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Randomness with respect t o µ :

There exists a representation Rn of p s t .

the real passes a l l µ-Mt-tests that have

a c c e s s t o Rp.

R . & seaman (2015): A rea l x i s random for s e m e n with mkx3.to

iff x i s n o t computable.

Things get mo r e interesting i f w e pass to

• stricter randomness notions (Haken,2014)

• smaller families of m e a s u r e s
this ta l k : continuous me a s u r e s



R . & Seaman 12015): I f × i s not d i , t h e n it i s random

for a
continuous m e a s u r e .

NCR =
Mals n e v e r random for a continuous

m e a s u r e

What i s the structure of NCR
ins ide the D', Turing degrees?



Kjos-Hansson & Montalban 12005):

I f x i s a member of a countable 1T? class,

then x E NCR.

→ N C R i s cofinal i n the Turing degrees o f D',

Ken te r, d o t e , Sm i t h , Soave, Wainer)

(Each degree Q" contains a member of a
countable IT? class.)



Let µ be a probability m e a s u r e o n 2"'.

granularity function

g, Int = m i n { l i t t l e l neo]⇐ 2-n}

In the following, all m e a s u r e s a r e

assumed to be continuous,

s o gum i s total
and gulnl → n o



x 1 3 with r e c u r s i v e approximation 8 (his)

settling function
- -

Cy (n) - m i n { s : t t s
s 8 (hit) - 8 (his)}

R . & Seaman: I f x i s 1 2 and µ-random, then

Coln)> g u n f.a l l bu t finitely
many n .

Barmpalias, Greenberg, Montalban & seaman used this t o show:

Every × Turing below a n incomplete re-degree
i s i n N C R .



T h e dissipation-function ofa m e a s u r e µ :

hall) - M a x {n : f i s t = L mk)-z-n"]

hall) i s t h e best
[upper bound

a t level¥÷÷÷÷÷÷÷¥
¥¥=¥e



We have
h a g (n) < g (nt i l L g I g l n t i l l

h l e t s h letit ← h let + I ← E t i

h (g(n)) - n t I

h let → n o

g e t h



In general, ga and ha a re only µ-c.e .

LEM: For any continuous µ , there a r e
µ-computable,

non-decreasing HIM, g#In) at. for a l l n ,

hµ In) ⇐ hitIn) ⇐ m i n {n , haH t t }

game gitI n ← gunn)



Le t µ be a continuous m e a s u r e .

A l e ¥ l o v a y tes t for µ i s a m-re. set

of strings {Gi : i e I N } s t . h e l

§ 1h41(bill) log" z-h"' (Isil) < •

h"! n-th iterate of 1h

XE2" i s n o n e - m ¥ m o f ¥ if i t fails
s o m e level-n Solovay t e s t , i .e . t e Toi]

for infinitely many i e I N .

level w : non-random of level n f. a l l n 2 1
.



Observations

• If x e t µ , then x ' s non-m-random of l e ve l w .

• If x i s non-µ-random of level 1 , then x i s n o t µ-ML-random

• Every level-(htt) test i s a l s o a level-n t e s t .



For xE2" and f : IN → IN non-decreasing, define

Y = X t f

b
y Y.:- I t " ' - o - x .

Ya,:= Yn" if""" n o ^
×n+ ,

y = big Yu



let xE2",Kel, f non-dereasing, m continuous, Y-Xtf

LEI: I f f i s not dominated by a n y µ-computable function,

then F ' n g#
" "
(21%1+1) < f . (Hnl)



f : IN → IN i s a modulus for x E 2 " '

if every function that dominates f
computes x .

s e l f - G s : f- I t X

Every X E t O' has a self-modulus.



TIM: If a real x has a self-modulus f , then there exists

a rea l y e t X s . t . for any continuous m e a s u r e µ

y i s non-µ-random of level W .

Solvay test of level k :

Tn: - { o n
19¥" '1261): oez'"'}



TIM:

Suppose y i s r . e . a . × . There ex is ts 2- E t y s - t .

for any continuous m e a s u r e µ , i f x i s

non-m-random of level 2 h , thee. Z i s non-m-random

of level n .



I t h o n : Given xe2" '
, y t e . above X .

Assume y-WE

Let m i - m i n {j>i : f-[(j)f }

f µ : -
{m," Ls: H e m i PIE 146 ⇒ I.is/klf)} if i e y

if i c y
f-⇐ y

z : = y.tt" n o " y.tl" n o "yzft" n o " . . .
Z E , Y



NCR v s self-moduli
-

Does every NCR degree have a

self-modulus?

(tentative
a n s w e r : No)



Application: Simultaneous randomness

A . B simultaneously cont. r a n d om :

Z Z , p cont. , Z z , µ s - t .

A , B m-random r e l . t o Z '

Conjecture (Day& Marks):

A , B N S C R # A o r B N C R



f self-modulus for 0 ' .

So = D ,
Sn + , = {on It"")-Ona : s e s n . a e{oil}

S - {YE2": Fn F e e s e-Y}
Then: - S i s perfect.

- If y e S i s µ-random, then any
representation o f µ computes a

function dominating f



P i c k × , ML-random c- A }

Distribute u n i t m a s s uniformly along s
- s cont. µ .

P i c k X z m-random.

Then × , , X , ¢ NC R , b u t

(x, i Xz) E N S C R .



Therolec-ofh

How much i s NCR actually governed by
the dissipation functions hµ , instead of
the m e a s u r e s themselves?



R . (2008): suppose h : IN → R ' i s computable,

non-decreasing, unbounded, and

h (htt) e h (n) t 1 .

If × i s such tha t for a l l n ,

- log Maltin) 7 h 4 1 A t

then × i s random for a continuous
m e a s u r e µ with

gµE Off).
(Effective Frostman Lemma)



TIM: If × i s level-1 random for s o m e
con t i nuous m e a s u r e µ , then

× i s not i n N C R .

• For computable me a s u r e s , this w a s also observed by

Holze & Porter.

• For N C R , this also m e a n s

tha t the level-n hierarchy collapses,
while i t c a n be proper for single m e a s u r e s .


