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w-models of theories of second-order arithmetic

Q: Is there a theory whose w-models are exactly those
which are hyp closed?

Theory ‘ Closure of w-models Minimum w-model
RCAq Turing reduction and & REC
ACAq | Arithmetic reduction and & ARITH

? Hyp reduction and & HYP

The answer is no:

Theorem (van Wesep ‘77)

For any theory T all of whose w-models are hyp closed, there is
some T’ which is strictly weaker than T, all of whose w-models are
hyp closed.
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Theories of hyp analysis

Definition (Montalban ‘06, relativizing Steel ‘78)

T is a theory of hyp analysis if:
© every w-model of T is hyp closed;
@ forevery Y Cw, HYP(Y) E T.
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Theories of hyp analysis

Definition (Montalban ‘06, relativizing Steel ‘78)

T is a theory of hyp analysis if:
© every w-model of T is hyp closed;
@ forevery Y Cw, HYP(Y) E T.

By van Wesep, there is no weakest theory of hyp analysis.

Q: How does the “zoo” of theories of hyp analysis look
like?

For example, are they linearly ordered?

Q: Are there any theories of hyp analysis which can be
formulated without using concepts from logic?

“Clearly” ¥1-AC and Al-CA do not qualify.
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A 31 axiom of finite choice

Kreisel ‘62: ¥1-ACq consists of the sentences
(Vn)(3X)e(n, X) = (3(Xa)n)(Yn)p(n, Xn)

for ¢ arithmetical.
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Finite->1-ACq consists of the sentences
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A 31 axiom of finite choice

Kreisel ‘62: ¥1-ACq consists of the sentences
(Vn)(3X)e(n, X) = (3(Xa)n)(Yn)p(n, Xn)

for ¢ arithmetical.

Definition

Finite->1-ACq consists of the sentences
(Yn)(3 finitely many X)p(n, X) = (3(Xn)n)(Vn)p(n, Xp)

for ¢ arithmetical.

Finite-X1-ACo is a theory of hyp analysis, since it is sandwiched
between theories of hyp analysis.
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Our results

There is an w-model which satisfies A1-CAq but not finite-X1-ACo.
ABW, + /£ I finite-1-ACo.

Our results strengthen

Theorem (Conidis ‘12)
There is an w-model which satisfies Al-CAg but not ABW,.

Theorem (Conidis ‘12)
ABWy + IZ1 I unique-X1-AC,.

We do not know if finite—Z%—ACo implies ABWj.



Steel’s proof

Theorem (Steel ‘78)

There is an w-model which satisfies A}-CAg but not 1-AC,.
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Steel’s proof

Theorem (Steel ‘78)

There is an w-model which satisfies A}-CAg but not 1-AC,.

Steel constructs a generic tree T¢ C w<“ and generic paths
(af)icw on TC such that the af's are not easily definable from
one another.

For each finite F C w, define the model Mg to consist of all sets
which are computable in the A™ jump of T¢ @ (af);cF, for some
A< wch.

For each finite F C w, the set of paths on TS in Mg is exactly
{af :ieF}.

Finally, define Moo = Urcy, finite MF-
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Consider o(n, X): X is a set of n distinct paths on TC.
For each n, ¢(n,-) has a solution in M.
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Steel’s proof

(UFCw finite Mr :) Mo |: _'Z%‘ACO. J

Consider o(n, X): X is a set of n distinct paths on TC.
For each n, ¢(n,-) has a solution in M.

A Z%-ACO-sqution (Xn) new would compute an infinite sequence of
distinct paths on T¢. But M., does not contain any infinite
sequence of distinct paths on TC, by the lemma.

My = Al-CA,. J

Main ingredient of proof is to show that if two forcing conditions
are sufficiently “alike”, then they force the same Z% formulas.

This helps to control the complexity of the forcing relation.
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Steel tagged tree forcing

Conditions are p = (TP, fP_hP) where:

Q@ TP Cw<¥is finite
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Q@ TP Cw=¥is finite
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(for each i, fP(i) is an initial segment of the generic path a¢)
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Steel tagged tree forcing

Conditions are p = (TP, fP_hP) where:
Q@ TP Cw=¥is finite
@ 1P is a finite partial function from w to TP
(for each i, fP(i) is an initial segment of the generic path a¢)
© hP tags nodes of TP with a computable ordinal or co
o if 7 C o, then hP(7) > hP(0)
e nodes in range(fP) must be tagged oo

q extends p if:
@ T7905TP
Q@ hIDhP
© 9 can extend paths in P, subject to a technical restriction

© 9 can add new paths to fP, subject to a technical restriction
(f9(j) is new if j ¢ dom(fP).)
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Steel tagged tree forcing with locks (G.)

Conditions are p = (TP, fP_hP (P) where:
Q@ TP Cw<¥is finite
@ fP is a finite partial function from w to TP
(for each i, £P(i) is an initial segment of the generic path o)
© hP tags nodes of TP with a computable ordinal or co
o if 7 C o, then hP(7) > hP(0)
e nodes in range(fP) must be tagged oo

Q (P C{n:(n)e€ TP} (n)is locked if n € (P.
q extends p if:
@ T79>5TP
Q h9 2 hP
© 19 can extend paths in fP, subject to a technical restriction

@ 9 can add new paths to fP, subject to a technical restriction
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(for each i, £P(i) is an initial segment of the generic path o)
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o if 7 C o, then hP(7) > hP(0)
e nodes in range(fP) must be tagged oo

Q (P C{n:(n)e€ TP} (n)is locked if n € (P.
q extends p if:
@ T79>5TP
Q h9 2 hP
© 19 can extend paths in fP, subject to a technical restriction

@ 9 can add new paths to fP, subject to a technical restriction
and restriction by the locks
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Steel tagged tree forcing with locks (G.)

Conditions are p = (TP, fP_hP (P) where:
Q@ TP Cw<¥is finite
@ fP is a finite partial function from w to TP
(for each i, £P(i) is an initial segment of the generic path o)
© hP tags nodes of TP with a computable ordinal or co
o if 7 C o, then hP(7) > hP(0)
e nodes in range(fP) must be tagged oo

Q (P C{n:(n)e€ TP} (n)is locked if n € (P.
q extends p if:
@ T79>5TP
Q h9 2 hP
© 19 can extend paths in fP, subject to a technical restriction
@ 9 can add new paths to fP, subject to a technical restriction
and restriction by the locks
Q@ (9D (P
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Steel tagged tree forcing with locks (G.)

Conditions are p = (TP, fP_hP (P) where:
Q TP Cw<¥is finite
@ 1P is a finite partial function from w to TP
(for each i, fP(i) is an initial segment of the generic path af)
© hP tags nodes of TP with a computable ordinal or co
o if 7 C o, then hP(7) > hP(0)
e nodes in range(fP) must be tagged oo
Q (P C{n:(n)ye TP}. (n)is locked if n € (P.
q extends p if:
@ TIDTP
Q@ hi2hP
© 19 can extend paths in fP, subject to a technical restriction
@ 9 can add new paths to fP, subject to a technical restriction
and restriction by the locks
@ (9D (P. Thank you!
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