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We study the possible values of the cofinality invariant for various Borel ideals on the natural numbers. We
introduce the notions of a fragmented and gradually fragmented F,, ideal and prove a dichotomy for fragmented
ideals. We show that every gradually fragmented ideal has cofinality consistently strictly smaller than the cardinal
invariant b and produce a model where there are uncountably many pairwise distinct cofinalities of gradually
fragmented ideals.
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1 Introduction

This paper concerns the possibilities for the cofinalities of Borel ideals on w. Here, an ideal is a subset of P(w)
closed under subsets and unions; in order to avoid trivialities, we shall always assume that the ideal contains
all finite sets and is not generated by a countable collection of sets. The space P(w) is equipped with the usual
Polish topology, and therefore it makes sense to speak about descriptive set theoretic complexity of ideals on w.
Finally, the cofinality of an ideal Z, cof (Z), is the least cardinality of a collection A C Z such that every set in the
ideal has a superset in the collection A; thus our ideals will always have uncountable cofinality. The cofinality of
an ideal is a cardinal number less or equal to the continuum. The comparison of these numbers with traditional
cardinal invariants and with each other in various models of set theory carries information about the structure of
the underlying ideals. A survey of known results will generate several natural questions and hypotheses, of which
we address two.

Question 1.1 What are the possible cofinalities of Borel ideals?

Only four possible uncountable values of standard ideals were known: ® = cof(Fin x Fin), cof(meager) =
cof (nwd(Q)), cof (null) = cof(Z) and ¢ = cof (ED), where nwd(Q) is the ideal of nowhere dense subsets of the
rationals, Z is the ideal of sets of natural numbers of asymptotic density 0 and ED is the ideal on the square w X
generated by vertical sections and graphs of functions. A possible conjecture that these are the only values fails
badly, we shall produce many F, ideals such that the inequalities between their cofinalities can be manipulated
arbitrarily in various generic extensions.

* e-mail: michael@matmor.unam.mx
** e-mail: rdiego@cs.smu.ca
#kx e-mail: zapletal @ufl.edu
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2 M. Hrusdk, D. Rojas-Rebolledo, and J. Zapletal: Cofinalities of Borel ideals

Question 1.2 What is the smallest cofinality of a Borel ideal?

It is not difficult to argue that every F, ideal has cofinality larger or equal to cov(meager), and a result of
Louveau and Velickovic [4] shows that every non-F, Borel ideal has cofinality at least 0. In view of known
examples, the natural conjecture was that 9 is, in fact, the smallest possible cofinality of a Borel ideal. We shall
identify a whole array of F, ideals whose cofinality is equal to 8; in the Laver model. Since in that model,
R, = b = 0, this refutes the conjecture.

The results of this paper were announced in [3], which also serves as a good source of background and literature.
Our notation is standard and follows [1]. For a tree T C (@ x )<, the symbol [T'] stands for its set of cofinal
branches as a subset of ®® x @®, and p[T] is the projection of this set into the first coordinate.

2 The smallest possible cofinality

Our F,-ideals with very small cofinality will be of a quite special form that sets them apart from the analytic
P-ideals.

Definition 2.1 Anideal Z on w is fragmented if there is a partition of = | ; a; into finite sets and submeasures
@, on each of them such that lim; ¢;(a;) = oo and

I={{dCw:3kVjeja;Nb) <k}

The ideal Z represented as in the previous sentence is gradually fragmented if for every k there is an m such
that for all /, for all but finitely many j and for any B C P(a;), if |B| =1 and ¢;(b) < k (for each b € B), then
9;(UB) <m.

Note that every fragmented ideal is F,. The ideal of sets of polynomial growth P = {A C w : (3k € w)(Vn €
w) |AN2"| < n*}introduced in [4] is a typical example of a gradually fragmented ideal. Many ideals which in
retrospect are gradually fragmented were also considered by K. Mazur in [5].

Next we show that any proper forcing notion having the Laver property [1] preserves cofinalities of gradually
fragmented ideals. As a corollary we get the following:

Theorem 2.2 In the iterated Laver model, cof(Z) = R < b = ¢ = R, for every gradually fragmented ideal T.

Recall that a forcing notion has the Laver property if for every function f € w® in the extension which is
dominated by a ground model function, there is a ground model function g : @ — [w]=* such that for every
i €w,|gi)l<i+1and f(i) € g(i). As the terminology suggests, the Laver forcing as well as its countable
support iterations have the Laver property (cf. [1]).

Proposition 2.3 Let P be a proper forcing notion having the Laver property and let T be a gradually fragmented
ideal. Then in the P-extension, T NV is cofinal in T.

Proof. LetZ be an ideal gradually fragmented via {(a; : j € w) and ¢ =sup; ¢;. Let @ be an P-name
and p € P a condition such that p IF ¢ € Z. Find p’ < p and k € w such that p’ I ¢(a) < k. Use the gradual
fragmentation to find a number m € w as well as numbers 0 = /y < I; <[, < --- so that for every i € w and for
every I, if ; <1 < I;4; and B C P(a) is a collection of size < i + | consisting of sets of ¢;-mass < k, then
(U B) < m. Use the Laver property of P to find a function g : @ — [w]<® in the ground model and a condition
g < p’ such that for all i € w and every [; < < [;;; it is the case that g(/) C P(a;) is a set of size at most
i + 1 consisting of sets of ¢;-mass < k,and ¢ IF Vi e waNa; € g(i). Let b = | J; |J g(i). The properties of the
sequence {/; : i € ) imply that ¢(b) < m, so b € Z and clearly ¢ I+ a C b. O

The previous result should be contrasted with the provably high cofinality of fragmented ideals which are not
gradually fragmented. Recall (e.g., from [4]) that a subset P of an ideal Z is strongly unbounded if P contains
no infinite bounded subset, i.e the union of every infinite subset of P is Z-positive. Clearly, every ideal Z which
contains a strongly unbounded subset of size ¢ has cof (Z) = c.

Theorem 2.4 If 1 is a fragmented ideal then either

1. 7 is gradually fragmented, or
2. T contains a perfect strongly unbounded subset.

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mlq-journal.org
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Proof. LetZ befragmented (via(a; : j € w) and ¢ = sup 154 ;) which is not gradually fragmented. If k € o
is where graduality fails, then there is an infinite set C C w, a sequence (B, : j € C) (with B; C P(a;) and
@(b) < kforall b € B;) and a partition {C,, : m € w} of C into infinite sets, such that for each m € w there is an
l,, € w such that:

j€Cu=|Bj| =l,and g (U Bj) > m.

For j € C,, write B; = {Kij ti < l}. Now, for each m € w, let {C? : n € w} be a partition of C,, into infinite

m
sets, and set:

c'=Jcn xo=Jlaj:jec and x = Jx,.

mew new

We shall use the following simple fact:
Claim 2.5 Forall N € w, there is a sequence of functions (f, : n € w) from w to N such that:

(VA € [0]") (3M € w)([0,N) C {f,(M) : n € A}).

Proof. Fix N € w, for each r € N=“ define A, an infinite subset of w by recursion on the length of ¢
as follows: Let Ay = w, if A, has been defined for all r € N”, let {A,nm 1j< N} be a partition of A, into
infinite sets. Let fp : @ — N be the function such that fy[A(;, = j (for each j € N). Define fo41:0 — N
by: fut1lAs~(jy = j (foreach t € N" and j € N). The sequence (f, : n € w) has the desired property: If A =
{no,...,ny_1} € [@]" is such thatn; < n;, lett € N"~-1*! such that #(n;) = i, then for M € A, and fori < N,

Apply the claim to each C}, and N = [,,, in order to obtain a sequence of functions ( f,ﬁ"’m) 1 p € w) from C),
to [,,. Then, define a sequence of functions (f), : p € w) from C to w by:

fr=U "

n,mew
and a sequence (J,, : p € w) of subsets of w:
— j
5=Ux%
jeC
Clearly ¢(J,) < k, as each K}pm C aj is of p-mass less than k. Forn, p € w, let J; = X, N J,,.
Claim 2.6 For eachn,m € w and A € [w]',
(p( U J;,’) > m.
peA
In particular, for each n, the sequence <J i PE a)) is strongly unbounded.

Fix n,m € w and A € [w]™. By the choice of the sequence (fl,ﬁn’m> :pE€ w) (Claim 2.5), there is M € C}, such
that [0, ,,) = { "™ (M) : p € A}. So
_ M
Usu=UK}m<U
peA peA

and ¢(|J By) > m.
We now define the perfect strongly unbounded subset of Z: Let A C w® be a perfect family of eventually-
different functions. Define G : A — 7 by

G(g) = J (Xu N Jym).

new

It is clear that ¢(G(g)) < k and that G is a well defined continuous injection.

www.mlq-journal.org © 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



4 M. Hrusdk, D. Rojas-Rebolledo, and J. Zapletal: Cofinalities of Borel ideals

Claim 2.7 The set G” A is strongly unbounded.

Let (G, = G(g) : r € w) be an infinite subset of G”.A. First, observe that, since A is an eventually-different
family of functions, foreachm € wthereis L € w such thatforeachn > L,theset{g,(n) : r < I,,} has cardinality

Ln.Now,setm € w,n > Land A = {g.(n) : r <1,}. By Claim2.6, ¢(U,_, J ) > m.Hence p(U,., G,) =
O

r<l, g,(n) rew
Q.

While the cofinality of gradually fragmented ideals is consistently small, it is also true that their cofinality is
consistently quite large in comparison to traditional cardinal invariants.

There is a natural forcing associated to every Borel ideal Z, which adds a new element of Z not contained in
any ground model set in Z.

Definition 2.8 Let 7 be a Borel ideal, not countably generated. Let 7 be the o-ideal on Z generated by the
family {P(a) : a € Z}. Denote by Pz the forcing Borel(Z)/J .

The forcing IP7 falls naturally into the scope of [7]. Formally, one should define 7 as the o-ideal on P(w) gener-
ated by singletons and the sets in the family {P(a) : a € Z}, hence dealing with the quotient P; = Borel(P(w))/J .
The Borel ideal 7 is then itself a condition in P; and PPz is just a restriction of P; below Z. General theorems of
[7, Section 4.1] and simple genericity arguments give:

Proposition 2.9 Let 7 be a Borel ideal and let P be the corresponding forcing. Then:

Pz is proper.

Pz preserves non(meager).

IPr preserves cof (meager) and preserves P-points, provided that T is F,.
Pz adds an unbounded element of .

b

Proof. Items 1 and 2 follow directly from the fact that the ideal J is o-generated by compact sets [7,
Theorem 4.1.2], item 4 is a straightforward genericity argument (here we use the restriction to 7). To see item 3,
one only needs to realize that if 7 is an F, ideal on w, then the o-ideal J is, in fact, o-generated by a o-compact
collection of compact sets. By [7, Theorem 4.1.8] P; is w®”-bounding (does not add unbounded reals) which
together with (2) implies that cof (meager) is preserved. The fact that Pz preserves P-points is proved yet not
stated in [7, Theorem 4.1.8]. O

As a corollary one gets the following:

Theorem 2.10 [t is consistent that cof (meager) = Ry < cof(Z) = ¢ = 8, for all uncountably generated F,
ideals I at once.

Proof. To construct the model witnessing the statement of the theorem, start with a model of CH and use
a suitable bookkeeping tool to set up a countable support iteration of forcings of the form P; defined above,
as 7 varies over all possible F, ideals in the extension. Suitable iteration theorems show that the iteration is
proper, bounding, preserves Baire category (and also preserves P-points). Thus, in the resulting model the desired
statement holds. (]

Another property of the forcing Pz used heavily in the next section is the continuous reading of names: For
every J-positive Borel subset B of Z and a Borel function f : B — 2@ there is a J -positive Borel subset C of B
such that f restricted to C is continuous (cf. [7, Theorem 4.1.2]).

3 Nonclassification of possible cofinalities

This section aims to produce many F, ideals whose cofinality invariants can take quite independent values in
various generic extensions. These will be gradually fragmented ideals with an additional weak boundedness

property.
Definition 3.1 Let g,h € ®” be increasing functions such that g(0),2(0) > 0, log,) g(i) > i and

(12802, 8(j)) logyiy 2 < 27" Letw = |J; a; be a partition of w into successive intervals of respective
lengths g(i), and let ¢; be the submeasure on a; defined by ¢; (b) = log,, ;) (16]) if b # @ and ¢; (@) = 0.

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mlq-journal.org
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Finally, for each infinite set u C w define Z, to be the ideal on the countable set _J
T, =1{b:¢(b) < oo},

a; given by

icu

where ¢(b) = sup;., ¢; (b Na;).

The choice of the functions g, & is not particularly relevant to this paper. The following two lemmas encapsulate
all the arithmetic properties of the submeasures used below.

Lemma 3.2 Whenever i € o, k < |[]; Pla;) - “| and {b; : | € k} are subsets of a;, then ¢;(\J, by) <

max; ¢; (by) + 27"

Jj<i

Proof. Letb =/, b. Thus, |b| <k -max, |b;| and by the properties of the functions g, h € w®, ¢;(b) <
log,, ;) k + max; ¢; (b)) < max; ¢; (b) +27". O

Lemma 3.3 Ifb; C a; fori € w are nonempty sets such that lim; ¢; (b;) = oo, and f : [[; b; — [[; P(ai) isa
continuous function, then there are sets c; C b; such that lim; ¢; (c;) = oo and for x € [ [, ¢; and j € w, f(x)]j
depends only on x| j.

Proof. Firstargue that for every i € w and every map f : iji bj — ]_[j<i P(a;) there is a nonempty set
b, C b; such that ¢; (b)) > ¢;(b;) — 27" and for every x € [1-
This is immediate by Lemma 3.2, as there are certainly fewer than | ]|
to l_[j <i P(aj)

Now argue that for every i < k and every map f : ]_[,<k - I1, j<i P(a;) there are nonempty set b/ Cb;
for each i < j <k such that ¢;(b}) > ¢;(b;) — 27 J and for every x € [1;2ibj x [licj<i b, the value f(x)
depends only on x[i. This is proved by a straightforward downward induction on k for every fixed i using the
previous paragraph.

Finally, towards the proof of the lemma, suppose that f : [, b; — [[; P(a;) is a continuous function. By a
compactness argument and the continuity of the function f, for every number i € w there is a number k; > i such
that the value of f(x)[i depends only on x [k;. By induction on i € w, build nonempty sets b; for j € w so that

b; x b!, the value f(x) depends only on x|i.

jei P(a;)!<%| many maps from [1;: 0

L b)Y =b;, b = ifj <i, and bt C b and ; (b)) > (b)) — 277 if j = i

2. for every x € [[; ', the value f(x ) [i depends only on x [i.

i

The induction step is performed easily by the previous paragraph applied toi < k = k;. In the end, let ¢; = b!.
It is clear that for x € [], ¢; and every j € w, f(x)]j depends only on x|j. Also, ¢;(c;) > ¢(b;) — i27" for each
i € w;aslim; i27" = 0, it follows that lim; ¢ (¢;) = oo as required. [l

We shall show that whenever u, v C w are almost disjoint infinite sets then the inequalities cof(Z,) > cof(Z,)
and cof(Z,) > cof(Z,) are both consistent, and this effect can be reached in both iteration-type and product-type
extensions. The product method even leads to the consistency of the cofinalities of many of these ideals being
mutually distinct at the same time (a somewhat similar result has been proved in [2]).

Theorem 3.4 It is relatively consistent with ZFC that there are uncountably many distinct cofinalities of ideals
of the form ZL,,.

The basic forcing Pz to achieve this has already been introduced in Proposition 2.9 as the forcing P; =
Borel(P(w))/J, where J is the o-ideal on P(w) o-generated by singletons and the sets in the family {P(a) :
a € T} restricted to Z (considered as a condition of P7). Here we shall strengthen the initial condition and give a
different presentation of the forcing for the case of the fragmented ideals Z,,.

Let u C  be an infinite set. Set T = {J; [[;c;~, @ and let J, be the o-ideal on [];., a; = [T] generated by
all products [, bi of sets b; whose ¢;-masses are uniformly bounded by some real number This is equivalent
to generating the ideal by sets A C [[;, a; such that ., mg(f) € Z,. So the quotient forcing Py, of Borel
Ju-positive subsets of [T] ordered by inclusion is a proper, bounding forcing preserving Baire category and adding
an unbounded element of Z,, ([7, Section 4.1] and Proposition 2.9) .

Identifying functions in the product with their ranges, it is quite clear that, in fact, P, is equivalent to the
forcing Pz, below the set of all selectors on the sets a; : i € u.

www.mlq-journal.org © 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



6 M. Hrusdk, D. Rojas-Rebolledo, and J. Zapletal: Cofinalities of Borel ideals

We shall give a combinatorial form of the quotient forcing Py, . Say thatatree S C T is a large tree if for every
real number r, every node of T can be extended to a splitting node s at some level i € u such that the ¢;-mass
of the set of immediate successors of the splitting node is at least r. As in [7, Claim 4.1.9] the following lemma
holds.

Lemma 3.5 Every analytic J,-positive set contains all branches of a large tree.

Thus, the poset of large trees ordered by inclusion is naturally densely embedded in P; by the embedding
S+ [S].

Proof. Supposethat A C [],., a; is an analytic J,-positive set, a projection of some tree S C (v x w)=*.
Thinning out the tree S if necessary we may assume that for every node ¢ € S, p[S|t] ¢ J,. By recursiononn € w
build finite trees U,, as well as functions f, so that

1. 0 = Up and U, is an end-extension of U,. The tree U = |, U, will be the large tree we are looking for;

2. fo C f1 C ... are functions such that dom( f,) C U, is a set including all endnodes of U, and f,(¢) € S
is a pair of finite sequences of which ¢ is the first, for every ¢ € dom( f;,). Thus, for every point x € [U],
the union |, f,(x[n) witnesses the fact that x € A and therefore (U] C A;

3. for every endnode ¢ € U, there is an extension s € U, such that, writing i = min(u \ dom(s)), ¢; ({j €
a; : s7(i, j) € Uy11}) > n. This guarantees the largeness of the tree U.

The recursion is straightforward: Suppose that U,, f, have been constructed, fix an endnode ¢t € U, and
construct the part of U, and f,;; above ¢ in the following way. There must be a finite sequence s extending ¢ such
that writing i = min(u \ dom(s)), ¢;({j € @; : Ix € p[S] f,(t)] s7(i, j) C x}) > n. For if such a sequence s did
not exist, Lemma 3.2 would imply that for every i € u \ dom(z), ¢;{j € a; : Ix € p[S| (1)) x(i) = j} <n+1
and therefore the set p[S| f,, (¢)] would be in the ideal Z,,. Pick such a finite sequence s, write i = min(u \ dom(s)),
for every number j € g; such that 3x € p[S[f,(¢)] s~ (i, j) C x put the sequence s~ (i, j) into U, and pick a
node f,+1(s™{i, j)) in the tree S| f, (¢) whose first coordinate is this sequence, and proceed to another endnode
of U,. O

The following simple definition and lemma will be useful in the fusion arguments below.

Definition 3.6 A good map is acontinnousmap G : [[,.,, b — [T] (b; C a;) such that the numbers g; (b; ) tend
to infinity and for every choice of sets ¢; C b; such that the numbers ¢; (¢;) tend to infinity, the image G” [, ., ¢
contains all branches of some large tree.

iew

Lemma 3.7 If S is a large tree whose splitting nodes occur only at levels in some set w C w, then there is a
goodmap G : [];c, bi — [S].

Proof. Thin out S if necessary so that every level of S contains at most one splitting node, and writing
b; C a; for the set of all immediate successors of the splitting node at level i, the numbers ¢; (b;), i € w tend to
infinity. The function G : [],.,, i — [S] is then defined in such a way that G (x) is the unique path y through the
tree S such that whenever i € w is such that x [i is a splitting node of S then x(i) = y(i). It is easy to verify the
required properties of the function G. (]

We shall show that if v C @ is an infinite set with finite intersection with u, then both countable support
iterations and countable support products of quotient forcing Pz, preserve the cofinality of Z,.

Lemma 3.8 In the P, extension, every set in L, can be covered by a ground model set in I, with arbitrarily
close ¢-mass.

Proof. Suppose that B € Py, is a condition forcing that ¢ € 7, is a set of ¢-mass < r, and lete > O be a
real. Find a large tree S and a continuous function f such that [S] C B, f : [S] = Z, and B |+ f(%gen) = a. Find
a number m € w large enough so that u Nv C m and 27" < €. Thinning out the tree S we may assume that the
range of the function f consists only of sets of mass < r, and for every i € v N m, [S] decides the value @ N a; to
be some specific set H (i) C a;.

Let w be the set of splitting levels of S and let Gy : [[,.,, bi — [S] be a good function as in Lemma 3.7. Extend
Gy to a continuous function G on some product [ [, b; by setting G(x) = Go(x [w). Use Lemma 3.3 to find sets

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mlq-journal.org
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¢; C b; such that lim; ¢; (¢;) = oo and for every i € v\ m, f o G(x) Na; depends only on x[i + 1. Since i ¢ u,
the value G(x) does not depend on x(i). Thus, there are at most | [];_; ¢;| many possibilities for the value of
f o G(x) Na;,eachof g;-mass < r. By Lemma 3.2, their union H (i) has ¢;-mass < r + 2. Letb = |, H(i)
and observe that G [, ¢; I- a C b. O

For the treatment of the product, we need a slight strengthening of this argument. Let K be an arbitrary set, let
uy for k € K be infinite subsets of w, let P,, = Py, , and consider the countable support product P = [T Pu-

Lemma 3.9 Let u C w be an infinite set. P forces that every set in I, is covered by a set of arbitrarily close
@-mass that belongs to the model given by [ [{ P, : ux N u is infinite} .

Proof. Letus setup some useful standard notation for the product. A condition in the product is a function
p with a countable domain dom(p) C K such that for each k € dom(p) the value p(k) is a tree in the poset P,,.
The set [p] is defined as the subset of (22)%°™(P) consisting of those sequences X such that for every k € dom(p),
X (k) is a branch through the tree p(k). A splitting node of p is a splitting node of one of the trees in ng(p). The
generic object for the product is identified with the sequence X,en : K — 2* such that for every condition p in the
generic filter, Xoen [dom(p) € [p].

Let p € P and let @ be a P-name for a set in Z,, of ¢-mass < r and let € > 0 be a real number. Find
m € w such that 27 < € and strengthen the condition p if necessary to decide the values of @ Na; for all
j € m. The usual countable support product fusion arguments yield a condition ¢ < p and a continuous function
f:1lq) = [1; P(a;) such that g IF Vi € u a Na; = f(Xgen[dom(q))(i), and for every X € [¢] and every i € u,
@i(f(X)(i)) < r. For k € dom(g) let vy C uy be the set of splitting levels of the tree ¢ (k). Thinning out the
condition ¢ if necessary we may assume that the sets {v; : k € dom(g)} are pairwise disjoint, and if u N uy is
finite then vy Nu = 0.

For each k € dom(g), Lemma 3.7 yields a good map Gy : [[;.,, bi — [q(k)]. The product of these maps yields
amap H : [[; b; — [g]. Use Lemma 3.3 to find sets ¢; C b; such thatlim¢; (¢;) = oo and f o H(y) Na; depends
onlyon y[j+1forye[];¢ and j € u. Let ¢’ < g be some condition with dom(g’) = dom(g) and for every
k € dom(q’), ¢'(k) is some large tree below the set Gy [[;.,, ¢i-

Let L = {k € dom(q) : ux Nu is infinite} and let P;, = [[,., Py, . Consider the P;-name b for the set defined
as follows: for every k € L choose some y; € [[;c,, ¢; such that Xgen(k) = G (yx), and for each j € u let bNa;
be the union of all possible values of f o H(y) Na; for y € [, c; extending all y, : k € L. There are only fewer
than [ | j<i lci| many such values, and so by Lemma 3.2 this union has size ¢;-mass less than 7 + €. It is also clear

that ¢’ I & C b, and the lemma follows. O

Proof of Theorem 3.4. LetV be amodel of CH and let u,, « < w; be an almost disjoint family
of infinite subsets of w. Let P, be a countable support product of w1 copies of the forcing Pz, and let P be a
countable support product of the Py, @ < w;. Then:

1. P is proper and w;,-c.c., hence it does not collapse cardinals.
2. Each P, forces cof(Z,,) = wg+1-
3. P forces cof (Z,,) = wy1 forevery o < wy.
As V is amodel of CH and each forcing in the product has size ¢ the w,-c.c. follows from a standard A-system
argument. The properness of P easily follows from a standard Sacks-type fusion argument.
By a simple genericity argument all of the generic reals added by [P, are mutually independent elements of 7
each unbounded over the rest. If the ground model is a model of CH, then P, forces ¢ = wy .
To see (3) first note that IP forces cof(Z,,) > we+1 by (2). On the other hand, the fact that IP forces cof (Z,,,) <
wq+1 follows directly from Lemma 3.9. O

As mentioned before, also countable support iteration can be used to separate the cofinalities of the ideals Z,,.

Theorem 3.10 Let u, v be infinite almost disjoint subsets of w, let P be a countable support iteration of length
wy of the forcing Py, and let G be P-generic over a model of CH. Then V[G] = cof(Z,) < cof(Z,).

Proof. Say that a forcing P strongly preserves the ideal Z,, if every set a € Z, in the extension can be
covered by a ground model set of an arbitrarily close ¢-mass. We shall show that the countable support iteration of
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proper posets strongly preserving Z,, also strongly preserves Z,, using the first preservation theorem [1, Theorem
6.1.13]. The theorem then follows from the fact that the forcing P, strongly preserves Z,,, Lemma 3.8.

The following easy claim, which follows directly from the very slow fragmentation property of the submeasure,
is the starting point.

Claim 3.11 Suppose that {b, : n € w} are sets in L, and r > 0 is a real number such that ¢(b,) < r holds for

every number n. Suppose € > 0. Then there is an infinite set W C o such that ¢(|,cyy bn) <1 + €.

Proof. By acompactness argument we may assume that the sets b, converge to some ¢, and then ¢(c) < r.
Find i € w such that for every j > i, j27/ < €. For every j > i, pick some n; so that by;, ¢ have the same
intersection with the set ( J, . j @k> and so that the numbers n; are pairwise distinct. The set W = {n; : j > i}
works as desired by Lemma 3.2. O

Fix positive rationals r, € > 0. Let X be the space of all sequences x = (ry, x(0), x(1),...) where r, € Qisa
positive rational smaller than r and (Vi € w)(x(i) C aj, A @i (x(i)) < ry), where j; is the i-th element of the set
v. Let Y be the set of all sequences y = (y(0), y(1), ...) such that (Vi € w)(y(i) C aj, A@i(y(i)) <r +¢€). Let
C, be the relation on X x Y defined by: x C,, y if forevery i > n, x(i) C y(i). Let C= |, E,.

These relations fall into the framework of [1, Definition 6.1.6]: (0) Both X and Y are naturally homeomorphic to
closed subsets of w® (treating the first coordinate of X as a discrete set), (1) forevery y € Y theset{x € X : x ,, y}
is obviously closed in X, (2) the domain of the relation C is all of X, hence it is closed in X, (3) For every
countable set A C X there is a y € Y such that for every x € A x C y (This follows directly from very slow
fragmentation: if A = (x, : n € w) and (i, : n € w) is an increasing sequence of numbers such that for every
j > i, and sets B,C C aj, if ¢;(B), ¢;(C) <r+¢€—¢€/(n+1), then ¢;(BUC) <r +¢ —¢/(n+2), then
the sequence y = (J,; _; Xx(i) : i € ®) € Y C-dominates all the points in {x, : n € } ), and (4) all of the closed
sets mentioned have absolute definition.

We shall show that if the forcing P strongly preserves Z,, then it preserves C in the sense of [ 1, Definition 6.1.10].
The preservation theorem [1, Theorem 6.1.13] then completes the proof.

Suppose that M is a countable elementary submodel of a large structure, (X; : [ € k) are finitely many names
for elements of the space X in the model M, suppose (p, : n € w) is a decreasing collection of conditions in the
model M such that p, decides x; [n, yielding sequences (X; : [ € k) in X N M, and suppose that y € Y is a point
such that Vx € X N M, x C y. We must find a condition g < pg such that

1. g is M-master for P;
2. glFVx € XN M[G] x C y; and
3. foralll ekforallnewqg -5 C,y > % &, y.

To find the condition ¢, first work in the model M. Fix a rational ' < r greater than all the numbers ry,.
By assumption, for each n there is a condition p;, and a set by, € Z, such that (Vi > n)(¢; (b, Nay,) <r1’),
py IF%(i) C (biwNaj) andfori € n, a;, Naj, = %(i).

Use Claim 3.11 to find an infinite set d C w such that for each / less than or equal to k, Vig; (o, bin Naj,) < r.
Set b = U, cq.rex bin» then by the very slow fragmentation, there is ip € w such that (Vi > iy) ¢i(bNa;) <r.
Since y C-dominates all elements of X N M, there must be j > ij such that for every i > j, bNa; C y(i). Let
n > j be a number in the set d, and use the properness of the forcing P to find a master condition g < p/,. The
last item holds by the choice of the condition p,,: for [ <k,

pn IF (i) C (binNaj) C(bNaj) Cy(i)

for all i > n. The first item holds by the choice of the condition ¢g. The second item is an immediate consequence
of the first, and the fact that the forcing P strongly preserves the ideal Z,: If X is a name in M for an element of
X N M|G], such that ¢(%) < r, by assumption, there is a € M such that ¢(a) < r and x C a. But y bounds M,
therefore x C y. O
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