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Algebras

The context of our algebra is that of universal algebra, i.e. the
interpretation of a purely first-order functional language.

Definition (Algebra)

An algebra is a structure of the form (A,F), where A is a set and
F is a family of finitary functions of A.

Examples:

Semigroups (G , ○) - one binary operation

Rings and fields (R,+,×) - two binary operations

Boolean algebras (B,+,×,′ ) - two binary operations and one
unary operation

Vector spaces (V ,F,+F,×F,+, ⋅) - two-sorted, field operations,
vector addition, scalar multiplication

Zu Yao Teoh RAMSEY ALGEBRAS



Algebras

The context of our algebra is that of universal algebra, i.e. the
interpretation of a purely first-order functional language.

Definition (Algebra)

An algebra is a structure of the form (A,F), where A is a set and
F is a family of finitary functions of A.

Examples:

Semigroups (G , ○) - one binary operation

Rings and fields (R,+,×) - two binary operations

Boolean algebras (B,+,×,′ ) - two binary operations and one
unary operation

Vector spaces (V ,F,+F,×F,+, ⋅) - two-sorted, field operations,
vector addition, scalar multiplication

Zu Yao Teoh RAMSEY ALGEBRAS



Ramseyness exhibited in algebras:

Theorem (Hindman)

Color the positive integers using finitely many colors. Then there
exists an H ⊆ Z+ such that
{∑i∈F i ∶ F is a nonempty finite subset of H} is monochromatic.

Hindman’s theorem can be cast in terms of the collection of finite
subsets of the natural numbers (Milliken, 1975).
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Questions regarding infinite sets of the natural numbers lead us
into the realm of the reals with an array of theorems:

There exists sets of reals that are not Ramsey (Erdos, 1952)

Borel sets are Ramsey (Galvin-Prikry, 1973)

Analytic sets are Ramsey, forcing method (Silver, 1970)

Analytic sets are Ramsey, topological method (Ellentuck,
1974)

Carlson (1988) generalized Ellentuck’s topology to much usage -
many classical combinatorial theorems such as the Galvin-Prikry
theorem, Ellentuck’s theorem, Hales-Jewette’s theorem, Hindman’s
theorem can be derived.
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Definition (Orderly Composition)

Let A be a set and let F be a family of finitary functions on A.
Then an n-ary function f is called an orderly composition of F if
there exists h,h1,h2, . . . ,hn ∈ F and pairwise distinct strings
x̄1, x̄2, . . . , x̄n of pairwise distinct variables whose lengths are the
arities of the corresponding functions, such that

x̄ = x̄1 ∗ x̄2 ∗⋯ ∗ x̄n and

f (x̄) = h(h1(x̄1),h2(x̄2), . . . ,hn(x̄n)).

Definition (Orderly Term)

Let A be a set and F a family of finitary functions on A. The
smallest set of finitary functions on A that contains F ∪ {idA} and
which is closed under orderly composition is called the set of
orderly terms of F (denote by OT(F)).

Zu Yao Teoh RAMSEY ALGEBRAS



Definition (Reduction)

Given infinite sequences a⃗, b⃗ ∈ AN of elements of A, we say that a⃗
is a reduction of b⃗, denoted by a⃗ ≤ b⃗, if a⃗ can be obtained from b⃗
through applications of the functions in F in an orderly fashion,
i.e. for each n ∈ N, there exists a finite subsequence b̄n of b⃗ and an
orderly term fn such that

a⃗(n) = fn(b̄n) and

b̄0 ∗ b̄1 ∗⋯ is a subsequence of b⃗.

Definition

If a⃗ ∈ AN, the set R(a⃗) is the following:

R(a⃗) = {c⃗(k) ∶ k ∈ N, c⃗ ≤ a⃗} .
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Ramsey Algebra

Definition (Ramsey Algebra)

An algebra (A,F) is a Ramsey algebra if for each partition X ∪XC

of A and for each b⃗ ∈ AN, there exists a⃗ ∈ AN such that a⃗ ≤ b⃗ and
R(a⃗) is either contained in X or in XC .

Theorem (Hindman, recast)

All semigroups are Ramsey. In particular, (Z+,+) is Ramsey.

Theorem (Carlson)

The algebra of variable words over a finite alphabet under the
operations of “concatenation” and “evaluation” is a Ramsey
algebra.
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Theorem (Teh)

Infinite rings without zero divisors are not Ramsey algebras. In
particular, infinite fields are not Ramsey algebras.

Theorem (Teh, Characterization of Unary Systems)

An algebra (A,F) with F consisting only of unary functions is
Ramsey if and only if every element of A can be sent to some fixed
point of F via finitely many usage of the functions in F .

Theorem (Teoh-Teh-Rajah)

The real octonions do not form a Ramsey algebra under
multiplication.

Open Question

Are Ramsey binary systems essentially semigroups?
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Isomorphic Algebras

Does the property of being a Ramsey algebra change under a given
notion of similarity? Expansion? Restriction?

Theorem (Teoh)

The homomorphic image of a Ramsey algebra is a Ramsey algebra.

Hence, isomorphic algebras have the same property when it comes
to being a Ramsey algebra.
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Elementary Equivalence

Definition (Predecessor Algebra)

Call the algebra A = (N,p) the predecessor algebra if p ∶ N→ N is
the function

p(n) =

⎧⎪⎪
⎨
⎪⎪⎩

0 if n = 0

n − 1 otherwise

The predecessor algebra A is a Ramsey algebra by the
Characterization theorem above.
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The predecessor algebra has an elementary extension that is not
Ramsey.

Theorem (Teoh)

The property of being a Ramsey algebra is not preserved under
elementary equivalence.

Proof by compactness. Also implied by the ultrapower result below.
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Cartesian Products & Ultrapowers

Theorem (Teoh)

The infinite Cartesian product A′ =∏i∈NA is not a Ramsey
algebra.

If we quotient the Cartesian product along a nonprincipal ultrafilter
on N, what would happen?

Theorem (Teoh)

No ultrapower Ult(A,U) of the predecessor algebra A along a
nonprincipal ultrafilter U on N can be Ramsey.
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Subalgebras

Theorem

Every subalgebra of a Ramsey algebra is Ramsey.

Open Question

Is the converse true?

Definition (Subalgebra Topology)

Let A = (A,F) be an algebra. Define the topology Sub(A) by
specifying the basic open sets to be precisely A′ ⊆ A for which A′ is
the universe of a subalgebra of A. Denote by B(A) the set of
basic open sets.
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Proposition (Teoh)

1 Let A be an algebra such that all of its proper subalgebras are
Ramsey. Then A is also Ramsey if there exists a nontrivial
clopen basic open set, i.e. A′ ∈B(A) ∖ {A,∅}.

2 Suppose that A is an algebra such that all of its proper
subalgebras are Ramsey and suppose that Sub(A) is compact.
Then A is a Ramsey algebra.
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Open Questions of Interest

1 Binary systems - Are those that are Ramsey essentially
semigroups?

2 Is the Cartesian product of finitely many Ramsey algebras
Ramsey?

3 An algebra all of whose subalgebras are Ramsey, must it be
Ramsey?

4 Is the topology induced by subalgebras interesting?
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Appendix A

Theorem (Teoh-Teh-Rajah)

The real octonions do not form a Ramsey algebra under
multiplication.

Proof.

The bad sequence: b⃗(n) =
8

∑
i=1

22
8n+1+i

ei

The bad set: X = {(t1(t2t3))
µ ∶ all µ, t1, t2, t3}

Conclusion:
For all reduction a⃗ ≤ b⃗, all (a1(a2a3))

µ ∈ X while all
((a1a2)a3))

µ ∈ XC .
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Appendix B

Theorem (Teoh)

The property of being a Ramsey algebra is not preserved under
elementary equivalence.

Proof.

Use compactness. Introduce a constant symbol c into the
language and call the resulting theory T ∗. The statement that c
cannot be sent to the fixed point 0 by p in n iterations is
first-order. Collect all these statements; every finite subcollection
can be interpreted in the predecessor algebra.
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Appendix C

Theorem (Teoh)

The infinite Cartesian product A′ =∏i∈NA is not a Ramsey
algebra.

Proof.

Note A′ is also a unary system, so we may use the characterization
theorem.
The sequence ⟨0,1,2, . . .⟩ (a member of the Cartesian product)
cannot be sent to the unique fixed point ⟨0,0, . . .⟩ via any
pn,n ∈ N.
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Appendix D

Theorem (Teoh)

No ultrapower Ult(A,U) of the predecessor algebra A along a
nonprincipal ultrafilter U on N can be Ramsey.

Proof.

The unique fixed point is the constant sequence 0 = ⟨0,0, . . .⟩.
Only the bounded sequences can be sent to 0 via pn for some
n ∈ N.
No bounded sequence µ is equivalent to the unbounded sequence
ω = ⟨0,1,2, . . .⟩ under a nonprincipal ultrafilter U on N:

{k ∈ N ∶ µ(k) = ω(k)} /∈ U

because the set must be finite or else a contradiction occurs.
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Appendix E

Proposition: Sufficient Topological Conditions regarding
Subalgebras

Proof.

Given b⃗ ∈ AN, pick a subsequence b⃗′all of whose terms in either in
A′ or its complement, possible by Pigeonhole.
Since A′ is clopen, both A′ and its complement form Ramsey
subalgebras, so b⃗′ will have a homogeneous reduction.

Proof.

Use any finite cover for A and then use Pigeonhole.
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