2 t for te Ca b

By the chain rule we have

t FC2CH F Htt Z'Ct
fc2 lt Z'Ct



The definition of contour integrals says
that

Jaffe dz fbaffett Z'Ct Dt

Moreover we can break this integral
into real and imaginary parts
Jaffe z'G It

ReffabffectDz dtftiI.nlabfLzCtDz'ttIdt
fabReffCzCtHz'LEDdtt if Im fCzLtDzkt dE
Both of these are real integrals so we

can apply the fundamental theorem ofcalculus to conclude that

Jabffect z CH DE

ReffectlDI t i Infffect
FCzCtDba



Therefore we have

fof dz FACED lab F Za Ffa

The above holds for any smooth curve
C from 2 to za and lying entirely
within D

Recall that a contour is a finite
sequence of smooth curves joined
end to end Suppose that the contour
C can be written as

C C t Ca t r t Cn

Where each Ck is a smooth curve

lying entirely within D from Zk
to 2 let 1

By the above this means that

Sc fth de Fftp.t f Zk



Therefore we have

fcftttdz
fc.kz dat tf f Hdz
f zz f z t n t f ftp.t FED

This sum telescopes leaving only

fcfthdz Tftk.si FIE

which is what we want since
C goes from Z to 2 Kt



Step 2 of proof
Assume not that holds meaning that
the integral of f G along any contourthat lies entirely with D i

independent of the path token
meaning that it only depends on
the endpoints
Let C be any closed contour lying
entirely in D and take Z t za
to be any two distinct points
along C

As the picture on the 9

right shows C splits t2

into two contours w

C from Z to Zz and Ca
Ca from Za to Z



Above we showed that G C tCa
By our properties of contours
we have that

cfCz dz Sette dz
2 2

where Cz is the oppositely oriented
contour that runs from Z to Zz

Since we have assumed that
holds we have

Jc f z dz f caftz def

Therefore

Sc ft dz Jaffe de tfcaftddz
fqflzldz f.cat de

0

by the above establishing



Step 3 of proof
Suppose that holds so the integral
of fG along any closed contour in D
is 0 Let Zo and Z denote anytwo points in D and suppose
C and Ca are both contours in
D from Zo to Z

i
hypothesis that holds
and the properties of contour integrals
O fc Hz dz

Jc fLz dztf.cat dz

fc fLzIdz fcafLz dz

fc f z dz fc ft dz



The above shows that integrals of
fth are independent of path so

in fact we have established but
we wanted to establish

Now fix some point zoED By theabove we see that we may
define a function

FCz fIfCw dw

where here we mean the integral
of f on any contour in D from
Zo to Z we saw above that
all such integrals have the same
value

we need to compute F'G We have

F ztsz7 ffotttfl.io dw

SE flw dwtfIIIddw
so long as 2 TSE ED



g

Therefore again as long as Zts ZED
2TSZ

FCztsz Fez fz flu Dw

Since

SISI dw SZ

we can write

fCz ff I w Eff dw
NOTE constant

Therefore in this integral

IFGtss.IT f z

1stfitIcw dw stzffIIadw

If w FLA dw

SEZ law f Ell d w



Finally we must use the continuity off
Since f is continuous at L for anyE o there is a 8 o such that

If w f z E whenever I w El CS

To bound

giteIffw f I dZ
we may assume the integral is alongthe line segment from Z to Ztdz
we have path independence

Therefore if lazl 8 we'll have
w ZI L 8 so

I FGtss.IT f z

L
IS 2 I




